* Journal of Mathematical Imaging and Vision 16: 269-279, 2002

© 2002 Kluwer Academic Publishers. Manufactured in The Netherlands.

Tree-Structured Haar Transforms

KAREN EGIAZARIAN & JAAKKO ASTOLA
Signal Processing Laboratory, Tampere University of Technology, P. O. Box 553, FIN-33101, Tampere, Finland
karen@cs.tut.fi
jta@cs.tut.fi

Abstract. The Haar transform is generalized to the case of an arbitrary time and scale splitting. To any binary tree we
associate an orthogonal system of Haar-type functions - tree-structured Haar (TSH) functions. Unified fast algorithm
for computation of the introduced tree-structured Haar transforms is presented. It requires 2(N — 1) additions and
3N — 2 multiplications, where N is transform order or, equivalently, the number of leaves of the binary tree.
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1. Introduction

The most common ways to decompose a signal into
more elementary signals are the Fourier expansion
and its many generalizations. The signal is represented
as a linear combination of, usually orthogonal, basis
functions of the linear space where the signal belongs
to. The trigonometric functions are natural basis
functions when the signal contains harmonic oscilla-
tions as is the case for many natural signals — sound
signals and electromagnetic waves being prominent
examples. For ‘“nonharmonic” signals rectangular
basis functions may be natural. Examples of such
systems are the the well-known Haar, Rademacher
and Walsh systems of functions, which have found a
lot of applications in communication theory and signal
processing since 1960s [2, 9, 13].

Historically, the first set of orthogonal rectangular
functions is known nowadays as the Haar functions
was described by the Hungarian Mathematician A.
Haar in 1910 [9]. The Haar functions take essentially
just two nonzero values, but still provide an expansion
of a continuous function. The specific property of the
Haar functions that could not be obtained by any other
non-sinusoidal orthogonal functions at that time, is the
property of uniform and rapid convergence to a given
continuous function. Discretization of the Haar
functions gives the set of orthogonal discrete Haar
functions that forms the Haar transform matrix [3].

The classical Haar functions are defined by the
dyadic splitting of time interval. In this paper we will
extend the concept of Haar functions to functions
having an arbitrary time splitting.

In Section 2 the concept of binary interval splitting
tree is defined. Based on this tree structure, in Section
3, we define a system of orthogonal functions - tree-
structured Haar (TSH) functions. The class of TSH
functions contains as special cases the following
systems of orthogonal functions: classical system of
Haar functions when the underlying tree is a complete
full binary tree, the system of canonical Haar
functions [10], known also as the Fibonacci system
by Agaian-Aizenberg-Alaverdian [1] when the
underlying tree is the binary logarithmic tree, the
system of generalized Fibonacci-Haar functions [6]
if the underlying tree is the generalized Fibonacci
tree, etc.

In Section 4 the discrete TSH functions and
matrices, are defined. Some special examples of
TSH matrices are considered. Fast algorithms to
compute discrete TSH transforms are developed in
Section 5. Various extensions of TSH transforms
containing, as particular cases, the discrete
Walsh-Hadamard transforms, as well as the
Haar wavelet packet transforms are discussed in
Section 6.
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2. Interval Splitting Trees

A rooted tree is called binary if each node has
outdegree at most two. The length of the path from the
root to a node is called the depth of that node. A non-
leaf (non-terminal) node of the binary tree is a
splitting node if it has outdegree two. A binary tree
whose all non-leaf nodes are splitting nodes is called
full. If all the leaves have same depth the tree is called
complete. If there is a path with origin a and end b, we
say that a is a predecessor of b and that b is a
successor of a. If depth(b) = depth(a) + 1 we say that
b is an immediate successor or child of a and that a is
an immediate predecessor or parent of b.

Starting from the root of the tree, we label each
edge of the tree as follows.

1) If the node has two children, the left outedge will
have label 0 and the right outedge will have label 1,

2) if the node has only one child, the outedge will
have label 2.

Each node of the binary tree will be indexed by
a ternary vector' (o4(a), ..., (@) (o € {0,1,2},
j=1,...,k) of length k, where k is the depth of this
node and «; are labels of the edges to that node
starting from the root of the tree.

Figure 1 shows an example of a binary tree with
indexed arcs and nodes.

The nodes that have depth equal to j form the jth
level of the tree. The index vector of a node on level j
has j components.

Before introducing the notion of binary interval
splitting tree, we will label all the nodes of a binary
tree in the following way: each node & = (ay, ..., o) is

00 01 12

Figure 1. Binary tree with labeled edges and indexed nodes.

labeled by the number (&) of leaves that are
successors of this node.

Definition 1. A binary interval splitting tree (BIST)
of the depth n is a binary tree that has intervals
assigned to each of non-leaf nodes as follows:

L Lroor = (07 l)a Iy = I(root,O)7 I = I(r()ot,l); where Iy
and [, are the left and the right sub-intervals of 7.,
corresponding to two children of the root.

2. Let (o, ...,a;) be a splitting node and I,
=(a,b),0<a<b<l,thenforj=1,...n—2,

V, .
](v,l,.“?oc,?()) = (d, a—+ M(b - a))

44444 o

and

(CIN)

3. Let («, ..., o) be a non-splitting node. Then

[(ml,...,mj,Z) = 1(91] ,,,,, )"

.....

Denote by |I,..»| = Ya,...) the cardinality of the
interval I, . ») C Lo, assigned to the node
&= (t,...,%), j=1,..,n — 1. Notice that

]xlwuag,-‘,O Ulle,m,oc,v,l = I(m,.“,a(/)a [ocl.w,ac,-,O mloc]w.,ag,-ﬁ] = ®7
|[o<1 AAAAA oc,v| _ V(oq,m,zx,v) Iaclw.,og,-‘ _ V(xh,mog,)
- ’ - I
|111,.,..cx/,0| Yay,..., ;,0) ‘[11,...,1/,1| V(le,...,oz,,l)

V(e t) = V(o1 9:0) T Voo ,1)

4,0 and I, 5 1 split the interval
) into two non-intersecting sub-intervals in the
proportion of the numbers of leaves that are
successors of these nodes.

In Figure 2, the binary tree from Figure 1 with
labeled nodes and corresponding intervals are shown.

3. Tree-structured Haar Functions

Let T be a binary interval splitting tree with N leaves
and of depth n. An example of such a tree is in Figure
2 where N =3 and n = 2.

Let us define the set of basis functions correspond-
ing to the tree T by the following procedure: to the
root of the tree we associate two basis functions H,,o:0
and H,,,1 (playing a similar role as the scaling



Figure 2. Binary tree of Figure 1 with the corresponding splitting of
the interval.

function and the wavelet function in wavelet theory

[12]):

Hrorot) = % re(0,1). (1)

4O0) 1
Moy if t € I,

Hrnot,l(t) = _\/W ifrel (2)
Nuy? 1,

where 1oy and 1y are the labels of the left and the

right children of the root of the tree, respectively;
and to each non-root splitting node of 7 with

index (oq,...,0) Wwe associate the basis function

Hg, . 0@, €(0,1), k=1,...,n— 1, defined by:
Yoy ooty 1) .
um‘...,z;>1/(1l]‘...,zk,o)’ if e 1“17"'1“/{10’
H, t) = V(ay ..., 2 0) .
(o1 ens wc)( ) — V(ﬁ(]....,d:)l/(ﬁ(]km-v“kvl), ift € Im,....,oc;,,l;
0, otherwise. (3)

Definition 2. The set of functions Hyoo:,0(2), Hroor,1(2)
and H, . ,(t), defined by (1) - (3), for all
splitting nodes of a binary interval splitting tree 7,
is called the set of tree-structured Haar (TSH)
functions of T.

The set of TSH functions of the binary interval
splitting tree of Figure 2 is shown in Figure 3.

Theorem 1. The set of tree-structured Haar func-
tions defined by (1) - (3), form a set of orthogonal
functions.
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Figure 3. The tree-structured Haar functions corresponding the tree
from the Figure 2.

Proof: First, one can easily check that eq. (2) and
(3) will be of the form

N’ ’
()

Hmot,l = ] .
—\/;, ifrel,
2_(n_k)7 if t E [0(1....,01/(,07
_ —(n—k)
Hoy )= ~V2 0 i 0 € by (5)
k=1,...n—1,
0, otherwise,

if the tree is a complete and full one, since N = 2" and
Vi) = Va1, 0,0) = 2V mpt) = 2K

Thus, the classical system of the Haar functions is a
particular case of the general tree-structured Haar
functions.

Now let us show that the general functions are
orthogonal. Thus, it is enough to show that

1
s— /0 Ho.oopOH, .. 00

6
{%7&0 j=ko=p, foralli ©
= { oy
0, otherwise
for j=1,...,n-1.

We can assume that j <k and let us consider
separately the following three cases:
l.Letj=kand o, = f§; fori = 1,...,j. Then

Uay,..., 00, 1)
S = |]9<1,-~-,0<k,0 +
LCCTI 7S L CTI N )
V(o o, 0)
|19517~--,9¢1¢-, 1‘

LLCTRT L CTIRTS )
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Since from (1) it follows that

|Ia1,...,ock,0| _ V(oy,..., o, 0)
|Ia1,...,ak,l| V(ay,...y o, 1) ’

and
|[o:| ..... ozk,0| + |Io:|,“..,o<k, l| = |[oqv..,ozk|a
we have
S — |Io<] ..... o l‘ |Io<1 ,,,,, oy O| |Io<1 ‘‘‘‘‘ ock|
V(y,..., o) Yoy ,...y o) Yoty ooy o)

2. Let j =k and let there be i,i € {1,...,j} such that
o; # B;. Then, by the construction of the interval
therefore S' = 0.

3. Let, finally, j # & (without loss in generality we
suppose that j < k) and o; = f5; fori = 1, ...,j. By the
construction of the intervals and the functions H

Y(ay,..., 05, 1)

S = Ig,. .. p.0
\/V(xl,44.,1/»)’/(1],.“.,1,»,0) <| P |

\/ V(Byos B D)
V(B s B OV (By e )

Y V(B,, -, B, 0)
p,..... 11
V(B s Bs DV(By s Bi)

and utilizing (1), we get

Thus, Theorem 1. is proved.

Remark 1. Tree-structured Haar functions coincide
with the classical Haar functions in the case of a
complete full binary tree.

4. Discrete tree-structured Haar functions and
matrices: case studies

Definition 3. Let T be a binary tree with N leaves.
The Discrete tree-structured Haar functions of T are

defined by sampling the tree-structured Haar functions
of T at points j/N, j=0,1,...,N —1. The N x N
orthogonal matrix whose rows are these functions is a
tree-structured Haar (TSH) matrix (of tree T).

In the following we discuss some properties of TSH
matrices that follow directly from their construction.

Property 1. Let T be a binary tree of depth n and
with N leaves. Then

1. The number of rows of a TSH matrix H based
on the tree 7 is equal to N, which is the number of all
splitting nodes of the tree T plus 1, since we put into
correspondence by one basis function (i.e. rows of the
matrix H) to each splitting node of the tree 7 plus one
(first) constant basis function corresponding to the
root of the tree.

2. The rows of a TSH matrix A can be divided into
the following n + 1 subgroups: the first subgroup
(j = 0) contains a single row which is a constant #,
the number of rows in the j-th subgroup (j =1, ..,n)
is equal to the number of splitting nodes in the j-th
level of the tree, and the number of nonzero elements
in each row in the j-th level of the tree (corresponding
to the splitting node in that level) is equal to the label
of the corresponding splitting node, j = 1, ..., n.

Let us consider some constructions of the TSH
matrices, based on the different structures of the
underlying tree.

4.1. Classical Haar matrices, or TSH matrices
based on complete full binary tree

Let T be complete full binary tree of the depth 3
having N = 8 leaves (see Fig. 4).

Figure 4. Complete full tree of the depth 3.



From (1) - (3) and Theorem 1, after discretization
of TSH functions, we will obtain the classical Haar
matrix of order 8:

21\/2 zl\/i 2_@ 2_{1 (z)\/i (2)\/2 (z)\/i (2)\/2

2 2 2 2

0 0 0 o0 ! L -
H= -k 0 o 0 0 0 0

0 0 k-5 0 0 0 0

0 0 0 0 L - o0 0

0 0 0 0 0 0 % —%

4.2. Canonical Haar matrices, or TSH matrices
based on full logarithmic binary tree

Let T be a full logarithmic binary tree of the depth 4
having N =5 leaves (see Fig. 5a). Then the
corresponding TSH matrix will have a form

1 1 1 1 1
VARG T G U T
R
3 1 1 1
H=10 % -35 ~35 |- D
0 0 V2 4 _ 1
N
0 0 0 7 -

This matrix is known as the canonical Haar matrix? by
Resnikoff and Wells [10].

Let T be another logarithmic binary tree of the
depth 4 having N = 5 leaves (see Fig. 5b).

Then the corresponding TSH matrix will have a
form

a) b)

Figure 5. Logarithmic full binary trees.
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1 1 1 1 1
v F F A
WEOWE A AR TV
1 1 1 3

H=133 25 25 ~2 0 (8)
1 1L _\2 0 0
RGN
N Y 0 0 0

This matrix is known as the Fibonacci matrix by
Agaian-Aizenberg-Alaverdian [1]. As it is not difficult
to see, the canonical Haar matrix can be obtained by
permutations of the columns of the Fibonacci matrix.

4.3. Generalized Fibonacci-Haar p-matrices, or
TSH matrices based on generalized Fibonacci
p-tree

Fibonacci matrix [1] is the special case of generalized
Fibonacci-Haar matrices [7], since the logarithmic tree
is the particular case of the Fibonacci p-tree when
p — oo.

Let T be a generalized Fibonacci p-tree (p = 2) of
the depth 4 having N = 6 leaves (see Fig. 6).

Then the corresponding TSH matrix will have a
form

1 1 1 1 1 1

Figure 6. Generalized Fibonacci 2-tree.
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1 1 1 1 1 1
23 23 253 23 VA3
11 1 3 0
H=|23 23 23 2 )

L L -2 9 0 0
S

B TS 0 0 (1) 01

0 0 0 N

4.4. Other examples of TSH matrices based on
binary interval splitting trees

Let T be an arbitrary binary tree. As an example we
will consider T without any specific predefined form.
In Figure 7 three such binary trees are depicted. First
of them is a full one, and the two others are
isomorphic? to the first one.

Similarly to the previous constructions, the TSH
matrix for the first and the second trees will have the
same form:

272 22 22 22 2V2 2V2 2V2 2V2
M 3 3 V3 V3 V5 V5 V5
zx{ﬁ 2@ 2@ zx{ﬁ 2\/? (2)\/5 (2)\/5 (2)%
(2) (2) 02 02 0 0 € -1
o -1 0 0 0 0 {)i oﬁ
\(/)i O\/E 4 -1 0 0 0 0
V2 V2
(10)

SONRO
(@ @
@0 O @

HEBBRBEN
0
Figure 7. Three isomorphic binary interval splitting trees.

and the TSH matrix for the third tree is the following:

1 1 1
22 22 22 22 w2 22 22 22
M3 V3 3 V3 V3 _ V5 _ V5 _ 5
2\@ 2@ 2@ 2@ 2\/12"0 2v6 2v6 2v6
O B
L e e e 0 0
H), = (2) (2) 02 02 0 5 L
X . V6 Vo V6
v R/ (]) 0l 0 0 0 0
0 0 VY 0 0 (1) 01
0 0 0 0 0 0 7 v
1n

As we can see, one of these matrices can be obtained
from another one just by permutation of its rows. This
property holds for all the matrices corresponding to
isomorphic trees.

5. Fast tree-structured Haar transforms

In the following we will discuss the properties of the
transform defined by a TSH-matrix.

Definition 4. Let T be a binary interval splitting tree
with N leaves and H its TSH-matrix. The TSH-
transform corresponding to 7' of a column vector f of
lenth N is F = Hf.

It is well known that the classical Haar transform
(corresponding to the case of complete full binary
tree, see section 4.1) can be computed very efficiently
with an algorithm of linear complexity. This algorithm
is based on decomposing the Haar matrix into a
product of sparse matrices. This reduces the complex-
ity from the (N — 1)* addition and N? multiplication
operations of the direct implementation to 2(N — 1)
addition and N multiplication operations [3].

We will show that also the matrix of a tree-
structured Haar transform can be decomposed into a
product of sparse matrices and derive an straightfor-
ward algorithm to find the factorization. This
factorization leads to an algorithm of linear complex-
ity to compute a TSH-transform.

Consider a binary tree T of depth n and its tree-
structured Haar matrix H constructed according to
Definition 3. As noted in Section 3 we can assume
that T is a full tree and, thus, all its internal nodes are



splitting nodes. Now, without changing the matrix H
we can replace T with T that is obtained from T by
adding non-splitting nodes to make each path from
root to leaf have length n.

Now, T has n+ 1 levels, 0, 1, ...,n and we denote
by p; the number of nodes on level j and by o; the
number of splitting nodes on level j. Let c(j,i),
i=1,...,u; be the nodes of level j from left to right
and, as before, we label each node c(j,i) by the
number v (c(j, i)) of leaves in the subtree rooted at
c(j, D).

Let us construct the matrices 4;, j=1,...,n as
follows.

P 0 .
J = (0 IN—/J,/>7]_17“-7n_17 (12)

where I}, is the identity matrix of order k, and P; is the
(17 X ;) matrix of the form

(Y
n=(¥) -
A, = P,.

U; is the (uj—1 x ;) block diagonal matrix
constructed as follows.

Initialize the (y1; X p;) matrix f/j =0
Fori=1,...,u

if ¢ (j, i) = left child, then Uj(i,i) = Uj(i,i + 1) = 1
if ¢ (j, i) = right child, then Uy(i,i) = 0

if ¢(j,i) = only child, then U;(i,i) =1

End For

U; is now obtained from f]j by deleting all zero rows.

Viis the ((1; — pj—1) X p;) block diagonal matrix
constructed as follows.

Initialize (p; X pt;) matrix f/j =0

Fori=1,...,u

if ¢(j,i) = left child, then f/j(i, N=v(c(j,i+1)),
Vili,i41) = —v(c(j;1)

if ¢ (j, i) = right child, then f/j(i, =0

if ¢ (j, i) = only child, then ¥;(i,i) = 0

End For

V; is now obtained from 17, by deleting all zero rows.

Let D be the diagonal N x N matrix that
normalizes A4;,A4;,...,4,. We note that D can be

Tree-Structured Haar Transforms 275

read directly from the tree T in the following way. Let
cl,...,cy—1 be all the splitting nodes scanned level
by level from left to right and ¢ ¢ and ¢y ; their left
and right children respectively. Then

1 1
b dia L
mg(W’ Vi erore e

(14)

1
VW en—1,0)v(en—1,))v(en - 1) > 7
Now, we are ready to state

Theorem 2. Let H, Ay, A, .
Then

.., A, and D as above.

H = DA1A; - A, (15)

Corollary 1. There exists a fast algorithm comput-
ing a tree-structured Haar transform of length N with
2(N — 1) additions and 3N — 2 multiplications.

Proof: According to Property 1, the rows of TSH
matrix H consist of the following submatrices:

Hmot
H,
H=D| H, (16)
Hn—l
First, we show that, forj =0,1,...,n — 1:
M;
Hj
Bi=Aji1- Ay = : (17)
Hn—l

where Hj,---,H,_ are submatrices from (16), and

M; = diag(evc (. 1))s €uc(j 1) s ey (18)

where ¢ is the row vector of ones of the length k.

One can easily check that the last u, — p,—; rows
of the matrix P, form the submatrix H, _; from (16),
and the first p,_ rows form a matrix M,_; from
(18). Thus, the formula (17) holds for j =n — 1. Let
us prove (17) by induction. Let this equation hold
for j =k. We will show that it holds also for
j=k—1 1e.
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M, M1

H Hi
By = : =Ar1Bir1 = Ap 1 :

]’],1,1 anl

This is equivalent to show that

M,
PiMi1 = (H:)’

or, equivalently,
UMy 1 = My, and Vi My 1 = Hy.

The first equation is true since the label of the parent
is equal to the sum of the labels of its children, and the
second equation is true by the construction of the
basis functions.

The complexity of the fast tree-structured Haar
transform based on the decomposition (16) consists of
the following operations: N multiplications from
product by the diagonal matrix D, 2(N — 1) additions
and multiplications from the products by the matrices
P;. Overall these result in 2(N — 1) additions and
3N — 2 multiplications. The theorem and its corollary
are proved.

[lustrations of how this algorithm works for the
trees presented in Figure 7 are given in Figure 8 and
Figure 9.

The action of the proposed algorithm for fast
tree-structured Haar transform can be represented
by the logarithmic tree decomposition structure,
presented in Figure 10 a). Starting from the root
of the tree where we have an input signal - vector x
of the length N to be transformed by the TSH matrix
H, we apply to x 2 operators: the “low-pass’ operator
U, and the “high-pass” operator V,, defined in
Theorem 2. This will divide our signal into 2 parts:
signal x() = U,x of the length s,_;, and the
signal V,x of the length y1,, 1 — p,, — 2. This procedure
is continued with the vector x(), applying to it
operators U, | and V;, _ 1, resulting again in 2 signals:
D =U, 2D of the length 1, _,, and the signal
V,_1x) of the length 1,_» — p1,_3. Continuing
this process by the same way with x®, etc.,
until x® = U;x" =1, we will obtain the resulting
transform (reading from left to right the leaves in
Figure 10 a), without normalization by the diagonal
matrix D.

C
-

Levels P =

<
[

S
SN
—o
—o
| E—

c

N

1]
ov|jooco — o
SEN
g —
<
S

objlooco —
—o|—oco

—ococ oo~
o lLloococ o
ol—-cocococo
c
=

=
<
IN

TSS9 TS cojloo—o wo
—oeeoeoe—o solo—oco Lo
colcco—~oco

Figure 8. Decomposition matrices for the TSH matrix for the tree
from the Figure 7a).

o]
I
&

Levels: 3-5 Vi
0 e 110}U2
P,=001
1-401 V2
: (5)  ®
11000
00100}u3
P,=00011
2 o o e ) z.zooo}v
0002-1
BN ONO\ONONORENITTINE
00110000
00001000]uy,
4 P,=00000100
B BB B Bl it
T-1000000
001-10000]v,
000000 1-1

Figure 9. Decomposition matrices for the TSH matrix for the tree
from the Figure 7c).

In the Figure 10 b) and c) this decomposition tree
is presented for the fast TSH transforms of Figures 8
and 9, respectively.

For computation of the inverse TSH transform we
can use a similar logarithmic tree as in Figure 10,
starting now from the leaves of the tree and combining
results by adding them from both “low-pass” and
“high-pass” parts. Since the basic computational
elements of the fast TSH algorithm are so-called
“butterfly” operations — transforms by the matrices of

the form QO = 4 _}3

matrices P; in the Theorem 2), in order to invert the
operation we need to apply the inverse “butterfly”

0= (f _11>/(a+b).

(see the structure of the
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Figure 10. Logarithmic tree decomposition schemes for the TSH

transforms: a) general scheme, b) a scheme for the TSH transform
from Figure 8, c) a scheme for the TSH transform from the Figure 9.

Another possibility for efficient implementation of
TSH transforms (both direct and inverse) is to use
a time-varying switching filter banks, as it is done
for the generalized Fibonacci - Haar transforms
in [5].

6. From (time) interval splitting trees to scale
splitting trees: the case of general time-scale
tiling

In the previous sections we have defined an
orthogonal tree-structured Haar (TSH) transform
based on the concept of binary interval splitting trees,
and developed a fast computational scheme for TSH
transforms. This fast computational scheme gives a
logarithmic tree decomposition structure for any TSH
transform. But this is just one possible case of
decomposition structure. Changing this logarithmic
decomposition tree to any binary decomposition tree
structure, we come to the concept of the tree-
structured Haar (TSH) packets*. In another extreme
case, when the decomposition tree is complete and
full, we will obtain an extension of the Walsh
transform [3].

As an example, the Fibonacci - Walsh p-matrix
defined by the tree structure given in Figure 6
(p = 2), as well as its decomposition into the product
of sparse matrices is given below:

Tree-Structured Haar Transforms 277

I I 1o
2 2 2 2 —4 4
PR B e U
I -1 0 0 1 -1
11 2 0 0
1 -1 0 o0 -1
1 1 000 0
2 4000 0
o0 1000
0 0 0100
0 0 0010
0 0 00 01
1 1 000 0
0 0 1000
1 =300 0 0
“1o 0o 01 0 0
0 0 0010
0 0 00 01
1 1 000 0
0 0 100 0
0 0 010 0
0 0 00 1 1
1 2000 0
0 0 00 1 -1
1 1. 000 0
0 0 100 0
0 0 010 0
0o 0 001 1|
1 1000 0
0 0 00 1 —1

7. Conclusion

Based on the concept of binary interval splitting trees,
a class of Haar-like orthogonal systems and trans-
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forms based on them is defined. For any binary tree
we associate a system of Haar-like orthogonal
functions — tree-structured Haar (TSH) functions.
Particular cases of these systems are the classical Haar
system (the case of complete full binary tree), the
canonical Haar system (the case of logarithmic tree),
the Fibonacci Haar system (the case of Fibonacci
tree), etc. A fast algorithm of linear complexity for
computing TSH transform is developed. An extension
of the TSH transforms toward TSH packets is
described.

Notes

1. In the case of a full binary tree each node a will be indexed by a
binary vector (a;(a), ..., ax(a)) (o € {0,1}, 5 =1,...,k)

2. changing sign of all rows except the first one

3. here we call trees isomorphic if after deleting all non-splitting
non-leaf nodes from these trees we will obtain exactly the same
trees

4. name is similar to the Haar wavelet packets ( which is a
particular case of TSH packets [14]) based on the similar idea to
expand a Haar transform
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