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Abstract. One of the interactions between macromolecules is the attractive force through the ex-
cluded volume effect. We studied the attraction between the molecules of muscle protein, actin,
in the two points by using the extended scaled particle theory (XSPT). I) we verified the basic
assumption used in the XSPT that topological elements which determine the analytical expression
of the excluded volume are almost unchanged through the scaling down of the solute molecule in
the thought experiment. Results of the computational geometry method (α-shape method) showed
that this assumption is valid even in the case of the actin molecule. II) we calculated the attraction
between actin monomer molecules, G-actin. Calculated differences of the values of the attraction
potential of two macromolecules between at contact and at one macromolecule apart by the XSPT is
almost the same as those by the Asakura-Oosawa theory.
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1. Introduction

Under the biological condition, the muscle protein G-actin monomer forms the
filament, F-actin, and 3-D structure of the monomer in the F-actin is changed [1].
It is thought that the association of G-actin occurres in the first stage of the filament
formation. Generally, the intermolecular interaction, especially long-range attrac-
tion, between macromolecules affects the association. The attraction between the
biomolecules is intensively studied to search not only the filament formation but
also the function, e.g. force generation of the muscle protein. One of the interac-
tions between macromolecules is the attraction through the excluded volume effect.
Asakura-Oosawa proposed the simple equation (AO theory) to estimate the attrac-
tion by considering the geometry of the excluded volume of the macromolecules
[2]. Their theory is well agreed with the experimental results in spite of the usage
of rough assumptions [3–5]. In the AO theory, the intermolecular force is derived
from the geometric consideration of the excluded volume of the macromolecule
and the microscopic osmotic pressure at the molecular size. On the other hand, we
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recently extended the widely used solution theory, scaled particle theory (SPT) [6],
to the arbitrary shaped solute molecule [7, 8]. The extended SPT (XSPT) has been
used in the calculation of the solvation free energy of the protein molecule [9]. The
basis of the XSPT is the theoretical derivation of the microscopic pressure on the
solute molecule by using the statistical mechanics.

In the case of the interaction of two macromolecules in the dilute macromolecu-
lar solution, the excluded volume of the two macromolecules can be regarded as the
cavity where the center of the surrounding macromolecule cannot enter. Then the
attractive force through the excluded volume effect can be interpreted as the min-
imization process of the work required to make the cavity in the macromolecular
solution. Normally in the XSPT, the contribution from the repulsive force between
the solute and the solvent is calculated as the work to make the cavity in the
solvent. When the XSPT is applied to the macromolecular solution, it is assumed
that the degrees of freedom of the solvent molecule are neglected by following the
traditional polymer theory. The pressure applied to the macromolecules in XSPT
corresponds to the osmotic pressure of the macromolecules.

We found that the XSPT has a term which converges to the AO theory when the
focused two macromolecules are extremely larger than the other macromolecules.
The XSPT can be used as the more precise version of the AO theory when the size
ratio between the focused macromolecule and the surrounding macromolecule in
the solution is nearly equal. We studied two points in this work. I) we verified the
basic assumption used in the XSPT that topological elements which determine the
analytical expression of the excluded volume are almost unchanged through the
scaling down of the solute molecule in the thought experiment. II) the association
of the actin monomers and the actin trimers are studied.

2. XSPT

Solvation free energy of the solute molecule is divided into three steps in the
thought experiment in the XSPT. (I) the work required for cavity formation in the
solvent, gC , (II) contribution from the Lennard-Jones type attraction between the
solute and the solvent, gI , (III) electrostatic contribution, Born energy, gB . The
work for the cavity formation in the solvent, gC , can be given by calculating the
work to make the cavity in the hard sphere solvent. The solvation free energy in
the dilute solution, gC , is [7, 8]

gC = A + B + 1
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Figure 1. Schematic drawing of the λ dependence of the solvation free energy, gC . The sym-
bols ρ and Vc(λ) are the number density of the solvent and the excluded volume of the λ-fold
scaled solute molecule, P is the pressure of the system.

where Vc(λ) is the excluded volume of the λ-fold scaled solute, P is the pressure of
the system, kB is the Boltzmann constant, T is temperature, ρ is the number density
of the solvent. The value of Vc(0) is equal to the volume of the solvent molecule.
The Equation (1) uses charging formula in the statistical mechanics by scaling the
solute molecule which result the changes of the shape of the corresponding cavity
in the hard sphere solvent. When λ is less than zero, it is known that exact statistical
mechanical equation to calculate the work required to make the cavity in the hard
sphere solvent exists [6]. If the solute has macroscopic size, the thermodynamic
equation can be used to calculate the work for the cavity formation. The scaled
particle theory fulfills the both microscopic and macroscopic conditions (Figure 1).
The XSPT can be regarded as the interpolation method of the microscopic and
macroscopic exact equations. Then Equation (1) implicitly assumes the existence
of the single third polynomial function to approximate the excluded volume.

3. Assumption Used in the Calculation of the Work Required to Make the
Cavity in the XSPT

The topology obtained at λ = 1 has been used in the calculation of the derivatives
of the excluded volume in XSPT. We verified the basic assumption used in the
XSPT that topological elements [10] which determine the analytical expression of
the excluded volume are almost unchanged through the scaling down of the solute
molecule in the thought experiment.

In this work, the radius of the atom in the solute molecule has the same value,
0.19 nm, and the solvent molecule, water molecule, is regarded as a single sphere
which has the radius of 0.1375 nm. The solute molecule is hypothetically λ-fold
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Figure 2. The excluded volume of the λ-fold scaled fused hard spheres. The dashed line rep-
resents the excluded volume of the fused hard spheres. The topology of the excluded volume
at λ < 1 is different from that at λ = 1.

scaled with the solvent molecules having fixed radii in the XSPT. The shape of
the excluded volume is the fused spheres whose sphere radius has the value of
atom radius plus solvent molecule radius. The shape of the excluded volume of
λ-fold scaled solute molecule is not similar to the shape of the solute molecule
(Figure 2). The analytical expression of the excluded volume function at any λ

value is required in the XSPT. The analytical derivatives of the excluded volume
by the λ are also required. After the topology of the excluded volume is known, the
analytical derivatives of the excluded volume, which is the fused spheres, is ob-
tained by using the analytical expression of volume of the fused spheres developed
by us [10]. During the scaling process of the solute molecule, the topology of the
excluded volume is changed depending on the λ value, in spite of the λ-fold solute
molecule has the same topology at any λ value. In the particular case, when the λ

decreases to zero, the shape of the excluded volume approaches a single sphere but
the topology of the excluded volume becomes complicated. It is required to obtain
the exact information of the topology of the excluded volume at any λ value. The
topology search like this case is a difficult problem for conventional Neumann type
computers.

4. α-Shape Method

In the computational geometry, α-shape method [11] is the method to exactly and
quickly calculate the table of the topology of the fused spheres as the function of
the radius of the sphere, α, keeping the configuration of the centers of the spheres
fixed (Figure 3) [12]. The α values at which the topology is changed are calculated
by using the Voronoi polyhedron in the α-shape method. The shape of the fused
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Figure 3. The α value in the α-shape. The dashed line represents the α-shape of the fused
spheres (dumbbell). The radius of the sphere in the α shape is α.

sphere is changed depending on the α value. The shape of the fused sphere ap-
proaches a single sphere when the α value approaches infinite. The fused spheres
corresponding to the excluded volume in the XSPT becomes to be similar as the
one in the α-shape method when the following condition is satisfied.

α = rv

λ
+ rs (2)

where rs and rv represent the radius of the solute atom and the solvent molecule,
respectively. The topology is unchanged in the similar figures. The α-shape method
can be used for the topology search of the excluded volume in the XSPT. The
values of the λ where the topology of the excluded volume is changed are obtained
together with the each topological information of the excluded volume. The α-
shape method is necessary for the solute molecules having the large number of
atoms, e.g. biomolecules, in the XSPT.

5. The Potential of Mean Force

The potential of mean force, U(a), of the attractive force between two macro-
molecules at distance a through the excluded volume effect is calculated from the
work, W(a), required to make the cavity in the solution which corresponds to the
excluded volume of the two macromolecules (Figure 4).

U(a) = W(a) − W(∞) = W(a) − 2W(0) (3)

This system can be modeled by following the traditional polymer theory as a
hard sphere system composed of two hard spheres whose positions are suspen-
ded and the surrounding hard sphere liquid. In this work, the interaction through
the excluded volume effect between the macromolecules are calculated by us-
ing the solution theory, XSPT. The work required to make the cavity of the two
macromolecules, W(a), at the packing fraction η is

W(a) = A + B + 1

2
C + PVc(1), η = 4

3
πr3

v ρ (4)
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Figure 4. Two macromolecules interacting through the excluded volume effect. The focused
two macromolecules having the diameter of D are suspended in the solution of macromolec-
ules having the diameter of d . The dashed line represents the excluded volume of the focused
two macromolecules against the surrounding macromolecules.

P

ρkBT
= 1 + η + η2

(1 − η)3
(5)

where P is the osmotic pressure and calculated by using the equation of state
derived by SPT for the hard sphere liquid [6], A, B, and C are the same expression
in Equation (1). But the Vc(λ) is not the same as the one in Equation (1). The Vc(λ)

in Equation (1) is the excluded volume of the solute molecule against the solvent
molecule in the dilute solution, the Vc(λ) in Equation (4) is the excluded volume
of the ‘two’ macromolecules against the surrounding macromolecules. The term
C in Equation (4) is roughly proportional to the surface area of the cavity made
by two macromolecules. The term, PVc(1), in Equation (4) converges to the AO
theory when the focused two macromolecules are extremely larger than the other
macromolecules.

We used two protein molecules, one is avian pancreatic polypeptide having 26
residues and another is G-actin having 373 residues. The protein data bank ID [13]
of the 3-D structures of avian pancreatic polypeptide and the G-actin used in the
calculation are 1PPT [14] and 1ATN (chain A) [15] respectively. The trimer 3-D
model structure (Lorenz model [1]) of the F-actin is used in the calculation. The
trimer 3-D model structure is called as Lorenz 3 in this paper. The monomer form
of the model structure, called Lorenz 1, is taken from the Lorenz 3. The G-actin and
Lorenz 1 have the hetero atoms, ATP and ADP respectively. A ‘modified Lorenz 1’
has the same number of residues as G-actin by removing C-terminal three residues.
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Figure 5. Excluded volume of the Avian pancreatic polypeptide. The cross, solid line, and
dashed line represent the exact value of the excluded volume, the approximated third poly-
nomial value of the excluded volume, and the value of the single sphere which has the same
value as the exact one at λ = 1, respectively.

Figure 6. Excluded volume of the monomeric G-actin molecule. The solid line and dashed
line represent the approximated third polynomial value of the excluded volume, and the value
of the single sphere which has the same value as the exact one at λ = 1, respectively.
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Figure 7. Excluded volume of the modified Lorenz 1. The solid line and dashed line represent
the approximated third polynomial value of the excluded volume, and the value of the single
sphere which has the same value as the exact one at λ = 1, respectively.

Table I. The excluded volumes and corresponding spherical radii

Topology change Vc(1) [nm3] spherical radius [nm] ASA [nm2]

1PPT 680 9.14007 1.1595 34.3917

G-actin without ATP 4540 72.76704 2.4514 165.3733

modified Lorenz 1 5461 74.34961 2.4710 174.8621

modified Lorenz 1 without ADP 5577 74.10972 2.4682 176.8723

Lorenz 1 5489 74.87227 2.4771 175.4681

Lorenz 1 without ADP 5605 74.63237 2.4743 177.4783

Lorenz 3 16762 220.0763 3.6079 473.4202

Lorenz 3 without ADP 17111 219.3566 3.6038 479.4505

6. Results and Discussion

The excluded volume of avian pancreatic polypeptide which is hypothetically scaled
is exactly calculated. Exact analytical expression of the excluded volume is not the
third polynomial of the scaling parameter λ [10]. The topology of the protein is
changed 680 times during the scaling and the analytical expression is changed at
each topology change. But the excluded volume (nm3) can be approximated as the
single function of the third polynomial by the method of least squares,

Vc(λ) = 4.80181λ3 + 4.04587λ2 + 0.285835λ + 0.01089. (6)
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Table II. The values of the potential of the attraction between actin molecules
through the excluded volume effect

focused + surrounding molecules U(D)
kBT

U(D+d)
kBT

U(D)
kBT

− U(D+d)
kBT

G-actin + G-actin (XSPT) –0.02509 0.00035 –0.02544

(AO theory) –0.02500 0 –0.02500

Lorenz 1 + Lorenz 1 (XSPT) –0.02509 0.00035 –0.02544

(AO theory) –0.02500 0 –0.02500

Lorenz 3 + G-actin (XSPT) –0.03170 0.00058 –0.03228

(AO theory) –0.03167 0 –0.03167

Lorenz 3 + Lorenz 1 (XSPT) –0.03152 0.00057 –0.03209

(AO theory) –0.03149 0 –0.03149

kB : Boltzmann constant, T : temperature.

The standard deviations are ±0.2767%, ±0.4938%, and ±3.582% respectively. In
Figure 5, the dashed line is the volume of the single sphere which has the same
volume as the excluded volume of the protein when λ is equal 1. The difference
between the excluded volumes of the protein and the single sphere shows the effect
of the non-spherical shape of the protein. The excluded volumes of the two different
actin structures are calculated. The actin monomers take the G-actin structure in the
solution and the Lorenz 1 structure in the filament, F-actin. The excluded volume
(nm3) of the G-actin is approximated as,

Vc(λ) = 50.7710λ3 + 22.1181λ2 − 0.0873322λ + 0.01089. (7)

The standard deviations are ±0.2726%, ±0.8562%, ±70.83% respectively. The
excluded volume (nm3) of the modified Lorenz 1 is approximated as,

Vc(λ) = 50.6902λ3 + 23.7339λ2 − 0.264775λ + 0.01089. (8)

The standard deviations are ±0.3374%, ±0.9862%, ±28.87% respectively. Fig-
ure 6 and Figure 7 show the plot of the excluded volume of the actin molecules
against the scaling parameter λ. The exact values of the excluded volume are not
plotted in Figure 6 and Figure 7 because the values are almost the same as those
of the approximated third polynomials. The approximate third polynomial of λ

gives good agreement with the exact values of the excluded volume of the proteins
because the frequent topology changes seem to average the effect of the individual
topology change. Results of the computational geometry method (α-shape method)
showed that the assumption, we have used in XSPT, is valid even in the case
of the actin molecules. Table I shows the excluded volumes and corresponding
spherical solute radii. The Vc(1) is the real excluded volume at λ = 1. The values
of accessible surface area (ASA) of the molecules are also listed.

The values of the potential of the long-range attraction between the actin mo-
lecules through the excluded volume effect is calculated by using the XSPT and
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Asakura-Oosawa theory (AO theory) and listed in Table II. The shape of the all
actin molecules is approximated as a single sphere having the effective radius listed
in Table I. The number density is determined from the packing fraction of 0.01 [2].
The absolute values of the potential of the attraction between the actin molecules
are small at η = 0.01 in this study because the size of the focused and surround-
ing actin molecules is nearly equal. The effect of the terms except for PVc(1) in
Equation (4) is negligible at low number density of the surrounding macromolec-
ules. When the direct attraction between macromolecules like Lennard-Jones type
interaction decreases the osmotic pressure, the term which is roughly proportional
to the accessible surface area becomes to be important. The conformational change
from G-actin in the solution to Lorenz 1 in the F-actin does not affect the attraction
through the excluded volume in our results. It is worth to search the condition
where the effect of the conformational change of the actin molecule on the attrac-
tion is large in the future study. These findings have the suggestion to the future
study of the association mechanism of the macromolecules.
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