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ABSTRACT. We describe the construction of extension operators with minimal possible norm 7,
from the half-line to the entire real line for the spaces W3* and derive the asymptotic estimate
In7,, ~ Kom (as m — o0), where

w/4
Ky :=— / ln(cot m) dr =1.166243 ... =1n3.209912....
™ Jo

The proof is based on the investigation of the maximum and minimum eigenvalues and the
corresponding eigenvectors of some special matrices related to Vandermonde matrices and their
inverses, which can be of interest in themselves.

KEY WORDS: extrapolations with minimal norms, Vandermonde matrices.

1. Notation and Statement of the Main Result

Let W3(I) be the Sobolev space of all functions f(x) defined on the interval I := (a, 3) C RY,
having absolutely continuous derivatives f(™~1(z), and satisfying the inequality

1/2
I llwy ) = </I(|f(ﬂf)|2 + If(m)(ﬂf)!2)dx> < oo. (1)

Certain extension operators Tj,: Wa(RL) — Wi*(R!') whose norms do not exceed 8™ were
constructed in [1]. On the other hand, it was shown in [2] that W3"(RL) contains a function f,,(x)
such that the norm in WJ*(R!) of any function g(x) defined on the entire real line and coinciding
with fp,(x) for all x < 0 is greater than 0.08 m_1/42m||fm||w2m(R1_). Our aim is to bridge the gap

between the upper and lower bounds and establish the asymptotic formula given below (which is
sharp in the logarithmic scale) for the expression

T i= i | Ton [l 1 ) —wgn (1) - (2)
By G we denote the Catalan constant (e.g., see [3], 865.03 and 48.32),

G := /ﬂ/4 In(cot x) dx = 3 2(]{:_1)f2 = 0.91596559. .. . (3)
0 o (2k +1)

Theorem. One has Int,, ~ Kgm as m — oo, where
4
Ky:=—G=1.166243... =1n3.209912. .. . (4)
T

It will be established in the course of the proof that the minimum norm extension operator
is linear and is closely related to the best extrapolation operator (i.e., extension from a “single
point”), whose investigation was initiated by L. D. Kudryavtsev. It will also be shown that 7, can
be expressed explicitly in terms of the maximum and minimum eigenvalues of a matrix related to
some special Vandermonde matrices.

The author expresses his deep gratitude to V. I. Burenkov and L. D. Kudryavtsev for the
statement of the problem and attention as well as to S. I. Pokhozhaev and other participants of the
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Seminar on Function Theory supervised by S. M. Nikol’skii, L. D. Kudryavtsev, and O. V. Besov
for valuable remarks.

2. Preliminaries

Consider the quadratic functional

Tly) = /Ooouy(m)(x)\? +ly@)P) de = lly(@) [y s - ®)

The minimum of the squared W3"-norm over all possible extrapolations with given initial data will
be denoted by

Ym(a) = min{Jp[y] : y*V(0) = as, s € {1,...,m}}, (6)
where a := (ay,...,a,) is an arbitrary vector.
The extremals of Jp,[y] are solutions of the Euler equation
(—1)"y®™ +y =0 (7)

tending to 0 as  — 400 and hence representable as linear combinations of exponentials (the set
of all these linear combinations will be denoted by Y, )

x) =) bpet”, (8)
k=1

where juy, = fig, p = " CRAM=1)/Cm) e 11 m}, are the 2mth roots of (—1)™*! lying in the
left half-plane. We note that these roots satisfy the identities p* = i"™ (- 1)* and ,u,?l = =
tm+1—k, Which are important in what follows.

For an arbitrary function f € Wi*(RL), by y := y(f;x) we denote the function in Wj*(R!)
having the same initial values as f and providing the minimum of the functional J,,[y]. Then (by
virtue of the definitions) the extension of f to the positive half-line by y(f;x) is just the desired
extension operator of minimum norm. Since the map taking each function f € Wi*(RL) to the set
of its limit values A,, := {{as}} = {{f* P (0-)}} and the map of the space A,, into the set Yy,
of the corresponding extremals are linear (this is the case because the Euler equation (7) is linear),
it follows that the best approximation operator described here is also linear.

The value J,,[y] for the functions (8) can be rewritten as a quadratic form in the coefficients b;:

e (G E) (G e

m m 1+ mom 1 1 j+k
=> Wbk, = Hy P 14D i ke{l,...,m}.
= k:l g+ B i+ B

This expression can also be rewritten via the initial values 3*~1)(0) = as, since the coefficients
b; are uniquely determined from the linear algebraic system

m
ol =a;,  je{l,....m}, (10)
k=1
whose coefficient matrix is the classical Vandermonde matrix
j—1
Vi = o = N (1)
(The matrix (11) is nonsingular, since all numbers py; are distinct.) We denote the inverse matrix
of Vi, (explicit formulas for its entries can be found, say, in [4]) by ®, = ¢ k) I, 4,k e{1,...,m};
then V;;,b = a or b = ®,,a in vector notation. Consequently,
Um(a) = (Qmb,b) = (QmPma, Prma) = (Gra,a), Gm = 05,Qm®Pm, (12)
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where @, is the matrix with entries q](.fz) defined in (9) and parentheses stand for the ordinary
inner product in the m-dimensional unitary space of complex vectors.

On the other hand, integration by parts readily shows that two arbitrary functions f(z) and
g(x) in C*™[0, +00) that tend to 0 together with their derivatives of order < 2m — 1 as x — +o0
satisfy the identity

/ "1 @)g™ (@) de = [ (0)g™ D (0) 4 FED(0)gm 2 (0) — -
0
+ (=)™ FEI0)9(0) + (-1)" /0 e @)gladr. (13

Choosing an arbitrary function y(z) of the form (8) as f(x) and the complex conjugate function
as ¢g(x) in (13) and taking account of the fact that, by (7), the last term on the right-hand side
in (13) is equal to minus the integral of |y(z)|? over [0, +o0o], we arrive at the relation
m m m )
Il = (1)) = S (Y w0t ) (. ()
j=1 j=1 “k=1
Now let a vector of initial data a = (ai,...,a,) be given. Then, as was already noted, the
coefficient vector b = (by,...,by,) is equal to a multiplied on the left by the matrix ®,,, b = ®,,a,
and the transition from the vector b to the vector b := (—=by,ba, ..., (=1)"b,,) is carried out by
multiplying b on the left by the matrix P, whose main diagonal entries are (Pp)g = (—1)*
and the offdiagonal entries are zero: b = P,b. As to the transition from b to the vector with
coordinates equal to the sums with respect to k in the rightmost term in (14), it corresponds to
the multiplication of b by the matrix Vj,. Finally, the vector with the coordinates y(™~7 )(0) results
from the multiplication of a on the left by the matrix S, with units on the secondary diagonal
and zeros in all other positions. We have thus derived an alternative formula for the quadratic
form 1., (a) and the corresponding matrix Gy, (see (5), (6), and (14)),

¢m(a) = Jm[y] = (im_lvmpmq)ma’ Pmsma) = (Gma,a),

15
G =118, P Vi Pn®,, (15)

3. The Symmetry Properties of the Matrices G,,

Lemma 1. The matriz G, is real and symmetric.

Proof. We first note that, by definition (see (12)), the matrix G,, is Hermitian and positive
definite. Let us prove that it is real. Indeed, the set of solutions of equation (7) that tend to 0
as x — +oo exactly coincides with the set of all solutions of the mth-order differential equation
(D — 1)+ (D — pm)y(x) =0, where D := d/dx. For even and odd m, it has the forms

m/2 (m—1)/2
[[(P*—2RewD+1)y=0, (D+1) J[ (D*-2RemD +1)y=0, (16)
k=1 k=1

respectively; i.e., D™y + B1 D™y 4+ BoD™ 2y + .. + B,,_1Dy +y = 0, where all coefficients are
real (and even positive). Therefore, if all numbers 3(0),%/(0), ...,y Y (0) are real, then the func-
tion y(z) is also real for all > 0, and consequently, the numbers y(™(0), ™1 (0),...,3*m=1(0)
are also real, which, by the first relation in (14), implies that all entries of the matrix G,, are real;
thus, it also follows that G, is symmetric.

The proof of Lemma 1 is complete.

Lemma 2. The matriz G,, is also symmetric with respect to the secondary diagonal: G, =
SmGmSm -

Proof. We start from the relation G = i™~1SPV P® (see (15)), where the subscript m on the
matrices is omitted for brevity. We introduce the diagonal matrix H := diag(y;" ) Recall that the
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multiplication of a square matrix by S on the left (right) is equivalent to the reflection with respect

to the middle horizontal (vertical), and the multiplication on the left (right) by a diagonal matrix

implies the multiplication of each row (column) by the corresponding diagonal entry. Therefore,

the matrices V.S and SV satisfy the relations (see (11) and the definition of py after formula (8))
.- L » B

VS =il =l N, SV =l || =VSH < @5 =H"'S%. (17)

Furthermore, we have the chain of identities
SGS = (=)™ 1SP(SV)P(®S) = (—i)" 'SP(VSH)P(H 'Sd)
= (=)™ 1SPV(SPS)® =i 'SPVP® =G,

where we have used the fact that the diagonal matrices H and P commute and the simple matrix
identities SP = (—1)™"!PS and SS = PP = E :=id,,.

The proof of Lemma 2 is complete.

However, the following property, containing, in particular, the assertion about the similarity of
the matrix G,, and its inverse, is most unexpected and very essential.

Lemma 3. G,! = P,,G, Py,

Proof. It readily follows from formula (15), Lemma 2, and the identity used in its proof that
the desired chain of relations holds:

Gt = (=)™ Y(SPVPD)! = (=)™ 'V POPS = i" " 'PS(SPVP®)SP = P(SGS)P = PGP.

The following assertions are an immediate consequence of related definitions and Lemma 3.

Corollary 1. The spectra of the matrices Gy, and G,} coincide. In particular, the minimum
and mazimum eigenvalues of the matriz G, satisfy the relation Amin(Gm) = Apax(Gm), and if

&= (&,-..,&m) is an eigenvector that corresponds to Amax(Gm), then Pp& = (—=&1,&2, ..., (—=1)"&n)
is also an eigenvector and corresponds to A\l (Gp).

max
Corollary 2. The mazimum Q,, and the minimum wy, of the quadratic form .,(a) on the
unit sphere Y |as|? = 1 are related by the formula Qp = w,b = Anax(Gim) -
Next, using the even extension from the left half-line to the right half-line and taking the
definitions of the expression ¥, (a) (see (5) and (6)) and the matrix P, into account, we conclude

that the identity
min ly(@) % ) 5 0(0) = s, s € {1, m}} = G~ Pra), (18)

holds, which, in turn, implies the following assertion in view of Corollary 1.

Corollary 3. The norm of the best approzimation operator T,,: Wat(RL) — Wi (R1) is given
by the formula

[, Om
Tm = 4/1+ o= V1+ A2 (Gn). (19)
Remark. Clearly, the expression {2

,171/ ? is the minimum possible norm of the extrapolation opera-
tors AP — Wi (RY), where AP is the space of vectors of initial values (f(0), f/(0),..., f("=1(0))
equipped with the Euclidean norm. Gabushin [5] (see also [6], 2.4.5) obtained explicit (but inef-
fective) formulas for the maximum possible values of the intermediate derivatives at zero, i.e., the
numbers

It = max{|y(0)| : lllwpey =1 se{0L...,m—1}. (20)

As can be shown with regard to Lemma 3, these constants can be expressed via the diagonal
entries of the matrix Gy,: I'f,, = (g§T%75+1)1/2. Taikov (see [7] and [6], 2.4.4) proved that the
numbers differing from those in (20) in that the norm is taken in W3"(R') rather than W3"(R})

can be expressed by the simple constructive formulas T, = (2msin((2s 4 1)7/(2m))) /2.
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4. Upper Bounds for the Matrices ®,,

Lemma 4. The relations In max\gogjz)\ = (Ko + em)m hold, where Ky is the constant defined
in (4) and £, — 0 as m — 0.

Proof. The matrix relation ®V = E (the subscript m is omitted) can be rewritten in coordi-
nates (see (11)) as follows:

m
D @jsmpt =0k, where §jp =0 (j # k), Opp =1, (21)
s=1

which implies that the entries in each row {¢; s} of the matrix ® are the coefficients of the (m—1)st-
order Lagrange algebraic interpolation polynomials

m
Ly—1j(2) = Zcpjjszs_l such that Ly,—1 (1) =0, k# j, Lm—1;(pj) =1, (22)
and hence these polynoﬁrﬁéls can be represented as

L@ = TL =22 = (T ) T - (23)

kg 19 7 M N K T R

As follows from geometrical considerations, the modulus of the first factor in (23), which depends
only on m and j and does not depend on z, tends to its maximum value for a given m as p;
maximally approaches the point —1. Consequently, since u,+1 = —1, the following inequality holds
for odd m =2r +1 and any j € {1,...,m}:

1 TS\ 2
Amd' = | | < A2T+1’T+1 = | I T e | | (281n 7) . (24)
by = s + 1] g 2m

Likewise, for even m = 2r we have

1
[ — ik

1 TS\ 2
Apmj < Agpp = Agppy1 = 7 ! (2 sin %) (25)
for all j € {1,...,m}. =
Thus, the relation /2]
TS\ 2
Am = m?X Am7] = Am7[m/2]+1 < L (2 Sin %> (26)
s=

has been derived for all m.
For the case in which m = 2r + 1 and k = r + 1, by grouping the pairs of parentheses
corresponding to complex conjugate roots in the second factor in (23), we find
T _ 2r
H (Z - /Lk) = H(22 - (2 Re .US)Z + 1) = L2r,r+1(z) = Z @r,szs- (27)
s=0

k#r+1 s=1

All coefficients of the polynomial (27) are positive, and hence their sum is equal to the value of
the polynomial at z =1, i.e.,

2r 2r r
- - ~ TS\ 2
Byrstgeti= 3 |6rel = 3 @ro = Larpn(D) = J] (0 =pue) = [ (205 5-) . (28)
s=0 s=0 k#r+1 s=1

Here we have again used geometric considerations related to the location of the roots and taken

account of the fact that the vectors 1 — p and 1+ p are orthogonal for p lying on the unit circle.
Furthermore, if m is odd, m = 2r 4+ 1, but j < r+ 1, then

T

Loj(2) =+ D]]

s=1

j/(z2 —2(Res)z + 1), (29)
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where the superscript j/ implies that the factor with s = j has been discarded, and consequently
Bori1,j = Bory12r41-5 < 2H (2 Cos 7) < Bory1r41 (30)

since 7j/(2m) < 7/4 and hence (2cos(7j/(2m)))? > 2.
For even m = 2r and for j < r, in a similar way we obtain

Barj = Barar—1-; 2H (2c s£> 4H (2cos—) (31)

Combining (31), (30), and (26), we arrive at the inequality

(m/2]
B, = maXBmJ <4 H (2 cos —) (32)

for all m, which, together with (23) and (26), gives an estimate for the sum of moduli of the entries
in an arbitrary row of the matrix ®,,
[m/2]

DI < AnBn <4 ] (eot oy (33)
k=1

Passing to logarithms in (33), we obtain the inequality

[m/2]
(m) s
lnnjl.%X’Soj,k ] <1n4+2; ln(cot %> (34)
for all m and j.
Next, useing the monotone decrease of the function In(cot z) on the interval (0,7/4), we write
out inequalities for a Riemann sum and related integrals:

w/4 T [m/2] s w/4
| < — | — ) < | .
/ﬂ/@m) n(cot x) dx 5 ; n (cot 2m) /0 n(cot z) dz (35)

Since the integral on the left-hand side tends to that on the right-hand side, we obtain the relation

[m/2] x/
Sz:; In (Cot %) = (27771 + o(m)) /0 ' In(cot z) dx. (36)

Finally, from (25) and (30) we obtain the lower bound

[m/2] .
—lm>=2S Incot = , 37
nm 521 nco Sy + o(m) (37)

(m
1n11j12x[cp$k >

which, in conjunction with (32), (36), and definition (4) of the number Ky, implies the assertion of
Lemma 4.

5. Bounds for the Least Eigenvalue of the Matrix Q,,
The following assertion pertaining to the matrices defined by formula (9) is also of interest in
itself.
Lemma 5. In A\pin(Qn) = —Kom, m — oo.
Proof. Let m, and m. be the numbers of odd and even positive integers,respectively, not
exceeding m, i.e., m, := [(m + 1)/2] and m, := [m/2], so that m, + m. = m. Since q(k) =0if j
and k are of oppos1te parities, we conclude that the matrix (),, has a block diagonal form in the
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basis (e1,es,...,€m,—1;€2,€4,...,€2mn,) obtained from the standard basis (e, ez, e3,...,ey,) by a

permutation:
QY 0 (©) —2 (. _ 2
Qm = < 5 4 == 4 "= ———= > 38
" 0 Q@ R PR pgg + Ty (38)

where the diagonal blocks Q©) and Q© are m, x m, and me X m, matrices, respectively.
The assertion of Lemma 5 is equivalent to the following relations for the maximum eigenvalues
of the inverse (m, x m, and m, X m,) matrices U( % and Uéfp) of Q) and Q¥ respectively:

In )\max(U( )) Kom, InAmax(UL )) Kom, m — o0. (39)
Using the formulas for Cauchy determinants in [8], § 14, (see also [9], Sec. 2, where one should
set , = ¥, = W), we obtain the following explicit expressions for the diagonal entries of the
: (0) ().
matrices Up,, and Up,.:

H2j + [ fioy, |
H2j — Hag

H25—1 + Hop_1
H2j—1 — Hok—1

(e)
) Up =

(o) _ |Mok—1 + Tigp_1] 11

|2k + Tiog|
U = 9 H

(40)

J#k j#k

The products with respect to j in (40) can be estimated in just the same manner as those in
the proof of Lemma 4. (See the derivation of the estimates (26), (32), and (33)). Introducing the

notation k, := [m,/2] + 1 and k. := [m./2] + 1, for the products over odd indices we obtain
fi2j—1 + I - 2
Wy = H 2j—1 2k—1 H2j—1 — ‘ H (2c0t 7) ::p(0)7 (41)
Stk 2= 1~ Hok—1 plH2i—1+ 1] 20 m
and for k = k, one has wy > pl9/4.
Likewise, for the products over even indices we have
ke
H H2j + Hog H (2 cot j) H2j + Hog, ’ (42)
K2 — Mok | o m K2 — Mok,

ik

In addition, with regard to the inequality max |ug + ,uk| 2, whereas both numbers |, —1 +

Tiog,—1| and |pok, + Tigy, | are close to 2 for all sufficiently large m, we conclude that the maximum
of the diagonal entries of the matrices Ufrfz and UT(,Z) is of the order of
[m/4]

(0) (€ _ (o) (e) ms\4
TAX Uy, g, = MAX Uy g = Uy 41 = U] [ 4] = 1_[1 <cotm) . (43)

The argument in the foregoing section (see (35)—(37)) implies that

[m/4]
4
1 ©) N4§ 1<t—)z—G K 14
NIMAX Uy ) maxukk n|( co —Gm om, m — 0o, (44)

and since the inequalities Inmax ug ; < In Amax(Up) < In )" wugp < Inn + Inmax g, hold for any
positive definite n x n matrix U,,, we see that relations (44) 1mp1y (39).
The proof of Lemma 5 is complete.

Remark. We note that, according to (9), the identity @Q,, = @m + @m holds, where va is the
matrix with entries ;. = —2(p; + ) "', and we have Qy, := PpQmPr. The argument in the
proof of Lemma 5 implies that

In )‘min(@m) =In )‘min(@m) ~ —2Kom,

whereas the logarithm of the minimum eigenvalue of the sum of @m and @m decreases twice as
slowly: In Apin(Qm) = —Kom.
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6. End of Proof of the Theorem
The definition of the matrix G, (see formula (15)) implies the upper bound

(Gont,0) = ("W Pon®pnt, PuSna) < m? (max o0 laf?, (45)
j7 ’
whence, with regard to definition (19), Lemma 4 (see (36)), and formula (4), we obtain the inequality
In7, < InApax(Grm) + 0(1) < lnmzix In |cp§",z)| +2lnm+ 0O(1) < Kgm + o(m). (46)
j7 ’

Now it remains to verify that the opposite inequality also holds.
Formula (12) defining the matrix G, implies the chain of inequalities

(Gma,a) = (), QmPma,a) = (QmPma, Pma) = Anin(Qm)(Pma, Pra). (47)

Let us take the unit vector a, ||a|| = 1, with equal coordinates a; = 1/y/m as a. By Lemma 4
(see (37)), it satisfies the inequality

m
[ @mall =m 2| njopiap| = eomemm, (48)
k=1
Therefore (47), (49), and Lemma 5 imply that
In Amax(Gm) = In(Gra, @) = In Apin (@) + 21n || @al] = (Ko — Ex)m + o(m), (49)

which completes the proof of the theorem.

In conclusion, we note that initial data vectors a with equal coordinates ensure the asymptotic
growth of the order of Kqm/2 for the logarithm of the norm of the extrapolation in W3"(RY).
However, the extrapolation (for even values of m) of these initial data to the negative half-line has
the norm in W3 (RL) exactly equal to 1. Therefore, it remains unclear what sets of initial data give
the difference between the logarithms of the norms of the extrapolations in W3*(R! ) and W3*(RL)
equivalent to Kom.
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