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Abstract. In this article, we first investigate the Gaussianity of Japanese stock return time series
(214 daily, 18 weekly) by the Gaussianity lest proposed by Kariya, Tsay, Terui and Li (1994}
comprehensively and consistently. And it is observed that all the series are not Gaussian when the 6th
order moment structures arc taken into account. Up to the 4th order moments there arc some scrics
which are compatible with the Gaussianity. Secondly, we apply five weli-known nonlinearity Lests for
stationary time series to the data set and examine the specific nonlinearity of the series. Some serics
strongly exhibit the specific types ot nonlinearity. Typically the Nikkei daily index shows the TAR
(Threshold Autoregressive) type nonlinearity. Comparing daily return series with weekly series, it is
also shown that a central limit effect is working on the weekly stock returns, where daily information
is accumulated over a week, in the sensc that weekly returns are relatively closer 1o Gaussian.

Key words: Gaussianity, Hermitian transformation, nonlinearity test, stationary time scrics, stock
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1. Introducticen

In economic time series analysis, Gaussianity is often assumed for modehng and
for constructing asymptotic tests or tabulating the critical values. In particular,
in financial time series, the Gaussianity or equivalently the Brownianity in the
case of continuous time plays an tmportant role in modeling security prices. Ior
cxample, in option theory, as is well known, the Black-Sholes stock option theory
assumes that the log prices follow a Brownian process or equivalently that the stock
returns Tollow a Gaussian process. Also the Vasicek interest rate model assumes
the Brownianity or equivalently Gaussianity in discrete time. A third example 1s
the well-known CAPM (Capital Asset Pricing Market) model, in which normality
is assumed when the theory is derived. On the other hand, in deriving asymptotic
tests based on likelihood such as Johansen’s cointegratton test and in tabulating
the critical values for most asymptotic tests usuwally the Gaussianity is assumed
or needed. Also in nonlinear time series models such as GARCII, the conditional
Gaussianity gives an important conceptual vehicle for developing nonlinearity.
However, when these models or tests or tables are applied, it is often the case that
the Gaussianity (Brownianity) or conditional Gaussianity is not tested.
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As a matter of fact, so far, there are only a few omnibus tests that directly detect
the Gaussianity in time series. In the literature, the skewness and kurtosis tests are
often applied as tests for Gaussianity. However, these tests assume the i.i.d. ness
for time series and hence they are not valid as they stand when time series structure
is involved. In addition, they are partial tests which check the consistency of the
third and fourth moments of normality separately. The tests recently proposed hy
Kariya, Tsay, Terui and Li (1994), which is referred to as the KTTL test below,
will be a most omnibus test for Gaussianity among others. It tests the consistency
of all the moment structures of a time series with those of Gaussianity. As is
well-known, Gaussianity implies linearity and hence nonlinearity implies non-
Gaussianity. Therefore we may test the lincarity of a series from the beginning,
Ifowever, in testing lincarity, we need a specification of the nonlinearity as an
alternative hypothesis. Hence, the test depends on the specified alternative and
tn the tabulation of critical points Gaussianity is again needed. In fact, it is very
difficult to construct an omnibus test tor linearity. In addition, as has been pointed
out, testing Gaussianity is important in applications as it stands.

In this paper, we first apply the KTTL test and investigate the Gaussianity of
Japanese stock return series (214 daily, 18 weekly) comprehensively and consis-
tently. And it is observed that all the series are not Gaussian when the 6th order
moment structures are taken into account. Up to the 4th order moments there are
some series which are compatible with the Gaussianity. Secondly, we apply to the
data set the nonlinearity tests proposed by Tsay (1986, 1988, and 1989), Luukko-
nenn, Saikkonen and Terdsvirta (1988), Petrucceli and Davis (1986} and cxaminc
the specific nonlineary of the series. Some series strongly exhibit the specific types
of nonlinearity. Typically the Nikkei daily index shows the TAR (Threshold Autore-
gressive) type nonlinearity. And we observe by the KTTL and nonlinearity tests
that Toho Rayon Co. Ltd.’s return is very close to a Gaussian process.

InSection 2, the KTTL test is described. Our empirical results on the Gaussianity
of Japanese stock returns are presented in Section 3. In Section 4, we apply the five
nonlincarity tests and present some empirical observations.

2. The KTTL Test for Gaussianity

In this section, we describe the KTTL test of Gaussianity. To do so, we first sum-
marize the KTTL test of multinormality, from which the KTTL test of Gaussianity
follows.

Let Y = {(y,,%2,...,yn) follow multivariate normal distribution with mean
vector g = (f1, fi2, - -+, jiy)' and covariance matrix ¥ = (0y;), and denote the

standardized variate of yy; as z; = (y; — ) //031- Define wfim = pir) (z;) as the pth
order Hermitian polynomial of z; forp = 1,..., Pand j = 1,..., n. Forexample,
wug-l] =z, w® = (z2=1)/V?2, wg-'%) = (2_53*323')/\@, ’LUJ(-4) = (z]—627+3)/V24

and so on.
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Let
w0 = Cov(w,wi"). (1)
Then, under the null hypothesis of multinormality of Y, it holds that for every

i,i=1,...,nand p,qg = 1,...,P,E(w§p)) Odndwm) = é}q} with

o= {4
0 p#q,

where ¢;; = Cov(wgl) : wgl)). This characterization is shown in Kendall and Stuart

(1964; p. 600). Granger and Newbold (1986; p. 308) discussed its application to
timne series as a technique of instantancous transformation.

Let Yy, t = 1,...,T, be the vectors of observation of Y and deﬁne the sample
version of z as wir = (yir — ¥;)//35 where §; = (1/T)8_ yy and sy =
(L3352 (yie—¥i-) (Y50 —7;.)- And denote the corresponding transformed variates

of u; via Hermitian polynomials as ’U(p) = P (uy) fori = 1,...,nand p =
i...., P Under the assumption of fhe existence of the 2Pth order moments of
Y1, Y2, -+ o 5 Y, Where P is the maximum order of the Hermite transformation under

consideration and fixed in advance, two kinds of estimator for the covariance

between w(;m and w® ace used to construct an asymptotic test of multinormality.

One is a consistent estimator only under the null hypothesis of multinormality, and

the other is a consistent estimator under any arbitrary distribution. The former is
given by

’“(p,q) _ (qb”)P P =4, 3

®

0 P# 4

(0 (1

where g{)” is the sample correlation coefficient between z; = w,; * and z; = w;

and the latter is the conventional samples covariance estimate of 7,!)3j ,

Z o v . “4)

The proposed test employs the difference between (3) and (4) as a test statistic.
Define a Pn X Pn symmetric matrix R by

rritbl) g2 R{LPIT

rREYD R RGP

o . . : , (5)

ROV R RBP)
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where the R®% 15 an n x n matrix whose (#,7) element 1s r%’ ' Now compose
Pn(Prn+ 1)/2 dimenstonal vector rp as follows

r'®?) = Vech(R?"):n(n 4+ 1)/2 x 1, (6)
r?9 = Vec(RP):n? x 1, (7)
rpp = (W k@2 B = P 1)/2 x 1, (8)
rpy = (p{02 P03 0N P-LPY Y

= P(P—-1n?/2 %1, )
rp = (Up,Bpy)t f = fi+ fa=Pn(Pn+1}/2x 1, (10)

Here for any n x n symmetric matrix A = (a;;),

Vech{A) = (ay1, 012, oinids, g2, ..., a2yl . . - )
and for any n x n matrix B = (b;;),

VCC(B) = (bn,blg, . ,hln;bzl,bzz, Ceey bgn;. . ;bnl: bng’ Ce ,bnn).
(

Correspondently, by replacing rif’Q) by '¢£_§?’Q), we can derive an f < 1 paramcter
vector ¢ p under the alternative hypothesis Also under the null hypothesis, in the
same way we define, by replacing r; (p 2 by qb(p ¥ and qﬁg’ ’Q), we can define

Gp = (¢p,0) and ¢p = (¢, 0", a1

which correspond to rp and 1 p respectively. Then, assuming the 2Pth order
moment of y;;, rp follows the asymptotic multivariate normal distribution,

VT{rp —app) ~ Ny (O, A) (Ais the function of ). (12)

Similarly it follows from (3) inder the null hypothesis that

VT(¢p = dp) ~ Ny (0,4%)  (A* is a function of ¢"). (13)

The KTL test detects the equivalence between 1 p» and ¢ p under the null hypothe-
sis based on the difference of rp and ¢p = (q’ﬁfpl, O'). As we have {n{n + 1)/2}

equivalent relationships; qb(l D = r(] Y, the testis g — {f —n{n+1)/2} dimen-
sional vector

Cpo = Cpo(rp) = (Cp,, Cpy)', (14)
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where
Cpi = (&Y DY, (15)
Cpy = (12, BB eP0PINY ang (16)
= {p.p) _
¢ — TP - ¢ P=4 (17
e L
In fact, Cpg is expressed as
Cpo = [0T(r, — bp), (18)

where O is the (f — n{n + 1)n/2) x n(n + 1)/2 zero matrix, and I is the
(f — n{n + 1)n/2) dimensional identity matrix. Under the null hypothesis,
where 1 = ¢ p, it holds from (12) and (13) that

VTCpg ~ Ng(0,J(¢ ) AT($1)), (19)
where the (f —n{n -+ 1)/2) x f matrix J{¢p) is
dCpq
J pu—
@) = Hl
¢ (2>2) (P:P) (1:2) G (P—I,P)
- (% a---aa‘i eBLma(k— (20
orp Jrp orp drp o=
P—¢P

and the matrix differential is given by

felp) 8‘;(.?"?)
= (50 ) 2
F Iy
The KTTL test statistic for multinormality is a Wald type chi-square test defined
by

Wo = TClolJAF] ' Cpo, (22)

where J — J(c};f,) and A — (ngffc’fb)) with

pq,ab 1
.‘,j ki

(P) (9‘ (Pfi)) (vffé)w(b) (ab) ) (23)

Vi " Vg i~ Tkt

Mh—

1:]

The KTTL test of Gaussianity for univariate series is a modification of the
above test. Let {x¢} be a univariate stationary process with E(z:) = p and
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o

Cov (&g, w4 ) = 1 and asswne the mixing condition 332 1k|[v;] < oc. Then
the following two methods for constructing a test are proposed.
[I] Overlapping method

Set,forz=1,...,n.

Yit — Tr—itls (24)

and corresponding to i.i.d. case, we define ziy = (y;—p)/ /0 = (#1—ip1— 1)/ V70-
[I1] Non-overlapping method

For a given positive integer n and the realizations {z,,...,zn}, set n-
dimensional non-overlapping random vectors {3 = (14, ..., ¥ns)' } With

y«:ﬁt=$n(t—1)+ia’5:1:---:”»215:15---5T: (25)

where T = [N/n] is the integer part of V/5n. Then we define zjy = (g1 — 1)/
N

For both [I] and [I], it follows that COV(Z/R, th) = ’}’1'_3;/’)/0 = pi—j = d}ij-
Defining w? — h{®)(z;,), just like i.i.d. case, under the Gaussianity of z;, it holds
that pI'? = ¢ with

we | ()P p=1q, o6
o )
# {0 p#aq (

The sample variates of z; and qﬁf » are defined as i = Yir — Uy)/ /S, wz(f ) =
R ug) for s = 1,...,nand p = 1,..., £, where 5; = (1/1)%7_ 9, and
Sij = (]/T)Efg;mx(isj)(yﬁ — 7;)(yjt — ¥;). For time series data, the estimates
corresponding to (3) and (4) should be respectively modified as

R
= 3 o @7)

t=max{i,7)

and

Hra) _ {ﬁfﬁ‘ P=a 28)

b;
K 0 p £,

fori,j = 1,...,n:p,g = 1,..., P.Under the Gaussianity of {z, } with the mixing
condition above, Keenan (1983) proved the asymptotic normality that 7T {rp —
¢p) = N(O,JAY'). Therefore, exactly following the argument of the i.i.d. case,
we obtain the asymptotically x? test statistic (22) with d.f. {f —n{n + 1)/2} for
testing the Gaussianity of a stationary time series.
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The test in (22) is an omnibus test which detects departures from Ganssianity,
and it can be decomposed into two parts. The first part tests departures from the
cven moment structure when p = ¢ and the second part tests departures from the
odd moment structure when p #£ ¢. It is useful to have a separate test for each part
when we are interested in the symmetry and the tail behavior of the underlying
distribution separately. Corresponding to the dimensions of Cp and C s, the
appropriate decomposition of A and J produces the following test statistics

W, = Tclyl[j11:’\111ja1]*lcma and (29)
W = T'Cls[Ax] ' Cpo. (30)

Under the null hypothesis of Gaussianity, the asymptotic distributions of these two
test statistics are x° with degrees of freedom f; — n(n + 1)/2 and f, respectively.
In fact, seuwing A = [j?ljf]_' , and decomposing A appropriately according to the
dimension of Cpy and C p», then we have the following relationship among Wy, W,
and Ws;

Wo = TCpoldAT ] Cpy

. (C. C )(Au AIZ)(CPI)
= 1{tpubpm
An An/ \Cp2

= TC}:[A][CPI + TCJPZAZQCPQ + ZI'C})IA]ZCPQ
= W, + Wh 4+ 2C)3, (3N

where Cjp = TCp A1;Cpy. Now considering here Ch ARCry/ (VW VW) may
be regarded as a kind of correlation between Cpy and Cpo. In fact, in the case where
both Cpy and Cpy are one dimensional veetor, O, /(W) vW5) is shown to be
equivalent to negative correlation between C'y and .

3. Gaussianity of Japanese Stock Returns

In this section, we test the Gaussianity of Japanese stock return series by applying
the KTTL tests to the lollowing dala sels

(A) 214 daily stock returns out of Nikkei 225 series in the Tokyo market (August
16, 1988 — October 1, 1993) and

(B) 18 daily and weekly stock returns (January 6, 1988 — October 31, 1989 for
daily and July 19, 1988 — October 29, 1989 for weekly data). (See Table [X

for specific names.)

Data set (A) is used for analyzing overall characteristics of Japanese stock returns
and data set (B) is for the examination of effect of the change of observational
frequency on time series strocture of stock returns.
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Toho Rayon Co.Ltd.(3403)
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Figure 1. 'Time series plot of Japancse stock returns {89/8/16-93/10/1),

Return

We define a stock return x; at time ¢ as

x, = log Sy — log S,

where S is a stock price at ¢. Figure | shows the time series plots of two stock
return scries from data set (A), which carry some specific features we will discuss.
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3.1. NIKKEI 225 STOCK RETURNS

We use 214 stocks in the Tokyo market from August 16, 1989 to October 1, 1993
{1020 prices). The values of I’ (maximum degree of Hermitian transformation)
and 7 (dimension of vector) are needed to be fixed in advance. We set all of the
combinations for 7 = 2,3 and n = 1,2, 3,4. The test with I = 2 compares the
morent structure of {;} up to the 4th order with that of Gaussianity. Therefore
the odd order moment test W and the even order moment test W are respectively
the counterparts of a skewness test and a kurtosis test in time series structure. The
Wy test deals with the both moment structures jointly. Similarly, the KTTL test
with £ = 3 compares the moment stucture up to the 6th order moments with that
of Gaussianity of {z;} in the framework of hypothesis testing.

Table I shows the results of the tests, where P = 21s fixedand n = 1,2, 3, 4.
The figures in the table denote the numbers and percentages of stock returns
which are significant with 5% and 1%. Note that in case of n = 1, the

overfapping method is equivalent to non-overlapping method by definition. We
observed in case of I = 3 that the Gaussianity of all the stock returns were
strongly rejected for every m — 1,2, 3,4, where it is not listed here for an obvious
reason.

In the followings, we enumerate the empirical findings from overall and indi-
vidual results of the KTTL tests.

Observations from Overall Testing Results

(1) The Wg, W; and W, tests with P = 3 reject the Gaussianity of all the
stock returns significantly (less than 1%). Hence, the mement structures of all the
stock returns inciuding up to the 6th order are not consistent with those of the
Gaussianity.

(2) We observe the followings from the results with P — 2,

(a) For any stock return series, the Gaussianity tends to be rejected more signifi-
cantly as the dimension 7 Increases.

(b} All the p-values of the W1 test with more than o = 1 are less than 1%. Ilence,
the even order moment structures of all the stock returns are not consistent
with those of a Gaussian process, even if we confine the order of the moments
to the 4th order.

(c) As for the W test, in case of n = 1, some returns are not incompatible
with Gaussianity, although the number of the series decreases greatly when
7z 2.

(d) The results of the Wy test has a similar tendency with those of the W, test.
However, the rate of the decrease is not so large as the case of the Wh
test,
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Table I. KTTL Test (P — 2;n — 1,2, 3,4): Nikkei 225

213

P=2 n=1 n=2 n=23 n=4
Wo Test(5%)

Overlapping 75(35.0%)  31(14.5%)  15(7.0%)  14(6.5%)
Non-overlapping  75(35.0%) T74(34.6%) 45{21.0%) 34(15.9%)
W Test{5%)

Overlapping 2(0.9%) 0(0%) 0(0%) 0(0%}

Non-overlapping  2(0.9%) 0(0%:) 0{0%) 0(0%)
W Test(5%)

Overlapping 10(55.6%)  69(32.2%)  22(10.3%)  8(3.7%)

Non-overlapping  119(55.6%)  53{24.8%) 6(2.8%) 1(0.5%)

Each figure means the number of stock returns whose p-values are greater than

5. The ratio is written in parenthesis.

P=2

n=1 n=72 n=23

Wy Test(1%)

Overlapping 131(61.206)  80(37.4%)  52(24.3%)  36(16.8%)
Non-overlapping  131(61.2%)  148(69.2%)  121(56.5%) 74(34.6%)
W Test(1%)

Overlapping 13(6.1%)  0(0%) 0{0%) 0(0%)

Non-overlapping  1(0.5%) 0(0%) 0(0%) 0(0%)
W Test{1%)

Overlapping T44(67.3%)  97(45.3%)  35(16.4%)  11(5.1%)

Non-overlapping  144(67.3%)  70(32.7%)  19(8.9%)  1(0.5%)

Each figure means the number of stock returns whose p-values are greater than

5%. The ratio is written in parenthesis.

Observations from Individual Testing Results

(P=2n=1

(1) Judging from the results of the Wy test, the Gaussianity for many stock
returns are rejected. However there still remain some return series which are con-
sistent with Gaussianity, The 5 largest p-values are, 0.362 (No. 4001 (Mitsui
Toatsu Chemicals, Inc.)), 0.329 (No. 1925 (Daiwa House Co. Ltd.)), 0.307 (No.
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Table I'V. Correlation between test statistics

KTTI test  {Wa, W) {(We, Wh) (W, Ws)
0)-21 0.219 —0.312 0.723
0-22 —0.106 —0.402 0.854
0-23 —0L 185 —{L37/4 .906
0-24 —0.238 —{1.380 0.925
N-22 —(.198 —().285 (1.957
N-23 0.013 —0.094 0.943
N-24 0,185 0.106 0.973

Table V. KTTL test for squared stock return

05-21
Code No.  Code Name W P(Wy)
4001 Mutsii Toatsu Chemicals, Inc. 3.252  0.197
3202 Nippon Sheet Glass, Co. Ltd. 4115 0.128
9202 All Nippon Airways, Co. Ltd, 4607  0.100
3005 Tonen Corp. 4.762  0.092
2802 Ajinomoto, Co. Lid. 4.937  0.085
7751 Canon, Inc. 5327 0.070
5002 Showa Shell Oil, Co. Ltd. 3328 0.070
5901 Toyo Scikan Kaisha, Ltd. 5352 0.069
3101 Toyobo, Co. Ltd. 5704 0.058
4063 Shin-Etsu Chemical, Co. Ltd. 5971  0.051
7752 Richo, Co. Lid. 5976 0.050

08-22
Code No.  Code Name Wo P{Wy)
4061 Denkikagaku Kogyo K.K. 10,961  0.140
4208 Ube Industries, Ltd. 12401 0.08%
BOSE Mitsubishi Corp. 13.495  0.061
3631 Japan Steel Works, Ltd, 13510 0.061

NS§-22
Code No.  Code Name Wa P(Wa)
2802 Ajinomoto, Co. Inc. 10,654 0.154
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5802 (Sumitomo Electric Industries, Ltd.)), (1298 (No. 3402 (TORAY Industries,
Inc.)) and 0.281 (No. 9602 (Nippon Expresses Co. Ltd.)), where the number in the
first parenthesis is the stock code mumber in the Tokyo stock market and the name
of the company appears in the second parenthesis.

(2) The W tests reject the Gaussianity of most of stock returns. The p-values
greater than 5% are. 0.057 (No. 5805 (Showa Electric Wire & Cable Co. Ltd.)) and
0.050 {No. 7912 (Dainippon Printing Co. Ltd.)).

(3) The W tests can not reject the Gaussianity for many stock returns. The 5
largest p-values are 0.977 (No. 4021 (Nissan Chemical Industrial Co. Ltd.)), 0.995
(No. 2502 (Asahi Breweries, Ltd.)), 0.985 (No. 5351 (Shinagawa Refractories
Co. Ltd.)), 0.982 (No. 5701 (Nippon Light Metal Co. Ltd.)) and 0.903 (No. 5001
(Nippon Oil Co. Lud.)).

Figure 2 shows the histograms and the empirical distribution functions for the
p-values of these tests.

(P=2n=2,34)

For notation, we define O-ij as the KTTL test with I = ¢ and n = j by
overlapping methed and N-ij as the corresponding test by the non-overlapping
method. Note that O-21 is equivalent to V-21 by definition.

The results of the omnibus test Wy and the marginal moment tests W, and
W, are of the same features as those of the (O-21, irrespective of overlapping or
non-overlapping methods. That 1s, as P and n increase, the null hypothesis of
Gaussianity tends to be rejected more significantly. Table IT shows the names of
the stocks with the p-values which are greater than 5%. The W, test rejects all the
serics when nn = 2. This does not change for the overlapping and non-overlapping
mcthods.

From Table I1, we can observe that the two methods of the KTTL test do not
always produce the same results. However, the stock series, whose Gaussianities
are not rejected by the both methods for the W7, test, are No. 1331 (Nichiro Corp.),
No. 2801 (Kikkoman Corp.), No. 4061 (Denki Kagaku Kogyo K.K.), No. 8511
{(Japan Securities Finance Co. Ltd.) and No. 3101 (Toyobo Co. Ltd.).

(P =3
All the tests with P = 3 have p-values less than 1% for the both methods.
Specific Cases: Wy is not Significant and W]s(i = 1,2) are Significant

There are some cases where the marginal tests W, and W5 reject the null hypothesis
of Gaussianity but the omnibus test Wy does not reject it. In Table 11, for O-21,
we tabulate the name of the stocks with the p-values which satisfy

P(We) 20,1 and {P(W;) <107%i=1,2},

where P(W;),4 = 0, 1,2 1s the p-value of the W; test. From (31), these cases can
happen when 2C'|; takes a large negative value.
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Next we examine the relationship between the test statistics. Table IV shows pair-
wise correlations among Wy, W) and W5 inthe casesof P =2andn =1,2,3,4
for averlapping and non-overlapping methods.

From Table 1V, we observe

(1) high positive correlations between the marginal moment tests W, and W5, and
(2) many negative conelations between the oinibus test and marginal moment
{ests,

These ohservations accommaodate the existence of specific cases pointed ot ahove
and in such cases the omnibus test performs rather poorly. However we can improve
it by increasing the order £ of Hermitian transformation.

Squared Process of Stock Returns {z7}

Next, we apply the KTTL test to the squared process of stock returng {221 When
we regard x7 as a volatility, it turns out to be a test for the Gaussianity of the
volanlities. From the result of P = 2,n = 1 in Table V, we observe the following

(1) Both the W and W; tests reject the Gaussianity strongly for all squared series.
In fact, the p-values are less than 10~*. The minimum value of W; is 67.8 (No.
R236 (Marmzen Co. Ltd.)) and the minimum value of W5 is 149.3 (No. 8314
(Mitsui Taiyo Kobe Bank, 1.td.)).

(2) Comparing the W test with the W5 test, the even order moment test W) rejects
the Gaussianity more significantly, This is the same result as {a, } process,

(3) Tn case of the Wy test, the number of statistically significant squared series
decreases drastically. That is, the number of tests with p-values greater than
5% is 76 for {x,} process and 11 for {z3}.

Next we summarize the results when £ and n get larger for the two methods.
The ©85-5 and NS-ij means the KTTL test for squared process with over-
lapping method and non-overlapping method for P = 4,n — j respectively. In
the first, as for the test with 2, n > 2, all the tests, W, W5 and Wy reject the
null hypothesis strongly. In fact, there are no case with the p-valuc greater than
5%. Table V tabulates the name of squared series whose p-values are greater
than 5%.

Judging from the results here as a whole, the Gaussianity for all of squared series
are strongly rejected, as P and n get larger, and the number of series increases more
rapidly than {z,} process.

3.2. DAILY AND WEEKLY STOCK RETURNS

In this subsection, we examine the effect of observation interval (frequency) on
the Gaussianity of stock return serics. We use 18 stocks in the Tokyo stock market
from January 6, 1988 to October 31, 1989 for daily data (480 prices) and from July
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19, 1987 to October 29, 1989 (120 price of Monday)} for weekly data.

Figure 3 shows the time series plot of stock prices and returns for TOPIX and
Nikkei 225 stock index.

In table VI, the results of the KTTL omnibus test Wy applied to these data are
fisted.

As in this table, the Gaussianity of the following 4 stock return series are not
rejected at 5% level even for n = 4, where these 4 series are those with the 4 largest
averaged p-values overn = 1,2, 3,4,

(1) Weekly series of ‘Mitsubishi Metal Corp.” However, in case of P = 3, the
strong non-Gaussianity: Maximum of p-value is 0.000054 forn = 1.

(2) Daily series of “Toray Industries, Inc.” However, in case of P = 3, the strong
non-Gaussianity: Maximum of p-valuoe is 6.000616 forn = 1,

(3) Weekly series of *Kajima Corp.” However, in case of > = 3, non-Gaussianity:
p-values is 0.01434 for n = 1 and 0.000007 for n = 2.

(4) Weekly series of ‘Kirin Brewery Co. Ltd.” However, in case of P = 3, non-
Gaussianity: p-value is 0.000153 forn = 1.

As a whole, we can safely conclude that, given P, the hypothesis of Gaussianity
tends to be rejected more strongly as n gets larger, and in case of P = 3, the
(Gaussianity is completely rejected for all the series, especially in case of n 2 2.

Table VII shows the number of the stocks which are not rejected with 5% and
1%. For example, in case of P = 2, n = 1, the number of the stocks which have the
p-value greater than 5% is 10 out of 18, and 16 returns vut of 18 have the p-values
grcater than 1%.

Comparing the results between daily and weekly series, we find the followings

(1) £ = 2: For 1% level, the number of the weekly series which are not rejected
is greater than that of the daily series. The same observation follows for 5%
level except for n = 4.

(2) P = 3: The results with n > 2 indicate the non-Gaussianity for both of the
daily and weekly returns. In case of n = 1, we can see the same tendency as

(1%

From these observations, even for our tests we can reach the same conventional
conclusion that, probably duc to a central limit effect, a weekly series is more
compatible with the Gaussianity relative to its daily series, However, our results
demonstrate the non-Gaussianity of a weekly series when the 6th order moments
arc raken into accounts.,

4. Some Nonlinearity Tests

In this section, we apply some nonlinearity tests to data sets used in Section 3.
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Table VII. Difference between daily and weekly data

Daily

n=1 n=212 n =73 n=4
5% 1% 5% 1% 5% 1% 5% 1%

10 16 7 11 5 7 B8 3
2 0 0 0 0 0 0

vl
I
W

Weekly

r=2 15 16 11 14 6 W 3 5
P=3 4 6 0 0 0 0 0 o

The figure means the number of not significant with 3% out of
18 returns.

Let
X = h(Xe 1, Xy, ... ,Xtﬁp) + e (32)

be an autoregressive nonlinear time series model, where {e;} is i.i.d. with mean
zero. If we assume the innovation e; as Gaussian, nonlinearity test is equivalent to
a Gaussianity test with a specific alternative hypothesis.

Here we use the five well-known nonlinearity tests

(1} Ori-F test by Tsay (1980);
{ii} Aug-F test by Luukkonenn, Saikkonen and Terdsvirta (1988);
(i1r) CUSUM test by Petruccelll and Davis (1986);
{iv) TAR-F test by Tsay (1989);
(v) New-T test by Tsay (1988).
All ol these test set up, as a null hypothesis, a linedr process. Based on the Volterra

expansion of (32) around O = {0,0,...)'

oo o0
Ty = b+ Z:wu-’ﬂt—u + Z: 'lpuv-'f;t—u-fvt—v

t=1 u,t=1

-+ Z Yy Tl—uLi—y iy + €4y (33)
Wy w=1
where
dh h
o= h 0 v (yf)u - ) iS‘l’)v,’.'u' = A = ’
(@) Ory_y o Oz 0Ty y 0
e &Ph
T Oy Oy 0wy, OJ
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the Ori-F and Aug-F tests detect against the nonlinearity of the second and third
order polynomials respectively. The CUSUM, TAR-F and New-F tests assume the
threshold type nonlinear alternatives;

. P . .
re =0 +3 82+ (5 =1,2), (34)

i=1

where {a&") } 1s the innovation of mean zero and variance 0’32-. The New-F test covers
the most extensive alternatives of nonlinearity, including ExpAR (Exponential
Autoregressive) and bilinear models in addition to (34). The detailed procedures and
distributional properties regarding these tests are found in Granger and Terisvirta
(1993).

In order to implement these tests, the order p of antoregression for all the tests
and the value of delay parameter d for the tests (iii), (iv), and (v) need to be specified.
We set the maximum of p as 10 and let ¢ run from 1 to 10. Each of nonlinearity
tests with different set of (p, d) brings out different results. We employ the most
significant result of the test among all the combinations of (p, d).

4.1, NIKKET 225 SCRIES

Figure 4 shows the histograms and the empirical distribution functions of p-values
of nonlinearity tests applied to 214 stock returns from Nikkei 225 (Data set A).
From Figure 4, we observe that

(1) many stock returns are not consistent with linearity,

(2) the New-F test rejects linearity most frequently and the CUSUM test rejects it
least frequently,

(3) the results of the Ori-F and Aug-F tests are similar,

(4) the p-values of the CUSUM test have the largest variance,

(5) the average of p-values of the Ori-F and CUSUM tests is over ten times as
those of other tests.

The observation (3) can be interpreted by the similarity of the both tests, because
the Ori-F test includes the 2nd order polynomial terms for nonlinearity and the Aug-
F test includes up to the 3rd order polynomials. With respect to (4), the p-values
of the CUSUM test have a different shape of distribution function compared with
those of the four other tests. The simulation studies by Tsay (1988, 1989) indicatc
the low power of CUSUM test and our results accommodate it as an empirical
evidence of it by the observation (4). Therefore we leave out the results of CUSUM
test below.
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Table VIII shows thc stocks which arc not rejected with 5% significance level,
from which we observe

(1) Bach test produces different results, but the linearity of “Toho Rayon Co. Lid!
return is not rejected by all the tests. The results of the K'TTL test with P = 2
in Section 3 support this results as “Toho Rayon Co. Ltd.” return is very close
to a Gaussian process.

(2) All the stock returns not rejected by the Aug-F test are not rejected by the
Ori-F test either. This is consistent with the structural relationship between the
Ori-F and Aug-F tests, where the later includes the former.

(3) ‘NEC Corp. is rejected by the New-F test but this is not rejected by the Ori-F,
Aug-F and TAR-F tests. This suggests that it could have neither polynomial
type nor threshold type nonlinearity but could have an ExpAR or bilinear type
nonlinearity.

(4) ‘Ashi Brewery Co. Ltd.’, ‘Dainippon Pharmaceutical Co. Ltd.” and ‘Mitsubishi
Ol Co. Lid.” are not rejected by the TAR-F test and not rejecied by the New-B
test and it is possible for these returns to have an ExpAR or bilinear type
nonlinearity.

4.2, DATLY AND WEEKLY SERIES

Next we compare daily and weekly returns in data set (B) by nonlincarity tests, With
regard to the choice of p and d, the procedure explained in previous subsection 4.1
1s used. Table IX tabulates the p-values of the nonlinearity tests for 18 daily and
weekly stock returns and the ratios of the p-values. The results are summarized as
follows.

Observations from Overall Testing Results

The null hypotheses of linearity are rejected for many daily returns. The case with
p-value ratio less than 1.0 shows that the weekly series is closer to Gaussianity than
the daily series. 36 cases out of 80 have (he ratio less than 1.0 and again we may
point out a central limit effect on weekly series.

Observations from Individual Testing Results
{ Daily Return )

(1) ‘Nikkei 225 stock index’ and ‘Kajima Corp.’ are not rejected by the Ori-F
and Aug-F tests and rejected by the TAR-F test, implying a possibility of a
threshold type noulinearity for these returns,

(2) ‘Nippon Steel Corp.” and ‘Mitsubishi Metal Corp.” are rejected strongly for all
tests (the p-values are less than 10~%) except for the CUSUM test, implying
strong nonlinearities.
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(3) ‘Nippon Oil Co. Ltd. is not rejected by the TAR-F and New-F tests and
rejected by the Ori-F and Aug-F tests with 5% level. This might suggest that
a polynomial type nonlinearity exists for this return.

{ Weekly Return }

(1) ‘Kajima Corp.” and ‘Toray Industries, Inc.” are not rejected by the Ori-F and
Aug-Ftests and rejected by the TAR-F and New-F tests. Therefore it is possible
for these returns te have a threshold type nonlinearity.

(2} "Takeda Chemical Industries, Ltd.” is rejected solely by the New-F test, imply-
ing a possibility for an ExpAR or bilinear type nonlinearity.

(3) ‘Asulii Glass Co. Lid.” is rejecied by the Ori-F and New-F 1ests and not rejected
by the Aug-F and TAR-F tests, which may indicate a possibility of a polynomial
or threshold type nonlinearity for these returns.

(4) *Oji Paper Co. Ltd.” and *Mitsubishi Heavy Industries, Ltd.” are not rejected
by any of the tests.
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