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Abstract

The semiclassical dynamics of a quantum nonlinear oscillator with two degrees of freedom and anharmonic-
ity of the fourth order in a periodic laser field is studied both analytically and numerically. In the absence
of external excitation and dissipation, the equations of motion for the mean values of the coordinate and
momentum operators of both degrees of freedom reduce to the equation of a one-dimensional nonlinear
pendulum. The general solution of this equation is written in terms of the Jacobian elliptic functions. As
can be expected, the energy of the free oscillator is redistributed periodically between degrees of freedom.
The periodic excitation of the nonlinear oscillator may substantially change its motion pattern. Using as
an example an oscillator with two coupled vibrational degrees of freedom, it is numerically shown that
the amount of laser photons absorbed depending on the parameter values and initial conditions may vary
with time in a rather complex manner, including chaotic oscillations. A nonlinear oscillator is capable of
manifesting bistable behavior with allowance for dissipation. The analytical condition for the origination
of bistability is found. Examples of the bistable dependence of the number of quanta in the oscillator
vibrational mode on the level of laser excitation are presented.

1. Introduction

A nonstationary quantum harmonic oscillator with two degrees of freedom is a system with a quadratic
Hamiltonian. The exact solutions of the equation of motion of such a system can be obtained in a variety
of ways [1, 2]. A Hamiltonian with higher-order terms with respect to the coordinate and momentum oper-
ators, which describes the anharmonic quantum oscillator, gives rise, in general, to nonintegrable equations
of motion. The model of the anharmonic quantum oscillator with periodic excitation and single degree of
freedom is extensively used in various domains of physics. In molecular laser physics, this model describes
in general terms the excitation of oscillations in molecules under exposure to laser radiation (see [3] and
references therein). Multiphoton absorption of infrared laser radiation by polyatomic molecules may result
in their dissociation and stimulate chemical reactions [4]. From the classical standpoint, the dynamic (deter-
ministic) chaos and diffusion in the phase space are the main mechanisms of the multiphoton absorption and
dissociation [5, 6]. The model mentioned is used in quantum optics to describe light propagation through a
Kerr-type medium, for example, in problems of fiber optics.

The nonlinear quantum oscillator with two degrees of freedom is an apparent generalization of the one-
dimensional model. The laser selectively excites the chosen vibrational mode of a molecule, generally speaking,
of the anharmonic molecule. Furthermore, this mode is coupled with the other vibrational modes of the
molecule, whose set is modeled by the second degree of freedom. The self-radiation field of the medium is
the second degree of freedom in the problem of light propagation through a resonator with a nonlinear Kerr-
type medium. For the nonlinear quantum oscillator with two degrees of freedom, solution of the equations
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of motion is possible using numerical methods. One can show examples of the special selection of the
type of nonlinearity when an analytical solution is possible. The dynamical theory of Fermi resonance was
constructed in [7]. This phenomenon consists in coincidence of the fundamental-tone frequency of one of
the molecular vibrations with that of the first overtone of another type of vibrations. The corresponding
Hamiltonian describes two harmonic oscillators, which are coupled in a nonlinear manner. The solution for
such an oscillator was obtained in [7] in terms of elliptical functions.

In this paper, we study both analytically and numerically the dynamics of the nonlinear quantum oscillator
with two degrees of freedom in a periodic external field with a Hamiltonian of the type

H = Hy + Hiy(t). (1)
The steady-state Hamiltonian in (1)
: ata o L i L I ita 1 ath
Hy = hwy (ala+ 5 ) +hwp (bT0+ 5 ) +hQBTOTY + hG (bla + a'b) (2)

[1P=)

describes the system, where one degree of freedom, denoted by “a” index, is modeled by the harmonic
oscillator and the second degree of freedom “b” is modeled by the anharmonic oscillator with the nonlinearity
factor ). The nonlinear term in the Hamiltonian (2) arises as a result of the rotary wave approximation
applied to the conventional anharmonicity operator (13 + BT)4. The coupling of the degrees of freedom is
assumed to be linear with the coefficient G and is described by the last term in the Hamiltonian Hy. The
operator

Hine(t) = hQ (z;eiwzt n ];Te—iwlt> 5

describes excitation of the mode by the external laser field. The latter is assumed to be periodic, classical,
and single-mode.

Depending on the relationship between the parameters of Hamiltonians (1)—(3) and relaxation times, the
Hamiltonian and dissipative dynamics as well as the quantum and semiclassical ones should be distinguished.
In the present paper, within the framework of the unified semiclassical approach based on the Heisenberg
equations of motion for the expected values of operators, the following investigations were carried out:

1. The general analytical solution of the equations of motion of the free nonlinear oscillator with the
Hamiltonian Hy was found.

2. The system of equations was obtained and the Hamiltonian dynamics of the periodically excited non-
linear oscillator with the Hamiltonian Hy + Hint () was numerically studied.

3. The bistability of a forced nonlinear oscillator with dissipation was studied both analytically and nu-
merically.

2. General Solution of the Equations of Motion of a Free Quantum
Nonlinear Oscillator with Two Degrees of Freedom

The Hamiltonian of the free quantum nonlinear oscillator with two degrees of freedom without regard
for dissipation has the form of (2). The Heisenberg equations for operators of quantum annihilation in the
corresponding modes take the form

d

" b= —i(wyb + 2Qb'0b + Ga). (4)

SE

i = —i (wei + Gb),
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The equations of motion for af and b are derived by the Hermitian conjugation of Eqs. (4). Let us pass on
from the operators to the mean values in Egs. (4) and introduce the new variables z, yq, p, and yp in the
following way:

<a>=Tq4 iYa, <b>=xp+ iy (5)

In this case, the mean value of the product of operators will be considered to be equal to the product of their
mean values. Substituting expressions (5) into Eqs. (4), we obtain

To + 1Yq = —1 (WaTq + iwaye + Gy + 1Gyp), ©)
p + iy = —i (Wpxp + iwpys + 2Q (77 + yi) (T + 1Y) + Gra +1Gy,).

Equating the imaginary and real parts, we obtain the following system:
Tq = WaYa + GYp,
ya = —WaTq — wav
iy = wyyp + 2Q (23 + v2) Yo + GYa,
Up = —wpTp — 20 (ajg + yf) zp — Gzg.
The variables can be represented in the form
Tg = /Mg COS Gas Ya = /Mg SN Da;
Ty = /Ty COS Py, Yp = /N SIN Py,

and, correspondingly, < @ >= /g €% and < b >= /np €. After substitution of Eqs. (8) into Egs. (7) a
little manipulation yields

(8)

Ng = —-2G ALz sin (¢a - (bb)a
iy = 2G \/ngnp sin (¢q — ¢p),

b= == G\ cos (60~ ), )
¢y = —wy, — 2Qn, — G \/Ta cos (¢ — ¢b).
np

From the first two equations of (9) the conservation law follows:

N = ng + np. (10)
We introduce the new designations
¢=¢a—dp, 1 =ng -y, nazN;rnl, nsz;n/ (11)
and subtract the second equation of (9) from the first one. We obtain
n = —2G vV N2 — n/? sin ¢,
2Gn/ cos ¢ (12)

p=wp—watQ(N—n)+

v/ N2 — n/2 '
Let us introduce the new variable n = n’/N which satisfies the following properties:
—1<n<1; n=1,ng=N, n,=0;
n=-—1, n,=0, n, = N; (13)
n =0, ng=np = N/2.
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Furthermore, we designate
Ww=wg—wy, M=NQ, R=M-w. (14)

The system of equations (12) takes the form
n=-2G+1—n?sing,
. 2Gn cos ¢ (15)
=—w+tM(1-n)+—F—rs.
¢ A=m+ A=

Differentiating the first equation of the system and substituting expressions for 7 and ¢, we obtain the
following equation:

i = —4G*n — 2G\/1 —n2? (R — Mn) cos ¢ (16)
with the initial conditions

From the first equation of system (15) we obtain

sin g = — (18)

n
2G /1 — n% '
Since the system discussed is the Hamiltonian one, its energy is a conserved quantity. However, it is
convenient to use another conserved quantity obtained from the energy by dropping the constant factors and
terms. Such a conservation law can be written as

E:wn+%n(n—2)+2G\/1—n2cosgb. (19)

Using this conservation law, one can express cos ¢ in terms of n as follows:

E—wn—%nn-2)

2G V1 —n?

Substituting the initial conditions into conservation law (19) and taking into account that

2
_ / 202 ni
COS¢0 = S0 1 —sin ¢0 = S0 \/1— m (21)
M , n3
E:wn0+?no(no—2)+5’, S = 50G 4—4n0—@, (22)

where sy = £1 depending on the quadrant in which the phase ¢y is situated. Substitution of expression (20)
into Eq. (16) and use of relationship (22) yield the main result of Sec. 2, namely, the differential equation for
the normalized difference n of the occupation numbers in the modes

cos ¢ =

(20)

we have

it = asn® + agn?® + ain + ao. (23)

The coefficients in Eq. (23) are independent of time and n and are expressed in terms of the system parameters
and initial conditions in the following way:

M? , MR
aqy — —— a> = o ——
3 27 2 27
M?
m:%@—m+3wﬁwmw+M& (24)

ag = —g (Mng — 2Rng + 25) .
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The second-order equation (23) is equivalent to the following first-order equation:

n? = an + bn3 + en® + dn + e = —a Py(n), (25)
where )
as M 2a9
=2=-""\ b="==M
T3 4 3 i
2 2 M,
c=a =—-4G" - R —G—TnO—MRnO—{—MS,
d=2a9 = —R (Mn? — 2Rng +25) , (26)
e =n? — (ang +bnd + cnd + dng) =
M2
=n? +2RSng — (R* + M S — 4G*)n} + M Rnj — e ng.
Integration of (25) yields
n t
o1 dt, (27)

dn’ /
\/—a /P4 (n/) J
no
where s; = +1 depending on the initial conditions. As is evident from the first equation of system (15), the
sign of s1 is determined by the quadrant in which ¢q is situated.

Let us denote the roots of the polynomial Py(x) by «; (i = 1,2,3,4). The integral on the left-hand side
of equality (27) reduces to an elliptic integral by the substitution n’ = f(¢')

I d / ¢ d(ﬁ/
n
/ Tpn M / 1 12 (28)
VPi(n') 1 — k2sin® ¢/
no @0
In this case, the function f(¢') and coefficients p and k depend both on «; in themselves and their relationship
with n and ng. Two different cases are possible:

1. «; are real (Vi). Let us assume that oy > ag > ag > ay4. There are two possibilities again in this case:
(a) ay <n,np < asz. In this situation,

¢ = fl_al(n/) = arcsin \/(a1 —a3)(n' — o) |

(a3 — aq)(an — ')

(29)
by — (043 - a4)(a1 — 042) . 2
1= 5 H1 = .
(041 - a3)(a2 - 044) \/(Oél — ag)(ag — 014)
The solution for the difference of occupation numbers looks like
n(t) = arrigsn®(mat + Yua, k1) + au
r1asn?(mat 4 i, k1) +1 7 (30)
as — « v—a _
o = ——2 my=s . Y1a = F(f! (no), k1),
o1 — 03 1
where F (0, k) is an elliptic integral of the first kind
0 d
F(0, k) = /‘” . (31)
) V1- k2 sin® 1)
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(b) as <n,np < a;. In this case,

¢ = f;l(n') = arcsin \/(al —ag)(n’ — o) ’ (32

a1 —ag)(n' — ag)

and the solution has the form

n(t) =

g — agrpsn?(mat + iy, ki)
1 — rypsn?(mat + Y1y, k1)

(33)
a1 — Qa2 -1
S o Y1y (frp (o), k1)
2. a1 > ag are real roots and az = 8+ i, ag = 6 — i7, v > 0. In this instance,
, 1, [cosB] ap —n/
¢ = fy " (n') = 2arctan P —
) Vcos [
ky = sin L2y, = _YCOSUL COSP2 (34)
2 v
01 = arctan i , By = arctan @ =0 ,
Y
and the solution has the form
n(t) = a1 + agre + (a1 — aore)en(mat 4 2, ko)
L+ 72 4 (1 — ro)en(mat + 2, ko) 7 (35)
cos 6 v—a _
rg=—2 my=s e =F(f3 " (no), k2).

cosf;’ L2

Thus, the semiclassical equations of motion of a free quantum nonlinear oscillator with two degrees of
freedom reduce to a single differential second-degree equation in difference of the occupation numbers. The
exact analytical solution in terms of the elliptic functions is obtained for this equation. The form of the
solution depends on the system parameters and initial conditions.

The phase portraits in the plane n—¢ provide a pictorial representation of the behavior of the vibrations of
a free nonlinear oscillator with two degrees of freedom. These phase portraits are shown in Fig. 1 for various
relationships between the system parameters. Let us normalize Egs. (15) to the coefficient of mode-mode
coupling GG. As a result we obtain two control parameters, namely, the dimensionless frequency mismatch
w/G = (wg — wp)/G and the multiplicative nonlinearity factor M/G = NQ/G, where N = n, + ny is the
conserved quantity of the total number of quanta.

Figure la shows the phase portrait in the case where the nonlinearity equals zero (M/G = 0) and the
normalized mismatch is equal to unity (w/G = 1). Figure 1b shows the phase portrait for the stronger
mismatch (w/G = 5) and multiplicative nonlinearity factor M /G = 2. The phase portrait in Fig. lc relates
to the case of small mismatch (w/G = 0.2) and weak nonlinearity (M /G = 0.5). The phase portrait in Fig. 1d
is appropriate for the following parameters: w/G = 3.1 and M/G = 3.

3. Dynamics of Excitation of the Nonlinear Quantum Oscillator by the
Laser Field

The Hamiltonian of the quantum nonlinear oscillator with two degrees of freedom is a nonstationary
operator in the periodic external field. This operator has form (1)-(3) without regard for dissipation. To
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Fig. 1. Phase portraits in polar coordinates of the nonlinear oscillator with two degrees of freedom and without the
external force and relaxation: w/G =1, M/G = 0 (a); w/G =5, M/G = 2 (b); w/G = 0.2, M/G = 0.5 (¢); and
w/G =31, M/G =3 (d).

exclude the time dependence in this Hamiltonian, we change to a rotating coordinate system using the
following unitary transformation:

-l

= exp <—iwlt (ata +bTb+ 1)) (36)

Then the rearranged Hamiltonian has the form

~ 1 TS|
Hpg = h(u}a - wl) (ELT& + 5) + h(u)b — wl) (bTb + 5)

+ hQb'ob + hG (b'a + afb) + hQo (b + b1). (37)
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The dimensionless equations of motion for mean values (5) in the rotating coordinate system are derived
using the Hamiltonian H.g

d
- Tgq = Aaya + Y,

dr

di Ya = _Aaxa — Tp,

7 (38)
i Avyo + ¢ (23 + U3) Yo + Yas

d

= — Ny — q (7 +y3) Ty — T4 — O,

where 7 = Gt, Ay = (wg — w1)/G, Ay = (wp —w;)/G, ¢ = 2Q/G, and Q = Qy/G. This is a Hamiltonian
system with two degrees of freedom and having the integral of motion due to the conservation of energy in the
Hamiltonian Heg. As distinct from the free nonlinear oscillator from the previous section, the total number
of quanta of the forced oscillator N(7) = nq(7) + np(7) = 22 + y2 + 27 + yZ is not conserved but satisfies the
following equation:
dN (1)
dr

= —2Qu,. (39)

To reveal the peculiarities of the redistribution of energy of the laser field in degrees of freedom, one should
calculate not only the total number of excitations N(7) but also the number of quanta in these modes n,(7)
and ny(7). The accuracy of the calculation of these parameters was controlled by means of the integral of
motion of system (38)

4

5 (z7 + yi)? + 2 (T + Yayp) + 20, (40)

< Hep >= Ag (22 +y2) + Ay (27 + y3) +

The evolution of the total number of excitation quanta in both modes N(7) was calculated for the following
initial condition:

24(0) = ya(0) = 24(0) = y(0) = 1. (41)

Depending on the relationship between the control parameters of system (38), the signal N(7) can be
regular or chaotic (in terms of the exponential sensitivity to the small variations of the initial conditions).
The presence or absence of Hamiltonian chaos in the system was established by calculations of the maximum
Lyapunov exponent A\. The mismatches were chosen to be A, = 10 and A, = —2.5. Then the remaining
control parameters of system (38), namely, the normalized (to G) nonlinearity factor ¢ and normalized Rabi
frequency 2 of the laser field, were varied.

Figure 2 shows the dependence N (1) for ¢ = 0.5 and Q = 1. The signal presented in Fig. 1 not only looks
regular, but its regularity is confirmed by the calculated Lyapunov exponent, A = 0. The signal with ¢ = 2
and €2 = 3 shown in Fig. 3 has the maximum Lyapunov exponent A ~ 1 and represents the case of a chaotic
signal. Still further chaos with A ~ 1.3 arises in the system with ¢ = 5 and = 2.5 (see Fig. 4).

4. Dissipative Dynamics: Bistability

In this section, we consider the dissipative dynamics of the forced nonlinear oscillator with the Hamiltonian
H.g of type (37). The relaxation is phenomenologically introduced to the Heisenberg equations (38), which
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Fig. 2. Regular time dependence of the total number of excitations IV of the nonlinear oscillator in the laser field
(g=05,Q=1,A=0).

Fig. 3. Oscillations N(7) with moderate Hamiltonian chaos (¢ =2, 2 =3, A >~ 1).
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Fig. 4. Strong Hamiltonian chaos of the excited nonlinear oscillator with two degrees of freedom (¢ = 5, Q = 2.5,
A~ 1.3.

now have the following form:

d
df Ta = DoYa +Yp — YaZa,
-
d
df Ya = —Agzy — Ty — YalYa,
; (42)
d 2 2
2= Apyp + ¢ (T + Yp) Yo + Ya — WTb,
d
%xb = —Apxy —q(a:g +y§)xb — Ta — WYp — §,

where v, are the relaxation rates of excitations in the corresponding degrees of freedom normalized to the
value of G. The dynamics of the photons absorbed is determined by the expression

dN (1)
dr
Since system (42) supposedly does not possess an analytical solution, we restrict our consideration to the

study of the stationary points (time-independent solutions). For this purpose, the left-hand sides of Eqs. (42)
are set equal to zero

= -2 (be + YaNa + ’ybnb). (43)

Aaya + Y — YaTa = 0,
Agq + Tp + YaYa = 0,

(44)
Apys +q (5 + Y5) yb + Ya — Ww = 0,
Apzp + q (73 + Y7) T + Ta + Wy + 2 = 0.
In this case, Eq. (43) takes the form
Ya (25 +ya) + 7 (@3 + ) + Qo = 0. (45)
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Using the first two equations of system (44), we express x, and y, in terms of z; and yp:

whence it follows that

1 1

Ta = 75 (Do = %W); Yo = — 775 (Bath —vam),  K* = A7+ 7. (46)
Substituting this result into equality (45), we arrive at
1

iy + Qyy =0, 7=+ % 4 ny = zp + 4, (47)

T
= ——ny. 48
Yo 0 iy (48)

The remaining two equations of system (44) on substitution (46) takes the form

2yp + qnpyp — 1 = 0,

(49)
zxy + qrpzy +ryp + 2 =0,
where z = Ay — A,/K2. We obtain from the first equation
q z
T =g ngfﬁnb. (50)

The net result can be obtained by substituting expressions (48) and (50) either into the second equation of
system (49) or into the definition n;, = l’% + yg. In any case, we obtain the following equation with respect to

"

*nd + 2qzni + (2% 4+ r?) ny, — Q% = P3(ny) = 0. (51)

Depending on the system parameters, this equation can possess different numbers of positive roots (it is
evident that negative roots are physically meaningless). Let us consider this dependence in greater detail.

1. z > 0. Resorting to Euclid’s rule, it is easy to verify that there is only one positive root in this case.

2. z < 0. In this case, according to the Euclid’s rule, the equation possesses either a single or three positive
roots. To verify the number of them, one should consider the derivative of the left-hand side of (51)

Py(ny) = Pi(np) = 3¢*n? + dqzny + 2° + 2. (52)

There are two possibilities in this case:

(a)

(b)

22 —3r? < 0. Under this condition, the discriminant of the equation Py(n;) = 0 becomes negative,
and consequently the function P3(n;p) does not have extrema. Thus, Eq. (51) possesses one positive
root.

22 —3r?2 > 0. In this case, the function P3(n;) has minimum and maximum respectively at the

points
—2z — /22 — 3r? —2z 4+ V22 — 3r2
y  NMmin = .
3q 3q
It is easy to see that npi, and ng,ax are positive. The last conditions for the existence of three
roots are the inequalities P3(nmax) > 0 and P3(nmin) < 0. Rearranging them, we can obtain

—(22 = 3r1)3/? < 23 4 92r% +13.5¢0% < (22 — 3r2)3/2, (54)

Nmax =

(53)

The inequalities z < 0 and 22 — 3r2 > 0 are the prerequisites to bistability in the response of
the anharmonic oscillator to the external laser action. Namely, given the fulfillment of these
conditions, bistability equation (51) possesses three positive roots. Thus, the dependence Q% (ny)
has a maximum and a minimum. As a consequence, the sigmoid function ny(£2?) has three branches.
Hence, there is a certain interval of 22 where the system is bistable [8].
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Fig. 5. Curves of bistable behavior of the excited dissipative nonlinear oscillator with two degrees of freedom: A, = 10,
Ap=-25¢=2,7 =01, =02 (a) and A, =10, A, = =2.5, ¢ =4, v, = 1.5, v, = 1 (b).

Figure 5 shows the bistability curves for the same values of the normalized mismatches (A, = 10, A, =
—2.5) as in the previous section. Curve a refers to the case with the nonlinearity factor ¢ = 2 and rates of
damping of excitations in the modes v, = 0.1 and ~, = 0.2. Different values of these control parameters
(¢ =4, v, = 1.5, 9, = 1) were taken when calculating the bistability curve b. The excitation of the anharmonic
oscillator gradually increases and follows the lower branch of the sigmoid bistability curve with the square
of the dimensionless Rabi frequency of the laser field Q2. When some critical value of 02, is reached, the
mean number of quanta n; increases abruptly and tends to increase gradually with Q2 following the upper
branch of the curve. With the decrease in 2, abrupt transition from the upper to the lower branch occurs
as another critical value Q? is reached. Thus, a hysteresis loop arises with low and high levels of excitation
of the anharmonic oscillator.

The bistable behavior of the system is due to both the anharmonicity in one of the degrees of freedom
@ and the coupling between the degrees of freedom G. This coupling, at certain values of parameters, will
result in the formation of portions on the sigmoid curve with the differential gain dn;,/dQ? > 1 (i.e., the slope
of the dependence of n;, on Q2 can be greater than unity). For the quantum-optical implementation of the
model with the Kerr-type medium, this situation bears a close analogy to the well-known phenomenon of the
differential amplification of the intensity of a light beam passing through a cavity with a two-level medium as
compared to that of an incident beam [9]. For the molecular implementation of the model, such a differential
gain implies the acceleration of excitation of the vibrational mode. This phenomenon can be of interest, for
example, for the acceleration of chemical reactions with the use of laser excitation.

5. Conclusions

We have studied the dynamics of the quantum nonlinear oscillator with two degrees of freedom in the
case of anharmonicity of the simplest type. The general exact analytical solution of the Heisenberg equations
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of motion for a free oscillator has been found in the semiclassical approximation. This solution describes the
periodic energy exchange between the degrees of freedom in terms of the elliptic functions.

Upon the turning on the periodic external force, the problem becomes nonintegrable even though damping
is ignored. We have numerically shown that the oscillator vibrations can be regular or chaotic depending on
the value of the anharmonicity coefficient and strength of the external excitation. An external difference in the
regular and chaotic signals has been demonstrated in calculations of the total number of oscillator excitations
or the number of absorbed photons in the case of laser excitation. The calculation of the maximum Lyapunov
exponent serves as evidence of this difference. The mechanism of the origination of Hamiltonian chaos in a
periodically excited quantum nonlinear oscillator with two degrees of freedom is presumably of the homoclinic
nature. In other words, it is associated with the transversal intersection of the stable and unstable manifolds
of the hyperbolic singularity. However, this assumption requires analytical and numerical proof, which will
be the subject of our subsequent study.

In Sec. 4, we have shown that a periodically excited nonlinear quantum oscillator with two degrees of
freedom and relaxation exhibits the bistability effect in certain situations. The prerequisite to the origination
of bistability has been analytically obtained. The characteristic sigmoid curves of the bistable dependence
of the number of quanta in the anharmonic mode on the square of the laser Rabi frequency have been
constructed.
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