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1. Introduction

Suppose that there are two models M; and M, contending with each other. Under model M;, dataz = (x1,...,X,)
follow a parametric distribution with probability density function (pdf) f;(z|6;) fori = 1, 2, where 6; is a vector of unknown
parameters. Let n{" (6;) be an improper prior density, and ®; be the parameter space for 6;. The Bayes factor B’Z"1 of model M,
to model M; is

v M@ o, f2(z102)75 (82)d6,
" m}(z) B f(a1f1(2|01)77{\](01)d01’

(1)

where me (2) is the marginal or predictive density under M;. We often call n,-N (6;) a ‘starting prior’. Since niN (0;) is improper,
the integral f o niN (0;)d0; diverges. This implies that there is no normalization of niN (0;) available. Thus, it is defined up to an

arbitrary multiplicative constant such as k;. Subsequently, the Bayes factor in (1) contains a ratio of unspecified constants,
say ky/ky.
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This issue has been addressed by several authors including Geisser and Eddy (1979), Spiegelhalter and Smith (1982), and
San Martini and Spezzaferri (1984). Berger and Pericchi (1996) introduced a new model selection criterion called the intrinsic
Bayes factor (IBF), using a data-splitting idea called the training sample method, which would remove the arbitrariness of
improper priors. One of the shortcomings of IBF approach is due to its considerable amount of computational expenses. To
mitigate this drawback, O’'Hagan (1995) proposed another criterion, called the fractional Bayes factor (FBF). It is computed
by exponentiating the likelihood to a power § for 0 < § < 1. One of its advantages is that it does not require heavy
computation.

Meanwhile, Berger and Pericchi (1996) mentioned that if we have reasonable proper priors for each model, the training
sample computation is not needed. Berger and Pericchi (1996) suggested how to derive proper priors, called intrinsic priors.
Although intrinsic priors are neither necessarily unique nor proper, the motivation is based on the conjecture that the
ordinary Bayes factor with a set of intrinsic priors would provide results which are asymptotically equivalent to the IBF
or the FBF. However, there should be an additional condition needed in order for the two Bayes factors to be close to each
other asymptotically.

The rest of the paper is organized as follows. In Section 2, the intrinsic and fractional Bayes factors are reviewed. Also, we
present how to derive intrinsic priors in conjunction with these two Bayes factors. In Section 3, we provide a justification of
necessary conditions under which the asymptotic equivalence is satisfied. In Section 4, several intrinsic priors are derived
for testing two exponential means. In Section 5, a class of intrinsic priors is derived for testing two normal variances based
on the fractional approach. Numerical results based on various simulations are given in Section 6. We finish this article with
concluding remarks in Section 7.

2. Default Bayes factors and intrinsic priors

It has been seen that the Bayes factor B’zv1 in (1) involves arbitrary constants. We discuss the method for removing this
arbitrariness in (1) by a training sample. Let x(I) be a training sample and let x(—I) be the remainder of the data. First,
compute the posterior n,-N (0;]x(I)) and then compute the Bayes factor with x(—I) as data, using n,-N (0;]x(I)) as the prior.
Then, by the Bayes theorem the Bayes factor is given by

By (I) = BY, - BY, (x(])), (2)

where BQ’Z (x(D)) is the Bayes factor computed with the training sample x(I). In practice, x(l) is chosen to be minimal in the
sense that the marginal m?’ (x(D)) is finite and no subset of x(I) gives finite marginals. Note that B,;(l) in (2) does not depend
on arbitrary constants, and thus is well defined. Furthermore, the Bayes factor defined by (2) depends on the choice of the
minimal training sample. To avoid this dependence, Berger and Pericchi (1996) suggested computing the average of B (I)
over all x(I).

Definition 2.1. The IBF of M, to M is defined by

1
By = I 2321(1) = BY, - CFA1, (3)

L
=1

where L is the number of all possible minimal training samples, and the correction factor CFA; is given by

1 L
CFAn = 7 > BhL&O).
=1

On the other hand, we introduce the method for removing the arbitrariness in (1) by a portion of the likelihood with
fraction 8. O’'Hagan (1995) proposed the following FBF.

Definition 2.2. The FBF of model M, to model M; is defined by
B, = BY, - CFRy2(8), (4)
where the correction factor CFRy;(§) is given by

f(.)l [fi (Z|01)]87T{V(01)d01

e =l P )0,

A commonly suggested choice of § is § = m/n, where m is the size of the minimal training sample proposed by Berger and
Pericchi (1996), and n is the size of the whole sample.
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Under the regularity conditions in Berger and Pericchi (1996), a set of intrinsic priors defined by (n{, né) is a solution of
the following system of equations:

75 (02) 7Y (Y1(62)) .

22 2T S BEG,),

A OO 2 (5)
WO ) _ gy

@)@y

Here,
Vi®) = lim Ey'8). fori#],
n—oo J
where (A)i is the MLE of ; under model M;, and
B! (0;) = lim E,"[CFA;;] or B!(6;) = lim E, [CFR12(8)].
L—oo 7t n—oo Vi
Berger and Pericchi (1996) noted that the solutions are not necessarily unique nor necessarily proper.

P : : 1 F
3. Generalization of asymptotic equivalence to B,, and B, ()

Let (71{, né) denote a set of intrinsic priors satisfying (5). Let ¢c; be a normalizing constant corresponding to ni’ fori=1,2,
and let rp1 be a ratio ¢, /c; of two normalizing constants. Berger and Pericchi (1996) suggested that the ordinary Bayes factors

with the normalized intrinsic priors, namely, yr{* and né*, are asymptotically equivalent to those obtained from (3) or (4)

when the sample size is large enough. Here, 7/* = ¢ '/ denotes the normalized intrinsic prior of 7/ for i = 1, 2. That is,

f@_ ni’ *(0;)d0; = 1. Note that their assertion is true as long as ry, is equal to one. So, we investigate whether their conjecture
i
can be generalized to the case that ry, is other than one or not.

Proposition 1. Under the regularity conditions in Berger and Pericchi (1996), as the sample size n goes to infinity, for the intrinsic

priors 7t} and 7} satisfying (5), By, in (3) or BS, in (4) can be approximated by r»,BY;, where

I f@2f2(2|02)ﬂé*(02)d02
By = e . o
Jo, f1(z161)7}(81)d6,

Proof. Following the arguments of Berger and Pericchi (1996) and Moreno (1997), respectively, we have
107N (@
CF = W(l +o(1)).
772 (02)7T1(01)
with CF being CFA1; or CFR13(§). Thus,
107N 6
R ﬂ?\]( 3>ml(3>
Nz (02)771(01)
_ 1o, 2@162)77 82)d62 7} (b)) (B1)
f(.)] fi(z]01)7y (61)d6, né\’(éz)n{(@h)

Taking the limit of (7) becomes

7-[’
Jo, F2(@102)7) (82) 22 db,

(1+0(1))

(1+o(1)). (7)

. . 7 (82)
Jim By (or Jm, By) = N n21(012)
f@1f1(7-|01)7T1 (01) fv(e a6,
71 (61)
 Jo, 1(2102)75(62)d8;
 Jo, fi(2101)71(61)d6,

_ cif@2f2(2|02)ﬂ£*(02)d02
o f(,)lf1(z|01)ﬂ{*(91)d01

VES
= r21321 .

This completes the proof. O

Remark 1. The implications of Proposition 1 can be justified in the following way. Even though proper intrinsic priors are
derived, asymptotic equivalence should not be guaranteed unless the ratio r,; is one.
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4. Testing exponential means

Sun and Kim (1999) derived a general set of intrinsic priors for testing k ordered exponential means with Jefferys
priors being used as starting priors for both models. It turned out that the normalizing constants were 1 for both n{ and
né. Subsequently, the Bayes factors computed with these intrinsic priors get closer to the intrinsic Bayes factors as the
sample size grows. Kim (2000) derived several intrinsic priors in testing two exponential means, where Jefferys priors were
employed for both null and two-sided alternative hypotheses. The corresponding results are fairly similar to those of Sun
and Kim (1999). Moreover, Kim and Kim (2000) derived intrinsic priors for testing two exponential means with the fractional
Bayes approach. However, a lack of asymptotic equivalence was noted because the ratio of two normalizing constants was
not one, but this issue was not extensively justified in that paper. We now use different starting priors to derive several
intrinsic priors under different alternative hypotheses, where the ratio r,; in Proposition 1 is not one.

4.1. One-sided test

Let Exp(u) denote the exponential distribution with mean p. Suppose that we have independent observations X;; ~
Exp(u;) fori = 1,2;j = 1,..., n;. We use the following notation throughout this paper. Let n = n; + n,. Assume that
ny/n — a € (0, 1) asn — oo. Consider two models (hypotheses),

My =py and My :py < o

Let 1 denote the common value of w1 and @, under M. Uniform and Jeffreys priors are used as starting priors for each
hypothesis. That is, 71{\’ (u) = 1and 715’ (1, n2) = 1/(pqp2). After some algebra described in Kim (2000) along with the
strong consistency of the MLE, the system of equations in (5) becomes

1
7 Tl i2) =pu1, 0<py <y <00,
mi(apr + (1 —a)uz)/(n1p2) )
(i, )
I, =M 0<pu < oo.
T (w)/

Theorem 1. For any legitimate pdf g(t) for t > 0, i.e. f0°° g(t)dt = 1, the set of intrinsic priors is composed of
() =gu), 0<p < oo,
and

1
Ty (1, H2) = ljg(am + (1 —a)uz), 0<pg < pp < oo.
2

Further, né is a proper density.

Proof. By Lemma 1 of Kim (2000), (], 3) is a solution of (8). To prove the propriety of 7, let's = 1/ and t = 1. Then

o) Hn2 1 0o
/ / w3 (s po)dprdpy = / / g(t(as + 1 — a))dtds
0 0 0 0

1
= ——log(1—a) =c,.
a

This impliesr;; = c;. O
4.2. Two-sided test

Consider the following hypotheses,
My :p1=pp; and My : g # Uy

Again, let 1 denote the common value of 1+; and i, under M;. We use uniform and Jeffreys priors as starting priors for each
hypothesis. That is, n{\’ (u) = 1and nﬁ’ (1, m2) = 1/(1p2). After some algebra described in Kim (2000) along with the
strong consistency of the MLE, the system of equations in (5) becomes

I
7wy (1, U2) "
=By (w1, u2), 0 < 1, po < 00,
mlaps + (1 — Qp) [ (uap) -
Ty, ) 0
: ==, < n < 00,
() / 3
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where

2 -
B (s, p12) = (11p2) {(M1+Mz)(uz [41) + 2log <ﬂ>}
(no — pe)3 M2 M2

Theorem 2. For any legitimate pdf g(t) for t > 0, the set of intrinsic priors is composed of

() =g(n), 0<p < oo,
and

1
7y (U, o) = UBE‘(M, p2)g(apmr + (1 — a)pa), 0 < puq, Ha < 0.
142

Further, né is a proper density.

Proof. By Lemma 1 of Kim (2000), (71{, yté) is a solution of (8). To prove the propriety ofn lets = wq1/u2 and t = p,. Then

/ [ (11, wa)dpadi —/ f a ° |:(1+S)S(1 )+210g5]g(t(a5+1—a))dtds

— )3
- (1+5)(1—5)
_/0 (1—5)3(as+1—a)|: s +21°g5}d5'
Let
_ s (450 -9
19 = T 5@ 11 —a)[ s +2'°gs}'

Since fol q(s)ds = f 1°° q(s)ds, it follows from the Mclaurin series expansion that
1 1 j
1—
/ q(s)ds = Z ( S ds
0 (_1+2)(]+3) o s+ 1—a
= 0.7269.

This implies r,; = 1.4538. O

Remark 2. Similar to the results proposed by Kim (2000), we have seen that there is a class of proper intrinsic priors for
testing two exponential means. Specifically, the inverse gamma distribution is used for 71{ (w) in our computation.

5. Testing two normal variances

Suppose we have independent observations X; ~ N(0, 7;),i = 1,2;j = 1, ..., n;. Consider the following hypotheses,
M]Z'E]:Tz and Mz 'L']?ETZ

Let T denote the common value of 7; and 7, under M;. We use Jeffreys prior for M, as a starting prior. So, 77 N(tr) = 1/t for
T > 0. We use a flexible starting prior for M,. That is, the starting prior for M, has the following form: for 0 < «, 8 < o0,
N 1
T, (ﬁ,rﬁ:w, 0<1, 7 <00 (10)
1 D
Wheno = 8 = 0, 715’ (1, 72) becomes the Jeffreys prior. Kim and Kim (2002) derived several intrinsic priors under these
Jeffreys priors with both intrinsic and fractional approaches. It turned out that r,; was one for both approaches. When
= 1/2 and B = 1, it becomes the reference prior of Berger and Bernardo (1992) in case of 7; being the parameter of
interest. Finally, when « = 8 = 1/2, it is also the reference prior in case of the covariance being the parameter of interest.
Although the covariance is known with zero due to independence assumption, we use this starting prior for illustration.
We only consider the fractional approach in testing two normal variances. Simply following the procedures in Kim and
Kim (2002) with § = 2/n, we can derive a general form of intrinsic priors

”{(T)=g(f), 0<71<o00,

ati + (1 - o)1

ata _1-a+p
LI

where g(7) is any legitimate pdf with support of T > 0, and
(at)*((1 — a))) '~
ra+o)r(1—a+pg)an+(01-an)

7y (t1, T2) = By (t1, )mi(ati + (1 — a)12), 0 <74, T2 < 00, (11)

B;(Th ) =




S.W. Kim, J. Kim / Journal of the Korean Statistical Society 45 (2016) 518-525 523

Theorem 3. The intrinsic prior né(rl, Tp) in (11) is proper.
Proof. Lets = t1/13,t = 75. Then

o0 o] aa+a(1 _ a)17a+ﬁ o0 o]
/ / 75 (11, )dridr, = / f s lg((as + 1 — a)t)deds
o Jo Fa+o)r(d—a+p8)Jo Jo

aa+a(1 _ a)17a+f5 o0 Sa—]
= ds
Fa+o)Fr(1—a+p)Jo as+1—a
I'ara—a
— aot(l _ a)ﬁ ( ) ( ) Cz.

Fra+o)frd—a+p)
This impliesr;; = ¢c;. O
Proposition 2. When g(t) in (11) is the pdf of inverse gamma distribution with hyperparameters X and n, i.e. g(t) «

1~ O+Den/t ¢ 5 0, the ordinary Bayes factor with this set of intrinsic priors in (6) is given by

a*(1—a)l—@
" I'(@I'(1-a)

I j=1
By, =C

ny n
foj +> xﬁj + 21\ n/2+4
=
( 2 ) ’

where

np 5 ny 2
o0 a—1—nq1/2 Z le Z ij —n/2=h
€= / : (-2 1 ds
o (as+1—a)t! 2s 2 as+1—a '

Remark 3. Proposition 2 can justify the result in Proposition 1 with the following sense. Note that the Bayes factor in (12)
is computed with the normalized version of (11). However, this Bayes factor does not depend on « and 3, but does depend
only on the data and hyperparameters A and 5. Thus, it is virtually impossible to make an asymptotic equivalence between
BS, and BY%, at least with the inverse gamma prior because B}, depends on the starting prior 75 which involves « and 8.

6. Numerical results

In this section, simulation study is conducted to verify the findings in Proposition 1 based on finite samples. Given that
legitimate intrinsic priors are used, i.e. c; = 1 for model M; on both exponential and normal populations, we only need to
check the behaviors of asymptotic equivalence associated with the normalizing constant ¢, of model M,. Thus, we compute
two quantities of the relative differences (RD) between the IBF (or FBF) and the ordinary Bayes factor with intrinsic priors
to investigate how the value of ¢, contributes in preserving asymptotic equivalence. More precisely, we calculate two RDs:

BI* _ Bl Bl* _ BF c Bl* _ BI c BI* _ BF
RD; = | 21 21| 0r| 21 21| and RD, = I 21 21| or [& 21 21| ) (13)
[ F 1 F

21 21 By 21

In (13), the former is suggested by Berger and Pericchi (1996), and the latter is based on our suggestion.

Example 1. We conducted several simulations for testing two exponential means. Three cases, namely, (1, ) =
(1, 1), (1, n2) = (1, 2),and (1, u2) = (1, 3), were examined with some choices of n; and n,. The RD; and RD, described
in (13) and their standard deviations (SD) were computed based on 200 replications. We denote the Berger and Pericchi’s
suggestion by ‘B&P’ and our proposed assertion in Section 3 by ‘Proposed’ in Tables 1 and 2. Note that B’z*1 in (13) is the
ordinary Bayes factor computed with the inverse gamma prior with the hyperparameters X and ». More precisely, for testing

one-sided alternative B’ is

ny ny n+i .1 n—1cny+x
I —1 (as+1—a)" 's™
By =¢ (; x1j + ;XZJ + W) /0 " nz wrx ds,
[(as +1- a) (Z Xij+S$ szj)+ns]
: =

j=1

where ¢c; = —log(1 — a)/a. Similarly, for two-sided alternative B’z"1 is
n n n+A  aoo n—1cny+i+1
_ (as+1—a)'~'s™ r(s)
By, = ¢ 1(2 xij+ > X+ 71) / . ds,
j=1 j=1 0

(1—15s)3 |:(as +1-— a) (Z] xij+s _nzzlxzj)_i_ns]”ﬂ
= =
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Table 1
The relative differences (RD) and their standard deviations (SD) based on the Berger and
Pericchi’s suggestion (B&P) and our proposed assertion (Proposed) with 200 replications. The

normalizing constant for né(p,], 2)isc; = —log(1 —a)/a.
(1, m2) (ny, np) B&P Proposed
RD; SD RD, SD

(1,1 (5,5) 0.7042 0.0017 0.2471 0.0001
(10, 10) 0.6660 0.0066 0.2056 0.0050
(10, 20) 0.4672 0.0043 0.2150 0.0029
(20, 10) 0.8285 0.0094 0.1103 0.0058
(30, 30) 0.5439 0.0035 0.1142 0.0026

(1,2) (5,5) 0.4205 0.0437 0.1437 0.0231
(10, 10) 0.3986 0.0034 0.0715 0.0020
(10, 20) 0.2021 0.0068 0.0666 0.0017
(20, 10) 0.6665 0.0037 0.0275 0.0005
(30, 30) 0.3692 0.0005 0.0176 0.0001

(1,3) (5,5) 0.2816 0.0064 0.1369 0.0090
(10, 10) 0.3108 0.0025 0.0696 0.0007
(10, 20) 0.1235 0.0052 0.0822 0.0047
(20, 10) 0.6257 0.0010 0.0197 0.0011
(30, 30) 0.3501 0.0001 0.0263 0.0001

Table 2

The relative differences (RD) and their standard deviations (SD) based on the Berger and Pericchi’s suggestion
(B&P) and our proposed assertion (Proposed) with 200 replications. The normalizing constant for né (1, U2)

iscy = 1.4538.
(11, 12) (n1, np) B&P Proposed
RD, D RD, D

a1 (5, 5) 05353 0.0099 0.1208 00121
(10, 10) 0.4930 0.0045 0.0809 0.0073
(10, 20) 0.2833 0.0006 0.0787 0.0030
(20, 10) 0.8130 0.0010 0.0746 0.0069
(30, 30) 0.4735 0.0152 0.0449 0.0020

(1,2) (5,5) 05117 0.0276 0.1233 0.0072
(10, 10) 0.4973 0.0122 0.0810 0.0006
(10, 20) 0.2404 0.0110 0.0693 0.0065
(20, 10) 0.8623 0.0312 0.0779 0.0105
(30, 30) 0.4629 0.0188 0.0452 0.0076

(1,3) (5,5) 0.4639 0.0140 0.1144 0.0084
(10, 10) 0.4706 0.0186 0.0775 0.0009
(10, 20) 0.2211 0.0064 0.0609 0.0041
(20, 10) 0.8508 0.0206 0.0741 0.0036
(30, 30) 0.4665 0.0056 0.0426 0.0007

where c; = 1.4538 and r(s) = (1 + s)(1 — s)/s 4+ 2logs. Note that one-dimensional numerical integration is needed in
calculating these two ordinary Bayes factors. We only report the results with the choice of (A, n) = (0.1, 0.1). Similar results
were achieved when (A, ) = (0.01, 0.01) and (1.0, 1.0).

Table 1 shows the results for testing the one-sided alternative, and those for the two-sided alternative are provided in
Table 2. We can see that the values of ‘B&P’ are huge with random in all cases, whereas those of ‘Proposed’ are relatively
small. In addition, as the sample size increases, the RD, decreases, which is what we would expect from an asymptotic
sense.

Example 2. We performed simulations for testing two normal variances. The casesof 1y = 1, = land 7y = land r, = 1.5
were examined with some choices of n; and n,. Like did in Example 1, the RDs and their corresponding SDs were computed
using the normalizing constant ¢, for né(rl, 7,) given by Theorem 3. We also use the hyperparameters of (A, n) = (0.1, 0.1)
in this computation.

Numerical results are reported in Table 3. When («, 8) = (0, 0), the corresponding normalizing constant becomes one.
So, two RDs should be the same accordingly. Except for the third column, we have similar results appeared in exponential
distributions. That is, all the results associated with ‘B&P’ are bad, whereas those associated with ‘Proposed’ are fairly nice
and consistent as the sample size increases. In particular, when («, 8) = (1/2, 1/2), the corresponding results seem to be
the best compared to others.
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Table 3
The relative differences (RD) and their standard deviations (SD) based on the Berger and Pericchi’s suggestion (B&P) and our proposed assertion (Proposed)
with 200 replications. The normalizing constant for né (1, M2) is ¢ given by Theorem 3.

(11, ©2) (n1, np) (o, B)

(0,0 (1/2,1/2) /2, 1)

B&P B&P Proposed B&P Proposed

RD; SD RD,; SD RD, SD RD,; SD RD, SD
(1,1) (5,5) 0.0907 0.0032 0.5334 0.0058 0.0524 0.0017 0.2877 0.0047 0.0579 0.0016

(10, 10) 0.0513 0.0025 0.5680 0.0035 0.0198 0.0009 0.2827 0.0028 0.0298 0.0015
(10, 20) 0.0370 0.0005 0.6294 0.0008 0.0155 0.0007 0.3844 0.0007 0.0184 0.0001
(20, 10) 0.0361 0.0005 0.6275 0.0010 0.0156 0.0007 0.2178 0.0007 0.0253 0.0004
(30, 30) 0.0163 0.0004 0.5701 0.0007 0.0050 0.0001 0.2632 0.0005 0.0088 0.0005

(1,1.5) (5,5) 0.1094 0.0023 0.5648 0.0024 0.0472 0.0015 0.3129 0.0021 0.0685 0.0031
(10, 10) 0.0607 0.0006 0.5845 0.0009 0.0205 0.0003 0.2962 0.0007 0.0365 0.0004
(10, 20) 0.0383 0.0013 0.6329 0.0020 0.0153 0.0002 0.3873 0.0017 0.0185 0.0008
(20, 10) 0.0491 0.0014 0.6498 0.0022 0.0170 0.0006 0.2345 0.0016 0.0366 0.0014
(30, 30) 0.0219 0.0005 0.5786 0.0008 0.0056 0.0002 0.2701 0.0006 0.0134 0.0005

7. Concluding remarks

Both IBF and FBF are well defined, reasonable, and applicable in general settings. However, when we deal with non-
exchangeable cases, such as time series analysis, the training sample computation might be difficult. Moreover, it is often
difficult to obtain a minimal training sample in non-linear models. If we have reasonable proper priors for each model
(hypothesis), the training sample computation is not necessary. Berger and Pericchi (1996) suggested how to derive the
proper priors, called intrinsic priors. The ordinary Bayes factor computed with the set of intrinsic priors is asymptotically
equivalent to the corresponding IBF or FBF only when the ratio of two normalizing constants of intrinsic priors is one.

In our study, a justification of necessary conditions was provided to attain the asymptotic equivalence between B’Z"; and
B, (or BY,) regardless of whether the ratio is one or not. Such was illustrated with three examples. In addition, simulations
showed that all the results based on the assertion of Berger and Pericchi (1996) are not ideal, whereas those associated with
our generalization are fairly nice and consistent as the sample size increases.
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