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We propose a multi-field implicit finite element method for analyzing the electromechani-
cal behavior of dielectric elastomers. This method is based on a four-field variational princi-
ple, which includes displacement and electric potential for the electromechanical coupling
analysis, and additional independent fields to address the incompressible constraint of the
hyperelastic material. Linearization of the variational form and finite element discretization
are adopted for the numerical implementation. A general FEM program framework is devel-
oped using C++ based on the open-source finite element library deal.Il to implement this
proposed algorithm. Numerical examples demonstrate the accuracy, convergence proper-
ties, mesh-independence properties, and scalability of this method. We also use the method
for eigenvalue analysis of a dielectric elastomer actuator subject to electromechanical load-
ings. Our finite element implementation is available as an online supplementary material.

Eigenvalue problem

© 2017 Published by Elsevier Ltd on behalf of Chinese Society of Theoretical and Applied

Mechanics.

1. Introduction

Dielectric elastomers (DE) are a class of electroactive poly-
mers, which have attracted immense attention in recent years
due to their ability to achieve extremely large deformation
under an electric field. Subject to a voltage, a DE membrane
thins down and expands in its in-plane directions. Extremely
large in-plane expansions, exceeding several hundred percent
strains, have been observed in experiments [1-4|. This capa-
bility to achieve large voltage-actuated strains has motivated
intense developments in an emerging field of soft machines
[5,6], which include actuators [4,7-9], sensors [10], and power
generators [11,12].

* Corresponding author.

In some applications, the dielectric elastomer is actu-
ated at high frequencies and used as resonators [13-17], duct
silencers [18], pumps [19], and loudspeakers [3]. Consequently,
the dielectric elastomer undergoes nonlinear oscillation and
displays a rich interplay of complex behavior. By adjusting
pre-stretch or loading conditions, the natural frequency of
DE may be modified, which allows the natural frequency to
be tuned [13,20,21]. Actuated by a sinusoidal voltage, the di-
electric elastomer may exhibit resonance at multiple exci-
tation frequencies [13,20,22]. Current work on the dynamic
response of dielectric elastomers is largely based on experi-
ments [17,19,23] and theoretical models for simple configu-
rations [13,16,20,22,24]. However, numerical studies based on
simulation tools are very limited.
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To design practical DE transducers for the aforementioned
applications, recent efforts have focused on developing sim-
ulation tools capable of predicting the electromechanical
response of dielectric elastomers, which may undergo large
and inhomogeneous deformation. Most simulation methods
are based on a nonlinear finite-deformation field theory of di-
electric elastomers; and a recent review is available in [25].
One common approach is to implement the constitutive mod-
els for these materials in commercial finite element software,
where ABAQUS has emerged as a popular choice. In ABAQUS,
user-defined material models (UMAT) can be defined to incor-
porate the electromechanical coupling through the free en-
ergy density of the material, without introducing additional
field nodal variables [26-28]. However, because this simplified
method cannot be used to analyze complex devices such as
dielectric elastomer generators and electromechanical insta-
bility (EMI), user-defined element in ABAQUS (UEL) has been
developed for this scenario [29,30]. Similarly, in-house codes
have also been developed by various groups to study phenom-
ena such as electromechanical actuation, instabilities, and
viscoelasticity. Zhou et al. [31] used a meshless method to in-
vestigate the propagation of wrinkles in dielectric elastomers.
Zhang et al. [32] proposed a semi-explicit method to simulate
the snap-through instability for dielectric elastomers; how-
ever, explicit time integration schemes require small time step
and may not be optimal for quasi-static problems, and ex-
plicit method cannot be used for eigenvalue analysis. Park et
al. [33-36] developed an implicit finite element model for elas-
tic and viscoelastic dielectric elastomers based on the Sandia-
developed simulation code Tahoe [37]. More recently, Schlogl
and Leyendecker [38] implemented a viscoelastic DE model
based on the deal.ll library [39]; and Ortigosa et al. [40] de-
veloped a computational framework based on multi-variable
strain energies. Generally, these in-house source codes are not
available to the community.

In this paper, we present an implicit finite element method
based on the nonlinear field theory for dielectric elastomers
by Suo [25]. Based on a four-field variational approach, we de-
velop a hybrid element technique that accounts for electrome-
chanical coupling and incompressible behavior for the dielec-
tric elastomer. In finite element modeling of incompressible
materials, volumetric locking is a well-known problem. Pre-
vious approaches used to address volumetric locking in di-
electric elastomers include the F-bar method [29], and the
B-bar method [41]. Generally, these two methods can well
solve the locking problem and have been widely adopted.
However, in the current study, we adopt a multi-field hybrid
element to overcome the difficulty. Although it is still incon-
clusive which methods are superior, we note that the hybrid
element technique is available for incompressible materials in
ABAQUS standard library and is widely used in industrial ap-
plications. It is also not trivial to develop such numerical tech-
niques to simulate the fully coupled electromechanical re-
sponse of dielectric elastomers with incompressible material
behavior. Besides methodology development, we study con-
vergence and stiffness matrix convex properties, parallel com-
puting scalability, and tunable vibration modes of a DE mem-
brane.

The remainder of the paper is organized as follows.
Section 2 summarizes the constitutive model for dielectric

elastomers. In Section 3, we propose a four-field variational
principle and describe the numerical implementation in a
general FEM program framework, which is based on the
open-source finite element library deal.ll [39]. In Section 4,
numerical solutions are presented to validate the accuracy,
convergence properties, mesh-independence properties, and
scalability of this method. We demonstrate the capability of
the method to extract the natural frequencies of dielectric
elastomer subject to electromechanical loadings in eigenvalue
analysis, as well as to conduct implicit dynamics simulation
within the current numerical framework by a balloon inflation
test.

2. Constitutive model for DE

In this section, we begin by summarizing the governing equa-
tions used to model the electromechanical response of dielec-
tric elastomers, and then present specific constitutive equa-
tions for dielectric elastomers.

2.1.  Kinematic description

Consider a continuum solid body which occupies a spatial do-
main in the region Qg as the reference (material) configuration,
where ny denotes the outward unit normal on the boundary
0Q of Qp. When deformed, the body occupies a region € in
the current (spatial) configuration, and n denotes the outward
unit normal on the boundary 9 of Q. Let X be the coordinates
of material particles in the reference state, while x is the cor-
responding coordinate in the current state, the motion of the
body can be described by x = x (X, t). Throughout this work, ten-
sor notation Vx(),Vx * () and Vx x () are used to represent the
gradient, divergence, and curl of variable in the material con-
figuration, while Vx(),Vx + () and Vx x () are used to denote the
corresponding spatial operations. For two tensors A and B with
any order, the operations A « B and A: B are used to represent
the single contraction and double contraction operations, re-
spectively.

According to the point-to-point mapping in continuum
mechanics, the deformation gradient can be represented in
tensor form F=Vxx, or F; = g—;((‘l using index notation, with
J=det(F) being the Jacobian of the deformation gradient. The
left Cauchy-Green tensor B and right Cauchy-Green tensor C
are represented as

B=F-FT or Bjj = FFj )
C= FT -F or CU = Fkiij'

For the most part in our current presentation, we use the
tensor notation, and include indicial notation in some places
to improve clarity.

2.2.  Electrostatics equations

In the reference configuration, the electric field and the elec-
tric displacement are denoted as E and D, respectively. Accord-
ing to Maxwell-Faraday equation, in the absence of magnetic
fields, the electric field defined on the material configuration
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has zero curl:

Vx xE=0 )
which enables us to define an electric potential ¢ as

E = —Vxo. 3)

According to Gauss’s Law, without the existence of free
charge, we have

V¢ -D=0. 4)

In the current configuration, the electric field E and electric
displacement D can be related by the deformation gradient as
[25]:

E=FT.E and D=JF!.D. (5)
2.3. Constitutive equations

Define the nominal density of the Helmholtz free energy of
dielectric as W(F, E). Assuming isothermal processes, the vari-
ation of free energy density function can be represented as
[25]:

8W = P;8F;j — DydEy (6)

where the first Piola-Kirchhoff (PK1) stress P; is work-

conjugate to the deformation gradient 6Fy;, and the electric dis-

placement D, is work-conjugate to the electric field Ej. Subse-
quently we can write:

8\D(F,E> )
P = , Dy, = = . 7
ij 31:1')' k 9E, ( )

Therefore, the constitutive equations can be determined by
prescribing an appropriate free energy density. In this work,
we adopt the model of ideal dielectric elastomers, in which
the free energy density function may be expressed as

V= \pmech + Lpele (8)

which is a sum of free energy components due to mechani-
cal stretching and electrical polarization. For the free energy
due to mechanical stretching, we adopt the Gent hyperelastic
model [42]:

gmech _ ydev(g) 4 gvol(g) ©)

where B is the modified left Cauchy-Green tensor with B =
J~2/3B and det(B) = 1. ¥9¢¥ and ¥"°! are the deviatoric and vol-
umetric parts of free energy, respectively

wdev _ _M}Tmln(l _ (I_l _ 3)/)m), wvol — 12<<}221 — In})

(10)

where I is the first invariant of Bas I; = tr(B). u and K are shear
modulus and bulk modulus, respectively. J,, represents the ef-
fect of limiting chain extensibility of polymeric molecules. In
the model of ideal dielectric elastomers, we assume that the
true electric displacement D is linear in the true electric field
E [25] as

D=¢E—>D=JeC ' E (1)
where ¢ is the permittivity, a material constant independent

of deformation. The free energy due to electrical polarization
may be expressed as

wele — f%}sé .G 'E. (12)

Hence, the Cauchy stress may be expressed as

o= adev + Uvol + aele (13)
where

J\1— (1= 3)
vol _ _B\IJ_K _1 (14-)
ol pt= 1= 5 5t

otle — 5(E ®E — %I(E-E))

3. Four-field variational principle and
linearization
3.1.  Four-field variational principle

We present a four-field variational principle that incorporates
the displacement field u, electric potential field ¢, and two ad-
ditional independent variables p and j which are used to im-
pose the incompressibility constraint in dielectric elastomers.
J is a kinematic variable which serves as a constraint on the
dilational deformation J enforced by the Lagrange multiplier
D, as shown in Eq. (15). Following the Simo-Taylor-Pister vari-
ation principle in [43], we denote the field variable space as
E = (u, ¢, p.J), and express the internal and external poten-
tials as

int(E) = [ {woer(€)+we (7) + w7+ 0. oS fav
Q0

My, g) = / B - udV + / tf . udA - / oRdA (15)
Q0 Qo

a9 E}

where C is the modified right Cauchy-Green tensor with € =
J7%3C and det(C) = 1. b} and t} are prescribed body force
and surface traction respectively in the reference configura-
tion. a)g is the prescribed surface charge density in the refer-
ence configuration. For our simulations, we neglect volumetric
free charge. According to variational principle, the system is in
equilibrium when

S(Hint _ Hext) -0 (16)
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The variation of internal potential sTT™™(Z) can be derived
as follows:

8TI(E) = Dsull1(E) + DsyI1(E) + D;pT1(E) + DyT1(E)

- / e : [SV +J(w)pC ! + s°I€]av

TS{ (B- Vxs)av +Q/o{8ﬁ[}(u)—}j}dv
M

where e is the Green strain measure. S%¢ is the deviatoric part
of second Piola-Kirchhoff (PK2) stress (in material configura-
tion), and Se€¢ is the stress contribution of electric field in the
material configuration. By imposing an independent pressure-
like field, the volumetric stress is now changed to ¢"°! = I in-
stead of 67! =pl. Substituting Eqs. (14) and (16) into (15) and
writing in separate form, one has

/ [se: [s®ypc + 5] |av = / bP . sudv+ / tP . sudA

o Q 92
/(ﬁ.vxa¢)dv S / wPSpdA
o I

S{Pﬁ@w—ﬂpv:o
[f 0 o

Qo

(18)
with the Dirichlet boundary conditions as

Ulyqdu = uP (19)
Plyods = OF
where 9Q4% and 9Q%¢ are the Dirichlet boundaries for dis-
placement and electric potential, respectively; uP and ¢P are
prescribed displacement and electric potential values on the
corresponding Dirichlet boundaries.

3.2.  Linearization and finite element implementation

Eg. (18) is the weak form of the problem and constitutes the
governing equations for the electromechanical behavior of the
dielectric elastomer. For simplicity, we assume that the force

term is invariant within time step, and express Eq. (18) as

R(

1

)=P(E)-Q=0 (20)

where R is the residuals, P is the non-linear equations, and
Q is the external force term. Since it is a nonlinear problem,
an iterative Newton-Raphson method can be used for solving
each non-linear time step. For each time step, assuming £ =

(u, ¢, p,]) has already been solved at iteration n, and is denoted
as E", the residual R at iteration n+ 1 can be expanded as

R(E”“) =R(E") 4+ D% oz (M(E"))- AE =0. (21)

Therefore, the increment of solution AE can be solved by
Diz Az (T(E")- AE = —R(E") = Q — P(E"). (22)

Detailed form of Dgs,u (r(&™)) is given as follows:

a8Uu; IAU
D2, o T1(E) = | S (8ot + € ) —=d
Su,Au ( ) /an(lkU)]+ 1)k1> ax v
Q
asu; AP
D(%u A¢H(E) = —8/ {I<5ikE'+5'kE‘—8“Ek>}dU
: X j T OgkEi T O ) B
Q J k
38¢p _ dAQ
2 -
D2, 5, TI(E) = —/ (Msaljax' )du
Q ! J
asu -
Dgu,A[;H(:‘) = ( ax'l‘SUAp>dU
Q
2 =) ST
Dap,Afn(“) /SpA} v
Q
dz\yuol }')
2 =\ _ ~ = ) =
D2, M(E) = / L 23)

where € is the fourth-order elasticity tensor in the spa-
tial description, and the explicit expression can be found in
Appendix A.

When applying standard finite element discretization, we
choose the element where the interpolation order for f and J
is an order lower than that for u and ¢, for the consideration
of stability. In this work, the U8/E8/P1/J1 element (tri-linear in-
terpolation for both displacement and electric potential fields,
and the quantities p and J are constant) is adopted for all sim-
ulations. Although this type of element does not satisfy the
Ladyzhenskaya-Babuska-Brezzi (LBB) condition, it has been
widely used because of its simplicity and good convergence
characteristics [44]. Hence, we have the finite element inter-
polation within one element:

Nn Nn
Ui = ZN;A(I)ui(I) ¢ = ZN¢(I)¢(I)
I=1 =1

p= nzn NP0 50 j= % N O (24)
=1 =1

where ny, is the node number for one element, and i means the

ith DOF of displacement field u. N;‘(I), N¢®, NP0, NJI) are shape

functions of u;, ¢, p,J corresponds to node I. For the current

US8/E8/P1/J1 element, we have

NY=N’ and NP=N. (25)

Consequently, the linear system of equations for one single
element is given as

kW ke kWP 0| [Au RY fu

Kk 0 0 [lag| R | fe 26)
kP* 0 0 RkY||ap|” |RP|T|fP

0 0 ¥r W ||AS R f
where

Uu(AB) _ ANUA) INUE)
ki _/ 0X; (8ikajl+€ijkl> 3% dv

Qe
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INUA) aN®(B)
RUe(AB) :_/ I e(84E; + 84E; — 6;:E ) —— tdu,

REU(AB) _ [kue(AB):|T

ANU(A . B
peelAB) _ _/ aNu )Sai’am() .
3X1’ J BX)'

S‘Ze
RUP(AB) :/<8N“( )8 NPE )du RPU(AB) _ [kup(AB ]T
1 a )
QE
RP(AB) — /Np IN'B)qy, RPIAB) — PI(AB)
Qe
_ d2gv
RI(AB) — / N®W @ B)du (27)
djdy
k;‘“(AB) represents the matrix entry corresponding to the ith

DOF of node A and kth DOF of node B related to the displace-
ment part; and this representation applies to all the rest sub-
matrices. fqe dv is the integration within the spatial element
domain.

The RHS of Eq. (26) has the form

[revpav s [ N“tipdaff/.aijﬂdv
0X;

Qe Qe Qe
b /N%Pda— —/aE BBN dv
e
. 0 . (28)

i [
(o

In assembling Eqg. (26) into a global tangent stiffness ma-
trix, three methods may be adopted, to arrange the global DOF
index. Assuming the hexahedral element with linear interpo-
lation for u and ¢, while constant values for f and J, we can
have the following three arrangement schemes, i.e.

(1) Arrange all the DOFs element-wise, i.e.

{ug, 1. Uz, ¢, ... - Us, ¢s, PrJibo.n {Undof-7, Pndof-7 - - - - - -
Undofs Pndof-> Pneles Jnele}, Where ndof is the number of DOFs in
the system, and nele is the number of elements in the system.

For this method, the global stiffness matrix will be globally
sparse, hence no special treatment is required, and the linear
system equations can be solved directly. This method is log-
ically simplest and easiest to implement. However, since the
existence of p and J terms will increase the band-width of the
sparse matrix, a much longer solution time may be required.
Moreover, if an iterative solver is adopted, it is very difficult to
find an effective pre-conditioner for this complicated coupling
system.

(1) Arrange all the DOFs component-wise, i.e.

{ulv us, ... unnode}v {¢1, é2, .. -‘z’nnode}v {f’ly P2, .- f’nele}v

[F1Jo. . Jae -

The resulting global stiffness matrix for this scheme is a
block-wise sparse matrix, and has a structure similar to the

element stiffness matrix in Eq. (26). In order to solve this, we
need to condense p and J terms from the global stiffness ma-
trix first, and then solve a block sparse matrix as the structure
of

Kuu KL{C Au fM
P A 29
Because this stiffness matrix is block sparse with a full
bandwidth, some special techniques are required for effec-

tively solving this linear system. Hence, in this study, we
mainly use the third method which is described as follows:

(1) Arrange u and ¢ element-wise, while p and J component-
wise, i.e.
{ul, $1, U2, ¢2, . . . Unnode> ¢nnode}a {f’l» P2 .- f’nele}{flvfz . -fele}-

Denoting & = (u, ¢), the global stiffness matrix for this
scheme is given as

K& Kép 0
K¢ 0 KV (30)
0 Kr K

By performing a static condensation technique analogous
to that described in [39], the final linear system is reduced to

R¥ag=f* (31)
where

REE — KEE 4 KEPRKPE
fo= g —xer[ (@) - k7] (32
R=(KP)~ KJ}(Kp})*l

Thus, the large-deformation nonlinear electromechanical
behavior of dielectric elastomer can be solved with any suit-
able linear solver. The algorithm proposed in this work is im-
plemented using C++, based on the open-source FEM library
deal I

4, Numerical simulation

In this section, we validate the proposed methodol-
ogy and show its potential capability. Unless speci-
fied otherwise, the material parameters are selected as
p = 1000 kg/m3, =43 x 10* Pa, K=4.3 x 10 Pa, J,, =115,
and £=4.12225 x 10~ ! F/m. For a better comparison with
the theoretical results, in all the numerical simulation tests,
we normalize the voltage and charge as

S I
b=l

where H is the original characteristic thickness of the DE sam-
ple, and Lis the original characteristic length of the sample (i.e.
edge length for square and radius for circle).

Q
BN (33)
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]

(a) Reference state

(b) Actuated state

Fig. 1. - (a) In the reference state, the dielectric elastomer has thickness H and lengths L. (b) In the actuated state, subject to
in-plane force P and voltage ® through the thickness direction, the dielectric elastomer undergoes equal-biaxial

deformation and deforms to thickness h and lengths 1.

4.1. Benchmark test

We first analyze the equibiaxial deformation behavior of
a dielectric elastomer membrane, which is sandwiched be-
tween two compliant electrodes. The schematics are shown in
Fig. 1. In the reference state, the block has a square cross-
section in the x-y plane, with length L, and height H. In the
actuated state, the block undergoes in-plane expansion, and
its original dimensions L and H respectively become L’ and H’
without volume change. Therefore, the stretch of the material
can be represented as

rA=L/L=JHH (34)

* Uy =0 at the x=0 surface
+ uy =0 at the y =0 surface
+ u;=0and ¢ = 0 at the z=0 surface

In Fig. 2, we plot the voltage-stretch response curves of
the dielectric elastomer under various levels of pre-stretches.
The pre-stretch is the stretch at which ¢ = 0. At each pre-
stretch Apre, the traction force P is kept as constant, while
charge is applied on the z = H surface. Atlow pre-stretch, when
charge is ramped up initially, the electrical potential increases
and the elastomer expands in area. When the charge is suf-
ficiently large, the elastomer thins down appreciably, such

that the electric field is high and the voltage needed to main-
tain the charge starts to decrease. This results in a peak in
the voltage-stretch curve and marks the onset of electrome-
chanical instability, which is a well-known phenomenon [45].
Electromechanical stability may be averted by pre-stretching
[2], as also seen for the cases when Ape > 2. When the
elastomer is subject to a large charge, the elastomer under-
goes strain-stiffening, and the voltage again increases with
charge. Numerical results compare well with theoretical pre-
dictions [32] for all cases in Fig. 2.

Dielectric elastomers are generally modeled as incom-
pressible; in finite element simulations, compressible hypere-
lastic models are often used to avoid numerical difficulties,
where the bulk modulus K is assumed to be much higher
than the shear modulus px for simulating a nearly incom-
pressible material behavior. However, a large K/u value may
cause ill-conditioned stiffness matrix [43], or volumetric lock-
ing when fully integrated linear elements are used. We then
ask what value of K/u is appropriate. For an dielectric elas-
tomer at Apre=1 and ipe =6 with four different values of
K/n, we plot the simulated voltage-stretch plots and com-
pare them with the theoretical results which assume incom-
pressibility, as shown in Fig. 3. When 1 < 6.5, the results are
insensitive to the choice of K/u, implying K/u =103 may be
suitable in most simulation scenarios. However, at very large
stretches approaching the extension limit of the elastomer

—— Pre-stretch 1X1 Simulation —— Pre-stretch 4X4 Simulation
Pre-stretch 4X4 Theory
Pre-stretch 5X5 Simulation
Pre-stretch 5X5 Theory
Pre-stretch 6X6 Simulation |
Pre-stretch 6X6 Theory

== Pre-stretch 1X1 Theory
0.8 —— Pre-stretch 2X2 Simulation
== Pre-stretch 2X2 Theory
<§ 0.6 —— Pre-stretch 3X3 Simulation
— L.
o Pre-stretch 3X3 Theory
o0
8
S 04
>
0.2
0.0
1

Stretch (\)

Fig. 2. - Voltage-stretch curves of the dielectric elastomer under equal-biaxial deformation in a charge-control procedure.
The theoretical curves are compared with the simulation results. The value of pre-stretch A for each curve can be
interpreted from the intersection between the curve and the horizontal axis.
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1.0 1.0
— K/u=10° — K/p=10°
0.8l — K/p=10" 08l| — K/p=10*
— K/p=10° — K/p=10°
306 — K/u=10° o6l — K/u=10°
2 Theory 2 == Theory
] s
S04 S 04}
0.2} 0.2
0.0 0.0 - . : :
1 2 3 4 5 6 7 8 9 60 65 70 75 80 85 9.0
Stretch () Stretch ()

(a)

(b)

Fig. 3. - Voltage-stretch plots for various bulk moduli K when (a) Apre =1 (b) Apre =6.

where strain-stiffening becomes significant, we find that K/u
> 10* would be more suitable.

Next, a convergence study is conducted for the nonlin-
ear solver. The Newton-Raphson method is used to solve the
nonlinear equations, and within one nonlinear iteration step,
the tangent stiffness matrix for one element is given as

kuu klAe
|:k€u k€€:| (35)
which is denoted as the fully coupled form. However, in some
commercial solver for multiphysics simulation [46,47], when
the coupling terms are not easy to be obtained, and the cou-

pling is weak between different fields, we may ignore the cou-
pling term and use

R 0
[ . kee] )

to assemble the global stiffness matrix. We call this weakly
coupled form. Since this is only a Newton-Raphson step, the
final solution will not be influenced as long as the non-linear
solver converges. The advantage of this form is its simplic-
ity, and it can avoid solving ill-conditioned problems which
exist in many multiphysics simulations. A linear solver can
solve this equation system much faster than the fully coupled
ones. However, the main drawback is the slow convergence
when the multiphysics couplingis strong. Here, we investigate
the convergence behavior of these two forms. For simplicity,
only one non-linear iteration step is simulated, and the pre-
scribed normalized voltage is #P = 0.34, since above this value
the weakly coupled form cannot converge at all. Residuals for
voltage and displacement with respect to iteration number are
plotted in Fig. 4(a) and (b), respectively. It is clear that the fully
coupled form converges much faster than the weakly coupled
form. In order to achieve a residual of 104, the fully coupled
form requires only 4 iterations, while the weakly coupled form
requires at least 10 iterations. The fully coupled form is supe-
rior to the weakly coupled form in this case.

Besides the convergence rate, interestingly the coupling
term can also aid the convergence of a Newton-Raphson
method when electromechanical instability (EMI) occurs. It is

known that the free energy of a typical dielectric elastomer
material is globally non-convex [25,45]. This property of free
energy generally results in a non-positive definite Hessian at
EMI, leading to convergence failure when using the Newton-
Raphson method. However, by imposing appropriate bound-
ary conditions, such as those in this benchmark test, the free
energy shows a local convex property, which enables the im-
plementation of Newton-Raphson method even in the EMI re-
gion. A more straightforward way to explain this is rewriting
Eq. (29) by separating out the Dirichlet boundary condition,
and the global linear system for a fully coupled form can be
conceptually represented as

Ruu Rue ¢ u fu
Reu Ree 0 6| = }‘e (37)
o o Dler] L

where the hat accent A on the K matrix represents the subma-
trix term after eliminating the Dirichlet boundary constraint
entries, while Dx denotes the corresponding Dirichlet bound-
ary constraint entries. The superscript p represents the pre-
scribed boundary conditions. The submatrices for fully cou-
pled form and weakly coupled form are respectively denoted
as

Kuu Kue Kuu 0
= |:Keu I’{eei| V= |: 0 Kee:|' (38)

In the simulation of this benchmark, it is found that the
determinant of S matrix is always positive even in the EMI re-
gion, i.e. det(S) > 0. This property ensures the convergence of
Newton-Raphson method, so that a minimum free energy can
be found. However, without considering the coupling term,
it is shown that just before EMI, there is a conversion from
det(S¥) > 0 to det(S¥) < 0, which prohibits the convergence
of Newton-Raphson method from finding a local minimum
point of free energy.

In the above discussion regarding the simulation in
Fig. 4, the weakly coupled form converges much slower than
the fully coupled form, which can be expected because a rela-
tively high voltage is applied in one iteration step. However, if
the applied load/voltage rate is limited by some other factors,
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Fig. 4. - Comparison of convergence rates for (a) voltage and (b) displacement between fully and weakly coupled forms.

such as time steps and loading rates in a dynamic simulation,
the weakly coupled form may exhibit a similar convergence
behavior as the fully coupled one. In our experience, both
converge within 3 iterations. In this case, the weakly coupled
form may have a similar or faster computing time compared
to the fully coupled counterpart, since the linear system solver
used for the weakly coupled form takes less time in each it-
eration. Furthermore, this weakly coupled form can only be
adopted without the existence of EMI, since the local non-
convex property of stiffness matrix prohibits the convergence
of a Newton-Raphson method, which limits its application
range.

4.2.  Bending cantilever

We next simulate the bending of a cantilever beam, which is
made of two parts, as illustrated in Fig. 5(a). The upper part
is an elastomer, with length L, height H/2, and thickness T.
The lower part is a dielectric elastomer, with the same mate-
rial properties and dimensions, subject to an applied voltage.
Similar 2D cantilever beams have been investigated in [29]. In
the current study, we simulate this 2D case by enforcing plane
strain boundary conditions on the front and back surfaces of
the 3D model. The boundary conditions are given as

+ uy =0 at the y=0 or y =T surface
* Uy =0 at the x=0 surface

* Uy =uy =Uu, =0 along the y-axis

+ ¢ =0 at the z=0 surface

+ ¢ =¢P at the z=—H/2 surface.

As voltage is applied, the lower part of the beam extends
due to the incompressible behavior under Maxwell stress,
resulting in bending of the beam, as shown in Fig. 5(b). The
bending angle 0 is measured with respect to the applied
voltage for comparison with the published results in [29].
Fig. 6(a) shows the initial and final cantilever configurations
when ¢ = 0.5. Fig. 6(b) illustrates the evolution of bending an-
gle with respect to the applied normalized voltage, the result
of which matches the reference result in [29] very well. This
simulation shows that our method is capable of handling large
rotation problems without encountering the locking problem.

Using this cantilever bending problem, we also investigate
the scalability of the proposed model. Computational cost is
evaluated for different numbers of DOFs, and the convergence
rate to achieving the accurate result is also considered. For the
smallest simulation case, we consider only 2 elements along
the z direction, and 20 elements distributed in the x direc-
tion. Subsequently, all elements are split into 4 sub-elements
(with only one single element kept in the y direction), serv-
ing as the mesh setup for the next simulation run. In total,
seven simulations are performed, which involves 163,840 el-
ements, corresponding to 1321,992 DOFs. As for a benchmark
test, P = 0.05 is applied to the model within one iteration
step, and all the simulations are run on a dual-socket work-
station with two Intel Xeon X5650 processors and 32 G RAM.
Fig. 7(a) shows the wallclock time per iteration with an in-
creasing number of DOFs. The computational cost scales al-
most linearly with the number of DOFs.

The solution convergence capability of mesh refinement
is also studied, where the bending angle of the beam after

lus2

q x

il

(a)

© ® © ® ® © ® © © 6 6 o

T

Fig. 5. - (a) Schematics of a dielectric elastomer bilayer actuator in the reference state. (b) The actuator bends with an angle ¢

in response to a voltage applied on its lower half.
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applying voltage is evaluated. The value of 6 obtained using
163,840 elements is chosen as the reference result, and the
relative error is evaluated as

‘6 _eref
=

gref

(39)

The convergence of the solution increases monotonically
with the number of DOFs, as shown in Fig. 7(b).

With increasing demand of large-scale models, computa-
tional time cost is a concern for researchers and software
users. In high performance computing, one interest is in the
performance of code in a parallelized computing environ-
ment, either on shared-memory or distributed-memory ma-
chines. For this work, we investigate how a symmetric mul-
tiprocessor system (SMP) with shared memory may enhance
our algorithm. Within the application of programming with
deal.Il library, the thread-based parallelization library TBB
[48] is adopted to compute the local matrix contribution for
assembly, while a direct sparse linear solver UMFPACK [49] can
utilize multiple cores to speed up the linear system solution
time. A strong scaling problem is investigated here, with two
mesh densities considered. Both models are simulated on dif-
ferent numbers of CPU cores up to the maximum capabil-
ity, i.e. 12, and the wallclock time per iteration is plotted in
Fig. 8(a). The speedup ration S and parallel efficiency E are

respectively defined as
(40)

where N is the number of cores adopted, T; is the time cost
for serial calculation, and Ty is the time cost when N cores are
used for the same problem. Fig. 8(b) shows the speedup ratios
of these two models for different CPU cores. Models with dif-
ferent DOFs appear to have a similar and stable scalability. For
2 cores, the parallel efficiency reaches the highest value and
nearly linear speedup ratio; while for 12 cores, the program
reaches the highest speedup, which is around 6, correspond-
ing to an efficiency of 0.5. This reasonable result demonstrates
the parallelization capability of our current model.

4.3.  Vibration mode of rectangular membrane without
applying electric field

Phenomena such as coexistent phases [2,45] and nonlinear os-
cillation [20,22] in dielectric elastomers have elicited interest
from the community, and analyses of these phenomena usu-
ally involve solving eigenvalue problems in some form. In this
section, we focus on vibration of a dielectric elastomer mem-
brane to demonstrate the capability of our method in eigen-
value analysis. By modifying Eq. (31), the governing equation
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Fig. 9. — Schematics of rectangular membrane without applied voltage.

of the dynamic problem can be represented as
MEE+ RS Ag = ff (41)

where M!¢ is the mass matrix coupling the u and ¢ terms
element-wise. Since there is no inertial effect for the electric
potential part, the corresponding term in M¢ is zero. Hence,
we have the element-wise form of the mass matrix:

eMM
v = | M 0 (42)
0 0

where M = / oNUY'NUdV is the standard element mass ma-
Q
trix. ’

This approach has previously been adopted in the eigen-
value analysis for piezoelectric materials [50]. Assuming a har-
monic solution and solving the homogeneous form of Eq. (41),
we have the eigenvalue problem as

(Kff - w2M55)g -0 (43)

where o is the angular natural frequency, and £ is the corre-
sponding eigenvector. This equation is solved using the eigen-
value solver provided by Trilinos [51] - a high performance lin-
ear algebra library.

Consider a rectangular membrane of dimension L x W x H,
as shown in Fig. 9, where L=100 mm, W=50mm, and
H=0.1 mm. For theoretical analysis, we assume the mem-
brane to be infinite thin, such that the traction T and density p

is evaluated based on per line and per area, respectively. How-
ever, for the 3D finite element model, we simulate this with a
very thin brick model, such that T and p become the area trac-
tion and volume density, respectively. All the boundaries are
fixed in all three directions. Analytically, the natural frequency
is given as [52]:

w 1T |m2 n?
=— =— =)=+ — 44
f 2 2\ p Lz—"—VV2 (44)

where m and n are the mode numbers along the length and
the width directions, respectively.

Two simulations with different pre-stretch values are con-
ducted, i.e. Apre =2 and Apre =4, respectively. For each case, the
eigenvalue analysis is performed based on the pre-stretched
state. The first 4 frequencies and mode profiles for both simu-
lations are illustrated in Fig. 10, and compared with the theo-
retical results. Both theoretical and simulation results appear
to be in good agreement.

The theoretical and simulation frequencies for the first 10
modes with two different pre-stretches are plotted in Fig. 11,
which shows a reasonable agreement between both sets of re-
sults. A higher pre-stretch leads to a higher natural frequency.
Besides, the frequencies for ipre =4 are much higher than
those for Apre =2, which is within expectation. Figs. 10 and
11 demonstrate the validity of the current model in solving
eigenvalue problems. This capability greatly extends the po-
tential application of this model.
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4.4.  Vibration mode of circular membrane with applying
electric field

Now we consider a circular dielectric elastomer membrane,
with radius R=50mm and thickness H=0.0625 mm, as
shown in Fig. 12. Voltage is applied on a circular region with ra-
dius A coated with electrodes at the center of the membrane.
Such a configuration has been widely studied experimentally
and theoretically [7,18,21]. The natural frequencies and vibra-
tion modes under voltage are determined by applying the fol-
lowing boundary conditions:

« ¢ =0 at the z=0 surface

s Ux=Uy=uz;=0atr=,/x>+y? =R

+ ¢ = ¢P at the z=H surface with r < A.

After voltage is applied on the pre-stretched membrane
(*pre =1.05), we solve the eigenvalue problem at the equilib-
rium state. Fig. 13(a) plots the first four natural frequencies
against applied voltage for aspect ratiosR/A=2and R/A=1.In
both cases, the dielectric elastomer is held fixed at its bound-
ary. Under voltage, the active electrode region expands against
the surrounding region. Consequently, stresses at the bound-
aries of the active region decrease with voltage-induced actu-
ation, and the natural frequency also decreases with applied

voltage, as shown in Fig. 13(b), which is similar to that ob-
served elsewhere [13,20,21]. At a critical voltage denoted as be,
the natural frequency vanishes, and the loss of tension occurs.

We also plot the natural frequencies against applied volt-
age for various pre-stretches in the case of R/A=1 in Fig. 14.
Our calculations are terminated at the onset of loss of tension.
The results show that for all different pre-stretch values, the
fundamental frequency has a similar trend with the increas-
ing voltage. The frequency initially decreases relatively slowly
for a large range of voltage, and then decreases rapidly within
a short range of voltage. Furthermore, it appears that a large
pre-stretch allows a higher natural frequency, and by applying
an appropriate level of voltage, the dynamics response of the
membrane may be actively tuned, as demonstrated in previ-
ous studies [21].

To illustrate the change in vibration mode in more detail,
we deplct the 1st and 4th eigenmodes at the instances when
é = 0, m = éc/2, and the critical value @ for RZA=1 and
R/A =2.The contours for the vibration mode shapes are shown
in Fig. 15.

The 1st eigenmode profile appears similar for both cases of
R/A =1 and R/A =2, when applied voltage is increased from 0
to ¢m. However, at the critical voltage ¢, the eigenmode pro-
files show a discernible difference for both cases. For R/A=1,
the mode profile is still similar to that of ¢ = 0, with only a
slight change in the region near the outer boundary. However,
for R/A=2, all deformation occurs within the region where
voltage is applied. This is because the material structural
property changes greatly in this region, and becomes much
softer compared with the zero electric field region.

Secondly, the situation is slightly different for the 4th
eigenmode. The eigenmode profile has already been influ-
enced even when ¢ = ¢n. Besides, when ¢ = ¢, we can also
find that for R/A =2, the deformation profile is concentrated
within the electrode region. This is similar as that for the 1st
eigenmode discussed above.

As a result, some conclusions can be summarized accord-
ing to this simple simulation. We can find that for the same
R/A,when applying voltage, higher eigenmode profile patterns
are easier to be influenced. With the increase of voltage, this
influence gradually affects the lower mode profile patterns.
Furthermore, for the same applied voltage, eigenmode profile
will be greatly influenced by how the external force/voltage
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Fig. 12. - Schematics of a circular dielectric elastomer membrane with electrodes coated on a region of radius A. When

voltage is applied, the electrode region expands.
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Fig. 13. - (a) Frequencies in the first four modes for R/A =2 and R/A =1 under various applied voltages. (b) Degeneration of

membrane stiffness with the increase of applied voltage .

is applied. Besides, all the simulations show that the applied
voltage on membrane softens the structural stiffness, and
hence decreases the natural frequency. All these effects can
be potentially adopted to a variety of applications because of
the capability in frequency turning.

4.5.  Dynamic simulation of an inflation balloon

In the last part, the capability of this model is extended to
studying an implicit dynamic problem. Time integration is

160,
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Fig. 14. - Fundamental frequency is plotted against applied
voltage for different pre-stretch setups for the case of
R/A=1.

performed with the Newmark method [44]. Assuming the ve-
locity and displacement at time t + At have the form

Tt+AL

u =0+ [(1 - p)ii + pitt2t] At

1
urtAt — oyt 4 ptA & |:<E — ﬁ)ijt + ,BiiHAt] At? (45)

where y and g are Newmark integration parameters, and one
typical choice is y =1/2 and g =1/4.

Substituting Eq. (45) into Eq. (41) for the dynamic problem
(without consideration of damping), we can have the following
linear equation system after derivation:

R 4 oM R | [aut| [ f + M[cout — cou” + ottt + c3iit]
Reu Ree Agh = JZ'e”

(46)

where n represents the iteration number in the current time
step; cg = 1/(BAt?), ¢, = 1/BAt, andcz = % —1 are coefficients.

The inflation of a balloon is simulated using the dynamics
equations. A schematic of the model and loading procedure is
illustrated in Fig. 16. A circular thin membrane of DE is fixed
by its edge, and pre-inflated from state (a) to state (b), with an
applied excess pressure p. Then this pressure is kept constant,
and the electric field is applied on the membrane by charge
control with a constant ramping rate of @ = ot. During ramp-
ing of charge, the membrane undergoes expansion because of
the Maxwell stress, and inflates as a balloon. The setup of this
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numerical model is similar to the experiments in [53,54] (volt-
age control in experiments).

The profiles of membrane during inflation are illustrated
in Fig. 17, together with the applied voltage vs balloon volume
plot. After pre-inflation, the membrane slightly inflates, as in
state (a), which is considered as the initial state. Then, the
charge begins to ramp, and the membrane inflates inhomo-
geneously due to clamped edges until it is in state (b), where
wrinkle occurs near the fixed boundary, and the voltage soon
reaches the maximum value. At state (c), the wrinkle appears
along the whole fixed edge, and electro-mechanical instabil-
ity occurs, as discussed in the previous benchmark test. The
calculation stops at state (d) because of the mesh distortion.

Observing the balloon profiles in the simulation results, the
wrinkle behavior shown in Fig. 17(d) is similar to the experi-
mental observation illustrated in Fig. 12 in [54], and Fig. 15 in

[53]. A detailed analysis of the wrinkling phenomena is beyond
the scope of the current paper, and will be conducted in future
work.

5. Conclusion

In this work, we have proposed a hybrid element for DE simu-
lation based on a four-field variational principle. The model is
immune from volumetric locking, and capable of conducting
coupled electromechanical analysis for an incompressible di-
electric elastomer. The model is implemented using a C++ in-
house code based on an open-source FEM library deal.Il, and
the source code is available to the community. Numerical tests
show the capability and validity of such a model in simulating
the electromechanical response for both static and dynamic
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Fig. 17. - The profile of balloon inflation at different stages.

problems, as well as conducting eigenvalue analysis to inves-
tigate the vibration modes of a dielectric elastomer actuator.
This model can be potentially used for design, analysis, devel-
opment, and optimization of such soft active materials.
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Appendix A. Tangent stiffness tensor in
spatial configuration

The relationship of spatial and material tangent stiffness ten-
sor is [43]:

Cijir =) "FyFjFecF Cxe (A1)

where Cyy,. is the material tangent stiffness, while ¢;;, repre-
sents its spatial counterpart.
We also have

asy [0Sy oSyl asge
9Ck.  \ 9Cxr  9Cx.  9Ck )

C JKL = (A.2)

Therefore, after derivation, the following spatial tangent
stiffness tensor can be obtained.
The deviatoric part of the tensor:

2ul| 1 - - I 1\ - I 1\ -
dev _ 7“ __ _R.. _ _1 = .. _ _1 = ..
Cije = Ta [a}m BijBy <3a}m + 3>Bl,5k1 <3a}m + 3>Bk151)

i 1;1 8::8 I;l 8,8+ 848 (A3)
+ 9a]m+9 1}k1+6(1kﬂ+11)k>~ .
The volumetric part of the tensor:
K(1-J?
= % (5ik3ﬂ + 5i15jk> + KJ8;;851- (A.4)

However, because of the imposing of independent
pressure-like field, the modified volumetric part of tangent
stiffness tensor now becomes

= *p(aik‘sﬂ + 8185k — 51‘)‘51«1) (A.5)
The electric part of the tensor
1
E-lﬁ = 5¢(udji + 8udjk — 8ij0w)EaEa + e (BuEiE; + 6ijErEy
fSilE}'Ek - ‘SikEjEl — ‘sleiEk - ‘SjkEiEl)- (A.6)

Appendix B.
program

Open-source finite element

The source code for our finite element program is available at:
https://github.com/nicklj/de_implicit.git.

Supplementary materials
Supplementary material associated with this article can be

found, in the online version, at doi:10.1016/j.camss.2017.07.
005.
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