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a b s t r a c t 

The objective of the present investigation is to predict the nonlinear buckling and post- 

buckling characteristics of cylindrical shear deformable nanoshells with and without initial 

imperfection under hydrostatic pressure load in the presence of surface free energy effects. 

To this end, Gurtin-Murdoch elasticity theory is implemented into the first-order shear de- 

formation shell theory to develop a size-dependent shell model which has an excellent 

capability to take surface free energy effects into account. A linear variation through the 

shell thickness is assumed for the normal stress component of the bulk to satisfy the equi- 

librium conditions on the surfaces of nanoshell. On the basis of variational approach and 

using von Karman-Donnell-type of kinematic nonlinearity, the non-classical governing dif- 

ferential equations are derived. Then a boundary layer theory of shell buckling is employed 

incorporating the effects of surface free energy in conjunction with nonlinear prebuckling 

deformations, large deflections in the postbuckling domain and initial geometric imperfec- 

tion. Finally, an efficient solution methodology based on a two-stepped singular perturba- 

tion technique is put into use in order to obtain the critical buckling loads and postbuckling 

equilibrium paths corresponding to various geometric parameters. It is demonstrated that 

the surface free energy effects cause increases in both the critical buckling pressure and 

critical end-shortening of a nanoshell made of silicon. 

© 2017 Published by Elsevier Ltd on behalf of Chinese Society of Theoretical and Applied 

Mechanics. 

 

 

 

 

 

 

 

 

 

 

 

1. Introduction 

Several application potentials of nanotechnology that ap-
peared for a short to medium-term time range could lead
to significant improvements within several areas of space
technology. Nanoengineering could produce surfaces that
regulate spacecraft temperatures more efficiently than the
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materials used today. It could also generate more efficient
solar cells, rendering large panels redundant. 

Therefore, nanostructures such as ultra thin plates
(nanofilms), nanobeams, nanoshells, etc. have attracted
much attention from the scientific community due to their
considerably enormous physical, mechanical, and electrical
properties [1–3] . Across the applications, when the thickness
of the general structures reaches the order of submicron
size, the size-dependent influence of material plays an es-
sential role in the mechanical behavior of nanostructures.
The classical continuum models are independent of the
y of Theoretical and Applied Mechanics. 
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Fig. 1 – Schematic view of a cylindrical shear deformable nanoshell with surface layers. 
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cale of structures, making it controversial to implement 
hem in nanomaterials for small scale effect. As reported 

n several studies, the length scales associated with ma- 
erial microstructures are often small enough to call the 
apability of the classical continuum models into question.
ence, to extend the continuum mechanics to accommodate 

he size dependence of microstructures becomes a topic of 
ajor concern. Modified continuum models are among the 
ost applied theoretical approaches for the investigation of 

anomechanics due to their computational efficiency and 

apability of producing accurate results which are comparable 
o those from the atomistic models [4–23] . 

Surface stress effect is one of these effects. The high 

urfacetobulk ratio causes nanostructures to behave differ- 
ntly compared with conventional structures. Gurtin and 

urdoch [24,25] developed a theoretical framework based 

n continuum mechanics including surface stress effects, in 

hich the surface was simulated as a mathematical layer 
f zero thickness with different material properties from 

he underlying bulk which was completely bonded by the 
embrane. They presented the following general and simple 

xpression for the surface stress-strain relation 

s 
i j = τs δi j + ( τs + λs ) ε kk δi j + 2( μs − τs ) ε i j + τs u s i, j 
s 
iz = τs u s z,i 

( i, j = x, y ) (1) 

here λs and μs are the surface Lame constants, and τ s de- 
otes the residual surface stress under unstrained conditions.

It should be noted that the surface elastic constants are 
uite different from the bulk elastic constants as the former 
ave dimensions of N/m, which are different from the latter 
ith dimensions of N/m 

2 . It has been shown that the surface 
an be assumed to behave isotropically, and it is still mean- 
ngful to use appropriate average of surface stress [25-27] . 

The Gurtin-Murdoch model has the capability of incorpo- 
ating the effects of surface free energy into the mechanical 
esponse of nanostrustures efficiently. This fact has been 

xamined in several studies conducted for different problems 
bout the mechanical behavior of structures at nanoscale 
28-52] . 

In the current study, a non-classical shell model is intro- 
uced in order to predict the effects of surface free energy 
n the nonlinear buckling and postbuckling behavior of 
ylindrical shear deformable nanoshells subjected to radial 
ompressive load. For this purpose, novel size-dependent dif- 
erential equations are derived on the basis of Gurtin-Murdoch 

lasticity theory in conjunction with the first-order shear de- 
ormation shell theory. Afterwards, the size-dependent 
overning differential equations are converted into the 
oundary layer-type equations. Subsequently, a two-stepped 

ingular perturbation technique is utilized to obtain the size- 
ependent critical buckling pressures and the postbuckling 
quilibrium paths for nanoshells with different geometric 
arameters. 

. Mathematical formulations 

s shown in Fig. 1 , a cylindrical shear-deformable nanoshell 
ith length L , thickness h , and mid-surface radius R is consid-

red. The nanoshell includes a bulk part and two additional 
hin surface layers (the inner and outer layers). For the bulk 
art, the material properties are Young’s modulus E and 

oisson’s ratio ν. The two surface layers are assumed to have 
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surface elasticity modulus E s , Poisson’s ratio νs and residual
surface tension τ s . According to a curvilinear coordinate sys-
tem with its origin located on the middle surface of nanoshell,
coordinates of a typical point in the axial, circumferential and
radial directions are denoted by x , y and z , respectively. Now, in
accordance with the classical shell theory, the displacement
field can be expressed as 

u x ( x, y, z ) = u ( x, y ) + z ψ x ( x, y ) (2a)

u y ( x, y, z ) = v ( x, y ) + z ψ y ( x, y ) (2b)

u z ( x, y, z ) = w ( x, y ) (2c)

in which u , v and w denote the middle surface displacements
along the x , y and z axis, respectively, and ψ x and ψ y are
respectively the rotations of middle surface normals about
the y - and x - axis. 

Based upon the von Karman-Donnell-type kinematics of
nonlinearity [53] , it is assumed that the thickness of the shell,
h , is remarkably small in comparison with its radius of curva-
ture R , and the kinematical strain-displacement relationship
can be given as follows 

⎧ ⎪ ⎨ 

⎪ ⎩ 

ε xx 

ε yy 

γxy 

⎫ ⎪ ⎬ 

⎪ ⎭ 

= 

⎧ ⎪ ⎨ 

⎪ ⎩ 

ε 0 xx 

ε 0 yy 

γ 0 
xy 

⎫ ⎪ ⎬ 

⎪ ⎭ 

+ z 

⎧ ⎪ ⎨ 

⎪ ⎩ 

κxx 

κyy 

κxy 

⎫ ⎪ ⎬ 

⎪ ⎭ 

= 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

∂u 
∂x + 

1 
2 

(
∂w 

∂x 

)2 + 

∂w 

∂x 
∂ w 

∗
∂x 

∂v 
∂y − w + w 

∗
R + 

1 
2 

(
∂w 

∂y 

)2 + 

∂w 

∂y 
∂ w 

∗
∂y 

∂u 
∂y + 

∂v 
∂x + 

∂w 

∂x 
∂w 

∂y + 

∂w 

∂x 
∂ w 

∗
∂y + 

∂w 

∂y 
∂ w 

∗
∂x 

⎫ ⎪ ⎪ ⎬ 

⎪ ⎪ ⎭ 

+ z 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

∂ ψ x 
∂x 

∂ ψ y 
∂y 

∂ ψ x 
∂y + 

∂ ψ y 
∂x 

⎫ ⎪ ⎪ ⎬ 

⎪ ⎪ ⎭ 

(3a)

{ 

γxz 

γyz 

} 

= 

⎧ ⎨ 

⎩ 

ψ x + 

∂w 

∂x 

ψ y + 

∂w 

∂y 

⎫ ⎬ 

⎭ 

(3b)

where ε 0 xx , ε 
0 
xx , γ

0 
xy are the strain components of the middle

surface, κxx , κyy , κxy denote the curvature components of
nanoshell, and w 

∗ stands for the initial geometric imperfec-
tion. 

Afterwards, the constitutive relations can be written as 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

σxx 

σyy 

σxy 

σxz 

σyz 

⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎭ 

= 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

λ + 2 μ λ 0 0 0 
λ λ + 2 μ 0 0 0 
0 0 μ 0 0 
0 0 0 μ 0 
0 0 0 0 μ

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

ε xx 

ε yy 

γxy 

γxz 

γyz 

⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎭ 

(4)

in which � = (E ∗ν ) / ((1 + ν )(1 − 2 ∗ν )) and μ = E /(2(1 + ν)) are
Lame constants. 

The classical concepts of continuum mechanics are inca-
pable of considering the atomic features of nanostructures.
However, for simplicity and computational efficiency of con-
tinuum mechanics, different modified continuum models
have been developed to incorporate size-effects into the con-
ventional continuum approach. In the present work, the mod-
ified continuum elasticity based on Gurtin-Murdoch theory is
utilized to develop a size-dependent shell model for nonlinear
buckling and postbuckling analysis of nanoshells in the pres-
ence of surface free energy effects. On the basis of equation
(1) , the components of surface stress can be determined with
respect to the displacement components as follow 

σ s 
xx = ( λs + 2 μs ) ε xx + ( τs + λs ) ε yy + τs − τs 

2 

(
∂ ( w + w 

∗) 
∂x 

)2 

σ s 
yy = ( λs + 2 μs ) ε yy + ( τs + λs ) ε xx + 

τs 

R 

( w + w 

∗) 

+ τs − τs 

2 

(
∂ ( w + w 

∗) 
∂y 

)2 

σ s 
xy = μs γxy − τs 

(
∂v 
∂x 

+ 

∂ ( w + w 

∗) 
∂x 

∂ ( w + w 

∗) 
∂y 

+ z 
∂ ψ y 

∂x 

)

σ s 
yx = μs γxy − τs 

(
∂u 
∂y 

+ 

∂ ( w + w 

∗) 
∂x 

∂ ( w + w 

∗) 
∂y 

+ z 
∂ ψ x 

∂y 

)

σ s 
xz = τs 

∂w 

∂x 
, σ s 

yz = τs 
∂w 

∂y 
(5)

In the classical shell theories, because the stress com-
ponent σ zz is small in comparison with other components
of stress, it is assumed that σ zz = 0. But this assump-
tion does not satisfy the surface conditions related to the
Gurtin-Murdoch model. To solve this problem, it is assumed
that the stress component σ zz varies linearly through the
shell thickness and satisfies the balance conditions on
the surfaces [39] . According to this assumption, σ zz can be
obtained as 

σzz = 

(
∂σS + 

xz 
∂x + 

∂σS + 
yz 

∂y 

)
−

(
∂σS −

xz 
∂x + 

∂σS −
yz 

∂y 

)
2 

+ 

(
∂σS + 

xz 
∂x + 

∂σS + 
yz 

∂y 

)
+ 

(
∂σS −

xz 
∂x + 

∂σS −
yz 

∂y 

)
h 

z (6)

in which the superscripts S + and S − refer to the inner and
outer surfaces of nanoshell, respectively. Through inserting
equation (5) into equation (6) , σ zz can be achieved as follows 

σzz = 

2 τs z 
h 

( 

∂ 2 w 

∂ x 2 
+ 

∂ 2 w 

∂ y 2 

) 

(7)

As a result, by substituting σ zz into the constitutive
equation (3) corresponding to the normal stresses ( σ xx , σ yy )
for the bulk of the nanoshell, one will have 

σxx = ( λ + 2 μ) ε xx + λε yy + 

νσzz 

( 1 − ν ) 
(8a)

σyy = ( λ + 2 μ) ε yy + λε xx + 

νσzz 

( 1 − ν ) 
(8b)

Based on the continuum surface elasticity theory, the total
strain energy of a cylindrical shear-deformable nanoshell in
the presence of surface stress effects can be expressed as 

Πs = 

1 
2 

∫ 
S 

∫ h 
2 

− h 
2 

σi j ε i j d z d S + 

1 
2 

(∫ 
S + 

σ s 
i j ε i j d S + + 

∫ 
S −

σ s 
i j ε i j d S −

)

= 

1 
2 

∫ 
S 

{
N̄ xx ε 

0 
xx + N̄ yy ε 

0 
yy + N̄ xy γ

0 
xy + M̄ xx κxx + M̄ yy κyy 

+ M̄ xy κxy + Q x γxz + Q y γyz + Q 

s 
x 
∂w 

∂x 
+ Q 

s 
y 
∂w 

∂y 

}
d S (9)

where S is the area occupied by the middle surface of the
nanoshell. In equation (9), the resultants including in-plane
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ϕ

orces, bending moments and shear forces can be expressed 

s 

¯
 xx = N xx + σ s + 

xx + σ s −
xx = A 

∗
11 ε 

0 
xx + A 

∗
12 ε 

0 
yy + 2 τs − τs 

(
∂ ( w + w 

∗) 
∂x 

)2

¯
 yy = N yy + σ s + 

yy + σ s −
yy = A 

∗
11 ε 

0 
yy + A 

∗
12 ε 

0 
xx + 

2 τs 

R 

( w + w 

∗) 

+ 2 τs − τs 

(
∂ ( w + w 

∗) 
∂y 

)2 

¯
 xy = N xy + 

1 
2 

(
σ s + 

xy + σ s + 
yx + σ s −

xy + σ s −
yx 

)

= A 

∗
55 γ

0 
xy − τs 

∂ ( w + w 

∗) 
∂x 

∂ ( w + w 

∗) 
∂y 

¯
 xx = M xx + 

h 
2 

(
σ s + 

xx − σ s −
xx 

) = D 

∗
11 κxx + D 

∗
12 κyy 

+ E ∗11 

( 

∂ 2 w 

∂ x 2 
+ 

∂ 2 w 

∂ y 2 

) 

¯
 yy = M yy + 

h 
2 

(
σ s + 

yy − σ s −
yy 

)
= D 

∗
11 κyy + D 

∗
12 κxx 

+ E ∗11 

( 

∂ 2 w 

∂ x 2 
+ 

∂ 2 w 

∂ y 2 

) 

¯
 xy = M xy + 

h 
4 

(
σ s + 

xy + σ s + 
yx − σ s −

xy − σ s −
yx 

)
= D 

∗
55 κxy 

 x = k s A 

∗
55 γxz , Q y = k s A 

∗
55 γyz 

 

s 
x = σ s −

xz + σ s + 
xz = 2 τs 

∂w 

∂x 
, Q 

s 
y = σ s −

yz + σ s + 
yz = 2 τs 

∂w 

∂y 
(10)

n which k s represents shear correction factor, and 

 

 

 

 

 

N xx 

N yy 

N xy 

⎫ ⎪ ⎬ 

⎪ ⎭ 

= 

∫ h 
2 

− h 
2 

⎧ ⎪ ⎨ 

⎪ ⎩ 

σxx 

σyy 

σxy 

⎫ ⎪ ⎬ 

⎪ ⎭ 

d z , 

⎧ ⎪ ⎨ 

⎪ ⎩ 

M xx 

M yy 

M xy 

⎫ ⎪ ⎬ 

⎪ ⎭ 

= 

∫ h 
2 

− h 
2 

⎧ ⎪ ⎨ 

⎪ ⎩ 

σxx 

σyy 

σxy 

⎫ ⎪ ⎬ 

⎪ ⎭ 

z d z , 

 

Q x 

Q y 

} 

= k s 

∫ h 
2 

− h 
2 

{ 

σxz 

σyz 

} 

d z (11) 

nd 

 

∗
11 = ( λ + 2 μ) h + 2 ( λs + 2 μs ) , A 

∗
12 = λh + 2 τs + 2 λs , 

 

∗
55 = μh + 2 μs − τs D 

∗
11 = 

( λ + 2 μ) h 3 

12 
+ 

( λs + 2 μs ) h 2 

2 
, 

 

∗
12 = 

λh 3 

12 
+ 

( τs + λs ) h 2 

2 
, E ∗11 = 

νh 2 τs 

6 ( 1 − ν ) 
, 

 

∗
55 = 

μh 3 

12 
+ 

( 2 μs − τs ) h 2 

4 
(12) 

Moreover, the work ΠP done by the external radial load, q 
an be expressed in the following form 

P = 

∫ 
S 

qw d S (13) 

Now, by using the below virtual work’s principle ∫ t 2 

t 1 
( Πs − ΠP ) d t = 0 (14) 

nd taking the variations of u, v , w , ψ x and ψ y integrating by
arts, the non-classical governing differential equations can 

e derived as 

∂ ̄N xx 

∂x 
+ 

∂ ̄N xy 

∂y 
= 0 (15a) 

∂ ̄N xy 

∂x 
+ 

∂ ̄N yy 

∂y 
= 0 (15b) 
∂ Q x 

∂x 
+ 

∂ Q y 

∂y 
+ 

∂Q 

s 
x 

∂x 
+ 

∂Q 

s 
y 

∂y 
+ 

N̄ yy 

R 

+ N̄ xx 
∂ 2 ( w + w 

∗) 
∂ x 2 

+ 2 ̄N xy 
∂ 2 ( w + w 

∗) 
∂ x∂ y 

+ N̄ yy 
∂ 2 ( w + w 

∗) 
∂ y 2 

+ q = 0 (15c) 

∂ M̄ xx 

∂x 
+ 

∂ M̄ xy 

∂y 
− Q x = 0 (15d) 

∂ M̄ xy 

∂x 
+ 

∂ M̄ yy 

∂y 
− Q y = 0 (15e) 

The Airy stress function f ( x , y ) can be introduced as 

¯
 xx = 

∂ 2 f 
∂ y 2 

, N̄ yy = 

∂ 2 f 
∂ x 2 

, N̄ xy = − ∂ 2 f 
∂ x∂ y 

(16) 

As a result, the strain components can be expressed as 

 

0 
xx = −ϕ 2 

∂ 2 f 
∂ x 2 

+ ϕ 1 
∂ 2 f 
∂ y 2 

+ 2 τs ϕ 2 
w + w 

∗

R 

− 2 τs 

A 

∗
11 + A 

∗
12 

+ τs ϕ 1 

(
∂ ( w + w 

∗) 
∂x 

)2 

− τs ϕ 2 

(
∂ ( w + w 

∗) 
∂y 

)2 

(17a) 

 

0 
yy = −ϕ 2 

∂ 2 f 
∂ y 2 

+ ϕ 1 
∂ 2 f 
∂ x 2 

− 2 τs ϕ 1 
w + w 

∗

R 

− 2 τs 

A 

∗
11 + A 

∗
12 

+ τs ϕ 1 

(
∂ ( w + w 

∗) 
∂y 

)2 

− τs ϕ 2 

(
∂ ( w + w 

∗) 
∂x 

)2 

(17b) 

0 
xy = −ϕ 3 

∂ 2 f 
∂ x∂ y 

+ τs ϕ 3 
∂ ( w + w 

∗) 
∂x 

∂ ( w + w 

∗) 
∂y 

(17c) 

n which 

 1 = 

A 

∗
11 (

A 

∗
11 

)2 − (
A 

∗
12 

)2 
, ϕ 2 = 

A 

∗
12 (

A 

∗
11 

)2 − (
A 

∗
12 

)2 
, ϕ 3 = 

1 
A 

∗
55 

(18) 

Also, the geometrical compatibility equation for an imper- 
ect cylindrical shell is written as 

∂ 2 ε 0 xx 

∂ y 2 
+ 

∂ 2 ε 0 yy 

∂ x 2 
−

∂ 2 γ 0 
xy 

∂ x∂ y 
= 

( 

∂ 2 w 

∂ x∂ y 

) 2 

− ∂ 2 w 

∂ x 2 
∂ 2 w 

∂ y 2 
+ 2 

∂ 2 w 

∂ x∂ y 
∂ 2 w 

∗

∂ x∂ y 

− ∂ 2 w 

∂ x 2 
∂ 2 w 

∗

∂ y 2 
− ∂ 2 w 

∂ y 2 
∂ 2 w 

∗

∂ x 2 
− 1 

R 

∂ 2 w 

∂ x 2 
(19) 

From differential equations of ( 15c ) and (19) and with the 
id of equations (10) and (17) , the nonlinear size-dependent 
overning differential equations in terms of f , w , ψ x , and ψ y 

an be expressed as 

D 

∗
11 

∂ 3 ψ x 

∂ x 3 
+ ϕ 4 

∂ 3 ψ x 

∂ x∂ y 2 
− D 

∗
11 

∂ 3 ψ y 

∂ y 3 
+ ϕ 4 

∂ 3 ψ y 

∂ x 2 ∂y 

− E ∗11 

(
∂ 4 w 

∂ x 4 
+ 2 

∂ 4 w 

∂ x 2 ∂ y 2 
+ 

∂ 4 w 

∂ y 4 

)
− 2 τs 

( 

∂ 2 w 

∂ x 2 
+ 

∂ 2 w 

∂ y 2 

) 

− 1 
R 

∂ 2 f 
∂ x 2 

= 

∂ 2 ( w + w 

∗) 
∂ x 2 

∂ 2 f 
∂ y 2 

− 2 
∂ 2 ( w + w 

∗) 
∂ x∂ y 

∂ 2 f 
∂ x∂ y 

+ 

∂ 2 ( w + w 

∗) 
∂ y 2 

∂ 2 f 
∂ x 2 

+ q (20a) 

 1 
∂ 4 f 
∂ x 4 

+ ( ϕ 3 − 2 ϕ 2 ) 
∂ 4 f 

∂ x 2 ∂ y 2 
+ ϕ 1 

∂ 4 f 
∂ y 4 

+ 

2 τs 

R 

( 

−ϕ 1 
∂ 2 w 

∂ x 2 
+ ϕ 2 

∂ 2 w 

∂ y 2 

) 

+ 

1 
R 

∂ 2 w 

∂ x 2 
= 

( 

∂ 2 ( w + w 

∗) 
∂ x∂ y 

) 2 

− ∂ 2 ( w + w 

∗) 
∂ x 2 

∂ 2 ( w + w 

∗) 
∂ y 2 
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− 2 τs ϕ 1 

⎛ 

⎝ 

∂ 3 ( w + w 

∗) 
∂ x∂ y 2 

∂ ( w + w 

∗) 
∂x 

+ 2 

( 

∂ 2 ( w + w 

∗) 
∂ x∂ y 

) 2 

+ 

∂ 3 ( w + w 

∗) 
∂ x 2 ∂y 

∂ ( w + w 

∗) 
∂y 

) 

+ 2 τs ϕ 2 

( 

∂ 3 ( w + w 

∗) 
∂ x 3 

∂ ( w + w 

∗) 
∂x 

+ 

∂ 3 ( w + w 

∗) 
∂ y 3 

∂ ( w + w 

∗) 
∂y 

+ 

( 

∂ 2 ( w + w 

∗) 
∂ x 2 

) 2 

+ 

( 

∂ 2 ( w + w 

∗) 
∂ y 2 

) 2 
⎞
⎠

+ τs ϕ 3 

( 

∂ 3 ( w + w 

∗) 
∂ x 2 ∂y 

∂ ( w + w 

∗) 
∂y 

∂ 2 ( w + w 

∗) 
∂ x 2 

∂ 2 ( w + w 

∗) 
∂ y 2 

+ 

( 

∂ 2 ( w + w 

∗) 
∂ x∂ y 

) 2 

+ 

∂ ( w + w 

∗) 
∂x 

∂ 3 ( w + w 

∗) 
∂ x∂ y 2 

⎞ 

⎠ (20b)

D 

∗
11 

∂ 2 ψ x 

∂ x 2 
+ D 

∗
55 

∂ 2 ψ x 

∂ y 2 
− k s A 

∗
55 

(
ψ x + 

∂w 

∂x 

)
+ ϕ 5 

∂ 2 ψ y 

∂ x∂ y 

+ E ∗11 

( 

∂ 3 w 

∂ x 3 
+ 

∂ 3 w 

∂ x∂ y 2 

) 

= 0 (20c)

D 

∗
11 

∂ 2 ψ y 

∂ y 2 
+ D 

∗
55 

∂ 2 ψ y 

∂ x 2 
− k s A 

∗
55 

(
ψ y + 

∂w 

∂y 

)
+ ϕ 5 

∂ 2 ψ x 

∂ x∂ y 

+ E ∗11 

( 

∂ 3 w 

∂ x 2 ∂y 
+ 

∂ 3 w 

∂ y 3 

) 

= 0 (20d)

where 

ϕ 4 = −D 

∗
12 − 2 D 

∗
55 , ϕ 5 = D 

∗
12 + D 

∗
55 (21)

It is assumed that the end supports of nanoshell are simply
supported or clamped. Therefore, the boundary conditions at
x = 0, L can be expressed as: 

For simply supported edge supports: w = 0 , M̄ xx = 0 
For clamped edge supports: w = 0 , ∂w 

∂x = 0 
Additionally, it is clear that ∫ 2 πR 

0 
N̄ xx d y + πR 

2 q = 0 (22)

Moreover, the closed condition (periodicity) can be given
as follows ∫ 2 πR 

0 

∂v 
∂y 

d y = 0 (23a)

which yields 

∫ 2 πR 

0 

( 

−ϕ 2 
∂ 2 f 
∂ y 2 

+ ϕ 1 
∂ 2 f 
∂ x 2 

− 2 τs ϕ 1 
w + w 

∗

R 

− 2 τs 

A 

∗
11 + A 

∗
12 

+ τs ϕ 1 

(
∂ ( w + w 

∗) 
∂y 

)2 

− τs ϕ 2 

(
∂ ( w + w 

∗) 
∂x 

)2 

+ 

w + w 

∗

R 

− 1 
2 

(
∂w 

∂y 

)2 

− ∂w 

∂y 
∂ w 

∗

∂y 

)
d y = 0 (23b)

The average end shortening of nanoshell can be introduced
as 

�x 

L 
= − 1 

2 πRL 

∫ 2 πR 

0 

∫ L 

0 

∂u 
∂x 

d x d y 

= − 1 
2 πRL 

∫ 2 πR 

0 

∫ L 

0 

( 

−ϕ 2 
∂ 2 f 
∂ x 2 

+ ϕ 1 
∂ 2 f 
∂ y 2 

+ 2 τs ϕ 2 
w + w 

∗

R 

− 2 τs 

A 

∗
11 + A 

∗
12 

+ ϕ 1 τs 

(
∂ ( w + w 

∗) 
∂x 

)2 

− ϕ 2 τs 

(
∂ ( w + w 

∗) 
∂y 

)2 

− 1 
(

∂w 

)2 

− ∂w ∂ w 

∗ ) 

d x d y (24)

2 ∂x ∂x ∂x 
3. Solution procedure 

3.1. Boundary layer-type governing equations 

In order to perform the solution methodology, the following
dimensionless parameters are defined 

X = 

πx 
L 

, Y = 

y 
R 

, β = 

L 
πR 

, η = 

L 2 

π2 h 2 
, ε = 

π2 Rh 
L 2 {

a ∗11 , a 
∗
12 , a 

∗
55 , d 

∗
11 , d 

∗
12 , d 

∗
55 , e 

∗
11 
}

= 

{
A 

∗
11 

A 110 
, 

A 

∗
12 

A 110 
, 

A 

∗
55 

A 110 
, 

D 

∗
11 

A 110 h 2 
, 

D 

∗
12 

A 110 h 2 
, 

D 

∗
55 

A 110 h 2 
, 

E ∗11 

A 110 h 2 

}

{ W, W 

∗} = 

ε

h 
{ w, w 

∗} , F = 

ε2 f 
A 110 h 2 

, { Ψx , Ψy } 

= 

ε2 L 
πh 

{ ψ x , ψ y } , τ̄ = 

τs 

A 110 

{ M xx , M yy } = 

ε2 L 2 { M̄ xx , M̄ yy } 
π2 A 110 h 3 

, P q = 

3 3 / 4 qL R 

3 / 2 

4 πA 110 h 3 / 2 
, 

δq = 

3 3 / 4 �x 
√ 

R 

4 πh 3 / 2 
(25)

in which A 110 = ( λ + 2 μ) h . Now, by introducing the below
derivative operators 

L 11 ( ) = −e ∗11 
∂ 4 

∂ X 

4 − 2 e ∗11 β
2 ∂ 4 

∂ X 

2 ∂ Y 

2 
− e ∗11 β

4 ∂ 4 

∂ Y 

4 (26)

L 12 ( ) = −η
∂ 2 

∂ X 

2 
− ηβ2 ∂ 2 

∂ Y 

2 

L 13 ( ) = −d ∗11 
∂ 3 

∂ X 

3 
+ ϑ 4 β

2 ∂ 3 

∂ X∂ Y 

2 

L 14 ( ) = −d ∗11 β
3 ∂ 3 

∂ Y 

3 
+ ϑ 4 β

∂ 3 

∂ X 

2 ∂Y 

L 21 ( ) = ϑ 1 
∂ 4 

∂ X 

4 + ( ϑ 3 − 2 ϑ 2 ) β
2 ∂ 4 

∂ X 

2 ∂ Y 

2 
+ ϑ 1 β

4 ∂ 4 

∂ Y 

4 

L 22 ( ) = −ϑ 1 
∂ 2 

∂ X 

2 
+ ϑ 2 β

2 ∂ 2 

∂ Y 

2 

L 31 ( ) = −k s a ∗55 
∂ 

∂X 

+ e ∗11 
∂ 3 

∂ X 

3 
+ e ∗11 β

2 ∂ 3 

∂ X∂ Y 

2 

L 32 ( ) = −k s a ∗55 + d ∗11 
∂ 2 

∂ X 

2 
+ d ∗55 β

2 ∂ 2 

∂ Y 

2 

L 41 ( ) = −k s a ∗55 β
∂ 

∂Y 

+ e ∗11 β
∂ 3 

∂ X 

2 ∂Y 

+ e ∗11 β
3 ∂ 3 

∂ Y 

3 
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∂ X 
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∂ X∂ Y 

+ 

∂ 2 
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2 
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2 
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2 

∂ 

∂X 

+ 

∂ 

∂X 

∂ 3 

∂ X∂ Y 

2 
+ 4 

∂ 2 

∂ X∂ Y 

∂ 2 

∂ X∂ Y 

+ 

∂ 

∂Y 

∂ 3 

∂ X 

2 ∂Y 

+ 

∂ 3 

∂ X 

2 ∂Y 

∂ 

∂Y 

˜ L 3 ( ) = 

∂ 3 
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∂ 

∂X 

+ 

∂ 

∂X 

∂ 3 

∂ X 
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+ β4 ∂ 3 
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∂ 

∂Y 
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2 
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Fig. 2 – Dimensionless postbuckling load-deflection curves 
of nanoshells corresponding to various shell thicknesses: 
(a) perfect nanoshell, (b) imperfect nanoshell ( L 2 / Rh = 200, 
R / h = 50). 
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Ψ

Ψ
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Ψ  

ε  
he dimensionless form of the size-dependent nonlinear 
overning differential equations can be expressed as 

2 L 11 (W ) + ε2 2 ̄τL 12 (W ) + εL 13 ( Ψx ) + εL 14 ( Ψy ) − ∂ 2 F 
∂ X 

2 

= β2 ˜ L 1 ( W + W 

∗, F ) + ε3 / 2 4 
3 

3 1 / 4 P q (27a) 

 21 (F ) + 2 ̄τL 22 (W ) + 

∂ 2 W 

∂ X 

2 
= −β2 

2 
˜ L 1 ( W + 2 W 

∗, W ) 

− τ̄ β2 ˜ L 2 ( W + 2 W 

∗, W ) 

+ ̄τϑ 1 ˜ L 3 ( W + 2 W 

∗, W ) 

+ 

τ̄ϑ 2 β
2 

2 
˜ L 4 ( W + 2 W 

∗, W ) (27b) 

L 31 (W ) + L 32 ( Ψx ) + ϑ 5 β
∂ 2 Ψy 

∂ X∂ Y 

= 0 (27c) 

L 41 (W ) + L 42 
(
Ψy 

) + ϑ 5 β
∂ 2 Ψx 

∂ X∂ Y 

= 0 (27d) 

here 

 1 = 

a ∗11 (
a ∗11 

)2 − (
a ∗12 

)2 
, ϑ 2 = 

a ∗12 (
a ∗11 

)2 − (
a ∗12 

)2 
, ϑ 3 = 

1 
a ∗55 

 4 = −d ∗12 − 2 d ∗55 , ϑ 5 = d ∗12 + d ∗55 (28) 

Additionally, the boundary conditions in dimensionless 
orm will be at X = 0, π

For simply supported edge supports: W = 0 , M xx = 0 
For clamped edge supports: W = 0 , ∂W 

∂X = 0 
Also, one will have 

1 
2 π

∫ 2 π

0 
β2 ∂ 

2 F 
∂ Y 

2 
d Y + 

2 
3 

3 1 / 4 ε3 / 2 P q P = 0 (29) 

nd the closed condition becomes 

2 π

 

( 

−ϑ 2 
∂ 2 F 
∂ Y 

2 
+ ϑ 1 

∂ 2 F 
∂ X 

2 
+ ( 1 − 2 ̄τϑ 1 )( W + W 

∗) − τ̄ϑ 2 

(
∂ ( W + W 

∗) 
∂X 

)2

+ ( 1 − 2 ̄τϑ 1 ) 
(

∂ ( W + W 

∗) 
∂Y 

)2 

− 2 ̄τϑ 6 ( ϑ 1 − ϑ 2 ) ε

) 

d Y = 0 (30) 

In addition, the unit end shortening of nanoshell is 
chieved as 

q = − 3 3 / 4 

8 π2 ε 3 / 2 

∫ 2 π

0 

∫ π

0 

( 

ϑ 1 β
2 ∂ 

2 F 
∂ Y 

2 
− ϑ 2 

∂ 2 F 
∂ X 

2 
+ 2 ̄τϑ 2 ( W + W 

∗) 

− 1 
2 

( 1 − 2 ̄τϑ 1 ) 
(

∂ ( W + W 

∗) 
∂X 

)2 

− τ̄ϑ 2 β
2 
(

∂ ( W + W 

∗) 
∂Y 

)2 

− 2 ̄τϑ 6 ( ϑ 1 − ϑ 2 ) ε

) 

d Xd Y (31) 

here ϑ6 = R / h . 

.2. Singular perturbation technique 

n the preceding subsection, the important parameter ε was 
ntroduced. It has been revealed that practically, for the shell 
tructure, one will have L 2 

Rh ≥ 20 , so ε < 1 will always be true.
herefore, equation (27) represent the boundary layer type 
quations which consider both the nonlinear prebuckling 
eformations and large deflections in the postbuckling do- 
ain in conjunction with the effect of surface stress. Now, by 
ssuming ε as a small perturbation parameter, the singular 
erturbation technique can be put into use, which has been 

uccessfully applied to the nonlinear analyses of cylindrical 
hells at macroscale [54-58] . On the basis of this technique, it 
s assumed that 

 = W̄ ( X, Y, ε) + 

˜ W ( X, Y, ε, ξ ) + 

ˆ W ( X, Y, ε, ς ) (32a) 

 = F̄ ( X, Y, ε) + 

˜ F ( X, Y, ε, ξ ) + 

ˆ F ( X, Y, ε, ς ) (32b) 

x = Ψ̄x ( X, Y, ε) + 

˜ Ψx ( X, Y, ε, ξ ) + 

ˆ Ψx ( X, Y, ε, ς ) (32c) 

y = Ψ̄y ( X, Y, ε) + 

˜ Ψy ( X, Y, ε, ξ ) + 

ˆ Ψy ( X, Y, ε, ς ) (32d) 

here W̄ ( X, Y, ε) , F̄ ( X, Y, ε) , Ψ̄x ( X, Y, ε) , Ψ̄y ( X, Y, ε) denote regular
olutions of the nanoshell, ˜ W ( X, Y, ε, ξ ) , ˜ F ( X, Y, ε, ξ ) , 
˜ x ( X, Y, ε, ξ ) , ˜ Ψy ( X, Y, ε, ξ ) and 

ˆ W ( X, Y, ε, ς ) , ˆ F ( X, Y, ε, ς ) , ˆ Ψx (X, Y,

, ς ) , are the boundary layer solutions corresponding to X = 0
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Table 1 – Material properties of a cylindrical nanoshell 
made of silicon [59,60] . 

E (GPa) 210 

ν 0.24 
μs (N/m) −2.774 
λs (N/m) −4.488 
τ s (N/m) 0.6048 

Table 2 – Comparison of the critical buckling pressures of 
isotropic cylindrical shells with clamped edge supports 
subjected to lateral pressure ( ν = 0.3, E = 200 GPa). 

L / R R / h Present work (Pa) Ref. [61] (Pa) 

2 300 84991.09 85860 
3000 275.82 276.5 

5 300 32897.22 32954 
3000 108.13 109 
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Fig. 3 – Dimensionless postbuckling load-shortening curves 
of nanoshells corresponding to various shell thicknesses: 
(a) perfect nanoshell, (b) imperfect nanoshell ( L 2 / Rh = 200, 
R / h = 50). 
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and X = π, respectively. These solutions can be expressed in
the forms of perturbation expansions below 

¯
 ( X, Y, ε) = 

∑ 

i =0 

εi/ 2 W̄ i/ 2 ( X, Y ) , F̄ ( X, Y, ε) = 

∑ 

i =0 

εi/ 2 F̄ i/ 2 ( X, Y ) 

Ψ̄x ( X, Y, ε) = 

∑ 

i =1 

εi/ 2 Ψ̄x i/ 2 ( X, Y ) , Ψ̄y ( X, Y, ε) = 

∑ 

i =1 

εi/ 2 Ψ̄y i/ 2 ( X, Y ) 

˜ 
 ( X, Y, ε, ξ ) = 

∑ 

i =0 

εi/ 2+1 ˜ W i/ 2+1 ( X, Y, ξ ) , 

˜ F ( X, Y, ε, ξ ) = 

∑ 

i =0 

εi/ 2+2 ˜ F i/ 2+2 ( X, Y, ξ ) 

˜ Ψx ( X, Y, ε, ξ ) = 

∑ 

i =0 

ε ( i +3 ) / 2 ˜ Ψx ( i +3 ) / 2 ( X, Y, ξ ) , 

˜ Ψy ( X, Y, ε, ξ ) = 

∑ 

i =0 

εi/ 2+2 ˜ Ψy i/ 2+2 ( X, Y, ξ ) 

ˆ 
 ( X, Y, ε, ς ) = 

∑ 

i =0 

εi/ 2+1 ˆ W i/ 2+1 ( X, Y, ς ) , 

ˆ F ( X, Y, ε, ς ) = 

∑ 

i =0 

εi/ 2+2 ˆ F i/ 2+2 ( X, Y, ς ) 

ˆ Ψx ( X, Y, ε, ς ) = 

∑ 

i =0 

ε ( i +3 ) / 2 ˆ Ψx ( i +3 ) / 2 ( X, Y, ς ) , 

ˆ Ψy ( X, Y, ε, ς ) = 

∑ 

i =0 

εi/ 2+2 ˆ Ψy i/ 2+2 ( X, Y, ς ) (33)

in which ξ and ς stand for boundary layer variables which are
defined as 

ξ = 

X √ 

ε
, ς = 

π − X √ 

ε
(34)

Moreover, it is assumed that 

ε3 / 2 4 
3 

3 1 / 4 q = 

∑ 

i =0 

εi Q i (35)

In order to determine the maximum order of ε which
confirms the convergence of the solution procedure, an upper
tolerance limit of 0.001 has been considered. It is observed
that after the forth order ( ε4 ), the error is smaller than the
tolerance limit. 
By inserting equations (32) and (33) into the size-dependent
nonlinear governing differential equations (27) and collect-
ing the expressions with the same order of ε, the sets of
perturbation equations relevant to both the regular and
boundary layer solutions will be derived, which are given in
Appendix A . Afterwards, it is assumed that W̄ 0 ( X, Y ) = A 

(0) 
00 ,

¯
 1 / 2 ( X, Y ) = W̄ 1 ( X, Y ) = 0 and W̄ 3 / 2 ( X, Y ) = A 

( 3 / 2 ) 
00 , in addition

to F̄ 0 ( X, Y ) = −B 

(0) 
00 ( β

2 X 

2 + 

Y 2 
2 ) , F̄ 1 / 2 ( X, Y ) = F̄ 3 / 2 ( X, Y ) = 0 and

F̄ 1 ( X, Y ) = −B 

(1) 
00 ( β

2 X 

2 + 

Y 2 
2 ) . Moreover, the initial buckling

mode and the initial geometric imperfection of the nanoshell
are considered, respectively, as 

¯
 2 ( X, Y ) = A 

( 2 ) 
00 + A 

( 2 ) 
11 sin ( mX ) sin ( nY ) (36a)

 

∗( X, Y, ε) = ε2 A 

∗
11 sin ( mX ) cos ( nY ) 

= ε2 � A 

( 2 ) 
11 sin ( mX ) cos ( nY ) (36b)
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Fig. 4 – Dimensionless postbuckling load-deflection curves 
of nanoshells corresponding to various geometric 
parameters: (a) perfect nanoshell, (b) imperfect nanoshell 
( R / h = 50, h = 2 nm). 
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Fig. 5 – Dimensionless postbuckling load-shortening curves 
of nanoshells corresponding to various geometric 
parameters: (a) perfect nanoshell, (b) imperfect nanoshell 
( R / h = 50, h = 2 nm). 
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n which � = A 

∗
11 / A 

(2) 
11 represents the imperfection parameter. 

Now, by employing the given boundary, equation (29) ,
losed conditions (30) , and based on the unit end shortening 
31) , the postbuckling equilibrium paths can be derived as 

 q = 

1 
2 

3 3 / 4 ε−3 / 2 
{
P 

( 0 ) 
q + P 

( 2 ) 
q 

(
A 

( 2 ) 
11 ε

2 
)2 + . . . 

}
(37) 

nd 

q = δ
( 0 ) 
q + δ

( 2 ) 
q 

(
A 

( 2 ) 
11 ε

2 
)2 + . . . (38) 

In accordance with the maximum dimensionless deflec- 
ion of the nanoshell, A 

(2) 
11 ε

2 is considered as the second 

erturbation parameter, which may be large in comparison 

ith the first small perturbation parameter ε. If it is assumed 

hat the maximum deflection occurs at the dimensionless 
oint of ( X , Y ) = (π/ 2 m, π/ 2 n ) , one will have 

 

( 2 ) 
11 ε

2 = W m 

+ S 1 W 

2 
m 

+ . . . (39) 

c  
n which W m 

denotes the maximum dimensionless deflection 

f the nanoshell as 

 m 

= ε
w m 

h 
+ S 2 (40) 

here the symbols S 1 and S 2 are given in Appendix A . 
In order to determine the correct values of m and n corre- 

ponding to the maximum deflection, the minimum value of 
uckling load obtained by equation (37) should be calculated 

y taking W = 0 (noting that W m 

� = 0 ). 

. Numerical results and discussion 

ere, the size-dependent postbuckling equilibrium paths of 
erfect and imperfect cylindrical shear deformable nanoshells 
ubjected to axial compression are presented considering the 
urface stress effects. The results presented in this section 

ontain two parts. In the first part including Figures 2–5 ,
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Fig. 6 – Variation of the critical buckling load ratio with nanoshell thickness corresponding to various surface elastic 
constants ( L 2 / Rh = 200, R / h = 50, τs = 0 N/m). 

Fig. 7 – Variation of the critical buckling load ratio with nanoshell thickness corresponding to various residual surface 
stresses ( L 2 / Rh = 200, R / h = 50, λs = μs = 0 N/m). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

the results are obtained for a nanoshell made of silicon, the
material properties of which are tabulated in Table 1 . But in
the second part of the numerical results including Figures
6 and 7 , in order to demonstrate the influence of the value
of surface elastic parameters on the critical buckling load
of nanoshells, it is assumed that the naoshells are made of
different materials with various surface elastic parameters.
Also, in all the preceding numerical results, it is assumed that
the edge supports of nanoshells are clamped. 

At first, the validity as well as the accuracy of the present
solution methodology is checked. Because in accordance with
the authors’ knowledge, there is no investigation available
in published literature in which the buckling or postbuckling
behavior of nanoshells is studied in the presence of surface
stress effects, by ignoring the nonlinear and surface elasticity
terms, the critical buckling load of a cylindrical shell at usual
scale subjected to lateral pressure is calculated based on the
present solution procedure and is compared with that of
Mirfakhraei and Redekop [61] using differential quadrature
numerical method. In Table 2 , the critical buckling pressures
of cylindrical shells with clamped edge supports obtained
by the two different methods are compared corresponding
to the same material and geometric properties. A very good
agreement is found, which confirms the validity of the current
analysis. 

Plotted in Figure 2 are the classical and non-classical
dimensionless postbuckling load-deflection equilibrium
curves of perfect and imperfect cylindrical shear deformable
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anoshells made of silicon under hydrostatic pressure. It is 
evealed that through decreasing the value of shell thick- 
ess, the gap between classical and non-classical curves 

ncreases. It means that the surface free energy effects on the 
ostbuckling characteristics of nanoshells with lower thick- 
ess are more prominent. This anticipation is the same for 
oth the perfect and imperfect nanoshells. 

The classical and non-classical dimensionless postbuck- 
ing load-shortening equilibrium curves of Silicon shear 
eformable nanoshells with and without initial geometric 

mperfection are depicted in Figure 3 . It can be seen again 

hat by decreasing the value of shell thickness, the effects of 
urface free energy on the postbuckling behavior of cylindrical 
anoshells increase. Furthermore, it is found that the surface 

ree energy effects cause increases in both the critical buckling 
ressure and critical end-shortening of nanoshell made of 
ilicon. In addition, through a comparison of load-shortening 
urves related to the perfect and imperfect nanoshells, it 
an be observed that the initial geometric imperfection leads 
o decreases in both the critical buckling load and critical 
nd-shortening of nanoshell subjected to radial compression.

Figure 4 illustrates the size-dependent dimensionless 
ostbuckling load-deflection curves of cylindrical shear 
eformable nanoshells with various geometric parameters 
ubjected to hydrostatic pressure. It is demonstrated that 
y increasing the value of L 2 / Rh , the size-dependent dimen- 
ionless critical buckling pressure of nanoshell increases.
lso, the slope of the variation of applied radial compressive 

oad with deflection of nanoshell is lower in the postbuckling 
egime. Additionally, in the case of imperfect nanoshells, it 
s seen that the deflection of nanoshell corresponding to the 
rebuckling domain increases with higher values of L 2 / Rh . 

Presented in Figure 5 are the size-dependent dimension- 
ess postbuckling load-shortening curves of cylindrical shear 
eformable nanoshells with and without initial geometric 

mperfection under radial compressive load relevant to var- 
ous geometric parameters. It is observed that for both the 
erfect and imperfect nanoshells, increasing the value of 
 

2 / Rh leads to higher dimensionless critical buckling pressure 
nd higher dimensionless critical end-shortening. Also, it 
an be seen that by increasing the value of L 2 / Rh , the slope
f the postbuckling part of dimensionless load-shortening 
quilibrium path of nanoshell decreases. 

Figures 6 and 7 show the variation of the ratio of non- 
lassical buckling load to classical buckling load with the 
alue of nanoshell thickness corresponding to different val- 
es of surface elastic constants and residual surface stress,
espectively. It can be found that the effects of surface free 
nergy including surface elasticity and residual surface stress 
ay either increase or decrease the stiffness of cylindrical 

hear deformable nanoshell against compressive radial load,
epending on the signs of surface properties. It is indicated 

hat a positive value of surface elastic constant or residual 
urface stress causes to increase the size-dependent critical 
uckling pressure, whereas a negative one results in lower 
on-classical critical buckling load than that of the classical 
ne. However, by increasing the value of nanoshell thickness,
t can be seen that these effects diminish. 

. Conclusion 

he objective of the present study was to predict the effects 
f surface free energy as one of the most important size 
ffects on the nonlinear buckling and postbuckling behavior 
f cylindrical shear deformable nanoshells with and with- 
ut initial geometric imperfections subjected to hydrostatic 
ressure. To this end, Gurtin-Murdoch elasticity theory was 

mplemented into the first-order shear deformation shell 
heory to develop an efficient size-dependent shell model.
ased upon the variational approach and using virtual work’s 
rinciple, the non-classical governing differential equations 
ere derived. Subsequently, a boundary layer theory was 

mployed which considered simultaneously the effects of 
urface free energy, nonlinear prebuckling deformations,
arge postbuckling deflections and initial geometric imper- 
ection. Finally, an efficient solution methodology based on 

 two-stepped singular perturbation technique was utilized 

o obtain the size-dependent critical buckling pressures and 

ostbuckling equilibrium paths. 
It was seen that through decreasing the value of nanoshell 

hickness, the gap between classical and non-classical curves 
ncreases, meaning that the surface free energy effects on 

he postbuckling characteristics of nanoshells with lower 
hickness were more prominent. Moreover, it was observed 

hat surface free energy effects caused increases in both the 
ritical buckling load and critical end-shortening of nanoshell 
ade of silicon. Additionally, it was found that by increasing 

he value of L 2 / Rh , the slope of variation of the applied radial
ompressive load with deflection of nanoshell was lower in 

he postbuckling regime, indicating that for both perfect and 

mperfect nanoshells, increasing the value of L 2 / Rh led to 
igher dimensionless critical buckling pressure, and higher 
imensionless critical end-shortening, and additionally led 

o a decrease in the slope of the postbuckling part of the di-
ensionless load-shortening equilibrium path of nanoshell.

urthermore, it was revealed that the effects of surface free 
nergy including surface elasticity and residual surface stress 
ould either increase or decrease the stiffness of cylindri- 
al shear deformable nanoshell, depending on the signs of 
urface properties. 

ppendix A 

he sets of perturbation equations for the regular solutions 
re 

 ( ε0 ) : 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

− ∂ 2 F̄ 0 
∂ X 2 

= β2 ˜ L 1 ( W̄ 0 , F̄ 0 ) + Q 0 

L 21 ( ̄F 0 ) + 2 ̄τL 22 ( W̄ 0 ) + 

∂ 2 W̄ 0 
∂ X 2 

= − β2 

2 
˜ L 1 ( W̄ 0 , W̄ 0 ) 

− τ̄ β2 ˜ L 2 ( W̄ 0 , W̄ 0 ) + τ̄ϑ 1 ˜ L 3 ( W̄ 0 , W̄ 0 ) + 

τ̄ϑ 2 β
2 

2 
˜ L 4 ( W̄ 0 , W̄ 0 ) 

0 = 0 
0 = 0 
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O ( ε1 / 2 ) : 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

− ∂ 2 F̄ 1 / 2 
∂ X 2 

= β2 ˜ L 1 ( W̄ 1 / 2 , F̄ 0 ) + β2 ˜ L 1 ( W̄ 0 , F̄ 1 / 2 ) 

L 21 ( ̄F 1 / 2 ) + 2 ̄τL 22 ( W̄ 1 / 2 ) + 

∂ 2 W̄ 1 / 2 
∂ X 2 

= − β2 

2 
˜ L 1 ( W̄ 0 , W̄ 1 / 2 ) − τ̄ϑ 1 β

2 ˜ L 2 ( W̄ 0 , W̄ 1 / 2 ) 

+ ̄τϑ 2 ˜ L 3 ( W̄ 0 , W̄ 1 / 2 ) + 

τ̄ ϑ 3 β
2 

2 
˜ L 4 ( W̄ 0 , W̄ 1 / 2 ) 

L 32 ( ̄Ψx 1 / 2 ) + ϑ 5 β
∂ 2 Ψ̄y 1 / 2 
∂ X∂ Y = 0 

L 42 ( ̄Ψy 1 / 2 ) + ϑ 5 β
∂ 2 Ψ̄x 1 / 2 
∂ X∂ Y = 0 

O ( ε1 ) : 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

− ∂ 2 F̄ 1 
∂ X 2 

= β2 ˜ L 1 ( W̄ 1 / 2 , F̄ 1 / 2 ) + β2 ˜ L 1 ( W̄ 1 , F̄ 0 ) 

+ β2 ˜ L 1 ( W̄ 0 , F̄ 1 ) + Q 1 

L 21 ( ̄F 2 ) + 2 ̄τL 22 ( W̄ 2 ) + 

∂ 2 W̄ 2 
∂ X 2 

= − β2 

2 
˜ L 1 ( W̄ 0 , W̄ 2 ) 

− β2 

2 
˜ L 1 ( W̄ 1 / 2 , W̄ 3 / 2 ) − β2 

2 
˜ L 1 ( W̄ 1 , W̄ 1 ) 

− τ̄ϑ 1 β
2 ˜ L 2 ( W̄ 1 / 2 , W̄ 1 / 2 ) + τ̄ϑ 2 ˜ L 3 ( W̄ 0 , W̄ 1 ) 

+ ̄τϑ 2 ˜ L 3 ( W̄ 1 / 2 , W̄ 1 / 2 ) + 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 0 , W̄ 1 ) 

+ 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 1 / 2 , W̄ 1 / 2 ) 

L 31 ( W̄ 0 ) + L 32 ( ̄Ψx 1 ) + ϑ 5 β
∂ 2 Ψ̄y 1 
∂ X∂ Y = 0 

L 41 ( W̄ 0 ) + L 42 ( ̄Ψy 1 ) + ϑ 5 β
∂ 2 Ψ̄x 1 
∂ X∂ Y = 0 

O ( ε3 / 2 ) : 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

− ∂ 2 F̄ 3 / 2 
∂ X 2 

+ L 13 ( ̄Ψx 1 / 2 ) + L 14 ( ̄Ψy 1 / 2 ) = β2 ˜ L 1 ( W̄ 0 , F̄ 3 / 2 ) 

+ β2 ˜ L 1 ( W̄ 1 / 2 , F̄ 1 ) + β2 ˜ L 1 ( W̄ 1 , F̄ 1 / 2 ) + β2 ˜ L 1 ( W̄ 3 / 2 , F̄ 0 ) 

L 21 ( ̄F 3 / 2 ) + 2 ̄τL 22 ( W̄ 3 / 2 ) + 

∂ 2 W̄ 3 / 2 
∂ X 2 

= − β2 

2 
˜ L 1 ( W̄ 0 , W̄ 3 / 2 ) 

− β2 

2 
˜ L 1 ( W̄ 1 / 2 , W̄ 1 ) − τ̄ϑ 1 β

2 ˜ L 2 ( W̄ 0 , W̄ 3 / 2 ) 
− τ̄ϑ 1 β

2 ˜ L 2 ( W̄ 1 / 2 , W̄ 1 ) + τ̄ϑ 2 ˜ L 3 ( W̄ 0 , W̄ 3 / 2 ) 
+ ̄τϑ 2 ˜ L 3 ( W̄ 1 / 2 , W̄ 1 ) 

+ 

τ̄ ϑ 3 β
2 

2 
˜ L 4 ( W̄ 0 , W̄ 3 / 2 ) + 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 1 / 2 , W̄ 1 ) 

L 31 ( W̄ 1 / 2 ) + L 32 ( ̄Ψx 3 / 2 ) + ϑ 5 β
∂ 2 Ψ̄y 3 / 2 
∂ X∂ Y = 0 

L 41 ( W̄ 1 / 2 ) + L 42 ( ̄Ψy 3 / 2 ) + ϑ 5 β
∂ 2 Ψ̄x 3 / 2 
∂ X∂ Y = 0 

O ( ε2 ) : 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

L 11 ( W̄ 0 ) + 2 ̄τL 12 ( W̄ 0 ) + L 13 ( ̄Ψx 1 ) + L 14 ( ̄Ψy 1 ) − ∂ 2 F̄ 2 
∂ X 2 

= β2 ˜ L 1 ( W̄ 0 , F̄ 2 ) + β2 ˜ L 1 ( W̄ 1 / 2 , F̄ 3 / 2 ) 
+ β2 ˜ L 1 ( W̄ 1 , F̄ 1 ) + β2 ˜ L 1 ( W̄ 3 / 2 , F̄ 1 / 2 ) 
+ β2 ˜ L 1 ( W̄ 2 + W 

∗, F̄ 0 ) + Q 2 

L 21 ( ̄F 2 ) + 2 ̄τL 22 ( W̄ 2 ) + 

∂ 2 W̄ 2 
∂ X 2 

= − β2 

2 
˜ L 1 ( W̄ 0 , W̄ 2 + 2 W 

∗) 

− β2 

2 
˜ L 1 ( W̄ 1 / 2 , W̄ 3 / 2 ) − β2 

2 
˜ L 1 ( W̄ 1 , W̄ 1 ) 

− τ̄ϑ 1 β
2 ˜ L 2 ( W̄ 0 , W̄ 2 + 2 W 

∗) − τ̄ϑ 1 β
2 ˜ L 2 ( W̄ 1 / 2 , W̄ 3 / 2 ) 

− τ̄ϑ 1 β
2 ˜ L 2 ( W̄ 1 , W̄ 1 ) + τ̄ϑ 2 ˜ L 3 ( W̄ 0 , W̄ 2 + 2 W 

∗) 
+ ̄τϑ 2 ˜ L 3 ( W̄ 1 / 2 , W̄ 3 / 2 ) + τ̄ϑ 2 ˜ L 3 ( W̄ 1 , W̄ 1 ) 

+ 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 0 , W̄ 2 + 2 W 

∗) + 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 1 / 2 , W̄ 3 / 2 ) 

+ 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 1 , W̄ 1 ) 

L 31 ( W̄ 1 ) + L 32 ( ̄Ψx 2 ) + ϑ 5 β
∂ 2 Ψ̄y 2 
∂ X∂ Y = 0 

L 41 ( W̄ 1 ) + L 42 ( ̄Ψy 2 ) + ϑ 5 β
∂ 2 Ψ̄x 2 
∂ X∂ Y = 0 
O ( ε5 / 2 ) : 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

L 11 ( W̄ 1 / 2 ) + 2 ̄τL 12 ( W̄ 1 / 2 ) + L 13 ( ̄Ψx 3 / 2 ) 

+ L 14 ( ̄Ψy 3 / 2 ) −
∂ 2 F̄ 5 / 2 
∂ X 2 

= β2 ˜ L 1 ( W̄ 0 , F̄ 5 / 2 ) 

+ β2 ˜ L 1 ( W̄ 1 / 2 , F̄ 2 ) + β2 ˜ L 1 ( W̄ 1 , F̄ 3 / 2 ) + β2 ˜ L 1 ( W̄ 3 / 2 , F̄ 1 ) 
+ β2 ˜ L 1 ( W̄ 2 + W 

∗, F̄ 1 / 2 ) + β2 ˜ L 1 ( W̄ 5 / 2 , F̄ 0 ) 

L 21 ( ̄F 5 / 2 ) + 2 ̄τL 22 ( W̄ 5 / 2 ) + 

∂ 2 W̄ 5 / 2 
∂ X 2 

= − β2 

2 
˜ L 1 ( W̄ 0 , W̄ 5 / 2 ) 

− β2 

2 
˜ L 1 ( W̄ 1 / 2 , W̄ 2 + 2 W 

∗) 

− β2 

2 
˜ L 1 ( W̄ 1 , W̄ 3 / 2 ) − τ̄ϑ 1 β

2 ˜ L 2 ( W̄ 0 , W̄ 5 / 2 ) 
−τ̄ϑ 1 β

2 ˜ L 2 ( W̄ 1 / 2 , W̄ 2 + 2 W 

∗) − τ̄ϑ 1 β
2 ˜ L 2 ( W̄ 1 , W̄ 3 / 2 ) 

+ ̄τϑ 2 ˜ L 3 ( W̄ 0 , W̄ 5 / 2 ) + τ̄ϑ 2 ˜ L 3 ( W̄ 1 / 2 , W̄ 2 + 2 W 

∗) 

+ ̄τϑ 2 ˜ L 3 ( W̄ 1 , W̄ 3 / 2 ) + 

τ̄ ϑ 3 β
2 

2 
˜ L 4 ( W̄ 0 , W̄ 5 / 2 ) 

+ 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 1 / 2 , W̄ 2 + 2 W 

∗) 

+ 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 1 , W̄ 3 / 2 ) 

L 31 ( W̄ 3 / 2 ) + L 32 ( ̄Ψx 5 / 2 ) + ϑ 5 β
∂ 2 Ψ̄y 5 / 2 
∂ X∂ Y = 0 

L 41 ( W̄ 3 / 2 ) + L 42 ( ̄Ψy 5 / 2 ) + ϑ 5 β
∂ 2 Ψ̄x 5 / 2 
∂ X∂ Y = 0 

O ( ε3 ) : 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

L 11 ( W̄ 1 ) + 2 ̄τL 12 ( W̄ 1 ) + L 13 ( ̄Ψx 2 ) + L 14 ( ̄Ψy 2 ) − ∂ 2 F̄ 3 
∂ X 2 

= β2 ˜ L 1 ( W̄ 0 , F̄ 3 ) + β2 ˜ L 1 ( W̄ 1 / 2 , F̄ 5 / 2 ) 
+ β2 ˜ L 1 ( W̄ 1 , F̄ 2 ) + β2 ˜ L 1 ( W̄ 3 / 2 , F̄ 3 / 2 ) + β2 ˜ L 1 ( W̄ 2 + W 

∗, F̄ 1 ) 
+ β2 ˜ L 1 ( W̄ 5 / 2 , F̄ 1 / 2 ) 

+ β2 ˜ L 1 ( W̄ 3 , F̄ 0 ) + Q 3 

L 21 ( ̄F 3 ) + 2 ̄τL 22 ( W̄ 3 ) + 

∂ 2 W̄ 3 
∂ X 2 

= − β2 

2 
˜ L 1 ( W̄ 0 , W̄ 3 ) 

− β2 

2 
˜ L 1 ( W̄ 1 / 2 , W̄ 5 / 2 ) − β2 

2 
˜ L 1 ( W̄ 1 , W̄ 2 + 2 W 

∗) 

− β2 

2 
˜ L 1 ( W̄ 3 / 2 , W̄ 3 / 2 ) − τ̄ϑ 1 β

2 ˜ L 2 ( W̄ 0 , W̄ 3 ) 
−τ̄ϑ 1 β

2 ˜ L 2 ( W̄ 1 / 2 , W̄ 5 / 2 ) 
−τ̄ϑ 1 β

2 ˜ L 2 ( W̄ 1 , W̄ 2 + 2 W 

∗) − τ̄ϑ 1 β
2 ˜ L 2 ( W̄ 3 / 2 , W̄ 3 / 2 ) 

+ ̄τϑ 2 ˜ L 3 ( W̄ 0 , W̄ 3 ) 
+ ̄τϑ 2 ˜ L 3 ( W̄ 1 / 2 , W̄ 5 / 2 ) + τ̄ϑ 2 ˜ L 3 ( W̄ 1 , W̄ 2 + 2 W 

∗) 

+ ̄τϑ 2 ˜ L 3 ( W̄ 3 / 2 , W̄ 3 / 2 ) + 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 0 , W̄ 3 ) 

+ 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 1 / 2 , W̄ 5 / 2 ) + 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 1 , W̄ 2 + 2 W 

∗) 

+ 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 3 / 2 , W̄ 3 / 2 ) 

L 31 ( W̄ 2 ) + L 32 ( ̄Ψx 3 ) + ϑ 5 β
∂ 2 Ψ̄y 3 
∂ X∂ Y = 0 

L 41 ( W̄ 2 ) + L 42 ( ̄Ψy 3 ) + ϑ 5 β
∂ 2 Ψ̄x 3 
∂ X∂ Y = 0 

O ( ε7 / 2 ) : 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

L 11 ( W̄ 3 / 2 ) + 2 ̄τL 12 ( W̄ 3 / 2 ) + L 13 ( ̄Ψx 5 / 2 ) + L 14 ( ̄Ψy 5 / 2 ) 

− ∂ 2 F̄ 7 / 2 
∂ X 2 

= β2 ˜ L 1 ( W̄ 0 , F̄ 7 / 2 ) 

+ β2 ˜ L 1 ( W̄ 1 / 2 , F̄ 3 ) + β2 ˜ L 1 ( W̄ 1 , F̄ 5 / 2 ) + β2 ˜ L 1 ( W̄ 3 / 2 , F̄ 2 ) 
+ β2 ˜ L 1 ( W̄ 2 + W 

∗, F̄ 3 / 2 ) 
+ β2 ˜ L 1 ( W̄ 5 / 2 , F̄ 1 ) + β2 ˜ L 1 ( W̄ 3 , F̄ 1 / 2 ) + β2 ˜ L 1 ( W̄ 7 / 2 , F̄ 0 ) 

L 21 ( ̄F 7 / 2 ) + 2 ̄τL 22 ( W̄ 7 / 2 ) + 

∂ 2 W̄ 7 / 2 
∂ X 2 

= − β2 

2 
˜ L 1 ( W̄ 0 , W̄ 7 / 2 ) 

− β2 

2 
˜ L 1 ( W̄ 1 / 2 , W̄ 3 ) − β2 

2 
˜ L 1 ( W̄ 1 , W̄ 5 / 2 ) 

− β2 

2 
˜ L 1 ( W̄ 3 / 2 , W̄ 2 + 2 W 

∗) − τ̄ϑ 1 β
2 ˜ L 2 ( W̄ 0 , W̄ 7 / 2 ) 

−τ̄ϑ 1 β
2 ˜ L 2 ( W̄ 1 / 2 , W̄ 3 ) 

−τ̄ϑ 1 β
2 ˜ L 2 ( W̄ 1 , W̄ 5 / 2 ) − τ̄ϑ 1 β

2 ˜ L 2 ( W̄ 3 / 2 , W̄ 2 + 2 W 

∗) 
+ ̄τϑ 2 ˜ L 3 ( W̄ 0 , W̄ 7 / 2 ) 

+ ̄τϑ 2 ˜ L 3 ( W̄ 1 / 2 , W̄ 3 ) + τ̄ϑ 2 ˜ L 3 ( W̄ 1 , W̄ 5 / 2 ) 

+ ̄τϑ 2 ˜ L 3 ( W̄ 3 / 2 , W̄ 2 + 2 W 

∗) + 

τ̄ ϑ 3 β
2 

2 
˜ L 4 ( W̄ 0 , W̄ 7 / 2 ) 

+ 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 1 / 2 , W̄ 3 ) + 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 1 , W̄ 5 / 2 ) 

+ 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 3 / 2 , W̄ 2 + 2 W 

∗) 

L 31 ( W̄ 5 / 2 ) + L 32 ( ̄Ψx 7 / 2 ) + ϑ 5 β
∂ 2 Ψ̄y 7 / 2 
∂ X∂ Y = 0 

L 41 ( W̄ 5 / 2 ) + L 42 ( ̄Ψy 7 / 2 ) + ϑ 5 β
∂ 2 Ψ̄x 7 / 2 
∂ X∂ Y = 0 
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O

s

O

O

O

O

O

c

W

F

 

] 

) 

Ψ

Ψ

A

A

A

A

P

 ( ε4 ) : 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

L 11 ( W̄ 2 ) + 2 ̄τL 12 ( W̄ 2 ) + L 13 ( ̄Ψx 3 ) + L 14 ( ̄Ψy 3 ) − ∂ 2 F̄ 4 
∂ X 2 

= β2 ˜ L 1 ( W̄ 0 , F̄ 4 ) + β2 ˜ L 1 ( W̄ 1 / 2 , F̄ 7 / 2 ) 
+ β2 ˜ L 1 ( W̄ 1 , F̄ 3 ) + β2 ˜ L 1 ( W̄ 3 / 2 , F̄ 5 / 2 ) + β2 ˜ L 1 ( W̄ 2 + W 

∗, F̄ 2 ) 
+ β2 ˜ L 1 ( W̄ 5 / 2 , F̄ 3 / 2 ) 

+ β2 ˜ L 1 ( W̄ 3 , F̄ 1 ) + β2 ˜ L 1 ( W̄ 7 / 2 , F̄ 1 / 2 ) + β2 ˜ L 1 ( W̄ 4 , F̄ 0 ) + Q 4 

L 21 ( ̄F 4 ) + 2 ̄τL 22 ( W̄ 4 ) + 

∂ 2 W̄ 4 
∂ X 2 

= − β2 

2 
˜ L 1 ( W̄ 0 , W̄ 4 ) 

− β2 

2 
˜ L 1 ( W̄ 1 / 2 , W̄ 7 / 2 ) − β2 

2 
˜ L 1 ( W̄ 1 , W̄ 3 ) 

− β2 

2 
˜ L 1 ( W̄ 3 / 2 , W̄ 5 / 2 ) − β2 

2 
˜ L 1 ( W̄ 2 , W̄ 2 + 2 W 

∗) 
−τ̄ϑ 1 β

2 ˜ L 2 ( W̄ 0 , W̄ 4 ) 
−τ̄ϑ 1 β

2 ˜ L 2 ( W̄ 1 / 2 , W̄ 7 / 2 ) − τ̄ϑ 1 β
2 ˜ L 2 ( W̄ 1 , W̄ 3 ) 

−τ̄ϑ 1 β
2 ˜ L 2 ( W̄ 3 / 2 , W̄ 5 / 2 ) 

−τ̄ϑ 1 β
2 ˜ L 2 ( W̄ 2 , W̄ 2 + 2 W 

∗) + τ̄ϑ 2 ˜ L 3 ( W̄ 0 , W̄ 4 ) 
+ ̄τϑ 2 ˜ L 3 ( W̄ 1 / 2 , W̄ 7 / 2 ) + τ̄ϑ 2 ˜ L 3 ( W̄ 1 , W̄ 3 ) 

+ ̄τϑ 2 ˜ L 3 ( W̄ 3 / 2 , W̄ 5 / 2 ) + τ̄ϑ 2 ˜ L 3 ( W̄ 2 , W̄ 2 + 2 W 

∗) 

+ 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 0 , W̄ 4 ) 

+ 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 1 / 2 , W̄ 7 / 2 ) + 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 1 , W̄ 3 ) 

+ 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 3 / 2 , W̄ 5 / 2 ) 

+ 

τ̄ϑ 3 β
2 

2 
˜ L 4 ( W̄ 2 , W̄ 2 + 2 W 

∗) 

L 31 ( W̄ 3 ) + L 32 ( ̄Ψx 4 ) + ϑ 5 β
∂ 2 Ψ̄y 4 
∂ X∂ Y = 0 

L 41 ( W̄ 3 ) + L 42 ( ̄Ψy 4 ) + ϑ 5 β
∂ 2 Ψ̄x 4 
∂ X∂ Y = 0 

(A1) 

The sets of perturbation equations for the boundary layer 
olutions are: 

 ( ε5 / 2 ) : 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

−e ∗11 
∂ 4 ˜ W 3 / 2 

∂ ξ4 − d ∗11 
∂ 3 ˜ Ψx 2 
∂ ξ3 − ∂ 2 ˜ F 5 / 2 

∂ ξ2 = 0 

ϑ 1 
∂ 4 ˜ F 5 / 2 
∂ ξ4 + ( 1 − 2 ̄τϑ 1 ) 

∂ 2 ˜ W 3 / 2 
∂ ξ2 = 0 

−k s a ∗55 
∂ ̃  W 3 / 2 

∂ξ
− k s a 55 ̃  Ψx 2 = 0 

−k s a ∗55 ̃
 Ψy 5 / 2 = 0 

 ( ε3 ) : 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

−e ∗11 
∂ 4 ˜ W 2 
∂ ξ4 − d ∗11 

∂ 3 ˜ Ψx 5 / 2 
∂ ξ3 − ∂ 2 ˜ F 3 

∂ ξ2 = 0 

ϑ 1 
∂ 4 ˜ F 3 
∂ ξ4 + ( 1 − 2 ̄τϑ 1 ) 

∂ 2 ˜ W 2 
∂ ξ2 = 0 

−k s a ∗55 
∂ ̃  W 2 
∂ξ

− k s a 55 ̃  Ψx 5 / 2 = 0 

−k s a ∗55 ̃
 Ψy 3 = 0 

 ( ε3 ) : 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

−e ∗11 
∂ 4 ˜ W 2 
∂ ξ4 − d ∗11 

∂ 3 ˜ Ψx 5 / 2 
∂ ξ3 − ∂ 2 ˜ F 3 

∂ ξ2 = 0 

ϑ 1 
∂ 4 ˜ F 3 
∂ ξ4 + ( 1 − 2 ̄τϑ 1 ) 

∂ 2 ˜ W 2 
∂ ξ2 = 0 

−k s a ∗55 
∂ ̃  W 2 
∂ξ

− k s a 55 ̃  Ψx 5 / 2 = 0 

−k s a ∗55 ̃
 Ψy 3 = 0 

 ( ε5 / 2 ) : 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

−e ∗11 
∂ 4 ˜ W 3 / 2 

∂ ς 4 
+ d ∗11 

∂ 3 ˆ Ψx 2 
∂ ς 3 

− ∂ 2 ˆ F 5 / 2 
∂ ς 2 

= 0 

ϑ 1 
∂ 4 ˆ F 5 / 2 
∂ ς 4 

+ ( 1 − 2 ̄τϑ 1 ) 
∂ 2 ˆ W 3 / 2 

∂ ς 2 
= 0 

k s a ∗55 
∂ ̂  W 3 / 2 

∂ς 
− k s a 55 ̂  Ψx 2 = 0 

−k s a ∗55 ̂
 Ψy 5 / 2 = 0 

 ( ε3 ) : 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

−e ∗11 
∂ 4 ˜ W 2 
∂ ς 4 

+ d ∗11 

∂ 3 ˆ Ψx 5 / 2 
∂ ς 3 

− ∂ 2 ˆ F 3 
∂ ς 2 

= 0 

ϑ 1 
∂ 4 ˆ F 3 
∂ ς 4 

+ ( 1 − 2 ̄τϑ 1 ) 
∂ 2 ˆ W 2 
∂ ς 2 

= 0 

k s a ∗55 
∂ ̂  W 2 
∂ς 

− k s a 55 ̂  Ψx 5 / 2 = 0 

−k s a ∗55 ̂
 Ψy 3 = 0 

(A2) 

The obtained asymptotic solutions corresponding to 
lamped edge supports are: 
 = A 

(0) 
00 + ε3 / 2 

[
A 

( 3 / 2 ) 
00 − A 

( 3 / 2 ) 
00 

(
sin 

(
αX √ 

ε

)
+ cos 

(
αX √ 

ε

))
e 

− αX √ 
ε

−A 

( 3 / 2 ) 
00 

(
sin 

(
α( π − X ) √ 

ε

)
+ cos 

(
α( π − X ) √ 

ε

))
e 

− α( π−X ) √ 
ε

]

+ ε2 
[
A 

(2) 
00 + A 

(2) 
11 sin ( mX ) sin ( nY ) − A 

(2) 
00 ( sin 

(
αX √ 

ε

)

+ cos 
(

αX √ 

ε

)
) e 

− αX √ 
ε − A 

(2) 
00 ( sin 

(
α( π − X ) √ 

ε

)

+ cos 
(

α( π − X ) √ 

ε

)
) e 

− α( π−X ) √ 
ε

]

+ ε4 
[ 
A 

(4) 
00 + A 

(4) 
11 sin ( mX ) sin ( nY ) + A 

(4) 
20 cos ( 2 mX ) 

+ A 

(4) 
22 cos ( 2 mX ) cos ( 2 nY ) 

] 
+ O ( ε5 ) (A3) 

 = −B 

(0) 
00 

( 

β2 X 

2 + 

Y 

2 

2 

) 

+ ε2 

[ 
−B 

(2) 
00 

( 

β2 X 

2 + 

Y 

2 

2 

) 

+ B 

(2) 
11 sin ( mX ) sin ( nY ) 

] 
+ ε5 / 2 [ + A 

( 3 / 2 ) 
00 

(
b ( 3 / 2 ) 10 sin 

(
αX √ 

ε

)
+ b ( 3 / 2 ) 01 cos 

(
αX √ 

ε

))
e 

− αX √ 
ε

+ A 

( 3 / 2 ) 
00 ( b ( 5 / 2 ) 10 sin 

(
α( π − X ) √ 

ε

)
+ b ( 5 / 2 ) 01 cos 

(
α( π − X ) √ 

ε

)
) e 

− α( π−X )√ 
ε

+ ε3 
[
A 

(2) 
00 

(
b (3) 

10 sin 

(
αX √ 

ε

)
+ b (3) 

01 cos 
(

αX √ 

ε

))
e 

− αX √ 
ε

+ A 

(2) 
00 

(
b (3) 

10 sin 

(
α( π − X ) √ 

ε

)
+ b (3) 

01 cos 
(

α( π − X ) √ 

ε

))
e 

− α( π−X ) √ 
ε

]

+ ε4 

[ 
−B 

(4) 
00 

( 

β2 X 

2 + 

Y 

2 

2 

) 

+ B 

(4) 
20 cos ( 2 mX ) + B 

(4) 
02 cos ( 2 mY ) 

+ B 

(4) 
22 cos ( 2 mX ) cos ( 2 nY ) 

] 
+ O ( ε5 ) (A4

x = ε2 
[(

c (2) 
10 sin 

(
αX √ 

ε

)
+ c (2) 

01 cos 
(

αX √ 

ε

))
e 

− αX √ 
ε

+ 

(
c (2) 

10 sin 

(
α( π − X ) √ 

ε

)
+ c (2) 

01 cos 
(

α( π − X ) √ 

ε

))
e 

− α( π−X ) √ 
ε

]

+ ε3 [ C (3) 
11 cos ( mX ) sin ( nY ) ] + O ( ε5 ) (A5) 

y = ε3 [ D 

(3) 
11 sin ( mX ) cos ( nY ) ] + + O ( ε5 ) (A6) 

 

(0) 
00 = 0 (A7) 

The periodicity condition yields 

 

( 3 / 2 ) 
00 = 

2 
3 

3 1 / 4 P q ( 
2 ϑ 1 − ϑ 2 

1 − 2 ̄τϑ 1 
) + 

2 ̄τϑ 6 ( ϑ 1 − ϑ 2 ) 
1 − 2 ̄τϑ 1 

ε−1 / 2 (A8) 

 

(2) 
00 = A 

(3) 
00 = 0 (A9) 

 

(4) 
00 = 

2 ̄τϑ 2 m 

2 + β2 n 2 ( 1 − 2 ̄τϑ 1 )( 1 + 2 � ) 
8( 1 − 2 ̄τϑ 1 ) 

( A 

(2) 
11 ) 

2 (A10) 

The parameters in equations (37 - 40 ) are as follows 

 

(0) 
q = K 0 K 1 + ε2 β2 K 4 (A11) 
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P 

(2) 
q = 8 K 1 K 9 K 14 + 

8 K 1 K 9 ( K 0 K 1 K 13 β
2 + K 0 K 9 K 12 ) 

K 0 K 1 β
2 − K 12 

+ 

4 K 1 K 9 ( K 0 K 13 + K 

2 
0 K 9 ) 

K 0 K 1 β
2 − K 12 

+ 16 K 0 K 9 K 10 + 

4 K 0 K 1 K 9 K 16 

K 0 K 11 + K 15 
(A12)

δ
(0) 
q = 

[ 
3 3 / 4 

2 
τ̄ϑ 6 ( ϑ 1 − ϑ 2 ) 

] 
ε−1 / 2 + 

τ̄ϑ 2 ϑ 6 ( ϑ 1 − ϑ 2 ) 
παϑ 1 ( 1 − 2 ̄τϑ 1 ) 

+ 

[ 
ϑ 1 

2 
− ϑ 2 − τ̄ϑ 2 

(
2 ϑ 1 − ϑ 2 

1 − 2 ̄τϑ 1 

)
+ 

( 

2 ϑ 1 ϑ 2 − ϑ 2 2 

παϑ 1 

) 

ε1 / 2 

] 

P q + 

[ ( 

3 1 / 4 α( 2 ϑ 1 − ϑ 2 ) 
2 

6 π

) 

ε

] 
P 

2 
q (A13)

δ
(2) 
q = 

[ 
3 3 / 4 

32 
( m 

2 ( 1 − 2 ̄τϑ 1 ) + 2 ̄τϑ 2 β
2 n 2 ) 

] 
ε−3 / 2 (A14)

where K i ( i = 0,…, 17) are the parameters in terms of ϑ1 , ϑ2 ,
ϑ3 , ϑ4 , ϑ5 , � , m , n , β obtained via the sets of perturbation
equations. 

S 1 = −
[(

2 ϑ 1 − ϑ 2 

1 − 2 ̄τϑ 1 

)
( P 

(2) 
q ) 

]
(A15)

S 2 = −
(

2 ϑ 1 − ϑ 2 

1 − 2 ̄τϑ 1 

)
( P 

(0) 
q ) − 2 ̄τϑ 6 ( ϑ 1 − ϑ 2 ) 

1 − 2 ̄τϑ 1 
ε (A16)
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