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ABSTRACT

The objective of the present investigation is to predict the nonlinear buckling and post-
buckling characteristics of cylindrical shear deformable nanoshells with and without initial
imperfection under hydrostatic pressure load in the presence of surface free energy effects.
To this end, Gurtin-Murdoch elasticity theory is implemented into the first-order shear de-
formation shell theory to develop a size-dependent shell model which has an excellent
capability to take surface free energy effects into account. A linear variation through the
shell thickness is assumed for the normal stress component of the bulk to satisfy the equi-
librium conditions on the surfaces of nanoshell. On the basis of variational approach and
using von Karman-Donnell-type of kinematic nonlinearity, the non-classical governing dif-
ferential equations are derived. Then a boundary layer theory of shell buckling is employed
incorporating the effects of surface free energy in conjunction with nonlinear prebuckling
deformations, large deflections in the postbuckling domain and initial geometric imperfec-
tion. Finally, an efficient solution methodology based on a two-stepped singular perturba-
tion technique is put into use in order to obtain the critical buckling loads and postbuckling
equilibrium paths corresponding to various geometric parameters. It is demonstrated that
the surface free energy effects cause increases in both the critical buckling pressure and

critical end-shortening of a nanoshell made of silicon.
© 2017 Published by Elsevier Ltd on behalf of Chinese Society of Theoretical and Applied
Mechanics.

1. Introduction

materials used today. It could also generate more efficient
solar cells, rendering large panels redundant.
Therefore, nanostructures such as ultra thin plates

Several application potentials of nanotechnology that ap-
peared for a short to medium-term time range could lead
to significant improvements within several areas of space
technology. Nanoengineering could produce surfaces that
regulate spacecraft temperatures more efficiently than the
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(nanofilms), nanobeams, nanoshells, etc. have attracted
much attention from the scientific community due to their
considerably enormous physical, mechanical, and electrical
properties [1-3]. Across the applications, when the thickness
of the general structures reaches the order of submicron
size, the size-dependent influence of material plays an es-
sential role in the mechanical behavior of nanostructures.
The classical continuum models are independent of the
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Fig. 1 - Schematic view of a cylindrical shear deformable nanoshell with surface layers.

scale of structures, making it controversial to implement
them in nanomaterials for small scale effect. As reported
in several studies, the length scales associated with ma-
terial microstructures are often small enough to call the
capability of the classical continuum models into question.
Hence, to extend the continuum mechanics to accommodate
the size dependence of microstructures becomes a topic of
major concern. Modified continuum models are among the
most applied theoretical approaches for the investigation of
nanomechanics due to their computational efficiency and
capability of producing accurate results which are comparable
to those from the atomistic models [4-23].

Surface stress effect is one of these effects. The high
surfacetobulk ratio causes nanostructures to behave differ-
ently compared with conventional structures. Gurtin and
Murdoch [24,25] developed a theoretical framework based
on continuum mechanics including surface stress effects, in
which the surface was simulated as a mathematical layer
of zero thickness with different material properties from
the underlying bulk which was completely bonded by the
membrane. They presented the following general and simple
expression for the surface stress-strain relation

Uisj = 7581'}' + (‘[S + )Ls)é‘kklsij + 2([15 — ‘[S)SU' + rsuﬁj (1, } —x y) (1)
o = TsUy; ’
where As and ug are the surface Lame constants, and ts de-
notes the residual surface stress under unstrained conditions.
It should be noted that the surface elastic constants are
quite different from the bulk elastic constants as the former
have dimensions of N/m, which are different from the latter
with dimensions of N/m?2. It has been shown that the surface

can be assumed to behave isotropically, and it is still mean-
ingful to use appropriate average of surface stress [25-27].

The Gurtin-Murdoch model has the capability of incorpo-
rating the effects of surface free energy into the mechanical
response of nanostrustures efficiently. This fact has been
examined in several studies conducted for different problems
about the mechanical behavior of structures at nanoscale
[28-52].

In the current study, a non-classical shell model is intro-
duced in order to predict the effects of surface free energy
on the nonlinear buckling and postbuckling behavior of
cylindrical shear deformable nanoshells subjected to radial
compressive load. For this purpose, novel size-dependent dif-
ferential equations are derived on the basis of Gurtin-Murdoch
elasticity theory in conjunction with the first-order shear de-
formation shell theory. Afterwards, the size-dependent
governing differential equations are converted into the
boundary layer-type equations. Subsequently, a two-stepped
singular perturbation technique is utilized to obtain the size-
dependent critical buckling pressures and the postbuckling
equilibrium paths for nanoshells with different geometric
parameters.

2. Mathematical formulations

As shown in Fig. 1, a cylindrical shear-deformable nanoshell
with length L, thickness h, and mid-surface radius R is consid-
ered. The nanoshell includes a bulk part and two additional
thin surface layers (the inner and outer layers). For the bulk
part, the material properties are Young’s modulus E and
Poisson’s ratio v. The two surface layers are assumed to have
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surface elasticity modulus Es, Poisson’s ratio vs and residual
surface tension ts. According to a curvilinear coordinate sys-
tem with its origin located on the middle surface of nanoshell,
coordinates of a typical point in the axial, circumferential and
radial directions are denoted by x, y and z, respectively. Now, in
accordance with the classical shell theory, the displacement
field can be expressed as

Ux(X, ¥, 2) = u(x, y) + 2¢x(x.y) (22)
uy(x, ¥, 2) = u(x,y) + 29y (x.y) (2b)
Uz(x,y,2) = w(x,y) (2¢)

in which u, v and w denote the middle surface displacements
along the x, y and z axis, respectively, and yx and vy are
respectively the rotations of middle surface normals about
the y- and x- axis.

Based upon the von Karman-Donnell-type kinematics of
nonlinearity [53], it is assumed that the thickness of the shell,
h, is remarkably small in comparison with its radius of curva-
ture R, and the kinematical strain-displacement relationship
can be given as follows

Exx ng Kxx
— 0
Eyy (= 8)8, +Z) kyy
ny yxy ny
u L, 1 ow)\2 , Jw dw*
E’:TXJ'_Q (87) +(Bx(3x
=1 o wewt 1(w)
ay R 2\ ay ay dy
u LY w Jw Jw Jw* Jw Jw*
wytax Ty tTax oy T o
x
+z By (3a)
ous | 2y
ay ax
ow
Vxz ¥x + (67
e o)
Yyz Uy + 5y

where 2, é%., 7§, are the strain components of the middle
surface, «xx, kyy, kxy denote the curvature components of
nanoshell, and w* stands for the initial geometric imperfec-
tion.

Afterwards, the constitutive relations can be written as

Oxx A+2u A 0 O 07 (exx
ayy A A+2u 0 0 0]]ey
Oxy (= 0 0 w0 0lywy 4)
Oxz 0 0 0 12 0 Yxz
Oyz 0 0 0 0 ullwy:

in which A = (E*v)/((1 + v)(1 — 2*v)) and p = E/(2(1 + v)) are
Lame constants.

The classical concepts of continuum mechanics are inca-
pable of considering the atomic features of nanostructures.
However, for simplicity and computational efficiency of con-
tinuum mechanics, different modified continuum models
have been developed to incorporate size-effects into the con-
ventional continuum approach. In the present work, the mod-
ified continuum elasticity based on Gurtin-Murdoch theory is
utilized to develop a size-dependent shell model for nonlinear

buckling and postbuckling analysis of nanoshells in the pres-
ence of surface free energy effects. On the basis of equation
(1), the components of surface stress can be determined with
respect to the displacement components as follow

Ts <a(w + UU*))2

U)fx = (s + 2us)exx + (s + )\s)gyy + 15 — 5 X

T
U;y = ()\s + 2Ms)é‘yy + (Ts + )\s)gxx + —S(w + w*)

R
U;yzﬂsyxy—15<g%+ B(WSJ;W*) B(W;;w*) +z%>
0% = sty —%(% N a(w;{w*) 3(wa-;w*) +2331/;X>
a;zzfs%, U)fzzrs% (5)

In the classical shell theories, because the stress com-
ponent o4, is small in comparison with other components
of stress, it is assumed that o, = 0. But this assump-
tion does not satisfy the surface conditions related to the
Gurtin-Murdoch model. To solve this problem, it is assumed
that the stress component o, varies linearly through the
shell thickness and satisfies the balance conditions on
the surfaces [39]. According to this assumption, o,; can be
obtained as

S _ S—
Baf;r + 8‘Tszr _ éiafz + a<7yz
EE3 ay ax ay

Ozz =

+ b4 (6)

in which the superscripts S* and S~ refer to the inner and
outer surfaces of nanoshell, respectively. Through inserting
equation (5) into equation (6), oz can be achieved as follows

2tz (92w 92w
0z = — (axz'f'ayz 7)

As a result, by substituting o,; into the constitutive
equation (3) corresponding to the normal stresses (oxx, oyy)
for the bulk of the nanoshell, one will have

VOzz

Oxx = ()\ + ZM)Sxx + )»Syy + 7(1 — 1)) (83)
V0,
o = 04 2y 2t 2 (&)

Based on the continuum surface elasticity theory, the total
strain energy of a cylindrical shear-deformable nanoshell in
the presence of surface stress effects can be expressed as

h
1 2 1 -
E/S/_h UijgidedS+§</;+ 01-51481'de++‘/;7 (rfjsijds )
2

1 _ i} i} _ N
= 5 / {NXXS;(()X + Nny)(,)y + ny)/)?y + Mxxioxx + Myyiyy
S

115

- ow ow
+ Mxyl(xy + Qxsz + Qy)/yz + Q;S(aix + Q;W }ds (9)

where S is the area occupied by the middle surface of the
nanoshell. In equation (9), the resultants including in-plane
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forces, bending moments and shear forces can be expressed
as

- _ a(w + w* 2
Nux = Nux + 055 + 057 = A%e0, + A;zagy + 215 — 15 <%>
_ 2.
Nyy = Nyy + o3y + 0y = Afyegy + Alpege + - (W + w*)
w + w*)\2
o ,«@)
ay
_ 1 B B
ny = ny + § (U;; + U;; + O';y + O';X )
d(w + w*) 9(w + w*)
0
=Asshy ~ T o0 ay
y h S+ S— * *
My = Mxx + §(Uxx — 0% ) = Diykxx + Dikyy
2w 9w
Ex —
* 11(3x2 + 8y2>
M Myy + h st 5—) = D¥ + D
yy =My T 5%y ~ 9%y ) = Pukyy 12Kxx
2w w
+Ej | — + —
11( ax2  gy? )
Myy = Myy + h(05++05+705— 7O‘S_> = Dk
xy = Vxy 2 \"xy yx xy yx ) — Z55%xy
Qx = ksASsyxz, Q= ksAZsyyz
_ ow _ ow
Q=03 +toif = ZISK, Q =oy, + a;; = ZTSW (10)
in which ks represents shear correction factor, and
Nxx % Oxx Mixx % Oxx
Nyy ¢ = /J oyy (dz, Myy ¢ = [h oyy (2dz,
ny 2 Oxy Mxy 2 Oxy
h
o G / ? foaly, (11)
Qy —% Oyz
and
= (204 2(hs + 21s), A%, = Ah 4 215 + 22,
A+ 2u)h®  (hs + 2us)h?
* h 2 _ * (
55 = uh+2pus — 15 Dy 12 5 ,
. 2h3 (zs + )Ls)h2 v vh?zg
2712 2 U T ey
3 2
% uh (21~ls - Ts)h
_ 12
5= 17 + 2 (12)

Moreover, the work I7p done by the external radial load, q
can be expressed in the following form

p :/qwdS (13)
s

Now, by using the below virtual work’s principle

t
5 / (ITs — ITp)dt = 0 (14)
5]

and taking the variations of u, v, w, ¥x and vy integrating by
parts, the non-classical governing differential equations can
be derived as

N aN
ONixx X —0 (15a)
X ay
8Ny ON
Yy P_o (15b)
X ay

3Qx  8Qy 3QS  9Q) Ny . 3A(w+w*)
=X Y =, YW N,
3x+3y+3x+3y+R+XX 3x2
- 0% (w4 w*) 3% (w + w*)
2N. = 1

+ 2Ny ox0y W gy +q=0 (15¢)
oM aM
Mo My g, —0 (15d)

X ay
My OMyy

_ =0 15
ax 3y Y (15¢)
The Airy stress function f(x, y) can be introduced as

- 32f - 2f - 32f
R = 57 Ny = 525 Ny = =500 (16)

As aresult, the strain components can be expressed as

0 32 N 82f+2 w + w* 215
fxx = —P2—% — + 21, -
XX P2 %2 $1 By2 sP2 R Ail +A§2
Aw + w*) )2 Aw + w*) )2
+fs¢1<%> - Ts‘/’z(%) (17a)
32 f 32 f w4 w* 2z,
0 s
- R )
Yy T TG TG TSR T Ay A,
Aw + w*) )2 Aw + w*)) 2
+Ts(ﬂl<%) - Ts‘ﬂz(%) (17b)
a2 d(w + w*) d(w + w*)
0
- _ 17¢
hy = 935 F e 2y (17¢)
in which
AL Al
=" 5 2= 5 5 ¥3= 5% (18)
(A1))" = (ADy) (A1,)" = (ADy) Ass

Also, the geometrical compatibility equation for an imper-
fect cylindrical shell is written as

2

0260, | ey vy [dw Pwotw 02w 9wt

ay? ax2  axdy  \ axdy ax2 9y2 axdy 9xay
2w 2w 2w dtwr  18%w (19)
ax2  9y? ay2 9x2 R ax?

From differential equations of (15c) and (19) and with the
aid of equations (10) and (17), the nonlinear size-dependent
governing differential equations in terms of f, w, ¥x, and ¥y
can be expressed as

. %Y

_ o g Py
1 79x3

YoxayZ 1l gy3 *axZoy

*w tw tw 2w 3w 192
—E;f1< +2 + )—2rs + _1ef

to

ox* ax29y2 gyt ax2  gy? R 9x2
Pw+w)df 9% (w+w*) a%f
Tox2 ay? axdy  9xdy
32(w +w*) 3% f
—_— 20a,
+ ay? 9x2 +a (202)
a*f 3t f *f 21 3%w 82w
2J — 20, — 2 TRl PP 2=
Y1554 + (¢3 ¢2)3x28y2 +e1 ay? TR 19%2 +¢2 ay?

R ax2

2
192w [ 8%(w+w*) 32(w + w*) 9%(w + w*)
axay 0x? ay?
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_2r5¢1(a3(w+w*) 3w + w*) +2<82(w+w*)>2

9x9y? ox axay

33 (w + w*) d(w + w*) 33 (w 4 w*) (w + w*)
5 + 27597 3
x40y ay ox ox

P w) dwrw) | (02w w) 2+ 2w+ w)\’
ay3 ay 9x2 ay?

33 (w + w*) d(w + w*) % (w + w*) §2(w + w*)
+ Ts¢3

%29y ay 9x2 ay?
2
92(w + w* a(w + w*) 33 (w + w*
L (Pwrw)\' o w) Bw s w) o)
axdy ox ax9y2
82y 824y ow 32y
1150 +Dss a2 ksAss (‘//x + g) +¢s oxdy
Bw  Bw
Effl —%+-—=]=0 20c
* 11(32(3 * axayz) (20c)
2yy 2yy w 329k
n st 55 Py ks Es(lf/er@)Jr‘ﬂSaXay
Bw  BPw
Effl ——+—1]=0 20d
+ 11(3X23y+ 3)73) ( )
where
@4 = —DJ, —2D55, ¢5 =Dj, + D5 (21)

Itis assumed that the end supports of nanoshell are simply
supported or clamped. Therefore, the boundary conditions at
x =0, L can be expressed as:

For simply supported edge supports: W =0, Myx =0
For clamped edge supports: w =0, 2% =0
Additionally, it is clear that
2R
Nyxdy + nR?q =0 (22)

Moreover, the closed condition (periodicity) can be given
as follows

27R v
—dy=0 233

fo T (232)
which yields

2nR de 32)&' w4+ w* 275

@y — —J_9 _

/o ( ¥2 ay? +o1 %2 S A% 1AL,
N dw+wH)\? d(w + w*) 2+w+w*_} dw))?

TsP1 73}] TsP2 % R 2\ oy

Jw Jw*
~ %y dy )dy =0 (23b)

The average end shortening of nanoshell can be introduced

A 1 2nR L P
=X o ——/ / M dxdy
L 27RL 0 0 0x

1 2nR pL an 82f w4+ w*
= —— — 2
R ./0 /0 ¥2 +¢1 + 27592 R

9x2 ay?2
275 . <8(w+w*)>2 (8(w+w*)>2
~ ¥ PLTs| — (5 ) —P2Ts| —
A+ AL, 0x ay

1/0w\? Jw dw*
_§<§) —3X3X>dxdy (24)

3. Solution procedure
3.1.  Boundary layer-type governing equations

In order to perform the solution methodology, the following
dimensionless parameters are defined

X y L L2 n?Rh
X="2 vy=2, =, = - e=
L R PTwm T T2
{aiy, aiy. ass, diy, diy, dis, €]y}
_ { A, A, A D Di, Dgs En

A110" A110” A110” A110h?" Aq1gh? " Aqqoh?” Aqygh?

Wow) = Sww, F=—I (w v
h Ag10h? Y
S TR
Tt Y TT A
GZLZ{MXX M } 33/4qLR3/2
Mg, Myy) = —— % 71 R i
{ x* yy} T[2A110h3 E 41‘[A110h3/2
3/4
5q=3 AxvR (25)
47h3/2

in which Aj;p = (A + 2u)h. Now, by introducing the below
derivative operators

* 34 * 2 84 * b 84
La1() = “ugxa 2e1,8 3X29v2 e118 Y4 (26)
92 92
L1o() = —n— —np%—
12() o) np 72
23 a3
Li3() = =% —= + 0482
13() 15x3 T 4B IX9v?
ax 3 83 83
L = — — + "B ———
1() b 5ys TP Gy
a4 , ot 4 9%
Lo1() =1 — + (03 — 209)% ——— + 18 —
21() = V1557 + (s 2B Sxaayz T 1B Gy
32 5 82
Loa() = —01—= + 928% —
22() 1552+ 28 av2
) a3 93
_ % * * 2
L31() = _ksaSSW tehgys tenb voor
32 , 82
* * *
L35() = —ksags + d11@ +dsspB 3v2
3 33 5 83
Ly() = —ksagsﬁﬁ + eﬁﬂm +enp Y3
a2 , 92
L45() = —ksazgs +d§5W +di1 8 vz
92 3?2 92 2 32 3?2
L1()= — — — —
10 =3xz9v2 ~ 2oxav axav * av2 9%2
~ LR g 03 92 92 a3
Lo0)=Sroow T owswsvs T+ Rleeriey
3XaY2 9X = X 9XaY aXaY aXaY | Y 9X29Y
N .
3X23Y oY
- L a 93 3 9 9 03 92 92
La()= cer ot e a B o B 2
0=sxix Taxae P avray TP avavs Tl ax
4 32 82
284 —_
+2p Y2 9Y?2
. 22 92 92 92 22 92 R
Ea()= gy + 2o e o
X2 Y2 0XdY 9X9Y = 9Y2 9X2 = 9X23Y Y
a 03 2 933 |
+ = = (26)
aY 0X20Y ' 09X 0X0Y2 = 3XaY2 90X
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the dimensionless form of the size-dependent nonlinear
governing differential equations can be expressed as

32F

62[:11(“/) + 622‘E£12(\N) + 6513(11/;() + 61:14(‘1/);) — 3?

iy 4
= p2L1(W +W*,F) + ef“/2§31/473q (272)
B 32w 2
Car(F) + 2L (W) + oy = =5 a(W 4 2w w)
—TB2LH(W 4 2W*, W)
+ 701 L3 (W + 2W*, W)
S5 g2
+ %L;;(W +2WH W) (27b)
ley
6531( ) + Egg(‘l’x) + 958 IXaY =0 (27C)
32wy
6£41(W)+[:42(’~1’y) + U5 IXaY =0 (27d)
where
ax a; 1
01=7*211*2, 192=7* 12*2, 193:0{*
(@3,)” = (a3,) (“11) (a3,) 55
04 = —df, — 2dis, 05 = di, + dis (28)

Additionally, the boundary conditions in dimensionless
form willbeat X =0, n

For simply supported edge supports: W = 0,

For clamped edge supports: W = 0, %‘9{ =0

Also, one will have

Mxx =0

1
= ), ,BzaYZdY+ 231/4, 32pp=0 (29)

and the closed condition becomes
2 2 2 N 2
92F 92F (W + W)
-0 V] — 1—-2t9)(W +W*) — 19y | ———~
/0 < 2572 + 15z + (- 200)W W) -7 ( oX )

(W +W*))?

+ (1 - 2‘[’191)( 3y ) - 2E§G(ﬁ1 - ﬁg)é)dy =0 (30)

In addition, the unit end shortening of nanoshell is
achieved as

33/4 2n 2()21:' 92F y
b= 5 83/2/ / D12y = D0y + 200, (W + W)

1 - (W + W) (W 4+ W)
- - 2ey (ML ) g7 (2 )
—21_'195(191 — 132)6) dxdy (31)
where 9¢ = R/h.
3.2.  Singular perturbation technique

In the preceding subsection, the important parameter ¢ was
introduced. It has been revealed that practically, for the shell
structure, one will have > 20, so ¢ < 1 will always be true.
Therefore, equation (27) represent the boundary layer type
equations which consider both the nonlinear prebuckling
deformations and large deflections in the postbuckling do-
main in conjunction with the effect of surface stress. Now, by

a
-]
©
o
8
]
o
a
()]
<= ]
2
v
c
w -
E
[=)
0.1 - !
0 2 4 6 8 10
Dimensionless deflection
bos
0.7f R
k] L |
S 0.6
©
5 0.5 b
o
a
2 04 . -
s ~——h=2nm , W=0.1
2 0.3/ =" "h=5nm, W=0.1
Q *
f;—: 0.2l /7 jaemmmmm T T h=10nm , w*= 0.1
"""" h=20nm , W =0.1
0.1 h=50nm , W=0.1
0 ‘ — Classical , w'=0.1
0 2 4 6 8 10

Dimensionless deflection

Fig. 2 - Dimensionless postbuckling load-deflection curves
of nanoshells corresponding to various shell thicknesses:

(a) perfect nanoshell, (b) imperfect nanoshell (L2/Rh = 200,

R/h = 50).

assuming ¢ as a small perturbation parameter, the singular
perturbation technique can be put into use, which has been
successfully applied to the nonlinear analyses of cylindrical
shells at macroscale [54-58]. On the basis of this technique, it
is assumed that

W=W(EXY e+ WX Y. e &) +WEXKYecq) (32a)
F=FX.Y,e)+F(X,Y.¢,8) +E(X, Y, ¢, ¢) (32b)
Wy = (X, Y, €) + W (X, Y, €, &) + I (X, Y, €, ¢) (320)
Wy = U (X,Y, €) + Fy(X, Y, €, &) + ¥y (X, Y, €, ¢) (32d)

where W(X, Y, €), F(X,Y, €), (X, Y, €), % (X, Y, €) denote regular
solutions of the nanoshell, W(X,Y.¢ &), F(X.Y,€,£),

Fe(X,Y, €,8), Iy(X, Y, €, €) and W(X, Y, ¢, ¢), F(X, Y, €, ¢), ¥x(X. Y,
€, ¢), are the boundary layer solutions corresponding to X = 0
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Table 1 - Material properties of a cylindrical nanoshell

made of silicon

E(GPa) 210

v 0.24
s (N/m) —2.774
s (N/m) —4.488
75(N/m) 0.6048

Table 2 - Comparison of the critical buckling pressures of
isotropic cylindrical shells with clamped edge supports

subjected to lateral pressure (v = 0.3, E = 200 GPa).

L/R R/h Present work (Pa) Ref. [61] (Pa)
2 300 84991.09 85860

3000 275.82 276.5
5 300 32897.22 32954

3000 108.13 109

and X = =, respectively. These solutions can be expressed in
the forms of perturbation expansions below

W(X.Y.€) = ?W;r(X.Y), F(X.Y.e)=) €/F;(X.Y)
i=0 i=0
(XY €)= Y €20 p(X.Y), (X Y.e) =Y €/20,(X.Y)
i=1 i=1
W(X, Y, e, &)= Z ei/2+1Wi/2+1(X, Y, &),
i=0
F(X.Y.e.£) =) /272F 5 »(X. Y. )
i=0
(XY €, 8) = D et 25 (X, Y, §),
i=0
Fy(X, Y, €, £) = Zfi/ﬂz‘i’yi/uz(xyyf)
W(X.Y. € ¢) Ze‘/2+1w/2+1 (X.Y. ¢),
F(X.Y.e.c) = Ze/ F2F 042X, Y. ¢)
i=0
@x(X, Y, e,c)= Z e(i+3)/2@x(i+3)/2(X, Y, ¢),
i=0
By(X.Y.e. ) =D €2 28y 5,5(X.Y. <) (33)
i=0

in which ¢ and ¢ stand for boundary layer variables which are
defined as

X n—X
=2 = 34
£ N (34)
Moreover, it is assumed that
4 .
223tq=3 o (35)
i=0

In order to determine the maximum order of ¢ which
confirms the convergence of the solution procedure, an upper
tolerance limit of 0.001 has been considered. It is observed
that after the forth order (s%), the error is smaller than the
tolerance limit.
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Fig. 3 - Dimensionless postbuckling load-shortening curves
of nanoshells corresponding to various shell thicknesses:
(a) perfect nanoshell, (b) imperfect nanoshell (L2/Rh = 200,
R/h = 50).

By inserting equations (32) and (33) into the size-dependent
nonlinear governing differential equations (27) and collect-
ing the expressions with the same order of ¢, the sets of
perturbation equations relevant to both the regular and
boundary layer solutions will be derived, which are given in

Appendix A. Afterwards, it is assumed that Wy(X,Y) = A(()%),

W10(X,Y) = Wl(x Y)=0 and Wi/o(X,Y) = AP/?, in addition
to Fp(X,Y) = (,32x2 ) Fi2(X.Y) = F35(X,Y) = 0 and
F(X.Y) = (;32X2 ) Moreover, the initial buckling

mode and the 1n1t1a1 geometrlc imperfection of the nanoshell
are considered, respectively, as

W (X, Y) = AD + AP sin (mX) sin (nY) (36a)
W*(X,Y, €) = €24}, sin (mX) cos (nY)
= ¢20A% sin (mX) cos (nY) (36b)
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Dimensionless deflection

Fig. 4 - Dimensionless postbuckling load-deflection curves
of nanoshells corresponding to various geometric
parameters: (a) perfect nanoshell, (b) imperfect nanoshell

(R/h =50, h =2nm).

in which ¢ = A%, /A%) represents the imperfection parameter.
Now, by employing the given boundary, equation (29),

closed conditions (30), and based on the unit end shortening

(31), the postbuckling equilibrium paths can be derived as

1 - 0 2) (1) 22
Py = 534 3”{7?5 )+ PP (A +} (37)

and
2
b= a0 o (A0

In accordance with the maximum dimensionless deflec-

tion of the nanoshell, A%)ez is considered as the second

perturbation parameter, which may be large in comparison
with the first small perturbation parameter ¢. If it is assumed
that the maximum deflection occurs at the dimensionless
point of (X, Y) = (n/2m, n/2n), one will have

(38)

ADE? = W + SIWE + ... (39)
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Fig. 5 - Dimensionless postbuckling load-shortening curves
of nanoshells corresponding to various geometric
parameters: (a) perfect nanoshell, (b) imperfect nanoshell

(R/h =50, h=2 nm).

in which Wy, denotes the maximum dimensionless deflection

of the nanoshell as

om (40)

WmZGT +82

where the symbols §; and S, are given in Appendix A.

In order to determine the correct values of m and n corre-
sponding to the maximum deflection, the minimum value of
buckling load obtained by equation (37) should be calculated
by taking W = 0 (noting that Wy, # 0).

4, Numerical results and discussion

Here, the size-dependent postbuckling equilibrium paths of
perfect and imperfect cylindrical shear deformable nanoshells
subjected to axial compression are presented considering the
surface stress effects. The results presented in this section
contain two parts. In the first part including Figures 2-5,
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Fig. 7 - Variation of the critical buckling load ratio with nanoshell thickness corresponding to various residual surface

stresses (L2/Rh = 200, R/h = 50, As = ps = 0 N/m).

the results are obtained for a nanoshell made of silicon, the
material properties of which are tabulated in Table 1. But in
the second part of the numerical results including Figures
6 and 7, in order to demonstrate the influence of the value
of surface elastic parameters on the critical buckling load
of nanoshells, it is assumed that the naoshells are made of
different materials with various surface elastic parameters.
Also, in all the preceding numerical results, it is assumed that
the edge supports of nanoshells are clamped.

At first, the validity as well as the accuracy of the present
solution methodology is checked. Because in accordance with
the authors’ knowledge, there is no investigation available
in published literature in which the buckling or postbuckling
behavior of nanoshells is studied in the presence of surface

stress effects, by ignoring the nonlinear and surface elasticity
terms, the critical buckling load of a cylindrical shell at usual
scale subjected to lateral pressure is calculated based on the
present solution procedure and is compared with that of
Mirfakhraei and Redekop [61] using differential quadrature
numerical method. In Table 2, the critical buckling pressures
of cylindrical shells with clamped edge supports obtained
by the two different methods are compared corresponding
to the same material and geometric properties. A very good
agreement is found, which confirms the validity of the current
analysis.

Plotted in Figure 2 are the classical and non-classical
dimensionless postbuckling load-deflection equilibrium
curves of perfect and imperfect cylindrical shear deformable

217
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nanoshells made of silicon under hydrostatic pressure. It is
revealed that through decreasing the value of shell thick-
ness, the gap between classical and non-classical curves
increases. It means that the surface free energy effects on the
postbuckling characteristics of nanoshells with lower thick-
ness are more prominent. This anticipation is the same for
both the perfect and imperfect nanoshells.

The classical and non-classical dimensionless postbuck-
ling load-shortening equilibrium curves of Silicon shear
deformable nanoshells with and without initial geometric
imperfection are depicted in Figure 3. It can be seen again
that by decreasing the value of shell thickness, the effects of
surface free energy on the postbuckling behavior of cylindrical
nanoshells increase. Furthermore, it is found that the surface
free energy effects cause increases in both the critical buckling
pressure and critical end-shortening of nanoshell made of
silicon. In addition, through a comparison of load-shortening
curves related to the perfect and imperfect nanoshells, it
can be observed that the initial geometric imperfection leads
to decreases in both the critical buckling load and critical
end-shortening of nanoshell subjected to radial compression.

Figure 4 illustrates the size-dependent dimensionless
postbuckling load-deflection curves of cylindrical shear
deformable nanoshells with various geometric parameters
subjected to hydrostatic pressure. It is demonstrated that
by increasing the value of L?/Rh, the size-dependent dimen-
sionless critical buckling pressure of nanoshell increases.
Also, the slope of the variation of applied radial compressive
load with deflection of nanoshell is lower in the postbuckling
regime. Additionally, in the case of imperfect nanoshells, it
is seen that the deflection of nanoshell corresponding to the
prebuckling domain increases with higher values of L?/Rh.

Presented in Figure 5 are the size-dependent dimension-
less postbuckling load-shortening curves of cylindrical shear
deformable nanoshells with and without initial geometric
imperfection under radial compressive load relevant to var-
ious geometric parameters. It is observed that for both the
perfect and imperfect nanoshells, increasing the value of
L?/Rh leads to higher dimensionless critical buckling pressure
and higher dimensionless critical end-shortening. Also, it
can be seen that by increasing the value of L?/Rh, the slope
of the postbuckling part of dimensionless load-shortening
equilibrium path of nanoshell decreases.

Figures 6 and 7 show the variation of the ratio of non-
classical buckling load to classical buckling load with the
value of nanoshell thickness corresponding to different val-
ues of surface elastic constants and residual surface stress,
respectively. It can be found that the effects of surface free
energy including surface elasticity and residual surface stress
may either increase or decrease the stiffness of cylindrical
shear deformable nanoshell against compressive radial load,
depending on the signs of surface properties. It is indicated
that a positive value of surface elastic constant or residual
surface stress causes to increase the size-dependent critical
buckling pressure, whereas a negative one results in lower
non-classical critical buckling load than that of the classical

one. However, by increasing the value of nanoshell thickness,
it can be seen that these effects diminish.

5. Conclusion

The objective of the present study was to predict the effects
of surface free energy as one of the most important size
effects on the nonlinear buckling and postbuckling behavior
of cylindrical shear deformable nanoshells with and with-
out initial geometric imperfections subjected to hydrostatic
pressure. To this end, Gurtin-Murdoch elasticity theory was
implemented into the first-order shear deformation shell
theory to develop an efficient size-dependent shell model.
Based upon the variational approach and using virtual work’s
principle, the non-classical governing differential equations
were derived. Subsequently, a boundary layer theory was
employed which considered simultaneously the effects of
surface free energy, nonlinear prebuckling deformations,
large postbuckling deflections and initial geometric imper-
fection. Finally, an efficient solution methodology based on
a two-stepped singular perturbation technique was utilized
to obtain the size-dependent critical buckling pressures and
postbuckling equilibrium paths.

It was seen that through decreasing the value of nanoshell
thickness, the gap between classical and non-classical curves
increases, meaning that the surface free energy effects on
the postbuckling characteristics of nanoshells with lower
thickness were more prominent. Moreover, it was observed
that surface free energy effects caused increases in both the
critical buckling load and critical end-shortening of nanoshell
made of silicon. Additionally, it was found that by increasing
the value of L?/Rh, the slope of variation of the applied radial
compressive load with deflection of nanoshell was lower in
the postbuckling regime, indicating that for both perfect and
imperfect nanoshells, increasing the value of L?/Rh led to
higher dimensionless critical buckling pressure, and higher
dimensionless critical end-shortening, and additionally led
to a decrease in the slope of the postbuckling part of the di-
mensionless load-shortening equilibrium path of nanoshell.
Furthermore, it was revealed that the effects of surface free
energy including surface elasticity and residual surface stress
could either increase or decrease the stiffness of cylindri-
cal shear deformable nanoshell, depending on the signs of
surface properties.

Appendix A

The sets of perturbation equations for the regular solutions
are

a2 - - _
— 539 = B2L1(Wo, Fo) + Qo
_ _ - 217 2 5 = =
oo | £or(Fo) 4+ 22L20(Wo) + TR = — 5 £1(Wo. Wo)
. ~ - - ~ - - = 2 ~ - -
O() ) — 2225 (Wo, Wo) + F01.La(Wo. Wo) + 235 £4(Wo. Wo)
0=0

0=0
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0(61/2) :

O(e3/2) :

a2F, P - s = =
—=xt? = B2 L1(Waj2, Fo) + B2L1(Wo, F1 0)

1321(F1/2) + 2T L (Wy)9) + 32\;/72/2
= —7E1(Wov Wi 9) — T9182L2(Wo, W ,2)
+797L3(Wo, W12/2) fwﬂ L4(Wo, Wy,2)
L3y ("leln) + 958 r)XydlS?2 =0

92
L4y (‘I’ym) + Usp XY 1/2 =0

- ?,ZXF% = B2L1(Wyj2, Fijn) + B2L1 (Wi, Fo)
+B2L1(Wo. F1) + Q1 i
Lo1(Fy) + 2T Lo (W) + a;‘?? = 8 £1(Wo. W)
- %&(\)\_/1/2,\’_‘/3/2) - %51(W1,W1)
— T01P2Ly (W12, Wi 2) + T02L3(Wo, Wy)
+ ﬂ?2£3(W1/2, Wi0) + ﬁ%ﬂz L4(Wo, Wy)
54(W1/2, W1) e
ﬁ31(Wo) + L3 (¥xy) + 9585l ()X@y =0

La1(Wo) + Laz (B, ) + 95 St axay =0

- 3;5(32/2 +L13 (Y, ) + L1a(Py, ) = B2L1 (\)_\/01153/2)_
+B2L1 (W, Fi) + B2 L1 (Wi, Frjp)+B2 L1 (W32, Fo)
L1(F32) + 2T Lo (W32) + BZXZ/Z — B L (Wo. W)
- %Q(V_Vuz, W1) — 791 82L2(Wo. W3)2)
- 'ElsllfiZEg(Wl/Z_’ W) + T0,L3(Wo, W3 2)
+792L3 (W12, Wy)
+%E4(Wo, W3/2)

(W1/z Wa)
L31(W1/2) + L32(y ) + P58 ax?f =0

- - 2 X
L41(W1)2) + Laz(Fy,,) + 958 3X63Yz =0

L11(Wo) + 27 L15(Wo) + L13(%, ) + L14(%y,) — ‘;%
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ﬁzﬁl(“/g + W*, Fo) + 92
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- %El(wuz Ws,9) — %il(wl,wﬂ
- fL"1/32[32(VYO, Wz +2W*) — 5_191/3_252(\7‘/1/2, W3)0)
— 19182 Lo (W1, W) + T92L3(Wo, W + 2W*)
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The sets of perturbation equations for the boundary layer

solutions are:
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The obtained asymptotic solutions corresponding to

clamped edge supports are:
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The periodicity condition yields
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The parameters in equations (37-40) are as follows
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)

(A5)

(a11)
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8K; Ko (KoK1K1382 + KoKoK1y)

PP = 8K KoKia +

KoK182 —Kip
4K11§Z gogls_ J;( ESK9) + 16KoKoKo + 4K71:I(§11i92§ (A12)
50 = [33/4;196(191 - 192)}—1/2 ;le?’i‘?f’_l ;{’;21))
Ja-o-o252)-(2:7)7
(2 o -
s = {3;;4 (M2(1 — 2701) + 2%192,32n2)}‘3/2 (A14)

where K; (i = 0,..., 17) are the parameters in terms of 91, 9,
93, %4, 9, £, m, n, B obtained via the sets of perturbation
equations.

_ 2% — ¥y 2

si= - (F252) ) (A15)
(29192, 50, 2T06(01 — V)

2 = (1 - 25191)(73‘1 ) 1-270, (A16)
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