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Thermo-magneto-elasticity analysis of variable
thickness annular FGM plates with asymmetric
shear and normal loads and non-uniform elastic
foundations
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1. Introduction

Stationary and rotating annular plates have extensively been
used in various mechanical, electrical, and mechatronic
assemblies. These plates may generally be prone to uniform
or non-uniform mechanical, thermal, and/or magnetic loads

and fabricated from homogeneous, heterogeneous [1,2] or
even smart [3] materials and supported by foundations
constructed from deformable materials. A disk of an electrical
clutch/brake of a machine tool or passenger car is a typical
annular plate that may be manufactured in a tapered form
(variable thickness) and is subjected to a magnetic actuation,
thermal loads (due to slippage of the friction disk through
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a b s t r a c t

In the present research, a semi-analytical three-dimensional solution is developed for

transversely graded annular/circular plates resting on non-uniform elastic foundations

and subjected to magnetic and thermal fluxes and non-uniform and asymmetric mechani-

cal loads. Thickness of the plate may vary exponentially along the radial direction and the

inner and outer edges are restrained. All the thermal, magnetic, and elastic properties are

assumed to vary in the transverse direction. Transverse distribution of the temperature is

determined analytically for both the specified transverse temperature gradient and specified

heat flux thermal conditions. Dependencies of the solution on the radial and transverse

coordinates are determined through solving the resulting governing equations by using the

differential quadrature and state space approaches in the radial and transverse directions,

respectively. Effects of the material heterogeneity, thermal and mechanical boundary

conditions, thickness variability, coefficients of the elastic foundation, shear to normal

loads ratio, and magnetic field intensity are investigated comprehensively, through a

parametric study. Results reveal that complex interactions may be observed among the

elastic, thermal, and magnetic responses.
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engagement), and normal and shear mechanical tractions.
Using ceramic coated or transversely graded annular plates or
discs, may postpone formation of the hot spot and overheat
phenomena and distortion due to severe thermal stresses
during the power transmission.

Some researchers have studied one-dimensional thermo-
mechanical stresses of radially graded discs undergoing radial
loads. Nie and Batra [4] analyzed axisymmetric deformations
of a variable thickness radially graded rotating disk. A steady
thermoelastic analysis of a rotating radially graded hollow
circular disk subjected to pure radial temperature gradient was
made by Peng and Li [5]. Thermoelastic stress distributions of
rotating radially graded disks with non-uniform thickness
were determined by Hassani et al. [6].

While some thermoelastic analyses of the circular/annular
plates have been performed based on the first-order plate
theory [7,8,1,9,10], the exact results can only be obtained
through using the three-dimensional theory of elasticity [11–
13]. Wang et al. [14] presented a 3D analysis for axisymmetric
bending of the functionally graded circular plates. Shariyat
and Mohammadjani [15,16] studied 3D stress fields of spinning
thick bidirectional functionally graded annular plates with
non-uniform tractions and non-uniform elastic foundations.
Behravan Rad [17] conducted a static analysis for exponential-
ly graded circular plates resting on elastic foundations.
Behravan Rad and Alibeigloo [18] investigated static axisym-
metric behavior of two directional FG circular plates resting on
elastic foundations. Behravan Rad [19] and Behravan Rad and
Shariyat [20] analyzed respectively, variable thickness circular
and uniform thickness annular functionally graded plates
subjected to axisymmetric transverse and shear tractions and
resting on non-uniform elastic foundations.

Numerous researches have analyzed multilayered circular
plates subject to magneto-electro-mechanical loads. Pan [21]
investigated static magneto-electro-elastic characteristics of
the multilayered plates. Wang et al. [22] developed three-
dimensional state vector equations for the orthotropic
magneto-electro-elastic multilayered media. Lage et al. [23]
used a layerwise partial mixed finite element method for
behavior analysis of the magneto-electro-elastic plates.
Alaimo et al. [24] and Razavi and Shooshtari [25] respectively,
accomplished static and free vibration analyses of the
magneto-electro-elastic multilayered plates, based on the
first-order shear-deformation plate theory.

Magneto-electro-elastic behavior analysis of the function-
ally graded circular/annular plates was the motivation for
some of the researches. Bhangale and Ganesan [26] proposed
solutions for static analysis of functionally graded and layered
magneto–electro-elastic plates. Pan and Han [27] presented an
exact solution for multilayered rectangular plates made of
functionally graded anisotropic magneto-electro-elastic mate-
rials. Jiangyi et al. [28] employed the state-space method to
evaluate modal contents of the exponentially graded magne-
to-electro-elastic plates. Analytical axisymmetric response
analysis of functionally graded magneto–electro-elastic circu-
lar plates under uniform loads was accomplished by Li et al.
[29]. Free vibration of a functionally graded piezoelectric
circular plate placed in a uniform magnetic field was
investigated by Dai et al. [30]. Recently, Behravan Rad and
Shariyat [31] presented a 3D magneto-elastic analysis for

asymmetric variable thickness porous FGM circular plates
with non-uniform tractions and Kerr elastic foundations.

Limited researches may be found in literature on thermo-
magneto-elastic analysis of the circular/annular functionally
graded plates. Ghorbanpour Arani et al. [32] studied stresses
and displacements of a radially graded piezo-magnetic
rotating disk under steady thermomechanical loads. Zenkour
[33] investigated axisymmetric magneto-thermo-elastic re-
sponse of a radially graded annular disk subjected to a non-
uniform thermal load in a magnetic field. Li et al. [34] studied
axisymmetric thermo-magneto-electro-elastic behavior of
heterogeneous circular plates subjected to uniform thermal
loadings on their boundaries.

In the present paper, it is intended to develop a three-
dimensional thermo-magneto-elasticity solution for stress
and displacement analysis of variable thickness functionally
graded annular/circular plates on non-uniform elastic foun-
dations and edge supports, subjected to non-uniform shear
and normal tractions and thermal and magnetic loads. While
the temperature distribution is determined analytically, a
combination of the differential quadrature and state space
vector techniques are employed to determine the displace-
ment and stress components.

Novelties of the present research in comparison to the
recently published work of the authors [31] are:

(i) Proposing a semi-analytical solution that is adequate for
the annular (variable thickness) FGM plates, based on a 3D
formulation.

(ii) Including the thermal effects (in addition to the magnetic
actuation).

(iii) Employing analytical solutions associated with the speci-
fied heat flux and transverse temperature gradient
thermal boundary conditions.

(iv) Considering the complex interactions among the lateral
and radial displacement components, thermal effects, the
induced electromagnetic quantities, and the elastic
foundation. In the limited available researches, the
thermo-magneto-elastic analyses have mainly been per-
formed through 1D formulations; so that these interac-
tions cannot be noted adequately.

2. The thermo-magneto-elasticity equations of
the annular plate

2.1. Description of the geometry, material heterogeneity,
elastic foundation, and loads

A schematic of the considered transversely graded annular plate
is shown in Fig. 1 along with the employed cylindrical coordinate
system (r, u, z) whose origin is located at the center of the bottom
plane of the plate. In addition to the non-uniform mechanical
loads, the plate is subjected to thermal andmagnetic loads. Outer
and inner radii of the plate are denoted by a and b, respectively.
Spatial variations of the elasticity modulus (E), thermal expan-
sion coefficient (a), thermal conductivity coefficient (k), and
magnetic permeability (m) may be described as:

EðzÞ ¼ E0en1ðz=hÞ (1)
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aðzÞ ¼ a0en2ðz=hÞ (2)

kðzÞ ¼ k0en3ðz=hÞ (3)

mðzÞ ¼ m0e
n4ðz=hÞ (4)

where the quantities with subscript 0 are associated with the
bottom layer of the plate. n1, n2, n3 and n4 are the heterogeneity
exponents. In many applications one may use the exponential
decay of the matrix phase to reach the pure stiffer/thougher
phase instead using a coating (i.e., instead of using a discreetly
graded material).

Thickness of the plate is assumed to vary as follows in the
radial direction [35]:

hðrÞ ¼ hoe
n5 r�b

a�bð Þ2 (5)

The bottom surface of the plate is flat and supported by the
elastic foundation.

The plate is subjected to non-uniform shear and normal
tractions that vary in the radial and circumferential directions
according to:

Pðr; uÞ ¼ P0 1 þ A1
r�b
a�b

� �
þ A2

r�b
a�b

� �2
" #

cos u (6)

Qðr; uÞ ¼ Q0 1 þ B1
r�b
a�b

� �
þ B2

r�b
a�b

� �2
" #

cos u (7)

where P0 and Q0 are magnitudes of the normal and shear
tractions at the inner boundary of the top surface, and A1, A2,
B1, and B2 are loading parameters. Indeed, each function (e.g.,
variations of the tractions) may be expanded trough Fourier
series. By considering cosine functions for interpretation of the
circumferential variations of the tractions, a plane of symme-
try is considered implicitly; a fact that may be justified for
several applications. Solutions corresponding to each individ-
ual cosine term of the Fourier series may be derived based on
the present research. Hence, solutions to the more complicat-
ed loading conditions may be found through summing up the
solutions associated with the distinct cosine terms of the
Fourier series. On the other hand, in many situations, radial
variations of the normal and shear tractions may be
approximated by a parabolic function (in terms of the
dimensionless radius).

The employed general hybrid Kerr foundation model
includes a shear mid-layer whose stiffness is denoted by T
and upper and lower elastic layers with stiffnesses ku and kl,
respectively (Fig. 1). The distributed traction exerted by the
elastic foundation on the bottom surface of the plate can be
expressed as:

Ps�
T

kl þ ku

� �
r2Ps ¼

klku
kl þ ku

� �
w� Tku

kl þ ku

� �
r2w (8)

where r2 ¼ @2

@r2
þ 1

r
@
@r þ 1

r2
@2

@u2
.

The interface pressure between the plate and the non-
uniform Kerr foundation may be expressed mathematically as
follows

S�1
r

@

@r
r

T
kl þ ku

S;r

� �
� 1
r2

@

@u

T
kl þ ku

S;u

� �

¼ klku
kl þ ku

� �
w�1

r
@

@r
r

Tku
kl þ ku

w;r

� �
� 1
r2

@

@u

Tku
kl þ ku

w;u

� �
(9)

where S denotes the foundation reaction per unit area and w is
the lateral deflection of the bottom surface of the plate.

It is assumed that, the hybrid elastic foundation is perfect,
frictionless, perfectly attached to the plate, isotropic
(Tr = Tu = T), radially graded, and periodically distributed in
the circumferential direction. Therefore, distributions of the kl,
T, and ku coefficients of the elastic foundation may be
considered as:

klðr; uÞ ¼ kl0e
f 1

r�b
a�bð Þcos u; Tðr; uÞ ¼ T0ef 2

r�b
a�bð Þcos u; kuðr; uÞ

¼ ku0e
f 3

r�b
a�bð Þcos u (10)

where quantities with ‘‘0’’ subscript are associated with the
inner boundary of the bottom surface of the plate and f1, f2, f3
are exponents of variations of the foundation coefficient.

2.2. Derivation of the governing equations

According to the 3D theory of elasticity, the equilibrium
equations may be interpreted in terms of variations of the
stress components as follows, neglecting the gravitational
body forces:

sr;r þ r�1tru;u þ trz;z þ r�1ðsr�suÞ þ f r ¼ 0
tru;r þ r�1su;u þ tuz;z þ 2r�1tru ¼ 0
trz;r þ r�1tuz;u þ sz;z þ r�1trz ¼ 0

(11)

where sr, su, sz, trz, tuz, and tru are the stress components, fr is
Lorentz's body force and the comma symbol denotes a
partial differentiation with respect to the indicated
variable.

Denoting the radial, circumferential, and axial displace-
ment components by u, v, and w, respectively, the strain-
displacement relations may be written as

er ¼ uðr; u; zÞ;r
eu ¼ r�1vðr; u; zÞ;u þ r�1u
ez ¼ wðr; u; zÞ;z
grz ¼ uðr; u; zÞ;z þ wðr; u; zÞ;r
guz ¼ r�1wðr; u; zÞ;u þ vðr; u; zÞ;z
gru ¼ r�1uðr; u; zÞ;u þ vðr; u; zÞ;r�r�1vðr; u; zÞ

(12)

where er, eu, ez, grz, guz, and gru are the normal and shear strain
components, respectively; so that the three-dimensional

Fig. 1 – Geometry and coordinate system of the variable
thickness FGM annular plate with non-uniform normal and
shear tractions and thermal and magnetic fields, on a non-
uniform elastic foundation.
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thermoelastic constitutive relations in terms of the displacement
components become:

where T is the temperature increase with respect to a stress-
free state.

Based on the definition of the external mechanical loads in
Eqs. (6) and (7) and the constitutive equation (13), the
consistent mechanical displacement and stress fields become:

Denoting the heat flux by Q� (Fig. 1), the steady transverse
distribution of the temperature obeys:

Q�
;z ¼ �½kðzÞT ;z	;z ¼ 0 (15)

Maxwell's electrodynamics equations of the perfectly
conducting elastic body may be introduced as [30]

J ¼ r�h; r�e ¼ �mðzÞ @h
@t

; r�h ¼ 0; e

¼ �mðzÞð _d�HÞ; h ¼ r�ðd�HÞ (16)

where J is the electric current density vector, e is perturbation
of the electric field vector, h is perturbation of the magnetic
field vector, d is the displacement vector, and H is the magnetic
intensity vector, respectively.

Lorentz's force can be determined from [30,36]

f ¼ qV�B ¼ J �mh ¼ mJ �h

¼ mfr�½r�ðd�HÞ	g�r�ðd�HÞ (17)

If H ¼ Hð0; 0; HzÞ, one has:

d ¼ ðu; 0; 0Þ; J ¼ ð0; �hz;r; 0Þ; h ¼ ð0; 0; hzÞ;
e ¼ �mðzÞð0; Hz _u; 0Þ; hz ¼ �Hz u;r þ

u
r

� � (18)

Therefore, Maxwell's electromagnetic stress tz may be
defined as [37]

tij ¼ mðhiHj þ hjHi�hkHkdijÞ ) tz ¼ mðzÞH2
z u;r þ

u
r

� �
(19)

where dij is the Kronecker delta and magnitude of Lorentz's
force fr is [24,30]

f r ¼ mðzÞðJ �HÞ ) f r ¼ mðzÞH2
z
@

@r
u;r þ

u
r

� �
 tz;r (20)

To present more general results, the following non-
dimensional quantities are defined:

sr ¼
EðzÞ

ð1 þ nÞð1�2nÞ½ð1�nÞuðr; u; zÞ;r þ nr�1ðvðr; u; zÞ;u þ uðr; u; zÞÞ þ nwðr; u; zÞ;z	�
EðzÞaðzÞ
1�2n

T ðzÞ

su ¼
EðzÞ

ð1 þ nÞð1�2nÞ½nuðr; u; zÞ;r þ ð1�nÞr�1uðr; u; zÞ þ nwðr; u; zÞ;z	�
EðzÞaðzÞ
1�2n

T ðzÞ

sz ¼
EðzÞ

ð1 þ nÞð1�2nÞ½nuðr; u; zÞ;r þ nr�1uðr; u; zÞ þ ð1�nÞwðr; u; zÞ;z	�
EðzÞaðzÞ
1�2n

T ðzÞ

trz ¼
EðzÞ

2ð1 þ nÞ½uðr; u; zÞ;z þ wðr; u; zÞ;r	

tuz ¼
EðzÞ

2ð1 þ nÞ½r
�1wðr; u; zÞ;u þ vðr; u; zÞ;z	

tru ¼
EðzÞ

2ð1 þ nÞ½vðr; u; zÞ;r�r�1vðr; u; zÞ þ r�1uðr; u; zÞ;u	

(13)

uðr; u; zÞ ¼ uðr; zÞcos u; vðr; u; zÞ ¼ vðr; zÞsin u; wðr; u; zÞ ¼ wðr; zÞcos u

srðr; u; z; n1; n2Þ ¼ srðr; z; n1; n2Þcos u; suðr; u; z; n1; n2Þ ¼ suðr; z; n1; n2Þcos u;
szðr; u; z; n1; n2Þ ¼ szðr; z; n1; n2Þcos u; trzðr; u; z; n1Þ ¼ trzðr; z; n1Þcos u;
tuzðr; u; z; n1Þ ¼ tuzðr; z; n1Þsin u; truðr; u; z; n1Þ ¼ truðr; z; n1Þsin u

(14)

U ¼ uðr; u; zÞ
hðrÞ ; V ¼ vðr; u; zÞ

hðrÞ ; W ¼ wðr; u; zÞ
hðrÞ ; h ¼ r

a
; s ¼ h0

a
; j ¼ z

hðrÞ; 0�j; h�1

sh ¼
sr

S
; sQ ¼ su

S
; sj ¼

sz

S
; thj ¼

trz

S
; tQj ¼

tuz

S
; thQ ¼ tru

S
; tm ¼ tz

S
; S ¼ 1 GPa;

mb ¼ 2m0ð1 þ nÞH2
z

E0
; h�

z ¼
hz

Hz
; T ¼ a1T ; a1 ¼ 10�6 C�1:

(21)
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Based on Eqs. (11), (13), (14) and (21), the normalized form of the governing equations in terms of the displacement components
and temperature become:

where

b1 ¼ en5
r�b
a�bð Þ2 ; b2 ¼ 2n5ðr�bÞ

ða�bÞ2
; b3 ¼ 2n5

ða�bÞ2
þ 4n2

5ðr�bÞ2

ða�bÞ4
(23)

3. The thermomechanical boundary conditions

It is assumed that the heat transfer is accomplished in a
steady-state manner, as expressed in Eq. (15). Therefore,
denoting temperatures of the bottom and top surfaces of the
plate by T 1 and T 2, respectively (Fig. 1), the general traction
and thermal boundary conditions become:

z ¼ 0 : sz ¼ Sðr; uÞ; tzu ¼ 0; trz ¼ 0; T ðr; 0Þ ¼ T 1

z ¼ h : sz ¼ �Pðr; uÞ; tzu ¼ Qðr; uÞ; trz ¼ 0;

T ðr; hÞ ¼ T 2 or Q� ¼ �kT ;z

(24)

The following mechanical boundary conditions are consid-
ered here for the circular (b = 0) and annular plates, without
loss of generality:

(i) Circular plate:
Clamped edge (denoted by C):

uða; u; zÞ ¼ 0; vða; u; zÞ ¼ 0; wða; u; zÞ ¼ 0 (25)

Regularity condition at the center:

uð0; u; zÞ ¼ 0; vð0; u; zÞ ¼ 0; w;rð0; u; zÞ ¼ 0 (26)

(ii) Annular plate
Clamped-clamped (C-C) boundary condition:

uðb; u; zÞ ¼ 0; vðb; u; zÞ ¼ 0; wðb; u; zÞ ¼ 0;
uða; u; zÞ ¼ 0; vða; u; zÞ ¼ 0; wða; u; zÞ ¼ 0

(27)

Clamped-movable simply supported (C-S) plate:

uðb; u; zÞ ¼ 0; vðb; u; zÞ ¼ 0; wðb; u; zÞ ¼ 0;
srða; u; zÞ ¼ 0; vða; u; zÞ ¼ 0; wða; u; zÞ ¼ 0

(28)

4. The solution procedure

While the temperature distribution may be determined
analytically, the displacement field is determined based on
Eq. (14) and a combination of the state space and the
differential quadrature method. The state space method is
employed in the z-direction of the circular plate whereas the
differential quadrature rule is used in the radial direction to

establish a linear eigenvalue system from which the displace-
ments and stresses can be obtained.

4.1. The analytical thermal solution

Integrating Eq. (15) twice with respect to the transverse
coordinate and using Eqs. (3) and (5), yields the analytical
distribution of the temperature as:

T ðr; zÞ ¼ T 2�T 1R hðrÞ
0 k�1ðzÞdz

Z z

0
k�1ðzÞdz þ T 1

¼ ðT 2�T 1Þ
1�e

� n3z

hoe
n5

r�b
a�bð Þ2

" #

en3�1
en3 þ T 1 (29)

When the heat flux is specified, e.g.,

Q� ¼ Q_�; T ðr; hÞ ¼ T 2 (30)

One has:

T ðr ; zÞ ¼ Q_� h
n3k0

e�n3�e�n3zh
� 

þ T 2 (31)

4.2. The DQ discretization of the thermo-magneto-
elasticity equations

According to the DQ method proposed by Shu [38] derivatives of
a given function at any discretization point may be approxi-
mated by a weighted linear summation of the function values in
the whole domain [39,40]. Location of the sampling points may
be chosen according to the Chebyshev-Gauss-Lobatto criterion:

ri ¼
1
2

1�cos
ði�1Þp
N�1

� �� �
ða�bÞ þ b i ¼ 1; 2; 3; . . .; N (32)

After applying the DQ rule to any arbitrary sample point hi = ri/
a, the partial derivatives of the unknown displacements U , V , W
with respect to h appeared in Eq. (22) can be expressed as:

U;h

��
h¼hi

¼
XN
j¼1

AijUj V;h

��
h¼hi

¼
XN
j¼1

AijVj W;h

��
h¼hi

¼
XN
j¼1

AijWj

U;hh

��
h¼hi

¼
XN
j¼1

Að2Þ
ij Uj V;hh

��
h¼hi

¼
XN
j¼1

Að2Þ
ij Vj W;hh

��
h¼hi

¼
XN
j¼1

Að2Þ
ij Wj

U;hjjh¼hi
¼
XN
j¼1

AijðU;jÞj V;hjjh¼hi
¼
XN
j¼1

AijðV;jÞj W;hjjh¼hi
¼
XN
j¼1

AijðW;jÞj

(33)

U;jj ¼ s2b21 � 2ð1�nÞ
1�2n

U;hh þ
1
h
þ2b2

� �
U;h þ

b2
h
þb3

� �
U

� �
þ 3�4n
1�2n

U
h2

�
� 1
ð1�2nÞhðV;h þ b2VÞ þ 3�4n

1�2n
V
h2

�

�sb1 n1ðW;h þ b2WÞ� 1
1�2n

ðW;hj þ b2W;jÞ
� �

�n1U;j�mbs
2b21 U;hh þ

1
h
þ2b2

� �
U;h þ

b2
h
þb3�

1
h2

� �
U

� �

V;jj ¼ s2b21
1

ð1�2nÞhðU;h þ b2UÞ þ 3�4n
ð1�2nÞ

U
h2

þ 3�4n
ð1�2nÞ

V
h2

�
� V;hh þ 2b2 þ

1
h

� �
V;h þ ðb2 þ b3ÞV

� ��
þ n1sb1

W
h
�n1V;j þ

1
h

1
1�2n

� �
W;j

W;jj ¼
n

1�n

� �
sb1 �n1 U;h þ b2 þ

1
h

� �
U

� �
�n1

V
h
� U;hj þ b2 þ

1
h

� �
1
h
U;j

� �
� 1
2n

V;j

h

� �

þ 1�2n
2ð1�nÞ s

2b21 W;hh þ
1
h
þ2b2

� �
W;h þ b3 þ

b2
h

� �
W

� �
�n1W;j þ

1 þ n

1�n
½ðn1 þ n2ÞT þ T ;j	

(22)
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The discretized form of Eq. (24) can be written at the lower surface (j = 0) as

ðU;jÞi þ sb1i
XN
j¼1

AijWj þ b2iWi

0
@

1
A ¼ 0

ðV;jÞi�s
b1i cot u

hi
Wi ¼ 0

ðW;jÞi þ
sn
1�n

b1i
XN
j¼1

AijUj þ b2i þ
1
hi

� �
Ui þ

tan u

hi
Vi

2
4

3
5� 1 þ n

1�n

� �
ajj¼0

a1
T ijj¼0 ¼ V

tm ¼ smbb1i
XN
j¼1

AijUj þ b2i þ
1
hi

� �
Ui

2
4

3
5

Lf ¼ mbs
2b21i

XN
j¼1

Að2Þ
ij Uj þ 2b2i þ

1
hi

� �XN
j¼1

AijUj þ
b2i
hi

þb3i�
1
h2i

  !
Ui

2
4

3
5

h�
z ¼ �sb1i

XN
j¼1

AijUj þ b2i þ
1
hi

� �
Ui

2
4

3
5

T i ¼ T 1

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ði ¼ 1; 2; 3; . . .; NÞ (34)

where Lf is the dimensionless Lorentz force and

V ¼ 1 þ b6i
b4i þ b8i

1
ahi

� �2

ð2 tan2 u þ 1Þ
" #

Si�
1

ðb4i þ b8iÞa2
b6i
XN
j¼1

Að2Þ
ij Sj

8<
: þ b6i

h2i
þ b7iðb4i þ b8iÞ�b6iðb5i þ b9iÞ

" #XN
j¼1

AijSj

9=
;

¼ b1ib4ib8i
b4i þ b8i

� �
h0G Wi�

h0G

ðahiÞ2
b6ib8i

b4i þ b8i

� �
b1i
XN
j¼1

AijWj þ b2iWi

0
@

1
A�h0G

a2

� ðb7ib8i þ b6ib9iÞðb4i þ b8iÞ�ðb6i þ b8iÞðb5i þ b9iÞ
ðb4i þ b8iÞ2

  !
b1i
XN
j¼1

AijWj þ b2iWi

0
@

1
A�h0G

a2

� b6ib8i
b4i þ b8i

� �
b1i
XN
j¼1

Að2Þ
ij Wj þ 2b2i

XN
j¼1

AijWj þ b3iWi

0
@

1
A� b1i

h2i
½2 þ cos uðtan2 u þ 1Þ	Wi

8<
:

9=
; (35)

and

b4i ¼ kl0e
f 1ðhiÞ; b5i ¼ b4if 1; b6i ¼ T0exp½f 2ðhiÞ	; b7i ¼ b6if 2;

b8i ¼ ku0ef 3ðhiÞ; b9i ¼ b8if 3; S ¼ SG ; G ¼ ð1 þ nÞð1�2nÞ=nE0
(36)

while on the top surface of the plate (j = 1), the discretized form of the boundary conditions are:

ðU;jÞi þ sb1i
XN
j¼1

AijWj þ b2iWi

0
@

1
A ¼ 0

ðV;jÞi�s
b1i cot u

hi
Wi ¼

�2ð1 þ nÞQi

expðn1Þ

ðW;jÞi þ
sn

ð1�nÞ b1i
XN
j¼1

AijUj þ b2i þ
1
hi

� �
Ui þ

tan u

hi
Vi

0
@

1
A� 1 þ n

1�n

� �
ajj¼1

a1
T ijj¼1 ¼ �ð1 þ nÞð1�2nÞPi

ð1�nÞexpðn1Þ

tm ¼ smbb1iexpðn4Þ
XN
j¼1

AijUij þ b2i þ
1
hi

� �
Ui

2
4

3
5

Lf ¼ mbs
2b21iexpðn4Þ

XN
j¼1

Að2Þ
ij Uj þ 2b2i þ

1
hi

� �XN
j¼1

AijUj þ
b2i
hi

þb3i�
1
h2i

  !
Ui

2
4

3
5

h�
z ¼ �sb1i

XN
j¼1

AijUij þ b2i þ
1
hi

� �
Ui

2
4

3
5

T i ¼ T 2 or Q� ¼ T ;j

ði ¼ 1; 2; 3; . . .; NÞ

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

(37)

where Q� ¼ qha1=k is the dimensionless heat flux.

a r c h i v e s o f c i v i l a n d m e c h a n i c a l e n g i n e e r i n g 1 6 ( 2 0 1 6 ) 4 4 8 – 4 4 6 453



The discretized form of the edge and regularity conditions (25)
and (26) are, respectively:

h ¼ 1 : UN; VN; WN ¼ 0 (38)

Regularity condition:

h ¼ 0 : U1; V1 ¼ 0; WN ¼ �
XN
j¼2

A1j

ðb21 þ A11Þ
Wj (39)

The discretized form of Eqs. (27) and (28) are, respectively:

h ¼ 0 : U1; V1; W1 ¼ 0;
h ¼ 1 : UN; VN; WN ¼ 0

(40)

and

h ¼ 0 : U1; V1; W1 ¼ 0;
h ¼ 1 : shN; VN; WN ¼ 0 (41)

4.3. The state space method

Assemblage of the discretized forms of the three governing
equations appeared in Eq. (22) for the ith sampling point, leads
to the following matrix form of the state space equation

Ji;jðjÞ ¼ DiJiðjÞ þ GiQiðjÞ (42)

where

J
T
i ðjÞ ¼ Ui Vi Wi Ui;j Vi;j Wi;j

	 

; QT

i ðjÞ

¼ T 1i 0 0 0 0 T ;ji

	 

(43)

Ji is the global state vector at an arbitrary layer (j) of the plate
and Di is the coefficient matrix evaluated at the ith sampling
point. Elements of the Di and Gi matrices are given in Appendix.

By considering all edge conditions, Eq. (42) can be rewritten
as follows

J
_
i;jðjÞ ¼ D_iJ

_
iðjÞ þ G_iQ

_
iðjÞ (44)

where the hat symbol denotes the modified matrices resulting
after incorporation of the edge conditions. The boundary
conditions may be incorporated through assembling of the
boundary conditions and the governing equations into an
augmented system of equations.

According to the algebra rules, the general solution to
Eq. (44) is:

J
_
iðjÞ ¼ ejD

_

iJ
_
ið0Þ þ H_j (45)

where the H_j is the thermal loading vector

H_j ¼
Z j

0
eðj�tÞD

_

Q
_ðtÞtðtÞdt (46)

The relevant integration is implemented via the numerical
quadrature technique in the present study. Eq. (45) establishes
the global transfer relation from the state vector on the bottom
surface (J

_
ið0Þ) to that at an arbitrary layer j of the plate through

expðjD_iÞ. Setting j = 1 in Eq. (45) gives

J
_
ið1Þ ¼ eD

_

iJ
_
ið0Þ þ H_1 (47)

where expðD_iÞ is the global transfer matrix and H_1 is obtained
by setting the upper limit of the integral appeared in Eq. (46) to

unity. J
_
ið1Þ and J

_
ið0Þ are the values of the state variables at the

upper and lower surfaces of the plate, respectively.
By substituting the boundary conditions presented in

Eqs. (34)–(41) and Eq. (42) into Eq. (47), the following algebraic
system of equations is obtained

MX ¼ R (48)

where M is a 6(N � 2) � 6(N � 2) matrix, R is the external
thermo-magneto-mechanical load vector and

XT ¼ Uið0Þ Við0Þ Wið0Þ Uið1Þ Við1Þ Wið1Þ½ 	; ði

¼ 2; 3; . . .; N�1Þ (49)

By solving Eq. (48), all of the state variables are obtained at
j = 0 and j = 1. Thereafter, Eqs. (42) and (13) may be used to
determine the displacement and stress components of the
functionally graded annular/circular plate.

5. Results and discussions

5.1. General specifications employed for the parametric
studies

Section 5 contains verification as well as new examples. In
presenting the parametric study and derivation of the main
results of the paper, it is assumed that the plate is a variable
thickness Aluminum/Alumina (top layer is fabricated from
Alumina) transversely graded one. Material properties of the
constituent materials are given in Table 1. According to
Eqs. (1)–(4), the material properties vary exponentially in the
thickness direction of the plate. Since the thickness vary in the
radial direction, gradients of variations of the material
properties are higher in thinner sections.

Geometric and loading parameters of the plate and
specifications of the elastic foundation are:
a ¼ 1 m; b ¼ 0:01 m; s ¼ 0:02; n5 ¼ 0:1; f 1; f 2; f 3 ¼ 0:2;

kl0 ¼ ku0 ¼ 0:2 GN=m3;
T ¼ 0:2 GN=m; P0 ¼ Q0 ¼ 1 GPa; A1; A2; B1; B2 ¼ 0:1;

m0 ¼ 4p�10�7 H=m

Unless otherwise stated, the traction and thermal bound-
ary conditions of the plate are:
T 1 ¼ 100 C; T 2 ¼ 500 C; szjj¼1 ¼ �P; tuzjj¼1 ¼ Q

5.2. Convergence analysis

Number of the radial sampling points may significantly affect
accuracy of the results. The accomplished convergence
analysis showed that the displacement parameters are more

Table 1 – Mechanical and thermal properties of the
constituent materials of the considered annular FG plates
[32].

Material E (GPa) n a (C�1) k (W/mK)

Aluminum 70 0.33 23.1e�6 237
Alumina 116 0.33 8.7e�6 1.78
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convergent that the magnetic stresses; because the magnetic
stresses (as other stress components) are themselves depen-
dent on not only the displacement components but also on their
radial derivatives. For this reason, results of the convergence
analysis of the dimensionless Maxwell's electromagnetic stress
and the lateral deflection are reported here. In this regard, a
functionally graded variable thickness clamped annular plate
with the specifications mentioned in Section 5.1 is adopted and
results of a representative point located at h� ¼ r�b

a�b ¼ 0:5, j = 0,
and u = p/4 are adopted (Hz = 3 � 108 A/m). The results obtained
for various numbers of the sampling points are reported in
Table 2. As results of Table 2 imply, a number of sampling points
equals N = 11 guarantees the convergence. For this reason, this
number has been used in the next analyses.

5.3. Verification of the results

As a verification example, results of a clamped functionally
graded circular plate with uniform thickness subjected to an
asymmetric distributed transverse load considered previously
by Nie and Zhong [41] are reexamined. Geometric and material
specifications of the plate are:
h=a ¼ 0:1; E0 ¼ 380 GPa; n ¼ 0:3; n1 ¼ 1; P ¼ 1 GPa

Present results for the transverse shear stress tuj are
compared with those reported by Nie and Zhong [41] in Table 3,
for various points of thickness of a section located at h* = 0.5,
u = p/4. As may be seen from results of Table 3, there is an
excellent agreement between present results and results of
Nie and Zhong.

5.4. Influence of various parameters on the elastic
behavior of the FGM annular plate

Results of the following thermal conditions are used in
behavior study of the plate:

(i) Dirichlet-type thermal boundary condition:

T 1 ¼ 100 C; T 2 ¼ 500 C (50)

(ii) Dirichlet-Neumann thermal boundary condition:

Q� ¼ 100 W=mC; T 2 ¼ 500 C (51)

In the present section, the magnetic intensity is adopted as
Hz = 2.23 � 109 A/m and unless otherwise stated, n1, n2, n3 and
n4 may be determined based on:

n1 ¼ ln Ejj¼1=Ejj¼0

� �
; n2 ¼ ln ajj¼1=ajj¼0

� �
; n3

¼ ln kjj¼1=kjj¼0

� �
; n4 ¼ ln m0jj¼1=m0jj¼0

� �
(52)

As a first stage in the parametric study, influence of the
heterogeneity exponents on the resulting displacement and
stress components is evaluated. In this regard, three values are
chosen for these exponents: n1 = n2 = n3 = n4 = 0.25, 0.5, 0.75 and
the resulting transverse displacement and stress distributions
are plotted in Fig. 2, for a section located at the middle radius of
the plate (u = p/4). According to Fig. 2a–c, since increasing the
heterogeneity exponents increases rigidity as well as thermal
expansion and thermal conductivity of the plate, the section
tends to move outwards in higher exponents of the clamped-
clamped plate. Therefore, the inflection point of the deformed
plate moves toward the outer edge of the plate; so that direction
of both radial and transverse displacements of the plate change.
The changes in the transverse distributions of the in-plane
stresses, i.e., the radial and circumferential stresses confirm the
shift in the location of the inflection section, too. Since the stiffer
material exhibits greater resistance against deformation, the
simultaneous increase in the thermal expansion has led to
higher in-plane and transverse stresses. As Fig. 2h and i shows,
since the top surface of the plate is prone to a circumferential
shear stress, the in-plane and transverse shear stresses of the top
surface are no-zero quantities. As may be noted, due to presence
of the shear traction, locations of the maximum stress of the two
components of the transverse shear stresses are not coincident.

Effects of the transverse temperature gradient are illustrat-
ed in Fig. 3, for DT ¼ 400; 500; 600 retaining temperature of the
bottom layer at T 1 ¼ 50C. It's worth mentioning that due to the
thickness variability, the temperature gradient is higher in
narrower sections of the plate. As may be expected, all of the

Table 2 – Results of the convergence analysis in terms of the dimensionless transverse deflection W and dimensionless
Maxwell's electromagnetic stress tm against the number of the grid points, for a point located at h* = 0.5, j = 0, u = p/4 of the
clamped annular plate (Hz = 3 T 108 A/m).

Quantity N

3 5 7 9 11 13 15 17 19

W 1.5260 1.7523 1.7660 1.9567 1.9568 1.9567 1.9567 1.9568 1.9569
tm �0.2374 �0.1545 �0.1531 �0.1635 �0.1636 �0.1635 �0.1635 �0.1636 �0.1637

Table 3 – A comparison between present transverse shear stress (tuj) results and those of Nie and Zhong [41] for a uniform
thickness FG circular plate under an asymmetric transverse load.

Source j

0.0 0.1 0.2 0.3 0.5 0.6 0.7 0.8 0.9 1.0

Nie and Zhong [41] 0.000 0.302 0.565 0.771 1.033 1.062 1.023 0.812 0.471 0.000
Present 0.000 0.301 0.5649 0.770 1.033 1.062 1.023 0.812 0.471 0.000
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displacement and stress components have increased by
increasing the transverse temperature difference. However,
in contrast to the material properties that exponentially affect
the results, present results are almost proportional to
magnitude of the difference between temperatures of the
top and bottom layers. However, effects of rates of variations of

the temperature in the radial and transverse directions cannot
be ignored.

As the next stage, influence of coefficients of the elastic
foundation on the elastic responses is investigated. It is
evident that as the elastic foundation becomes stiffer, it
absorbs much strain energy and consequently, the resulting

a) Radial disp lace ment   b)  Circ umfe rential  displac eme nt     c)  Tra nsvers e displa cement
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Fig. 2 – Effects of the heterogeneity exponents on the resulting transverse distributions of the displacement and stress
components of the clamped annular plate at (h* = 0.5, u = p/4).
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displacement and stresses become smaller, as Fig. 4 shows.
Results of Fig. 4 are depicted for a section located at (h* = 0.5,
u = p/6), for n4 = 0.1, kl0, ku0, T0 = k = 10, 20, 30. In this case
wherein the plate is squeezed from the top and bottom layers
and radial movement is restricted at the edges, the stress field
resembles a hydrostatic one; so that the normal stresses are
compressive/tensile ones for all points of the plate. For this

reason, magnitudes of the transverse stresses are negligible.
Furthermore, due to the elastic foundation reaction, the in-
plane shear stress of the lower surface of the plate is larger
than the previous cases.

Effects of the magnitude of the intensity of the magnetic
field on the elastic responses of the clamped annular plate are
studied in Fig. 5, for kl0, ku0 = 10 GN/m3, T0 = 10 N/m and Hz =

a) Radial disp lace ment b) Circumferent ial displace ment c)  Trans verse displac ement
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Fig. 3 – Effects of temperature of the top surface of the clamped annular plate on transverse distributions of the displacement
and stress components at (h* = 0.5, u = p/4) (T 1 ¼ 50C).
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(0.5, 1, 1.5, 2) � 109 A/m at a section located at (h* = 0.5, u = p/4).
Results of Fig. 5 imply that the magnetic field increases the
stiffness of the plate and consequently, reduces the displace-
ments and stresses of the plate; so that the resulting
displacement and in-plane curves are almost parallel. How-
ever, the distances between the successive curves reduce by

increasing the magnetic intensity, so that finally, they tend to
an asymptotic (saturated) response. However, results of Fig. 5
are affected by other factors such as the temperature gradient,
as well. Fig. 5a, c, d and f reveals that although rotation of the
section is negligible in this case, deformation of the thickness
and gradients of the in-plane stresses are noticeable.

a) Radial disp lace ment b)  Circumferent ial displace men t c)  Transvers e dis plac eme nt

d) Radi al str ess e)  Tang ential  stress f) Trans verse  normal stress
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Fig. 4 – Effects of the coefficient of the elastic foundation on transverse distributions of the displacements and stresses of the
clamped-clamped annular plate at (h* = 0.5, u = p/6).
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a) Radial disp lace ment b)  Circumferenti al displace ment c)  Trans verse displac ement

d) Radial stress e)  Transvers e shea r stress f) Tan gent ial shear stress
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Fig. 5 – Influence of the intensity of the magnetic field on transverse distributions of the displacements and stresses of the
clamped-clamped annular plate at (h* = 0.5, u = p/4).

a) Mag netic perturbation vector b)  Ele ctromagnetic  str ess c) Lor entz forc e

0 0.5 1
0.03 5

0.04

0.04 5

0.05

0.05 5

0.06

ξ

h z*

b/a =  0.01
b/a =  0.02
b/a =  0.04
b/a =  0.06

0 0.5 1

-0.32

-0.3

-0.28

-0.26

-0.24

-0.22

-0.2

-0.18

-0.16

ξ

τ m

b/a = 0.01  
b/a = 0.02
b/a = 0.04
b/a = 0.06

0 0.5 1

-0.7

-0.68

-0.66

-0.64

-0.62

-0.6

-0.58

-0.56

-0.54

-0.52

-0.5

ξ

L f

b/a = 0.01
b/a = 0.02
b/a = 0.04
b/a = 0.06

Fig. 6 – Effect of the radius ratio on transverse distributions of the induced electromagnetic forces and stresses of the clamped-
clamped annular plate at (h* = 0.5, u = p/4).

a r c h i v e s o f c i v i l a n d m e c h a n i c a l e n g i n e e r i n g 1 6 ( 2 0 1 6 ) 4 4 8 – 4 4 6 459



5.5. Influence of various parameters on the induced
magnetic forces and stresses

As may be deduced from Eqs. (19), (20) and (22), the magnetic
forces and stresses affect the elastic quantities and vice versa.
Effects of the magnetic quantities on the elastic responses are
studied in the previous section and present section is devoted
to study influences of various parameters on the magnetic
stresses and body (Lorentz) forces. Unless otherwise stated, n1,
n2, n3, n4 correspond to Eq. (52) and Hz = 3 � 108 A/m.

Effects of the radius ratio on the dimensionless magnetic
perturbation vector, electromagnetic stress, and Lorentz force are
demonstrated in Fig. 6. In this regard, the transverse distributions
of the mentioned quantities are studied for a section located at
(h* = 0.5, u = p/4) of a clamped-clamped annular plate (n4 = 0.1).
Results of Fig. 6 show that as the inner radius increases,
movability of the plate reduces and according to Eqs. (19) and
(20), less magnetic quantities are induced in the plate. However,
since deformation of the top layer is greater, larger Lorentz force
and electromagnetic stress are induced there.

Influence of the thickness ratio on the induced magnetic
quantities may be observed in results of Table 4 that are
reported for a point located at (h, j = 0.5, u = p/3) of a clamped-
simply supported annular plate (for diversity). These results
show that the induced quantities grow non-proportionally by
increasing thickness of the plate; so that very huge quantities
are induced in the thicker plates.

After checking effects of the geometric ratios, effects of
heterogeneity exponents of the elasticity modulus, thermal
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Table 4 – Influence of the plate thickness on the
magnitudes of the induced dimensionless magnetic
quantities, at (h*, j = 0.5, u = p/3) of a clamped-simply
supported annular plate.

Induced magnetic
quantity

h0/a

0.05 0.1 0.15

jh�
zj 0.0001 0.0002 0.0003

jtmj 0.0005 0.001 0.0011
jLfj 0.0123 0.0467 0.0638

a) Mag netic perturbation vector b)  Elec tromagn eti c stre ss c) Loren tz force
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expansion, thermal conductivity, and magnetic permeability
on the induced magnetic quantities are investigated and the
relevant effects on transverse distributions of a section located
at (h* = 0.5, u = p/4) of the plate are illustrated in Figs. 7–10,
respectively. The considered plate is circular and its top
surface is subjected to a Q� ¼ 100 W=m2 heat flux. Results of
Figs. 7–9 are extracted for n1, n2, n3 = 1, 1.25, 1.75, 2 and n4 = 1
whereas results of Fig. 10 are derived for n4 = 0.5, 0.75, 1, 1.25
and n1, n2, n3 = 1.

Results of Fig. 2 has shown that these exponents have
significant effects on the resulting displacement components
and therefore, it may be inferred that they may have
pronounced effects on the induced magnetic quantities. Figs. 7
and 8 imply that exponents of the elasticity modulus and
thermal expansion lead to almost similar trends; so that the
induced quantities increase, to some extent, proportionally by
increasing the exponents but for the special materials
considered, sensitivity to magnitude of the thermal expansion
exponent is higher. Different trends may be seen in Figs. 9 and
10. Fig. 10 implies that using a graded permeability may affect

the induced Lorentz force and electromagnetic stress quanti-
ties of the intermediate and top layers only.

Ratio of the shear to normal tractions of the top surface (the
load ratio LR ¼ Q0=P0) may considerably affect the resulting
deformations and consequently, the induced magnetic quanti-
ties. Effects of the load ratio on the transverse distributions of
the magnetic quantities at (h = 0.5, u = p/4) of the mentioned
plate may be studied in Fig. 11 for four load ratios (LR = 2, 4, 6, 8).
Since increased load ratios bring about higher radial displace-
ments at the top layer of the plate, the induced magnetic
quantities increase monotonically, at all points of the section, by
an increase in the load ratio, as may be noted in Fig. 11.

Since the distribution of the material properties of the plate
is asymmetric, even uniform heating of the plate leads to
bending of the sections of the plate and consequently, to
induction of the magnetic and electromagnetic quantities. In
this regard, effects of the heat flux is investigated for four
values: Q� ¼ 100; 200; 300; 400 W=mC and the resulting trans-
verse distributions of the dimensionless induced quantities
are depicted in Fig. 12. Trends of these results are in agreement

a) Mag netic perturbation vector b)  Electromagnetic  stress c) Lor entz forc e

0 0.5 1
-0.35

-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

ξ

h z*

n3 = 1

n3 = 1.25

n3 = 1.5

n3 = 1.75

0 0.5 1

-1

0

1

2

3

4

ξ

τ m

n3 = 1

n3 = 1.25

n3 = 1.5

n3 = 1.75

0 0.5 1
-4

-2

0

2

4

6

8

ξ

L f

n3 = 1

n3 = 1.25

n3 = 1.5

n3 = 1.75

Fig. 9 – Effects of exponent of the thermal conduction on the transverse distributions of the induced magnetic quantities of the
clamped circular plate at (h* = 0.5, u = p/4).

a) Mag netic perturbation vector b)  Electromagnetic  stress c) Lor entz forc e

0 0.5 1
-0.052

-0.05

-0.048

-0.046

-0.044

-0.042

-0.04

-0.038

-0.036

ξ

h z*

n4 = 0.5

n4 = 0.75

n4 = 1

n4 = 1.25

0 0.5 1
2

2.5

3

3.5

4

4.5

5

5.5

ξ

τ m

n
4
 = 0.5

n
4
 = 0.75

n
4
 = 1

n
4
 = 1.25

0 0.5 1
2

3

4

5

6

7

8

9

10

ξ

L f

n4 = 0.5

n4 = 0.75

n4 = 1

n4 = 1.25

Fig. 10 – Effects of exponent of the magnetic permeability on the transverse distributions of the induced magnetic quantities
of the clamped circular plate at (h* = 0.5, u = p/4).

a r c h i v e s o f c i v i l a n d m e c h a n i c a l e n g i n e e r i n g 1 6 ( 2 0 1 6 ) 4 4 8 – 4 4 6 461



a) Mag netic perturbation vector b)  Electr omagnetic  stress c)  Loren tz forc e

0 0.5 1
-0.08

-0.07

-0.06

-0.05

-0.04

-0.03

-0.02

ξ

h z*

LR = 2
LR = 4
LR = 6
LR = 8

0 0.5 1

2

2.5

3

3.5

4

4.5

5

5.5

6

ξ
τ m

LR = 2
LR = 4
LR = 6
LR = 8

0 0.5 1
2

3

4

5

6

7

8

9

10

ξ

L f

LR =  2
LR =  4
LR =  6
LR =  8

Fig. 11 – Influence of the loads ratio on the transverse distributions of the induced magnetic quantities of the clamped circular
plate at (h* = 0.5, u = p/4).

a) Mag netic perturbation vector b) Electromagnetic  stress c)  Lorentz  fo rce

0 0.5 1
-15

-10

-5

0

5
x 10-4

ξ

h z*

k = 5
k = 10
k = 15
k = 20

0 0.5 1
-0.05

0

0.05

0.1

0.15

0.2

ξ

τ m

k = 5
k = 10
k = 15
k = 20

0 0.5 1
-0.5

0

0.5

1

1.5

2

2.5

ξ

L f

k = 5
k = 10
k = 15
k = 20

Fig. 13 – Influence of the foundation stiffness on the transverse distributions of the induced magnetic quantities of the
clamped circular plate at (h* = 0.5, u = p/3).

a) Mag netic perturbation vector b)  Electr omagnetic str ess c)  Lorentz  fo rce

0 0.5 1
-0.045

-0.04

-0.035

-0.03

-0.025

-0.02

ξ

h z*

q = 100
q = 200
q = 300
q = 400

0 0.5 1
1.6

1.8

2

2.2

2.4

2.6

2.8

3

ξ

τ m

q = 10 0
q = 20 0
q = 30 0
q = 40 0

0 0.5 1
1.5

2

2.5

3

3.5

4

4.5

5

5.5

6

6.5

ξ

L f

q = 10 0
q = 20 0
q = 30 0
q = 40 0

Fig. 12 – Influence of the conduction heat flux on the transverse distributions of the induced magnetic quantities of the
clamped circular plate at (h* = 0.5, u = p/4).

a r c h i v e s o f c i v i l a n d m e c h a n i c a l e n g i n e e r i n g 1 6 ( 2 0 1 6 ) 4 4 8 – 4 6 6462



with the suggested conclusions, i.e., the induced magnetic
quantities increase with the conduction heat flux.

Compliance of the elastic foundation affects the relative
radial displacement of the layers with respect to the neutral
layer of the plate and consequently, magnitude of the induced
magnetic quantities. Results of Fig. 13 confirm this conclusion.
As may be readily seen in Fig. 13, the induced quantities are
higher for more compliant elastic foundations whereas the
induced magnetic quantities of the neutral plane of the plate
have almost remained unchanged. On the other hand, non-
uniformity of the elastic foundation may significantly affect
the radial and transverse distributions of the displacement
components and consequently, transverse distributions of the
induced magnetic quantities, as may be seen in Fig. 14.

Finally, effects of intensity of the magnetic field on the
transverse distributions of the dimensionless induced magnetic
quantities are illustrated in Fig. 15 (n4 = 1). Due to presence of all
the mechanical, thermal, and magnetic loads, and especially,
interactions of their effects on the plate, results have not

changed in regular trends, however, the induced quantities
increase by increasing the intensity of the magnetic field.

6. Conclusions

A semi-analytical thermo-magneto-elasticity solution is pre-
sented for functionally graded variable thickness annular
plates undergoing asymmetric shear and normal tractions and
thermal and magnetic fields and resting on non-uniform
elastic foundations. Results reveal that:

- Exponents of the elasticity modulus, thermal expansion, and
heat conductivity significantly affect location of the inflec-
tion section of the plate and consequently, distributions of
the displacement and stress components.

- Effects of rates of variations of the temperature in the
transverse direction cannot be ignored, especially when the
thickness is variable.
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- In stiffer foundations, the stress field resembles a hydrostat-
ic field; so that magnitudes of the transverse stresses become
negligible but the in-plane shear stress of the lower surface
of the plate becomes larger.

- The magnetic actuation increases the stiffness of the plate
and consequently, reduces the displacements and stresses
of the plate

- Larger magnetic quantities are induced in plates with
smaller inner radius, higher material exponents, and larger
shear tractions and these quantities grow by increasing
thickness of the plate.

- The induced magnetic quantities increase with the conduc-
tion heat flux.

- The induced magnetic quantities are higher for more
compliant elastic foundations.

Appendix

Elements of the state matrix Di of Eq. (42) of the ith
discretization point are

Di ¼

0N�N 0N�N 0N�N IN�N 0N�N 0N�N

0N�N 0N�N 0N�N 0N�N IN�N 0N�N

0N�N 0N�N 0N�N 0N�N 0N�N IN�N

d41
N�N d42

N�N d43
N�N d44

N�N 0N�N d46
N�N

d51
N�N d52

N�N d53
N�N 0N�N d55

N�N d56
N�N

d61
N�N d62

N�N d63
N�N d64

N�N d65
N�N d66

N�N

2
6666666664

3
7777777775
6N�6N

(A.1)

where I is the identity matrix and (i, j = 1, 2, . . ., N)

d41ij ¼

s2b21i � 2ð1�nÞ
1�2n

þmb

� �
Að2Þ

ii þ 1
hi
þ2b2i

� �
Aii þ

b2i
hi

þb3i�
1
h2i

  !
þ 1
h2i

" #( )
; ði ¼ jÞ

�s2b21i
2ð1�nÞ
1�2n

� � XN
j¼1

Að2Þ
ij þ 1

hi
þ2b2i

� �XN
j¼1

Aii

2
4

3
5�mb Að2Þ

ii þ 1
hi
þ2b2i

� �
Aii

� �8<
:

9=
;; ði 6¼ jÞ

8>>>>><
>>>>>:

d42ij ¼

s2b21i
hi

2ð1�nÞ
ð1�2nÞ

1
hi
� 2n
1�2n

ðAii þ b2iÞ� Aii þ b2i�
1
hi

� �� �� �
; ði ¼ jÞ

� 1
1�2n

� �
s2b21i

1
hi

XN
j¼1

Aij; ði 6¼ jÞ

8>>>><
>>>>:

d43ij ¼
�n1sb1iðAii þ b2iÞ; ði ¼ jÞ

�n1sb1i
XN
j¼1

Aij; ði 6¼ jÞ ; d44ij ¼ �n1; ði ¼ jÞ
0; ði 6¼ jÞ

�8><
>:

d46ij ¼
sb1i

2n
ð1�2nÞ

1
hi
� 2n

1�2n

� �
Aii þ b2i þ

1
hi

� �� �
�ðAii þ b2iÞ

� �
; ði ¼ jÞ

� 1
1�2n

� �
sb1i

XN
j¼1

Aij; ði 6¼ jÞ

8>>><
>>>:

d51ij ¼
s2b21i

2n
ð1�2nÞhi

ðAii þ b2iÞ þ 2ð1�nÞ
ð1�2nÞh2i

þ 1
hi
Aii þ

b2i
hi

� 1
h2i

  !" #( )
; ði ¼ jÞ

1
1�2n

s2b21i
1
hi

XN
j¼1

Aij; ði 6¼ jÞ

8>>>><
>>>>:

d52ij ¼

s2b21i � Að2Þ
ii þ 2b2i þ

1
hi

� �
Aii þ b2i þ b3i�

1
h2i

  !" #
þ 2ð1�nÞ
ð1�2nÞh2i

( )
; ði ¼ jÞ

�s2b21i
XN
j¼1

Að2Þ
ij þ 2b2i þ

1
hi

� �XN
j¼1

Aij

2
4

3
5; ði 6¼ jÞ

8>>>>><
>>>>>:

d53ij ¼ �n1sb1i
hi

; ði ¼ jÞ
0; ði 6¼ jÞ

; d55ij ¼ �n1; ði ¼ jÞ
0; ði 6¼ jÞ

�
; d56ij ¼ � 1

hið1�2nÞ; ði ¼ jÞ

0; ði 6¼ jÞ
;

8<
:

8<
:

d61ij ¼
�n1

n

1�n

� �
sb1i Aii þ b2i þ

1
hi

� �� �
; ði ¼ jÞ

�n1
n

1�n

� �
sb1i

XN
j¼1

Aij; ði 6¼ jÞ
; d62ij ¼ �n1

n

1�n

� � sb1i
hi

; ði ¼ jÞ
0; ði 6¼ jÞ

8<
:

8>>><
>>>:

d63ij ¼

� 1�2n
2ð1�2nÞ s

2b21i Að2Þ
ii þ 2b2i þ

1
hi

� �
Aii þ b3i þ

b2i
hi

� �� �
; ði ¼ jÞ

� 1�2n
2ð1�2nÞ

� �
s2b21i

XN
j¼1

Að2Þ
ij þ 2b2i þ

1
hi

� �XN
j¼1

Aij

2
4

3
5; ði 6¼ jÞ

8>>>><
>>>>:

d64ij ¼
� n

ð1�nÞ sb1i Aii þ b2i þ
1
hi

� �� �
; ði ¼ jÞ

� n

ð1�nÞ sb1i

XN
j¼1

Aij; ði 6¼ jÞ
;

8>>><
>>>:

d65ij ¼ � 1
2ð1�vÞ

sb1i
hi

; ði ¼ jÞ

0; ði 6¼ jÞ
; d66ij ¼ �n1; ði ¼ jÞ

0; ði 6¼ jÞ

�8<
:

(A.2)

a r c h i v e s o f c i v i l a n d m e c h a n i c a l e n g i n e e r i n g 1 6 ( 2 0 1 6 ) 4 4 8 – 4 6 6464



Elements of the temperature coefficients matrix of the ith
sampling point are
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