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Cellular automata in nonlinear string vibration
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Cellular automata procedure for the analysis of nonlinear viscously damped transverse string vibrations
was defined. Parameters were obtained by comparing the cellular automata defining rules with relations re-
sulting from the discrete form of the mathematical description of the investigated phenomenon. A series of
numerical tests that were run confirmed the agreement between the obtained results and the solutions found
in the literature. Numerical results demonstrate that cellular automata can constitute a simple and effective
tool for the analysis of a range of complex problems which have not been analyzed in this way before.
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1. Introduction

Most of mechanics problems are usually mathematically modelled by ordinary dif-
ferential equations, partial differential equations, differential-integral equations or in-
tegral equations. When the phenomenon being described is complex, the equations are
solved by numerical methods, except for a very narrow class of problems for which
closed analytical solutions can be formulated. The natural desire of researchers is to
include in the description of reality the latter’s complexity, which results in increas-
ingly more complex mathematical descriptions of reality, difficult to analyze even by
advanced numerical methods.

In recent decades descriptions of various physical phenomena by means of simple
mathematical models called cellular automata (CA) have been intensively developed.
Cellular automata constitute an alternative to describing such phenomena by complex
mathematical equations. CA can be regarded as generally simple discrete dynamic
systems whose evolution is described by uncomplicated local rules. Using cellular
automata one can represent a given phenomenon as a synchronous mutual interaction
of a discrete in time and space set of cells. The state of a cell is described by simple
rules based on the state of this cell and the states of the cells in its immediate vicinity.
One can say that cellular automata enable one to describe global phenomena by means
of local rules of evolution and their discrete representation.

The idea and mathematical foundations of cellular automata were formulated by
von Neuman and Ulam in the 1940s [1]. Although CA came within the field of interest
of scientists, it was as late as in the 1970s, when John Conway presented the famous



W. GLABISZ28

“game of life” [2], that the interest rapidly grew and has resulted in a huge number of
researches on the theory and applications of cellular automata. A broad survey of lit-
erature on the description and use of CA can be found in, e.g. [3–8]. S. Wolfram
greatly contributed to the theory of cellular automata, collecting his findings in an ex-
tensive monograph [9].

In recent years cellular automata have been effectively applied to: traffic flow
problems [10], the simulation of brain tumour growth dynamics [11], biochemical
phenomena [12], fluid and gas dynamics and particle transport [13–14], ecological
modelling [15], biological modelling [16], vegetation dynamics [17], migration prob-
lems [18], the modelling of reaction-diffusion systems [19], the modelling of water
release and absorption in soils [20], soil erosion by water [21], epidemic modelling
[22], forest fire modelling [23], the design of variable-stiffness composite layers [24]
and many other problems. CA have also proved to be an effective tool in data com-
pression and encryption [25], the generation of high-quality random numbers [26],
cryptographic procedures [27] and the analysis of partial differential equations [28–
29]. In mechanics, cellular automata have been used to describe deformations of an
elastic body and the frictionless contact between the body and a rigid foundation [30],
and to solve nonlinear string vibration problems [31–32], being the subject of this
paper.A nonlinear model of transverse string vibration was first formulated by Kirchhoff
[33], and Carrier [34–35] included the longitudinal displacement of the string in its
nonlinear vibration. The theory formulated in those works has been developed in nu-
merous publications whose survey, with regard to theoretical formulations, numerical
methods and experimental tests, can be found in respectively [36–38].

The aim of this paper is to formulate an alternative, modified CA model of damped
nonlinear transverse string vibration and to demonstrate that CA can constitute a sim-
ple and effective tool for the analysis of a range of complex problems which have not
been analyzed in this way before.

Section 2 presents an alternative CA formulation for nonlinear transverse string vi-
bration problems, with a modified description of the viscous damping model. In sec-
tion 3, tests solutions are presented and the proposed approach is applied to nonlinear
statics and dynamics problems of a string with unilateral and bilateral constraints,
loaded with stationary and moving forces. In section 4 the obtained results are briefly
recapitulated.

2. Cellular automata model of string vibration

Let us assume that the string model is a chain of uniformly distributed point masses
(cells) connected by elastic massless elements of the string whose fragment is shown
in Figure 1.

The transverse displacement of the i-th string mass over the j-th time, referred to as
the cell state, is denoted by w(i, j). As defined in the papers by Kawamura et al. [31–
32], the evolution of the string state can be divided into two (identical in their descrip-
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tion) stages. In the first stage, for example, balls marked as white in Figure 1 undergo
displacement while the black balls remain stationary, whereas in the second stage the
opposite happens.

Physically, this way of analysis should be interpreted as the propagation of a trans-
verse disturbance, which in a given time interval covers a distance exactly equal to
distance a (resulting from the applied uniform division of the string into n elements)
between neighbouring balls, each of which can be a source of transverse vibrations.
State (w(i, j)) of a black ball after time t (w(i, j + 1)), during which the transverse
disturbance reaches the neighbouring balls and the black ball performs undamped free
vibrations, can be calculated from this relation

w(i, j + 1) = w(i, j) + 2w0    (1)

where w0 = 1/2[w(i – 1, j) + w(i + 1, j)] – w(i, j)   (2)

Fig. 1. String model

The relations are represented graphically in Figure 2.

Fig. 2. Graphic representation of cell state updating

If the influence of distributed (transversely to string axis x) excitation forces q(x, t)
and that of viscous damping C(x, t) are taken into account, then

w(i, j + 1) = [2w0 +  f(i, j)] + w(i, j)   (3)

where (for the time being undetermined) parameters  and  are responsible for re-
spectively vibration damping and the influence of transverse load f(i, j) on the state of
displacement w(i, j + 1).
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Taking into account relation (2), relation (3) can be written as

w(i, j + 1) = [w(i – 1, j) + w(i + 1, j)] + (1 – 2 )w(i, j) +  f(i, j),   (4)

which expresses the state of the i-th cell (its evolution procedure) at time j + 1 as
a function of: the previous state (before time t elapses), the state of the neighbouring
cells (w(i – 1, j), w(i + 1, j)), the actual transverse load and damping.

The mathematical Kirchhoff model [33] of nonlinear transverse vibration, neglect-
ing the displacements along the string’s axis and averaging tension (N ) over its length
(l ), can be in an elementary way derived from Newton’s second law and written as
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where , E, C, N0 and q(x, t) are respectively the density of the string material, the
Young modulus of the latter, the viscous damping parameter, the initial string tension
value and the transverse load intensity.

Applying central difference approximation for 2w/ t2, 2w/ x2 and w/ t one can
write Equation (5), after elementary transformations, in the form presented in the pa-
pers by Kawamura et al. [31–32]
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where:
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By comparing relations (4) and (6) one can easily determine the still unknown pa-

rameters  and   from this cellular automaton
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For the above relations it can be shown that (1 – 2 ) = (  – 1)/(  + 1), which fully
agrees with the relations presented by Kawamura et al. [31–32].

Since work W of load q(x, t) is a linear function of the displacements shown in Fig-
ure 2 and energy dissipation function  is a homogenous quadratic function of veloc-
ity (differentiation over time is marked with a dot),
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the parameter f(i, j) in relation (4) is f(i, j) = q(x, t) and the damping per unit string
length (in relation (7)) is c = 2/3C. The latter relation is due to the zero velocities of the
balls adjoining the ball which moves in one of the string evolution stages.

Relation (4) together with (7) and definitions c and f(i, j)  explicitly define the cel-
lular automaton law for the nonlinear transverse vibration of the string.

Velocity v of transverse disturbance propagation is defined as ANv / , and so
in the nonlinear equation considered here it is
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According to the proposal presented by Kawamura et al. [31–32], time-variable
velocity v( t) is the basis for the use of time increment t which changes in the course
of string evolution (and influences the values of  and ). Such a value of t is se-
lected that the disturbance wave-front will cover exactly distance a = l/n (constant
throughout the analysis) during this time.

3. Numerical analysis

The solutions presented in this section were tested [31–32] for a string with length
l = 0.8 m, cross section A = 20·10–3 m × 0.5·10–3 m, material density  = 7.8·103

kg/m3, Young modulus E = 206 GPa, damping C = 0.14 Ns/m2 and initial tension N0 =
130 N. The string was divided into n = 100 segments (cells) each having length a =
8.0·10–3 m. For these data, transverse wave propagation velocity v0 = AN /0 =
40.8248 m/s and the first natural frequency f1 = v0 /2l = 25.5155 Hz. In some of the
solutions presented below it was assumed that load q(x, t) = q(x) + Qcos( t), where
q(x) = 3.0 N/m, Q = 15.0 N/m (  = 2 f ), and the load acts within the segment 0.08 m

 x 0.15 m.
For the above data it is easy to estimate the frequency response function [39], e.g.

for the string’s midpoint, assuming that the displacement state can be approximated by
function sin( x/l) (for unmovable string ends) and that q(x) = 0.0 N/m and f = 25 Hz.
In Figure 3 this function (the function of fixed string response amplitude variation
amp measured in meters) is marked with a solid line and dots mark the solutions ob-
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tained using the linearized (neglecting changes in tension force N(t) = N0) cellular
automaton defined in the previous section.

The maximum difference between the solutions for the excitation frequency
adopted in the considered example amounts to 13% of the exact solution and is much
better than in [32]. This demonstrates the effectiveness of a well calibrated CA in such
an analysis.

Fig. 3. Frequency response function for linear problem

Figure 4 shows selected schematics of the analyzed strings. The nonlinear trans-
verse string vibration model was used in each of the problems.

Fig. 4. Schematics of analyzed strings
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Figure 5 shows a typical frequency response function at the midpoint of the string
whose schematic is shown in Figure 4a, for q(x) = 0.0 N/m and Q = 30 N/m in fre-
quency range 20 Hz  f  50Hz.

Fig. 5. Frequency response function for nonlinear problem

Fig. 6. Static deflections of string  = 0.002 m (a) and  = 0.005 (b)



W. GLABISZ34

Different string response branches can be obtained by, for example, controlling ex-
citation function frequency f in the initial time of the analysis, after which f reaches
a constant target value. The analysis of string vibration amplitude at different excita-
tion frequencies requires (in certain ranges of the frequencies) arduous searches for
possible steady string vibration amplitude values.

Interesting responses of the vibrating string are obtained under a static load when,
for instance, the string’s right end can freely move transversely in the parameter

 determined range which describes a unilateral stiff constraint (Figure 4b).
Figure 6 shows lines of static string deflections under load q(x) = 1250 N/m ap-

plied to segment a = l/n precisely at the string’s midpoint for respectively  = 0.002 m
(Figure 6a) and  = 0.005 m (Figure 6b). The acting load q(x) corresponds to concen-
trated force F = 10 N applied in the middle of the string span. As it can be easily veri-
fied (checking the current tension of the string), the static equilibrium conditions, in
the form of the sum of forces projections onto the vertical axis, are satisfied here.

Under dynamic load q(x, t) = 1250 + 1250cos(2 ft) applied to the middle segment
(a) of the string (Figure 4c) and at  = 0.002 m, f = 10 Hz and C = 0.6 Ns/m2, the state
of displacement of the string’s midpoint and its right end over time t is shown in re-
spectively Figure 7a and 7b.

Fig. 7. Dynamic deflections of string’s midpoint (a) and right end (b)
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The CA algorithm allows one to easily impose arbitrary constraints on any string
point. This has been confirmed by several numerical tests (not presented here). The
CA algorithm can be easily generalized to cover cases with any number of bilateral
elastic constraints with any (also nonlinear or time-dependent) characteristic of their
stiffness (k). Bilateral constraints are taken into account by modifying node load f(i, j)
by adding an elastic reaction proportional to the node displacement multiplied by
a function characterizing the stiffness of the added constraint.

As an example, Figures 8 and 9 show phase portraits of the vibration of points at
x = 3/4 l and x = l of a string whose displacements are confined by a bilateral elastic con-
straint (with stiffness k = 400 N/m) in the middle of the string and a stiff unilateral con-
straint at the string’s end at  = 0.005 m (Figure 4d). Vibration excitation load  q(x, t)
= 1250 + 1250cos(2 f t) was applied to one segment a at x = 1/4 l and f = 175 Hz (Fig-
ure 8) and f = 179.9 Hz (Figure 9). It was assumed that C = 0.45 Ns/m2 and initial ten-
sion N0 = 2600 N.

Fig. 8. Phase portraits of vibration of string points at x = 3/4 l (a) and x = l (b) for f = 175 Hz

Figure 10 shows the Fourier transform P( f ) of string midpoint displacements at the
above frequencies:  f = 175 Hz (Figure 10a) and f = 179.9 Hz (Figure 10b).
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Fig. 9. Phase portraits of vibration of string points at x = 3/4 l (a) and x = l (b) for f = 179.9 Hz

Fig. 10. Fourier transform of string response at f = 175 Hz (a) and f = 179.9 Hz (b)

The string response at frequency f = 179.9 Hz has the features of chaotic motion.
Ratio  of elastic wave velocity at current tension N(t) to its velocity at initial ten-

sion N0, which can be regarded as a certain measure of problem nonlinearity, was
controlled in each of the solutions. Figure 11 shows the variation of  in the initial
stage of analysis of the string (Figure 4d) at respectively f = 175 Hz (Figure 11a) and
f = 179.9 Hz (Figure 11b).

The CA algorithm presented in section 2 has proved effective also in the analysis
of the string under moving static and dynamic loads. A moving load can be realized on
a string with elastic and inelastic constraints. If it is assumed that force F moves on the
string with, for example, uniform motion with velocity V (this problem can be gener-
alized to cover a case of the force moving with an arbitrary acceleration), interesting
solutions can be obtained at different velocity values, particularly at critical velocities
(close to elastic wave propagation velocity v). Figure 12 shows the state of displace-
ment (a snapshot) of the string under force F = 10 N moving at velocity V = 2 m/s
(Figure 4e). Figure 12a shows the deflection of the string over time t = 0.26 s when the
force acted directly on the string. Figure 12b shows string deflection over time t = 0.58
s when the string’s free damped vibration after the travel of force F.
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Fig. 11. Variation of parameter   at f = 175 Hz (a) and f = 179.9 Hz (b)

Fig. 12. String displacement state under moving load (V = 2 m/s) over t = 0.26 s (a) and t = 0.58 s (b)

The displacement state at subcritical speed V = 40 m/s as the force acted directly
on the string (t = 0.009 s) and after its travel (t = 0.023 s) is shown in respectively in
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Figure 13a and 13b. In the analysis it was assumed that C = 3.0 Ns/m2. In Figure 13a
the disturbance front preceding the force has not reached the end of the string. Figure
13b shows the wave reflected from the string’s end during its free vibration.

Fig. 13. String displacement state under moving load (V = 40 m/s)
over t = 0.009 s (a) and t = 0.023 s (b)

Similarly as in Figure 13, the string responses in the linearized problem (N(t) = N0)
are shown for t = 0.011 s and t = 0.027 s in respectively Figures 14a and 14b.

CA were also used to good effect in problems with given kinematic excitation of an
arbitrary string point and in problems with forced time-variable string tension.

Fig. 14. Linearized string displacement state under moving load (V = 40 m/s)
over t = 0.011 s (a) and t = 0.027 s (b)

4. Conclusion

Cellular automata, intensively developed in recent years, can constitute an effective
alternative to complex mathematical descriptions of many physical phenomena. The
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latter are described, as a rule, by simple, repeatable, CA-evolution-expressing formu-
las used in the discrete representations of the space of the phenomena. The calibration
of CA’s parameters is of critical importance for their effectiveness. As a rule, when
CA are used, it is easier to obtain a qualitatively correct form of the sought solutions
than their quantitatively correct form.

In this paper a modified CA procedure for the analysis of nonlinear viscously
damped transverse string vibrations was defined. CA parameters were obtained by com-
paring the CA defining rules with relations resulting from the discrete form of the
mathematical description of the investigated phenomenon. A series of numerical tests
that were run confirmed the agreement between the obtained results and the solutions
found in the literature. The CA model calibrated in this way was used in the analysis
of string vibrations under arbitrary static and dynamic loads at different unilateral and
bilateral constraints imposed on the motion of an arbitrary string point.
The numerical tests have shown that:

– cellular automata are simple and effective tools for the analysis of linear and
nonlinear string vibrations,

– owing to the fact that the CA algorithm is easily modifiable, it can be used
(usually after minor changes in its structure) to analyze various complex problems,

– in order to build a properly functioning CA, one must carefully calibrate its pa-
rameters which determine the qualitative and quantitative correctness of the results.
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Automaty komórkowe w nieliniowych drganiach struny

W artykule zdefiniowano procedur  automatów komórkowych, któr  przystosowano do
analizy nieliniowych, wiskotycznie t umionych drga  poprzecznych struny. Parametry auto-
matów komórkowych otrzymano porównuj c regu y definiuj ce ewolucj  CA ze zwi zkami
wprost wynikaj cymi z dyskretnej postaci matematycznego opisu zjawiska. Przeprowadzono
szereg testów numerycznych potwierdzaj cych jako ciow  i ilo ciow  zgodno  otrzymywa-
nych wyników z rozwi zaniami znanymi z literatury. Wykonane testy numeryczne pokazuj ,
e automaty komórkowe mog  by  prostym i skutecznym narz dziem analizy szeregu z o o-

nych zagadnie  dotychczas tym sposobem nie analizowanych.
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