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Abstract

Let Y be a random variable such that the moment generating function of Y exists
in a neighborhood of the origin. The aim of this paper is to study probabilistic ver-
sions of the degenerate Fubini polynomials and the degenerate Fubini polynomials
of order r, namely the probabilisitc degenerate Fubini polynomials associated with Y
and the probabilistic degenerate Fubini polynomials of order r associated with Y. We
derive some properties, explicit expressions, certain identities and recurrence rela-
tions for those polynomials. As special cases of Y, we treat the gamma random vari-
able with parameters a, f > 0, the Poisson random variable with parameter a > 0,
and the Bernoulli random variable with probability of success p.
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1 Introduction

In recent years, degenerate versions, A-analogues and probabilistic versions of
many special polynomials and numbers have been investigated by employing vari-
ous methods such as generating functions, combinatorial methods, umbral cal-
culus, p-adic analysis, differential equations, probability, special functions, ana-
lytic number theory and operator theory (see [11-16, 18-21] and the references
therein).

Let Y be a random variable satisfying the moment condition (see 20). The
aim of this paper is to study probabilistic versions of the degenerate Fubini pol-
ynomials and the degenerate Fubini polynomials of order r, namely the proba-
bilisitc degenerate Fubini polynomials associated with Y and the probabilistic
degenerate Fubini polynomials of order r associated with Y. We derive some
properties, explicit expressions, certain identities and recurrence relations for
those polynomials and numbers. In addition, we consider the special cases that
Y is the gamma random variable with parameters a, § > 0, the Poisson random
variable with parameter a(> 0), and the Bernoulli random variable with prob-
ability of success p.

The outline of this paper is as follows. In Sect. 1, we recall the deg?nerate

n
A 1, the
degenerate Bell polynomials, the degenerate Fubini polynomials and the degener-
ate Fubini polynomials of order . We remind the reader of Lah numbers and the
partial Bell polynomials. Assume that Y is a random variable such that the
moment generating function of ¥, E[e] = Zn 0 ‘E[Y"] (|t] < r), exists for
some r > 0. Let ()),»; be a sequence of mutually 1ndependent copies of the ran-
dom variable Y, and let S, =Y, +Y,+--+Y, (k>1), with S;,=0.Then we
recall the probabilistic degenerate Stirling numbers of the second kind associated
with Y and the probabilistic degenerate Bell polynomials associated with Y,
¢ri ,(x). Also, we remind the reader of the gamma random variable with parame-

exponentials, the degenerate Stirling numbers of the second kind

tersa, f > 0. Section 2 is the main result of this paper. Let (Yj)jzb S, k=0,1,...)
be as in the above. Then we first define the probabilistic degenerate Fubini poly-
nomials associated with the random variable Y, F: (). We derive for F fl’ ,(x) an
explicit expression in Theorem 1 and an expression as an infinite sum involving
E[(S;),.2] in Theorem 2. In Theorem 3, when Y ~ I'(1, 1), we find an expression

for F, ¥ (x) in terms of Lah numbers and Stirling numbers of the first kind. We
obtaln a representation of F, v .,®) as an integral over (0,c0) of the integrand
involving d)y (x) in Theorem 4 and its generalization in Theorem 14. In Theo-
rem 5, we express the probabilistic degenerate Fubini numbers associated with Y,
FY = Fyi(l) as a finite sum involving the partial Bell polynomials. Then we
1ntr0duce the probabilistic degenerate Fubini polynomials of order r associated
with Y and deduce an explicit expression for them in Theorem 6. We obtain a
recurrence relation for F}i A(x) in Theorem 7, and another one in Theorem 8
together with its generalization in Theorem 15. In Theorem 9, the rth derivative
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of FZ ,() is expressed in terms of F;TI’Y)(x). We get the identity

ﬁF:’ A(55) = X2 ElS), ¢ in Theorem 10 and its generalization in Theo-

rem 13. In Theorem 11, when Y is the Poisson random variable with ?arameter a,

we express F rf ,() in terms of the Fubini polynomials F;(x) and :l . In Theo-
!
rem 12, when Y is the Poisson random variable with parameter a, we show

iF:,A(ﬁ) = >0y Puika)x*. Finally, we show in Theorem 16 that

F }l/ ,&) = F, ,(xp) if Y is the Bernoulli random variable with probability of success
p. For the rest of this section, we recall the facts that are needed throughout this
paper.

For any 4 € R, the degenerate exponentials are defined by (see [6-21])

P k
;) =1+ i) = Z(x)“%, e, (1) = el (), (1)
k=0 °
where
@ =1 @, =xx=D (x—@m—-DA), @=1. )
Note that

Ei_r}% ey(n) =e.
The Stirling numbers of the first kind are defined by (see [1-3, 5, 24])
@, = Y, Sk, (n>0), 3)
k=0

where
x)p=1, ),=xx-1)-x—-—n+1), @=1).

Alternatively, they are given by (see [5-24])
1 T "
H(1og(1 +1) = st](n, D (4)
The Lah numbers are defined by
(@), = Y L))y (12 0), )
k=0

where

=1, ), =x(x+1D-(x+n=-1), @®=1).
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L(”, k) - (Il > ]( > ”)
L' L ] > = =

From (6), the generating function of the Lah numbers is given by

fi(7) = Z ot

In [13], the degenerate Stirling numbers of the second kind are defined by

Wi =Y, { Z } @ (n>0).
A

k=0

Alternatively, they are given by

1 < [n) 7
—'(e,l(t)—l) k{k}ﬂ.

(6)

@)

®)

(C))

It is well known that the degenerate Bell polynomials are defined by (see [12-14])

(S o]
(-1 "
em-D — z ¢n,/1(x);.
n=0 !

Thus, by (8) and (10), we get (see [12, 17, 21])

OEDY { Z } *, (>0
A

k=0

The degenerate Fubini polynomials are defined by (see [17-19, 27])

F,0=) { Z } KE, (n > 0).
A

k=0

Thus, by (12), we get (see [4, 19, 21, 27])

1 —x(e,l(t) -1 ZF”(x)—

From (13), we note that (see [18])

1 X d 1 - L
1-x ”’A<1—x> (xdx>ml—x é( i
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For r € N, the degenerate Fubini polynomials of order (see [8, 9, 16]) r are defined
by

1 r [so] (r) tn
S S R N3 "
<1 —y(e, (1) — 1)) ’;) "’j(y)n! (15)
Thus, by (15), we get (see [8, 18, 19, 22, 23])
r . k +r— 1 n
o= (e "
k=0 1

From (15), we have

r+l1 r+1 0
1 (r+1) X d 1 k+r
F _ — —_ = k .xk,
<1—x> A <l—x> <xdx>“<l—x> ;;( r ®na

a7

where n, r are nonnegative integers.
For any integer k > 0, the partial Bell polynomials are given by (see [5])

[¢5) .\ k %)
1 t I
F(;%;) = ZkBtz,k(xl’XZ’""xn—k+1)a’ (18)

where

By (15 %05 o5 Xy gy1)

_ 2 n! o\ (%) Xn—kt1 bkt
h L el P\ 1 2! (n—k+1)! ‘

L+bL+ -+l =k
L+2L+ - +m—k+ Dl =n

19)
Let Y be a random variable such that the moment generating function of Y
tY < n " :
E[e"] = Z E[Y"]—, (|t]| <r) exists for some r>0. (20)
n!

n=0

Assume that (Y;)5; is a sequence of mutually independent copies of Y and
S=Y,+Y,+ - +Y,, (k>1)with§, =0.

The probabilistic degenerate Stirling numbers of the second kind associated with
random variable Y are defined by (see [15, 22])

k
Y.A =0

J

By binomial inversion, the Eq. (21) is equivalent to (see [15])
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k
k n
E[(Sy), ;] = ()]'{} . 22
O ZO, AV 22)

From (21), we note that (see [15])

n=k

In view of (11), the probabilistic degenerate Bell polynomials associated with Y are
defined by (see [15, 20])

AGEDY { L } &+, (n20). (24)
Y,A

k=0

When Y = 1, we have ¢, (x) = ¢, ,(x).
By (24), we get (see [15])

CESO _ "
IO = 3 (0 (25)

n=0

We recall that Y is the gamma random variable with parameter «, § > 0 if probabil-
ity density function of Y is given by (see [3, 25-28])

i ~Px(Bx)*~!, ifx >0
e x)* L, ifx >0,

= ()
@) { 0, ifx <0,

which is denoted by Y ~ I'(a, f).
Finally, if Y is the Poisson random variable with parameter a(> 0), then the
moment generating function is given by:

o0
B[] = Y e = gD
' |
=0 n.

2 Probabilistic Degenerate Fubini Polynomials Associated
with Random Variables

Let (Y});»; be a sequence of mutually independent copies of random variable Y,
and let

So=0, S,=Y, +Y,+-+Y, (keN).

@ Springer
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Now, we consider the probabilistic degenerate Fubini polynomials associated with
random variable Y which are given by

[e]

1 N
=Y L
1= x(Ele! (0] - 1) DI (26)

n=0

For Y=1, E[Y]=1 and we have FY @) =F,;(x), (n=20). When x=1,

F Y =FY /1(1) are called the probabilistic degenerate Fubini numbers associated
wzth random variable Y.
From (26) and (23), we note that

2 A(x)— Z%(E[eﬁ(t)] Zxkk' el (0] - D

=gxkk!n2:c{2} L izokkv{ } ’

Therefore, by comparing the coefficients on both sides of (27), we obtain the follow-
ing theorem.

27

A

Theorem 1 Forn > 0, we have

Frw=)Y { . } kIt
YA

k=0

By (26), we get

FY ﬁ — 1 — 1
Zj T 1-x(Ele!®] - 1) 1+x—xE[e!()]

& k
— 1 1 _ 1 X v k
S THxl- TSR] T4y 2 <1+x> (Etejon)

(28)

2 i<1+ )kE[(Y1+Y2+ +Yk),”]
22

Therefore, by (28), we obtain the following theorem.

k
tVl
x) E[(Sk)n,z]n_!-

Theorem 2 Forn > 0, we have

@ Springer
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o k
Y 1 X
Fo i) = > < - +x> EL(Sp,4].

In particular, for Y = 1, we have

Ve LY
F”J(x)_1+xz<l+ >()“

LetY ~I'(1,1). Then, by using (1), (4) and (7), we have

k
Z A(x)—=—1_x(E[ey(t)]_ - Z “(Elelo1-1)

n=0 k=0

3] k o ) k
> xk< / ¢l (e~ dy - 1) =y x"( / o1+ gy, 1)
k=0 0 k=0 0

Llog(1 + a0 \*
=25 (i)
= k! 1—llog(1+,1r)

[Se]

1
1
= ) ki ZL(Z Dy (E log(1 + m)

k=0

MN

kIX*L(l, k) Z A1 (n, 1)—

k n=l

Il
=]

1
Z KUFL(L k) A"1S, (n, 1)

0 [=0 k=0

Me I
M:

n

(29)
where S, (n, [) are the Stirling numbers of the first kind. Here we should observe that,
for all ¢ with lzl small, we have

%log(l +0| <1,

since |1°2’(1+x)| is bounded on (0, o). Therefore, by comparing the coefficients on
both sides of (29), we obtain the following theorem.

Theorem3 LetY ~ I'(1, 1). Then we have

n l

FY @)= 2 Y KL BS (D5, (> 0).

=0 k=0

Now, we observe from (24) and Theorem 1 that

@ Springer
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/ (j)’f/l(xy)e_ydy = { Z } )H‘/ yedy = Z { Z } ATk + 1)
0 ’ k=0 v JO k=0 Y.A

= { . } K =F (), (n>0).
k=0 Y.z

Thus, from (30), we obtain the following theorem. (30)
Theorem 4 Forn > 0, we have
/0 "4 edy = P,
From (23) and (18), we note that
3 { " } "Lt o1 -1 = 1P b
=k Y, i=1 31)

= 3B,y (EL(V), ;1 EL(V)y 1, -+ EN(Y), g1 41) % _
n=k |

Thus, by (31), we get
{ Z }“ =B, (E[(Y); ) EL(Y)y 4, -+ EL(Y), 12D, (2 k20). (32)

Hence

n

OEDY { L } Y= Y By (EL(Y), 1 EL(Y), 41, -+ EL(Y), g DY
Y.A k=0

k=0
(33)
By (30) and (33), we get
Fr = X B (B L ELD,0,  ELOD, ) / Ve dy
=0 ’ (34)

= 3 KB (ELO AL EL0 i L) ]} (12 0),
k=0

Therefore, by (34), we obtain the following theorem.

Theorem 5 Forn > 0, we have
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= Z k!Bn,k <E[(Y)1,A], E[(Y)z,j]’ tt E[(Y)n—k+1,l]>'
k=0

For r € N, the probabilistic degenerate Fubini polynomials of order r associated
with random variable Y are defined by

1 r__ S FY)
<1_x<E[e;(t>]_1)> =Y R WL (35)

n=0

When Y = 1, we have F(’ @) =FU (), (n>0), (see (13)).
From (23) and (35), We note that

1 S i Y i o rti-1, il Y i
- = -1 Ele] -1 = X' =(Ele; -1
(1-x<E[e;<t>1-1)) 20<l )( V' (Elef (0] = 1) Z;(l )”“i!( lef 1 1)

< [ r+i-1Y\, iw n I < - r+i—=1\. .| n I
il E — = E ilx —.

4 i A B n! 4 i i n!

i=0 n=i YA n=0 i=0 YA

(36)

Therefore, by (35) and (36), we obtain the following theorem.

Theorem 6 Forn > 0, we have

F(rY)(x) z <:+l—1>i!{;’l} N
=0 Y,A

By (26) and using the Cauchy product of two power series, we get

N 1 x(E[eX (D] - 1)
Z Fo 00— = Y -1= Y

= T =x(Ele; (0] = 1) 1—x(E[ef(] - 1)
B xE[ef{(t)] ~ X

- x(ElefO]-1) 1- x(E[eY(t)] -1

_XZE[(Y)H]ksz o —xZFYgx) (37)

_xZE[(Y)H k'z Zi(x);—!
-2 Z( JEl L0

Therefore, by comparing the coefficients on both sides of (37), we obtain the follow-
ing theorem.

Theorem 7 Forn > 1, we have

@ Springer
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Frw=x), < Z )E[(Y)“]FY L@,
k=1

Here and elsewhere, all differentiations of power series are done term by term.
From (26), we note that

" d < d 1
Z TP Fris ) - dt< — x(Ele} (1] — 1))
xE[Ye! ()] x E[Ye!~*(1)]
T (I =xE M- D)2 1-x(Ell ] - 1)1 —x(E[ef(zn -1
= xZF 0% 2 Flox )— ZE[Y(Y A),M] (38)
i=l ! m=0
k Y v lk M
=X < Z(; < ) i,/l(x)Fk—i,/l(x)> T %E[(Y)mﬂ,i]n?
e n k
= Zx Z < ) (Z)F,ﬁ(x)FZ_,J(x)E[(Y)n_kH,ﬂ%
n=0 k=0 i= :

Therefore, by comparing the coefficients on both sides of (29), we obtain the follow-
ing theorem.

Theorem 8 Forn > 0, we have

n k
Fra,@=x) 3 <’j> ( P )F,.ﬁ(x)F,f_,J(x)E[(Y»_kH,u.

k=0 i=0

Now, we observe from (35) that

o &y o d 1 _ (Ele} 1)’
Z —ani(JC)_, =7 Y = r+l
= dx At e \ T = x(E[ ()] - 1) (1 — x(Ele](n] = 1)

—r|ZF(’+”>( )= ZE Y, + Y+ - +Y)“]
=0

— Z <r|zF(r+l Y)( )E[(S )n il < ));’:

=0
(39
Therefore, by (39), we obtain the following theorem.

Theorem 9 Forr,n > 0, we have

@ Springer
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d . M(x) = 7! 2 FU D @E(S,), ) < ’l’ )

From (22) and (26), we note that

% < ZE[(S )n /1] >:T ;xi;)E[(Si)n,i]:j
= ZxE[e 0= x (E[ef(t)])
1 _ T 1 40

I—xE[ef()]  1=x1- = (E[el(n] - 1)

1 - Y X t"
F —.
l—x; "”1<1—x>n!

Therefore, by comparing the coefficients on both sides of (40), we obtain the follow-
ing theorem.

Theorem 10 Forn > 0, we have

1
mF,,Q( x) ZE[(S il

=0

Taking x = -, we get

Z E[(S), 4] (%) =2F,, (n20).
i=0

Let Y be the Poisson random variable with parameter a(> 0). Then we have

[s9)

Elf0] =) e’}(OZ—Te‘“ = "0, 41)

n=0

From (41), (26) and (9), we have

oo

FY ﬁ = 1 = 1
2 w7 1-x(E[®O] -1 1 —x(e®®=D —1)

n=0
e l-l i e i s3] n M
= i§=o Fia' (e, = 1) = ,Z:o F(xa Z {,. }ﬁ 42)

= r;) <§; Fi(x){ 7 }Aal)%’
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where F(x) are the Fubini polynomials given by ﬁ = ZZO F i(x)f,—:. Therefore,
by (42), we obtain the following theorem.

Theorem 11 Let Y be the Poisson random variable with parameter a(> 0). Then we
have

F,{l(x) = Z F[(x){ :l } a, (n>0).
=0 A

Let Y be the Poisson random variable with parameter a > 0. Then, by (41) and
(10), we have

k ale; () — < tn
(E[gﬁ(t)]) = keles0-D) = Z;)cbn,l(ka)a- 43)
and
k s 1
(Etef@n) = ;E[(sk)n,ua. (44)

Thus, by (43) and (44), we get
E[(S)na] = buake),  (n20). 45)

From Theorem 10 and (45), we have

/; (I)M(k(x)xk = /; E[(Sk)n,ﬁ])g( = l_ixF’)’/’l ( 1 ix) (46)

Therefore, by (46), we obtain the following theorem.

Theorem 12 Let Y be the Poisson random variable with parameter a(> 0). For
n >0, we have

o 0 . .
;‘bn,,{(ka)xk = ;E[(Sk)n’l]xk = mFrfJL(m)

By using Theorem 6 and (22), we note that

@ Springer
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=0

:i n B I+r L 1 ),ﬂﬂzii n p I+r | k+l+r |
=0 | ! l 1-x =0 k=0 | | l k
Y. Y.

1N e, x 1 L ) l+r‘ x oy
<l—x> Foi (l—x)_(l—x) Z 1 i I'(l—x)
Y

47
Therefore, by (47), we obtain the following theorem.

Theorem 13 Forn > 0, we have

1 r+lF(r+1,Y) _r _i k+r xkE[(S)
) i) T & 2

k=0

When Y = 1, we have

1 r+1F(r+1) X — i k +r xk(k)
1—x A\ 1—x ~\ Kk A

Now, we observe from (24), (16) and Theorem 6 that

/ YL aedy =Y 4 b / yHledy
0 ' = Lk 0

Y4

- n = n r+k—1
:ko{k} xkr(r+k)zr(r)k2(){k} xk<k >k!
= Y, A = Y.A

=TF ), (reN).

(48)
Therefore, by (48), we obtain the following theorem.

Theorem 14 Forn > OQandr > 1, we have

@ Springer
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(r,Y) _ 1 . r=1 1Y —
F (X)—% Y &, ;e dy.

From (35), (25) and Theorem 14, we have

1 ' 1 ® —1 - Y " o_,
== —e7dy.
Qﬁwwm—Q F@Ay ;“Mny

1 / R y(Ele! (D]-1) —y
_ 1 Y lgwEle; eVdy 49)
I'(n Jo

)
— 1 / yr— 1 ey(xE[eI 1)]-1-x) dy
') Jo

By (49), we get

1 ol GEL (]=1-1) < 1 >r
1 QUEL] dy = ,
F@Ay T\ @Ed 01—

where r is a positive integer.
The proof of Theorem 15 is similar to that of Theorem 8. So we omit its proof.

Theorem 15 Forn > 0, we have

n k
rnw=r 3 3 (3) (5 )renwrs e,

k=0 j=0
Let Y be the Bernoulli random variable with probability of success p. Then we
have

1

Ele} (0] = Z e (Op(k) = 1 = p +pe,(t) = 1+ ple; (1) = 1). (50)
k=0

By (26), (50) and (13), we get

nz=(') n’A(X)"! 1—x(E[e](0]=1) 1 —xple;(t) = 1)

. (51)
- L
—;amnr

Therefore, by comparing the coefficients on both sides of (51), we obtain the follow-
ing theorem.

Theorem 16 Let Y be the Bernoulli random variable with probability of success p.
Forn > 0, we have

@ Springer
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Fi/l(x) =F, ,(p).

3 Conclusion

In this paper, we studied by using generating functions the probabilistic degener-
ate Fubini polynomials associated with Y and the probabilistic degenerate Fubini
polynomials of order r associated with Y, as probabilistic versions of the degener-
ate Fubini polynomials and the degenerate Fubini polynomials of order r, respec-
tively. Here Y is a random variable such that the moment generating function of ¥
exists in a neighborhood of the origin. In more detail, we derived several explicit
expressions of F, Y (x) (see Theorems 1, 2, 4) and those of F, i Y(x) (see Theorems 6,
14). We obtalned a recurrence relations for Y A(x) (see Theorem 7), and another one
(see Theorem 8) together with its generahzatlon (see Theorem 15). We expressed
the rth derivative of F f ,(&) in terms of F, i’;l’y) (x) (see Theorem 9). We showed the

identity —FY <1x ) = Xy EI(S), )5 (see Theorem 10) and its generalization
(see Theorem 13) We deduced an explicit expression for FY ﬁ(x) when Y ~ I'(1,1)
(see Theorem 3) and also that when Y is the Poisson random variable with param-

eter  (see Theorem 11). We proved that :F}l’ /1( = ) =X uaka)xk when Y

is the Poisson random variable with parameter « (see Theorem 12). We showed
F: 1) =F, ;(xp) when Y be the Bernoulli random variable with probability of suc-

cess p (see Theorem 16).

As one of our future projects, we would like to continue to study degenerate ver-
sions, A-analogues and probabilistic versions of many special polynomials and num-
bers and to find their applications to physics, science and engineering as well as to
mathematics.
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