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Abstract

This paper is devoted to the stability and decay estimates of solutions to the two-
dimensional magneto-micropolar fluid equations with partial dissipation. Firstly,
focus on the 2D magneto-micropolar equation with only velocity dissipation and
partial magnetic diffusion, we obtain the global existence of solutions with small
initial in H*(R?) (s > 1), and by fully exploiting the special structure of the system
and using the Fourier splitting methods, we establish the large time decay rates of
solutions. Secondly, when the magnetic field has partial dissipation, we show the
global existence of solutions with small initial data in Bg’l(le). In addition, we
explore the decay rates of these global solutions are correspondingly established in
BZI,I(IRZ) with 0 < m < s, when the initial data belongs to the negative Sobolev space

H/(R?) (for each 0 < [ < 1).

Keywords 2D magneto-micropolar equations - Partial dissipation - Large time
behavior

Mathematics Subject Classification 35Q35 - 35B40 - 76D03

1 Introduction

The magneto-micropolar equations were introduced in [1] to describe the motion
of an incompressible, electrically conducting micropolar fluids in the presence
of an arbitrary magnetic field. It belongs to a class of fluids with nonsymmet-
ric stress tensor and includes, as special cases, the classical fluids modeled by
the Navier-Stokes equation (see, e.g., [5, 31, 39]), magnetohydrodynamic (MHD)
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equations (see, e.g., [26]) and micropolar equations (see., e.g., [15, 16]). The 3D
incompressible magneto-micropolar fluid equations can be written as:

ou+u-Vu=p+ y)Au—Vo+b-Vb+2yV X w,
0,w+u-Vo—yVV-wo+4yw=xAw+2yV Xu,
0b+u-Vb=vAb+b-Vu, (1)
V-u=0,V-b=0,

u(x,0) = uy(x), w(x, 0) = wy(x), b(x, 0) = by(x),

where x = (x;,X,,x;) € R? and 7> 0, u(x, 1), w(x, 1), b(x,t) and z(x,t) denote the
velocity of the fluid, microrotational velocity, the magnetic field and the hydrostatic
pressure, respectively, u, y and 1 are, respectively, kinematic viscosity, vortex vis-
cosity and magnetic Reynolds number. y and x are angular viscosities, and this is an
isotropic system. The 3D magneto-micropolar equations reduce to the 2D micropo-
lar equations when

u= (ul(xlax29 t)’ u2(~x1’x2, t)’ 0)’ = n(xla x27 t)»
b = (bl(x]7x29 t)3 bz(xls-x29 t)3 O)’ w = (07 Os w}(-xl ’ x29 [))'

More explicitly, the 2D incompressible magneto-micropolar fluid equations can be
written as

ou+u-Vu=u+ y)Au—Va+b-Vb+2yV X w,
ow+u-Vo+4yw=xAw+2yV Xu,
0,b+u-Vb=vAb+b-Vu, 2)
V-u=V-b=0,

u(x,0) = uy(x), w(x, 0) = wy(x), b(x, 0) = by(x),

where we have written u = (uy,u,), b = (b;, b,) and w for w; for notational brevity. It
is worth noting that, in the 2D case,

Q=VXu=9u, —ou,

is a scalar function representing the vorticity, and V X @ = (0,0, —0,w).

The magneto-micropolar equations play an important role in engineering and
physics and have attracted considerable attention from the community of math-
ematical fluids (see, e.g., [20, 25, 28, 29]). When (2) has full dissipation (namely,
u, y,x,v > 0), the global existence and uniqueness of solutions could be obtained
easily (see, e.g., [20, 28]). However, for the inviscid case (namely, (2) with u > 0,
x>0,k =v=0 and Au replaced by u), the global regularity problem is still a
challenging open problem. Therefore, it is natural to study the intermediate cases,
namely (2) with partial dissipation.

This paper aims at a system of the 2D magneto-micropolar equations that is
closely related to (2),
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ou+u-Vu=p+ y)Au—-Vo+b-Vb+2yV X w,

o,w+u-Vo+4yw=2yV Xu,

) 0,b, +u-Vb, =vob, +b-Vu,, 3
0,6y + 1~ Vby = v, by + b - Vity, &)

V-u=V-6=0,

u(x, 0) = uy(x), w(x, 0) = wy(x), b(x,0) = by(x).

\

Physically, the partial dissipation assumption is natural in the study of geophysical
fluids. It turns out that, in certain regimes and under suitable scaling, certain dissipa-
tion can become small and be ignored. Anisotropic magnetic diffusion also arises in
the modeling of reconnecting plasmas. When the resistivity of electrically conduct-
ing fluids such as certain plasmas and liquid metal is anisotropic and only in the
mixed directions, the mixed magnetic diffusion may be relevant. In addition, math-
ematically, (3) allows us to explore the smoothing effect and the effect on large time
behavior of the anisotropic magnetic diffusion. When the b with partial dissipation
and zero angular viscosity, the global regularity problem for (3) can be quite dif-
ficult. However, many important progresses have recently been made on this direc-
tion (see, e.g., [6-14, 17, 23, 30, 36, 38, 42]). In [17, 23, 30], the global regularity
of the 2D magneto-micropolar equations with various partial dissipation cases was
obtained. Wang, Xu and Liu in [41] proved the uniqueness of global strong solu-
tion for the magneto-micropolar equations with zero angular viscosity in a smooth
bounded domain. Yamazaki [43] obtained the global regularity of the Cauchy prob-
lem for the magneto-micropolar equations with zero angular viscosity

The magneto-micropolar equations share similarities with the Navier-Stokes equa-
tions, but they contain much richer structures than Navier—Stokes. It is well-known
that the L decay problem of weak solutions to the 3D Navier—Stokes equations, i.e.,
(1) withw = 0, b = 0 and y = 0, was proposed by the celebrated work of Leray [19].
By introducing the elegant method of Fourier splitting, the algebraic decay rate for
weak solutions was first obtained by Schonbek [33]. Later, the result in [33] is sharp-
ened and extended in [34], see also [35]. Recently, Niu and Shang [24] proved the L?
-decay estimates of weak solutions, and also proved the optimal decay rates of global
solutions in A*(R3)(s > ) and in BY (R*) with 0 < m < 5 Shang and Gu [37] also
proved the global ex1stence of classwal solutions for (3). Li [21] proved the I>-decay
estimates for global solutions of (8) and their derivate with initial data in L!(R?). In
addition, Li [21] also shown the global stability of these solutions in H*(R*)(s > 1)
and the decay rates of global solutions and their higher derivates.

Motivated by the results of the magneto-micropolar equations [43] and the
related fluid models [11, 18]. In this paper, the first theorem states that system (3)
has a unique golbal solution when the initial data (u,, @, b,) is sufficiently small in
H*(R?), and obtain the upper bounds of time decay rates of the global solution to (3)
in L?(R?), as stated in the following theorem.

Theorem 1 Let >0, y >0, v> 0 and k > 0. Assume that (uy, @y, by) € H*(R?)
withs > 0andV - uy =V - by = 0. Then the following two statements hold:
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(I) Let s > 1, then there exists a positive constant €, such that for all 0 < € < €,

if
“uollip(RZ) + ”Cl)0||2 Y(Rz) + ”bolllz_]s(RZ) < €, (4)
then system (3) has a unique global solution (u, , b) satisfying, for any t > 0,

2 2 2
M1, g, + 10O g, + U, g,

' 2 2 2 (5)
+ 0 (”VM(T)“ :(RZ) + ”C()(T)” :(R2) + ”Vb(T)“ s(RZ))dT S C€,

where C > 0 is a constant independent of t.

(II) suppose that (uy, w,, b,) € LY(R?), then the global solution (u,w,b) has the
following upper decay rates:

@Iz + oIz + 16|z < CA+07%. (©6)

Moreover, when u < \/§ X, then the global solution (u, o, b) of the system (3) has the
following upper decay rates

IVu@ll,2 + o,z + IV@,2 < C+ 075, (N

Finally, we consider the 2D magneto-micropolar equations with partial dissipa-
tion for the magnetic field, which can be written as

ou+u-Vu=W+ y)Au—Va+b-Vb+2yV X w,
ow+u-Vo+4yw=xAw+2yV Xu,

) 0,b, +u-Vb, =voyb +b-Vu,, @®)
0,b, +u-Vby =vo; by +b-Vu,,

V.u=V-b=0,

u(x, 0) = uy(x), w(x, 0) = wy(x), b(x,0) = by(x).

Motivated by the [21, 24], we establish the global existence results to system (8) in
Besov spaces B} 1(IRZ). Furthermore, we study the large time decay rates of these
global solutions in the Besove spaces B} 1(|R2), as stated in the following theorem.

Theorem 2 Let >0, y > 0, v > 0 and x > 0. Assume that (uy, @, by) € B; 1([Rz)
withs > 0andV - uy =V - by = 0. Then the following two statements hold:

(D) Let s > 1, then there exists a positive constant €., such that for all 0 < € < €,

if
2 2 2
L R L g ©

then system (8) has a unique global solution (u, w, b) satisfying, for any t > 0,
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2
||“(t)||3l‘ @) T ||w(f)||15}S ®2) T ||b(l‘)||13l @) T IV M(T)”L}(B‘ZI(RZ))

2 (10)
+Iv? CU(T)”LI(B‘ w2y IV b(T)”L'(Bv ®y) <C,

where C > 0 is a constant independent of t.

(ID) Let s > 1, suppose that (uy, wy, b,) € H'RHwith0<Il< 1. Then for all real
numbers m with 0 < m < s, the global solution (u,w, b) established in (I) satisfies
the following decay estimates:

_m_1
||“(t)||le(R2) + ||w(f)||B';1(R2) + ||b(f)||1}gjl(R2) <C(A+n 271, an

Remark 1

(i) Since I”(R?») < HY(R*» when [€[0,1) and pe(l,2], and
P(R?) < B;! (R?)when € (0,1]and p € [1,2), thus Theorem 2 also hold

for (uy, wy, by) € LP(R?) with p € [1,2].

(ii)) Because of the divergence free condition V:.-b=0, then
IVDIl 22y = IV X bl 22y, thus for the full dissipation 2D magneto-micropo-
lar equations, we also have the same results as Theorem 1 and Theorem 2.

Remark 2

(i) Compared to the classical magneto-micropolar equations (1), the full Lapla-
cian operator is replaced by partial magnetic diffusion in systems (3) and (8).
Theorem 1 and Theorem 2 indicate that the mixed partial magnetic diffusion
has the same effect as the full Laplacian in deriving the large time behavior,
in the sense that the decay rates in Theorem 1 and Theorem 2 coincide with
the solutions of system (1).

(i) In Theorem 2, by assuming the initial data small in the critical Besov space
Bg \» We can establish the global well-posedness to (8). However, due to the
lack of micro-rotational velocity dissipation and the complex structure of the
magneto-micropolar equations, it appears difficult to show the global well-
posedness in critical Besov space to the solutions of (3).

To prove Theorem 2, we focus on the uniform bounds of || (u, @, b)|| B, . As prepa-
ration, we firstly show the global existence of solutions with small data 1n B (IRZ)
then used the |[|(u(t), w(2), b(?))|| 8, < Ce, to obtain (10). The rest of this paper is

divided into four sections. Sectlons 2 and 3 state the proofs of Theorem 1 and Theo-
rem 2, respectively. An appendix containing the Littlewood-Paley decomposition,
the definition of Besov spaces, and several useful calculus inequalities are also given
for the convenience of the readers. To simplify the notation, we will write 0, for 0)6],

0, ford, , ff for /szdx, ANl for U Nl o ey I s and [f 1| s for 1 1l s 2y and If s g2
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respectively, ||f]| B, and ||f]| B, for |[f]| B ®R?) and ||f]| B RY) respectively, and L;’(B;J)
and L! (B; ) for L (B; (R?))and L (B; _(R?)) respectively.

2 The Proof of Theorem 1

This section is devoted to the proof of Theorem 1. We first prove the global well-pos-
edness part (/) of Theorem 1. As preparation, we give the following global a priori
estimates.

Proposition 3 Let (uy, wy, by) € L. Then for any t > 0, the solution (u, ®,b) of (3)
satisfies

1d 2 2 2 H 2 2y 2
Ed_t(”u(t)”Lz + o2, + IbO)II7,) + EHVMHLz +ax(1- A llell,

+ V(”aybl ”iz + ”abe”IZAZ) < 09
(12)

t 4 'u t
HOIP, + oI, + [16OI2, + / V() |2ade + —X / )|, dr
0 u+2y Jo

t
+v / IVB@)II%.dr < NlugllZ, + ool + bl
0
(13)
Proof Taking the L-inner product to (3) with (i, e, b,, b,) we have

1d
EE(IIM(I)H%Z + oI, + 16ON7.) + e+ ONVully, +4xlloll7,

(14)
v, 1P, + 10b5]1) = 47 / V X1 ods,

where we used the facts that,

/(b-Vul-bl+b-Vuz-bz)dx:/b-Vu-bdx:—/b-Vb-udx,

/VXM-a)dx=/an)-udx.

By Holder’s inequality and the Young inequality, we have

4y / V Xu-wdx <4y||Vull ol
5)

H
< (£ + 2 )IVuli + =Nl

4)(2
2 X

1
2+

Inserting (15) into (14), we obtain
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2 2 H 2 2x 2
(lu®IZ, + lo@II7, + 16OI7,) + EIIWIILZ +4)(<1 Y M)IIwIILz

ld

2dt
+ v(ll9:b, ”Lz + ||31b2||§z) <0.

(16)

Because of the divergence free condition V:.-b=0, we have

IVBIR. oy = 1V X bl ) < 2(10361 12, ) + 101Dl e ). Integrating (16) in

[0, 7], we can get

u
J@IZ, + oI + IBOIE + / V(o + / lo(IPdz
t
V/ IVB@II7.d7 < llugll7, + llall7, + ”bolliz
0
This completes the proof of Proposition 3 O

Next, we want to establish the global a priori H® estimates. Applying Aj to (3),
we have

O Au+u-VAju—(u+ )AAu=-AVr —[A,u-Viu

+A,(b- Vb) +27AV X @, a7
O,Aja)+u-VAja)+4)(Aja)= —[Aj,u-V]a)+2)(AjV><u, (18)
O,Aiby +u-VAb, —vopAb, =—[A,u- Vb + Aib- Vu,), (19)
0,Aiby +u - VAby = voy Aiby = —[Aju- Vb + Ay(b - Vi), (20)

where [A,,f - Vlg = A(f - Vg) —f - A;(Vg) is commutator. Dotting (17) - (20) by
A u, A o, A, by and A; jby respectively, integrating the resulting equations in R?, and
addmg them together, we have

1d . . ) ) . .
S SR, + 1AOIE, + 1A + IAbIE) + (a + DAVl
+ 47118012 + vl A0,6 12, + 114,0,5,1%,)

g_/[Aj,u.V]u.AjH/[Aj,b.V]b.Aju_/[Aj,u.V]w.Ajw

+4)(/AjV><u-Ajw—/[A u-Vib Abl /[Au Vbz-Ajbz
¥ / (A b Vg - Ay + / (&b Viuy - Ay,

where we used the facts that
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/b-VAjul-Ajbl+/b-VAju2-Ajb2=/b-VAju-Ajb=—/b~VAjb-Aju,
and
/AjVXu-Ajwz/AjVXw-Aju.

Due to the divergence free condition V - b = 0, we have

1A, VDI2, = 1A,V x blI2, < 2(14,0,b, 1%, + 1A0,6, 112,
IABIZ, = NAD I + 145,12

Then, we can derive from the above inequalities

1d,,; . . R
5 7 WA, + 1Ajl7, + 1ADI7,) + (1 + DI A, VullZ,

N V., :
+4xlAl7, + SIAVEI,

. . . . ‘ . 1)
S—/[Aj,u~V]u~Aju+/[Aj,b-V]b~Aju—/[Aj,u-V]w-Ajw

+4)(/A_/-V><u~Ajw—/[A_/-,u-V]b~Ajb+/[Aj,b~V]u~Ajb.

Due to

82
loll?

H 2
< (£ +2)Ivul + el

2

‘4)(/AjV><u-Aja)
then, we have

LA G AulR, + 14w, + IABIE) + L14,vul?

2 dt Ul @l 2 Ol 2 5 15 ull,»

YA 2 A ATURT
+ EllAbe”Ll + @y - 7 +X)”Ajw"LZ

’ (22)
S—/[Aj,u~V]u-Aju+/[Aj,b-V]b-Aju—/[Aj,u-V]a)-Ajw

_/[A_,,M.V]b.Ajb+/[A_,,b.v1u.Ajb.

Multiplying (22) by 229, taking the l]? over j € Z, nothing that B , = H* and using
Holder’s inequality, we yield
ld
2 dt
<U2YNTA - Vil e lull s + 12Y1TA b - VIBI L Nz el

C,
2 2 2 0 2 2 2
(Il + ol + 61, + S UVall, + ol + 1V11,)

+ ||251||[Aj,u . V]w”LZ”lf“w”H‘ + ||2Sj||[Aj,u : V]b”LZ”lJ?“b”H-\
+ 127|I[4;. b - Viull N2 161l
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where ¢, = min {,u, v, % } Adding the resulting inequality and (12) together, we

have

&l + 101, + 1612, + oIVl + ol + VI
<2027 N{Ay - Vil g Nullg + 20129104, b - V1l el
+ 212714y - VIollz e ol + 202711y - V1Bl g bl
+ 202714y, b Viul 2l 1B

Using commutator estimate (AS), and nothing that for s > 1,
“f”Lm < CW“Hw |V||B;j21 < C“}C“B;2 = Cllflle,
one obviously derives

20129114, u - Vil llz < CllVull s [IVull g < ClIVull7,.-

Similarly, we have
||25j“[Aj’b . V]b“LZHI/? < C“Vbnigi”
12 Ayt~ VIbllall < CIVall VBl + 195l | V)
< ClIVull g IVl s
and

127145 - Viallpzlle < ClIVully |Vl

Taking advantage of the commutator estimate (A6), we imply that
12714y, - Viwllzllp < CQIVallslollgy, + ol 1 Vallg, )
< ClIVullgslloll gs-

Combining the above estimates together, we get

d
E(Ilullz.\- +lloll7, + 16113 + coUIVully, + ol + 11VAI.)

<ClIVullg llullg + CINVBIL Null g + I Vull g @l
+ ClIVull g VB s 1511 s

Then the Young inequality leads to
d . 2 BIZ Y + vl 2 Vb2
2l + Nl + 161 + ==V ully, + ol + VALl

24)
1
<C(llully + @l + 161302 Ul + IVullz, + IVDIZ).
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This inequality indicates that, if the initial data (uy, ®,,b,) satisty, for
2
C
O<e<eg= (%) s
2 2 2
ol + llewg Iz, + Nbollys < e,
then the corresponding solution remains for all time. Namely,

lu@llF: + Iz, + 16O, < e. (25)

In fact, if suppose (25) is not true and 7, is the first time such that (25) is violated,
ie.,

(T, + (T, + 16T = €.

and (25) holds for any 0 < ¢ < T;,. We can deduce from (24) that forany 0 <t < T,

d
E(Ilullf,s +llollz, + 16113,)

Co 2 2 2 (26)
+ (3 - eVeIVulZ, + oI, + 1VAE, ) <0.
Therefore,
@17 + lo®II7, + 1O, < llugliz, + Nleogll + 11oll3, < e. 27
This is a contradiction. Thus, we get the uniform bound of (25). In addition,
t
[ AV oy + 100V, + NBCOE ) < Cec @9

Therefore, the proof of (/) of Theorem 1 is completed.
Next, we start to prove (/I) of Theorem 1.

Proposition 4 Let (u,w, b) be the global solutions of the system (3) with the ini-
tial data (uy, @y, by) € (L'(R*) N L*(R?))3. Then (u,w,b) satisfies the following
inequality,

(&, D] + |DE D] + 15, (&, D] + |y (&, 1)

t
(29)
< C+Clg| / (lu@II7, + llo@II7, + b1}, )dr.
0
Proof of Proposition 4 Applying the Fourier transform to system (3), we obtain:
O+ (u+ Y12 = -F(Vr)+ F(b-Vb) +2yié X & — Fu - Vu),
0,0+ 4yd =2y Xit— Fu- Vo), 30)

3,by +vI&*by = Flb - Vuy —u - Vb,
0,by + v|& 1*by = FIb - Vuy — u - Vb,].
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Multiplying the (30),, (30),. (30); and (30), by i, &, 5, and b, respectively, and sum-
ming up, we have, noting that |#|? = @it

|

(2P +10F + 15, +15,1) + (u + 0IEP 1l + v(I& 1B, P + 1€ 1715, 1) + 4x |0

N —
U

13
= —F(Vr)i+ Fb - VbYi — Flu - Vi — Fu - Veo)do + F(b - Vu, )b,

— Fu - Vb)b, + Fb - Vuy)by — Fuu - Vby)b, + 2 i€ X it + 2 i X iudd
=K, +K,+---+Ky.

€1y
For K|, taking divergence to the first equation of (3), one yields
=N VOV Rb—u®u).
And taking Fourier transformation obeys, nothing that |it| = ||
K, < €712l
< IEIAL @ bl + llu @ ull)lal
< LEIABIG + Nluli7)lal.
For K,,
K, < |E[1b @ bla| < |E]11b @ bl il < [EN1IBII7, .
Similarly, we obtain
K3 + K| < 20€](lull}, + loll7)a] + @),
K + Kgl < E1ANBIG, + ey 17, + 164113, + laell 7)1,
< 20&l(llly, + 16171, 1,
|K7 + Kg| < 21&|(lull7, + 15117)15,1,
|Kg + Kol < dyléllafal
2
H 21412 8x .2
< (L p)iePier + L jap,
(5 +x)ieriar + =2 ol
Inserting K, - K into (31), we derive that
d, . N A 2 N
d—t(lul2 + 1@ + 1B + 15, 1) + ule P2l
8xu

H+2x
<CIE|(llull7, + 16117, + loll7)al + |d] + by | + 15, ),

+2v(1& 1715, 12 + 1&, 12 1b,*) + &>

which immediately yields
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0r\/lﬁ|2 + &1 + 15y 2 + 15,12 < CleIlully, + 16117, + @7, (32)

Integrating (32) in [0, #], we obtain

VIO + (6O + 15,0 + by

< \/ [2(0) > + 1&(O)1> + 15, (0) > + 15, (0)[> + Cl¢| / Uu@Z, + 16@I7, + llo@]},)dr
0
< C+Clel [ Ao + 16O + o)l s,
0
Thus the proof of Proposition 4 is completed. O

Next, we obtain the result of Theorem 1 by using Proposition 4 and the gener-
alized Fourier splitting method.

Let
’
Bo={eer: er< 2O gy = ra\BO,
¢ h(t)
where h(f) € C*[0, +o0) is a positive function with respect to r and satisfies
WOy =1, Ky >0, and 2D <1 viss >0 33
- L ’ Clh(t) = 1 0 s ( )

. 4
where ¢; = min{yu, v, % .
u+2y

Multiplying both side of (12) by A(z), we have

d%[h(t)(llu(t)lliz + lo®II7, + 1160)]I7,)]
+ e h@OUIVu@Il7, + o7, + IVEOIIT) G4
<K' Olu@I1Z, + lo®7, + 16O,

By using the Plancherel Theorem for (34), we get
Lo (IR, + IBOIE, + 16012,
+c1h(D) / (IEPUMS) +1BEOP) + ()17 de 35)
Rz
<H () / (2@ + 161 + [P )de.
R2

Applying (33), we can obtain
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¢ h(t) /[R (1E1P12E)* + |&&)* + 1E11b(E))) dé
+0 @) [ (16 + 16©))* + |b)|*)de

>c,h(t) (IEP1R1 + 1@ + €17 1b©)|*)de

Be(r)

+H @) [ (1@F + &) + [b©)]*)dé (36)
B(1)

H (1)

¢ h(®)

chh(t)< )/ (1P + @@ + b)) de
B ()

+H @) [ (10 + 16| + |b©)|*)de

B(1)

=h'(1) / (12&)1* + @) + b)) dé.
[RZ
Combining the result of (35) and (36), we get

%[h(r)(na(r)niz FIBOIZ + lo@%)]
R 37
<H@ [ (1a@) + 161> + |bE)|*)dé.

B(@1)

Employing (29), we have

/( (12&)* + 1d(©)I* + 1b(&)|*)de
B(1)

t 2
= C/ {I§I2</ @2, + llo(@)II2, + ”b(r)”iz)dT> + l}df (38)
B(1) 0

CH@ CHO?] [ :
S R [ /0 (||u<r>||iz+||w<r>||iz+||b(r>||iz)dr].

Substituting (38) to (37), we have

d%[h(r)(uﬁ(t)uiz + DO, + ld0)12,)]

CIK (0> Cl P
h(t) h2(t)

1 2 (39)
[/0 (@17, + llo@l7. + ”b(T)”iz)dT] :

Next, taking h(f) = [In(e + £)]%, then we have
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LI (o)) /’ 321In*(e + 1)
dr =
o h()

t
dr:/ 9ln(e+r)d1
0 (e+71)2In’(e+1) 0

t
sC/ I dr < Cln(e + 1),
0 e+
and

t h/ 3 T ’
[hz((TT))] [/ ()11 + ()12, + Ilb(S)”iz)dS]
0 0

t 12

<C [ ——Tllull?
| il
‘o

2 2 72
+ llaglly, + llboll-17d=

Combining (39) - (41), we haVe

lu®7, + 16O, + oI,

< Clln(e + O] + C[In(e + ]2
< Clln(e + 0] ~2.

Now, taking h(f) = (1 + £)*> and inserting it into (39), together with (42) and Holder’s
inequality, we have

A+ 0* (a7, + 16O, + 1e0II7,)

' 2
(2]
<2, + g 12, + 1Bol1%) + € /

h(t)
"IW@P[ [T 2
+/0 12(7) [/O (lu@)II7, + llos)17, + ||b(S)||iz)dS]

t 12 2

c [A'(7)]

dr,
o h(r)
trp 3 T ’
[hz((;)] [ / (a2, + oI, + llb(s)||i2>ds]
0

dr
g

<C

- /0 (1+7)

< C( +1) / (1) 12, + oI + 16O (e + s)ds.
0
From (43), we have

dr

where

"201+ )P
dr <C | Spadr <C+ D),

/0 (IO II7, + o7, + 1b)I3,) In~>(e + s)dsdz
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A+ (127, + 16O, + llowl;. )

<C+C / A+ A+ ) (U@, + lo®I7, + b)) In~>(e + s)ds.
0

(44)
Taking V() = (1 + t)(llu(t)”iz + o2, + 161, ) then we have
t
Nm=c+c/quWNmm4@+mu
0
Applying Gronwall’s inequality, we obtain
NM§Cap{/(LHYWﬁ@+Q$}<C
0
which implies the following decay
1
w2 + loOll 2 + 16Dz < CA +1)=.
Therefore, the proof of (6) is completed.
Next, we will prove (7). The vorticity Q = V X u, j = V X b satisfies
0Q+u-VQ—(u+ ) AQ=>b-Vj-2yAw, (45)

where
T(Vu,Vb) =20,b,(0,u, + 0,u;) — 20,u,(0,b, + 9,b,).

Due to the lack of angular viscosity for the system (3), it is crucial to deal with

—2yw in (45) by introducing a new function Z = Q — ,i—);w in [11]. Subtracting

22
M+}(X (3), from (45), we have

42 82 83
)(Z=<;( X

0.7 —(u+ P)AZ + (u-V)Z + - >w+b-Vj.
! H+ x u+x (u+x)?

47)
Taking the L*-inner products of (47), (3), and (46) with Z, @ and j, respectively, we
obtain

1d 2 Tz A
EE”ZO)”LZ + W+ 0IVZ|;, + mHZ”Lz

( 82 82
u+x  (u+x)?

(48)
<

. 2
>||Z||L2||w||1_2 + /(b - Vi)Q - mw)dX,
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2

1d 4y
zallw(t)llé +azllol?, < 2x71Zl 2wl + p loll?,. (49)

+x

LA +1= 099+ max 50)
where
1= ‘//(_5111[72 + 0y by )jdx
=V /(_0111]72 + 0y0201)(0, by = 0,0)dx
=V /(011b2)2 +(9110))* + (030))* + (03yb,) dx = H(b, 1),
due to the divergence free condition V - b = 0,b, + d,b,. By Holder’s inequality

/ Tidx < ClIVull p1Vbl
< A 1V
. \% .
< CIQIZ . + X191

where we have used the fact that the Calderon-Zygmund operators are bounded on
L(1 < p < +0). It is easy to verify that

12 .
2 IVl < H,».
Indeed,

VIIVIIZ, = vIl0,. 02D, = VII(9,b, — 015D, (31,b, — Oy )17
= v||((0,b, + 03,b,), —(0y, by + 0, b))II7, < 4H(b, D).

Then it follows from the above bounds and (50) that

1d

. 1 . .
YN + 3HO.0 < [ - VOjdr+ CIOI I 61)

Combining (48), (49) and (51), we have
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1d .
5 7 IZONE + IVZIL + IV/IE) + e+ OIVZIE +

12 .
+azlloll}, + IVl

81 87 ) _ 2y
< - 1Zll ol + / b- V)@ - —Zwyax 52
<u+x (u+ ) L P

+/b-vszjdx+C||£2||izlleIiz

L+ L+ L+ 1+ 15+ .

2
C0”L2

Next, we consider [, - I, respectively. Applying the Young inequality

82 83
I = ( - 5 JZlI e llell
uty (u+x)
8x%u
= m”zﬂyﬂwnu
8xu 2
w
ST )zn I+ g el

By using Holder’s inequality, the Gagliardo-Nirenberg inequality, and the Young
inequality,

2
L+l = /(b V)@ — —}()a)dx+/b - VQjdx
Wt x
. 2x
— [ b Vj(——)wdx
Wt x
< Clbll =1Vl 2l 2
1 3
< ClBIZNIZ ol 2
1 3
< Cliboll LNVl L Nleoll 2
Vv .
< EHVJH + Cllwlle,
and
Is =24 1Zll sl < 21ZIE + zllol,

Inserting I, - I into (52), we have
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1d .
5 7 IZOIE + o7, + FOIZ) + G+ OIVZIL,
4 20k 2 LY 2 2
i AT ZI2, + ZIVjllZ, + 4
<M+;{ u+ 27 1211 + SIVill + 4xlleoll,

457

4 T 2 2
<Clloll%, + CIQILIIZ + <)( e 4){) oI, + Clloll%
<Clloll%, + CIQILIIZ + Cllwli,

<CUIZIG, + QU7 + WA + lelf) + Clloll,.

(53)

Due to u < \/gj(, then

45 27

- X
(u+ ) (u+ x)?
_3uH30 — e — i =20 30 -

(u+ p)? (u+ x)?

Applying Gronwall’s inequality, we have

IZONI7, + lo®II7, + NI,

<exp {c / U)IE, + ||w<s>||iz>ds}

X <IIZ(F)|Iiz + oIz, + I, +/ “w(s)”izds>

<CUIZWNT, + o7, + WG, + a7, + 16017,

(54)

where we also used (13).

Multiplying (12) by (1 + £)", by (6), we have

L[+ 0 U, + o). + 160

T ey (1 + 0" (Va2 + @2 + IVBOI2,) 55)
<n(1+ 0 O, + oI, + 1BOI)
<n(l + 12,

where ¢; = min{y, ,ﬁ(_;;(’ v}. Integrating (55) in time, we have

T
14+ n)"(|V 2 2+ IVb()|I2,)d
/0 A+ n)"UIVull;, + llo@Il;, + IVOMII;,)dr 56)

<C+0""',  for large n>6.

Multiplying (53) by (1 + r)" and integrating with respect to r over (é, t), we have
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(14 2) (12O + lo@IE. + Vo)

2
< / A+ "UZONT + lo7, + WO, + a2, + 160)I17)dr
: t (57)
<C1+n"! +/(1+r)"—‘dr
<Cd +0", for some given large n > 6.
Nothing that
1 t n+1 2 2 . 2
(5+3) (IZOE:+ 100 + LoI2)
PR (58)
< 2(1+3) (1ZOI% + loOIZ: + LOIZ).

Combining the results of (57) and (48), fort > 1, we get
IZOII7, + lo®IlZ, + 1ON;, < A +07",
then we have
IVu@ll7, + lo®Il;, + IVe@II7, < (1+07"

Therefore, the proof of Theorem 1 is completed.

3 The Proof of Theorem 2

This section is devoted to the proof of Theorem 2. Firstly, we first prove the
global stability part (I) of Theorem 2. As we know, the key step is to establish the
global a priori B;, l([R{Z) estimates of the solution.

Proof of (I) of Theorem 2 As preparation, in the following proposition, we state that
system (8) has unique global solution when the initial data (), @, b,) is sufficiently
small in B) | (R?).

Proposition 5 Assume (uy, @y, by) satisfies the conditions in (I) of Theorem 2 and
(9), then system (8) has a unique global solution (u, w, b) satisfying, for any t > 0,
()l + leo@)llz + 10130,

59
IV g, + 19700l s, + IOl < Ce. O

Proof Now, we turn to establish the global a priori B}, | estimates. Applying A/ to
(8), we have
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0tAju +u- VAju —(u+ )()AAju = —AjVﬂ — [Aj, u-Viu

. . 60
+Aj(b'Vb)+2)(AjV><w, (60)

A0 +u-VAw - kAAw+4yAjw=—[Aju-Vio+2yAV xu, (61)

0,Aby +u-VAby —vo Aiby = —[Aj,u-V1by + Ay(b - Vuy), (63)
where [A;,f - Vg = Ai(f - Vg) —f - A(Vg) is commutator. Dotting (60) - (63) by

Af”f Ajw, A;b, and A;b, respectively, integrating the resulting equations in R?, and
adding them together, we have

1d . . . . . .
Ed—t(IIAquIiz +1A0l2, + 146112, + 14,5, 117,) + (1 + IIA;Vull?,
+kl|AVall?, +4x|Awl?, + v(IA0,6,117, + 14,0,b,]17,)

S—/[Aj,u-V]u-Aju+/[Aj,b-V]b-Aju—/[Aj,u-V]w-Aja)
+4)(/Aiju-Aja)—/[Aj,u-V]bl .Ajbl_/[Aj,u.V]bz.A,bz
+/[Aj,b-V]ul -Ajb, +/[Aj,b-V]u2-Ajb2,

where we used the facts that
/b-VAjul-Ajbl+/b-VAju2-Ajb2=/b-VAju-Ajbz—/b~VAjb-Aju,
and
/AjVXu-Aja)z/Aija)-Aju.

Due to the divergence free condition V - b = 0, we have

1A VBIZ, = 1AV X bII2, < 2(14,0,b,11%, + 14,0,b,112,).
IABIZ, = 145,112, + 1Ab,|I2,.

Then, we can derive from the above inequalities
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1d . . ) . ) .
EE(”Aju“iz + 1A ol2, + 1A;6117,) + (u + DIA;VuUll?, + A Vo7,

. V.. -
+4xll407, + zIIAijIIiz

. . ) . . . (64)
— /[Aj,u-V]u-Aju+/[Aj,b-V]b-Aju— /[Aj,u . V]co-Ajco
+41/AJ.V><M.Ajw_/mj,u.V]b.Ajm/[Aj,b.V]u.Ajb.

Due to

‘4)(/Aiju-Aja)

U
<(5+x)ivu, + =

Al
then, we have

1 d .
<I|A ull, + 1 A0ll7, + 14517 + 5 I|A Vullz, + x4Vl 7,

VLA VBIE. + Gy — 2 Y14 o2
+ U8RI+ @r = 7 iAol

2
—/[Aj,u-V]u-Aju+/[Aj,b-V]b-Aju—/[Aj,u-V]a)-Aja)

- /[Aj,u Vib-Ab+ /[Aj,b V- A,

(65)

Applying Holder’s inequality, the Young inequality, Bernstein’s inequality and the
divergence free condition V - u = V - b = 0 to (65), we obtain

L (NAuIE + 18,012 +1ApIE) + 5 e,22 142,

d_
V. Lo - Lo
+ 50222’IIA,~bIIi2 + 58,27 || Aol 7, +

HX i 2

5, 140l
- / Aju-Vu) - Au+ / Aib-Vb) - Au— / Aj(u-Vb)-Ab (66)
+ / Aj(b -Vu) - Ajb - / Aj(u -Vw) - Aja)

<CY|IA @ Wl | Aull,: + CYIIA L ® B 1 Aull
+ C2j||Aj(u ® b)ll 2 ”Ajb”Lz + C2j||Aj(u ® o)l .2 ”A]w“B

Then, (66) implies

d - - - T - -
SN NAIE, + 1812, + NABIE, + 2102\ Aul?, + 18,012 + 14,512,

<CY(1A;u @ Wl + 14,6 ® B)ll2 + 14,6 ® Wl 2 + 1A, ® )l 2),
67)
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where ¢, = min{u, v, 2k }. For (67), applying Bernstein’s inequality and integrating
it in [0, f], we obtain

IAjull 2 + 140l 2 + Al 2 + 853 (IV2ull gz + IV0ll g2 + VDI 2)
§2||Aj"‘0||L2 + 2||A]'C"0||LZ + 2”Ajb0”L2 + Czj”Aj(u Q ullg 2
+ CUIAB® Dl + CY AW ® @)l + CYIIA @ bl

Taking the lj1 over j € Z, one yields

2 2 2
luell g+ 1121lgg + lleoll g, +Cz(||V ullggy + Vbl +1V CO”L‘B‘2’1>
<2luollgy, +2Mboll sy, + 2ol
+ ClI2Z114u @ wll e lly + CIZNA G @ DIzl

+ClI2)1Au® D)l III; +ClI2N1Au® w)IIL}LzIIz;-
(68)
Denote ¢; = 2c162c;. Using Lemma 13, Lemma 14, and noting that||f|],. < C|[f||,~3;l

and Iz, ~ Il . we have
lllg, + by, + ol +es(IV2ull a0, +1V2bl50, + 1Vl )
t
<Dl + 200yl + 2oy, +C [ (o, + 1oy, + o0l )
2,1 2,1 2,1 0 2,1 2,1 2,1

x (IV2u@)lg, + IVl + IVl ).

(69)
This inequality indicates that, for any 0 < € < ¢,
lluollgy, + llbollgy, + llagllzy <e,
then bootstrap argument yields
lu®llzy, + lNlo®llz, + 160,
F V2Ol ) + 10Ol ) + IVBO g, < Cer )
which completed the Proposition 5. O

Next, we start to prove the decay estimates assertion of (II). As a tool, we first verify
the following Proposition in the negative Sobolev space H~/, with0 < [ < 1.

Proposition 6 Let ¢, = min{u, 2k, v}. Then for 0 < I < 1, we have
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d%(ﬂuug,, + 1612, + ol + e IVull?, + IVBIE, + IVall2,)
<C(IVullz + V@l 2 + VB )UVull s + 1981 ull, + 1611,)  TD
X (el gt + 1511 + lleoll ).
Proof of Proposition 6 Due to (64) and with the divergence free condition
V-u=V-b=0, we derive that
2L N8I, + NA0IE + IADIE + G+ DAVl + K114 Vo2,

. V. -
+4xll40l7, + EIIAijIIiz

<- / Aju-Vu) - Aju+ / Aib-Vb)-Au— / Aj(u-Vb)- A
+/Aj(b~Vu)~Ajb—/Aj(u-Va))~Aja)+4;(/Aiju-Ajco.

Multiplying the above inequality by 272/ and taking the lj2 over j € Z, and noting
that B;ZZ = H~!, we have

%(nunf,_, + 116115, + lloll?,) + 201 + Ol VullZ,,
+2c||Voll7, + 8xlloll7_, + vIIVDI7

<2027 A - Vill 2l Null s + 2127 WA B - VO 2l Nl
+ 201274 - Vo)l allp ol + 82127 ALY x )l z Nl
+ 20127 A - VD)2l 1Bl + 20271 Ay - Vil 212 1Dl -

<2l - Vull g lluall g+ 2016 - VB g lluall -1 + 21t - Vol gl ]| -

8)(2 2
Ty, ol + 2w - VOl g + 116 - Vaull -0 161l g1

2

+(u+20lVull?,, +

(72)
Applying Lemma 10, Holder’s inequality and the Gagliardo-Nirenberg inequality,
we obtain

llu- Vullgr < Cllu- Vull 2.,
llu-Vull 2 < Cllull 2 IVull2,
and
1=y,
lull 5 < CUVallZ ]

Then

llu - Vull g < ClIVullZ lullL,. (73)
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Similarly,

Ib - Vbl < CIVBIE 1B, 74

2’

i+ Vbl s+ 116 - Yl

- - 75
< UVl 'S Nl 9Bl 2 + VB IBIL, I Vall ), (75)
llu - Veollg-r < ClIV@ll 2 1 Vull = llull (76)
Combining (72) - (76), we obtain
d
Ul + D17+ Holl ) + ex(IVally, + 19615, + [V oll, )
<CIVull2 + IVl 2 + VOl UVull "+ VDIl + 115117,
X (Neellggr + 101 =1 + Nleoll -0,
where ¢, = min{y, 2«, v}. Thus the proof of Proposition 6 is completed. O

Next, we continue to prove (10). Multiplying (67) by 2¥ and utilizing Bernstein’s
inequality and integrating it in [0, 7], finally, taking the lj1 over j € Z, we have
lellsy, + 161, + ool + 51Vl ) + IVl + IVl )
<2lItgllzy, + bollss, + llogllay,) + ClIZ V1A e @ )l 12l
+ ClI2 YN Ai(b ® D)l 2 Il + CII2C YA @ D)l 2 17
+ ClI2 YA ® @)l 2 Il

2A + A, + A3+ AL+ As
(77

Since (g, wy, by) € B} | (R?), we have

A= 2(”140“13;»1 + ||b0||33‘1 + ||600||B~*2>1) <C.

By Lemma 13, Lemma 14 and noting that |V||L}(B~‘21)“|lf||lg(3;l) and
/1l < Clfl - yield
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Ay = CI2 VA ® w21
t
<¢ [ @uwlyar
()t i
<C [ W@l ol
o s+l . . st
<C [ (@I Wl )ds

t
<C [ IPu@ o)l .
i @)l

For A; - As, by the similar method as A,, together with the Young inequality, we get

Ay = ClI2 YA @ DIzl
t
<c [ @bl ds
; ,

t
<c [ IPBOy Il v
0 NI

Similarly,
1
A,sC / (Uu@llg, + 16z YAV u@llg + IV2b@)5 d,
0 : : X X
t
As<C / U@z, + lo@llz XAV2u@l, + V2@l )dr.
0 3 3 : :
Inserting A, - A into (77), we derive that
2 2 2
||M||£:;v1 + ||b||1f,e»‘z'y1 + ||(0||19~*L1 + C3<||V M||L}(B-;YI) + IV b“L}(B;Y]) + IV w“L}(B;Q)

<C+ [ Aully, + lo@llg, + 10l
: . | |

UIV2u@llg, + IVl g, + V0, .
(78)
Combining (78) and (59) with e sufficiently small, we have
Ol + 16O g, + Neo(@)l,
e [ 2 2 2 (79)
+ 2 [ (IVullgy, + 1V, + 17200y, )de < C.
o 3 X 3

h0 10 10 70 2 ol
Because 32,1 S 3272 and Bz,z ~ H° ~ L~ thus (59) implies
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lullz2 + 16Ol 2 + @l 2

¥ /0 IVl + IV + 19002 )dr < Ce. (80
Combining (79) and (80), we have
lullg;, + 16O, + 00,
+ /0 I (IVullay, + 1926, + IVl )7 < C,
which completed the proof of (I) in Theorem 2. O

We now turn to prove the decay part (II) of Theorem 2.

Proof of (Il) of Theorem 2 Multiplying (67) by 2, and taking the lj! over j € Z, we
obtain
Ly + ¢ (il + 16l + ol )
dl‘y C3 u B;-{-Z B;TZ w Bgt‘lh
<CIRY A (u @ w2 lly + CI2" YA b @ b2 Il
+ CIIR2™ VA @ bl 2 Il + ClI2* V)| Aj(u @ w)ll 2 llirs

where  y(r) = 2mf\/||Aju||2+ 1Al + A7 Using Lemma 13 and

I
Lemma 15, together with ||[f]|;« < C|V||B£], we have

L0+ 5 (Illagsz + 16lgss + ol )
<C(Ilullsg, + 16l + Ilollig, ) (Illggsz + 1bllsggs + ool ).
Then this inequality, together with (59) with e sufficiently small, we have
d )
Zv®)+ 2 (lullgs: + 16l + @l ) <0. 81)

Applying Lemma 15 and B; , & B; > We infer that

2 m+l
. m+1+2 2 m+1+2
lullgy, < Cllull 25711V u”B’z’fl ; (82)
2 m+l
m 201 m
1Bl < CIBIET V261777, (83)
g 2.1

and
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2 m+l
. ml+2 2 m+2
l@llyg, < Cllol7 Vol . (84)
Therefore, if
leell = + 101l o + Nl < C, (85)

then we can obtain from (81) - (83), there exists a constant a, > 0 such that,

d 2

d—ty(t) + ag(y(®) = <0. (86)
It follows from this that

W) < CL+07%,
which implies
ml
lullzg, + IBllgg, + lleollzy, < CCL+075, (87)

which immediately yields (11).

Finally, to make the process more complete, we need to verify that (85) holds for
0 < < 1. To this end, we divide the proof into two cases.

Case 1. (I = 0) Using the fact that % = L2, by (13) we have

lu®llz2 + NloDllz2 + 1bOIl2 < C.

Then it yields (85).
Case 2. (0 < [ < 1) Assume that

ol + boll2,, + lleogll7,., < Co. (88)
Suppose that for all # € [0, T]
w7 + 16O, + oI, < 2C,. (89)
If we can derive that for all ¢ € [0, T'],
3
2 < =G, (90)

u@IE,, + IbOI, + oI, <

then an application of the bootstrapping argument would imply that the solution
(u, w, b) of system (8) satisfies (90) for all ¢ € [0, T'], which implies (85). With (86)
and (87) at our disposal, we show that (90) holds.

With the help of (87) and Lemma 8, we know that

Ul = llullg, < Cllull » 1)
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s—1 1

ity - I+1
IVullz < Cllullp < Cllull llull;, < CA+7)7>. (92)
- 2,1 2,1
Similarly,
@l + 16Ol = lollgn, + 1bllzs, < Cllolln +lollin ) (93)
_
IVoll, + IVbll,2 < CL+0)7 7. (94)

Integrating (71) in [0, ] with O < < T, together with (80), and (91) - (94), one
infers that

lu®I7,, + 16O, + oI,
t
<ol + 1o |13, + llog 1%, + C / UVu@llz + IVl + V52>
0
X (@2 + llo@l 2 + 1@ ) @) - + 16| g + (@)l -)dT
t
—(® -1
<Co+C / Ulu@ iz, + llo@lig + 1@z )'A +7) (e-)
o 2. . :
X (lu)ll - + 16 =1 + l(@)l 1)z
I ' ~(4e-n)
<Cy+ Cé' sup (||u||H,+||b||Hz+||w||H,)</ 1+7)\2 dr)
0<zr<t 0
<C+Ce' sup (llullgs + 16l gt + llewll ).
0<z<t
By choosing € in (80) sufficiently small, then the above inequality yields (90) for

all ¢t € [0, ¢], which closes the proof. Then we have (85) and completed the proof of
(11). O

Appendix A: Functional Space

This appendix provides the definition of Littlewood-Paley decomposition and the
definition of Besov space. Some related inequalities used in the previous sections
are also included. Materials presented in this appendix can be found in several
books and many papers (see, e.g., [3, 4, 22, 27, 40]).

We start with several notations. S denotes the usual Schwarz class and S~
its dual, the space of tempered distributions. To introduce the Littlewood-Paley
decomposition, we write for each j € Z

A={EeRY: 27 < g < 2FY,
The Littlewood-Paley decomposition asserts the existence of a sequence of func-

tions {®;},c7 C S such that
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supp®; C A, D) = Dy27E) or Dyx) = 2Dy(2),
and
< & .. f1, if ¢ e RY\ {0},
j_Z (8 = { 0, ifé=0.
Therefore, for a general function v € S, we have
D QO = (&) forg e R\ {0}
Jj=—00
We now choose ¥ € S such that
P =1-Y &), ceRr’
j=0
Then, for any v € S,
Yoy + 2 O xy =y

=0

and hence
‘I’*f+ZCI)j*f=f (A1)
j=0

in S~ for any f € S~. To define the inhomogeneous Besov space, we set

0, ifj < -2,
Af =W xS, ifj=—1, (A2)
@, # f, ifj=0,1,2,---

To define the homogeneous Besov space, we set
A}f=<I>j * f, ifj=0,+1,+2,---. (A3)

Besides the Fourier localization operators A, the partial sum S; is also a useful nota-
tion. For an integer j,

j-1
.S} = 2 A,.

k=—1

For any f € S~, the Fourier transform of S;f is supported on the ball of radius 2.1t
is clear from (A1) that S; — Id as j — oo in the distributional sense.
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Definition 1 (see, e.g., [4, 22])The inhomogeneous and homogeneous Besov spaces

By and B;q with s € R and p,q € [1, ] consists of f € S~ and f € S~\P,

respectively,’ satisfying

11, = 12718l < oo,
and

W1, = 122141l < oo,
respectively, where P represents the set of polynomials.

Many frequently used function spaces are special cases of Besov spaces. The fol-
lowing lemma lists some useful equivalence and embedding relations.

Lemma7 (see,e.g., [4,22]) Forany s € R,
H' ~B, H ~B),
Foranys € Randl < g < oo,
B minta2s @ Wq © Bomariazr-
For any non-integer s > 0, the Holder space C* is equivalent to B

In the following Lemmas, we stated a Sobolev-type embedding theorem for
Besov space.

Lemma 8 (see [4]) Let 1 <p, <p, <o and1 <r; £r, < 0. Then, for any real

1 1

number s, the space B‘;
15

Lemma 9 (see [2]) Foreverys € R,e > 0,1 < p < +ooandl < g < +o0, we have
HS+E(RII) [N B;,q([Rn) [N HS—S(R}'!). (A4)

Lemma 10 (see [4]) If p belongs to (1, 2], then LP(R?) embeds continuously in

HY(RY) with s = g

;.
We also used the space-time space defined below.

Definition 2 (see, e.g., [4, 22]) Fort > 0, s € R and 1 < p, g, r < oo, the inhomog-
enous and homogenous space-times spaces L/B° , L'B and L'B® , L'B° are
pa’ Tt pa tTpa’ Tt7pa
defined through the norms
Wllze = 2°0A N el W lze = TI2ZENAL Nl
Pq 7 P.q J

and
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Wiz, = 12908 Mgl Wz, = 1218 e,
respectively.

The inhomogeneous space-time space has the following properties.
rRs Trns : Trps rps :
Lth!q S Lth’q, ifg>r, Lth’q S Lth,q, ifr>gq.
Asg=r,

Wl s ~ I lls -
14 LX)

The homogeneous space-time space has similar properties.

Bernstein’s inequalities are useful tools in dealing with Fourier localized func-
tions. These inequalities trade integrability for derivatives. The following propo-
sition provides Bernstein type inequalities for fractional derivatives. The upper
bounds also hold when the fractional operators are replaced by partial derivatives.

Lemma 11 (see, e.g., [4,22]) Lera > 0and1 < p < q < co. 1) Iff satisfies
suppf € {& € R : |&] < K2},

for some integer j and a constant K > 0, then

N agy < Cr 275N oy
2) If f satisfies

suppf € (& € RT 1 K2 < [¢] < K,2),
for some integer j and constants 0 < K| < K,, then

i 2aj+jd(t—1)
C1 22Nf ey < N=D)F ey < C2 2757 Nl -

where C, and C, are constants depending on o, p and q.

Next, we give several useful calculus inequalities. We first give two lemmas
regarding commutator estimates and product law. Lemma 12 and Lemma 13
below with p;, = g, = o and g, = p, have previously been obtained in [4, 22].
Here we state the following more general cases without detailed proofs since they
can be proved by following the methods in [4, 22].

Lemma12 Lets > —1,(p,7,p;.P2.91-92) € [l,oo]withl =L tl=1y tondu
P P 91 P2 %)

be a smooth divergence free vector field. Then for j € Z,

127114, u - VIliplly < CAVullp IVl + IVVI IVulls, D (AS)
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12°11A;, u - VIl lly < CAIVullyplvlls, A+ VI IVl ), (A6)
where [Aj, u-Viy= Aj(u -Vv)—u- A_,-(Vv).

Lemma 13 Suppose that s>0 and (p,r,p;,P2.q1.9,) € [1,00]  with

114120 Then the following hold true

P P1 q1 P2 92

”fg”B‘,‘;,, < CUF N 1 ”g”Bzw + ”f“B;z_rllg“L‘/z)- (A7)
For inhomogeneous Besov space has the similar inequality.

Finally, we recall the following Besov space interpolation estimate and the ine-
quality for homogeneous Besov space.

Lemma 14 (see [32]) Fixed m > 1> k,and1 < p < q < r < o0, we have
|lf||31 (RZ) = ”f”Bk (Rz)llfl Bm (R (A8)
These parameters satisfy the following restrictions

I=k0+mi-g), L=041=0 1_0,1-0
q

Alsol < p' £ ¢’ €7 < 0 and solving we have 6 = m—k € (0,1].

Lemma 15 (see [4, 22]) Let s, s, and s, be real numbers. Let s; < s,, 0 < 0 < 1,
1<p<Loandl <ry <r, <co.Then

W, @ < sy, oy (A9)
W00 ey < CUF M g N (A10)

C 1 0 1-
Wl < 525 (5 + 725 Wl e VI ey (ALD

For inhomogeneous Besov space has the similar inequality.
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