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Abstract

This paper considers a single-layer fourth order quasi-geostrophic equation in two-
dimensional case. We prove the existence and uniqueness of global smooth solution
to the Cauchy problem of this equation by using energy estimate. We also establish a
new estimate for the nonlinear term and obtain decay estimates of the solution in L?.
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1 Introduction

A hierarchy of ocean models occur in the literature of wind-driven circulation, start-
ing from the most complex model and ending with a very elementary model (see
e.g. [1, 7]). One of them is the so-called quasi-geostrophic f-plane model, which
is considered as a simplification of the shallow-water equations when the Rossby
number is small and the magnitude of bottom topography variations is comparable
to the Rossby number. This paper studies the homogeneous quasi-geostrophic model
by ignoring the effect of the bottom friction and the wind-stress effect. In this case,
the model takes the form

0 oy 5
61‘[ v 74 (v, Ay) ﬁd v (1.1)

where y = y(x, y, t) is the geostrophic pressure (or the geostrophic stream function),
and the nonlinear term J is defined by
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The coefficients in equation (1.1) are: the rotational Froude number F, the Coriolis
parameter f and the Reynolds number R,.

Equation (1.1) is a single-layer quasi-geostrophic model. A direct extension of
this model is a two-layer quasi-geostrophic model, where the densities are constant
in each layer and the motion of fluid in both layers is coupled through the conti-
nuity of pressure and vertical velocity (see [1]). Due to wide applications in mete-
orology and oceanography, these models have been intensively studied in the past
years. In [8], the authors proved global existence of weak solutions for the fractional
quasi-geostrophic equation with A%y replaced by (—A)'*%y (a € (0,1]) and they
also obtained long-time behavior of the solution when a € (0, %]. The authors of [3]
discussed the existence theory and decay estimates for two-layer quasi-geostrophic
model with fractional dissipative term. Decay estimates were also studied in [2] for
a type of two-layer quasi-geostrophic model with both viscosity and friction. Medjo
in [6] investigated the existence of strong solutions and maximal attractor for the
multi-layer quasi-geostrophic equations.

In this work, we study the existence and large time behavior of smooth solution
for the initial-value problem equipped with the initial data

v (x,y,0) = yy(x, y). (1.2)

Throughout the paper, for 1 < p < +co, we denote by I7(R?) the Lebesgue space

equipped the norm
1
P
el = ( / |u<x)|f’dx) .
R2

For s € R, H*(R?) denotes the nonhomogeneous Sobolev space whose norm is
defined by

HE®) = (ued | ||u||z.\.=/ (1 + £ [AE)2de < +oo),
R2

where 7(&) is the Fourier transform of u.
Now we state the main results of the paper.

Theorem 1.1 Assume that w,, € H™(R?) with m > 4 be an integer, then system (1.1)—
(1.2) admits a unique global solution y € C(R*;H™(R?)).

Theorem 1.2 Let y, € H"(R?) N L'(R?) with m > 4 be an integer, and y is the

solution obtained by Theorem 1.1. Then for any multi-index a we have the decay
estimates
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D%l < CA+D7i 5, |al=0, 1, ~, m—1, (1.3)
and
ID*w > < CA+D75, |al =m. (14)

Theorem 1.1 is proved via a-priori energy estimates, and the proof is given in the
next section. In Section 3, we present the proof of Theorem 1.2. We remark that the
decay estimates of system (1.1)—(1.2) are not obtained in the previous works due to
the effect of the nonlinear term J(y, Ay). In this work, a new estimate is established
for this nonlinear term and we apply this estimate to get the large time behavior for
all the derivatives of the solution.

2 Global Existence of the Solution

In this section, we give the proof of Theorem 1.1. Indeed, the proof consists of two
crucial steps. The first step is to obtain local existence of the solution to system
(1.1)—(1.2), and the second step is to extend the local solution globally in time by
establishing the a-priori estimates. For the first step, we can apply the regularized
strategy of [5, Chapter 3] to study the approximated system

d 3 d 1
ZIAyE — Fyl+ I T TAw) + P = — PN, 1)
ot coax R,e

v (x,y,0) = Ty, 2.2)

where J_f denotes the mollification of function f defined by
1 X —
5w == [ o(*Z Yo
€ R2 €

with p be a positive and radial C° function whose mass is equal to one. By a limiting
argument for the regularized system (2.1)—(2.2), it is not hard to obtain local exist-
ence and uniqueness of solution to system (1.1)—(1.2). Moreover, if 7% < +oo is the
maximal existence time of the solution, then there holds

Tim g0 = +oo.

Since the argument for the local existence part is standard, we omit further details.
Hence, in order to complete the proof of Theorem 1.1, it is sufficient to establish the
following three propositions which give the a-priori estimates.
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Proposition 2.1 Let y be a sufficiently smooth solution to system (1.1)—(1.2). Assume
v and its derivatives decay at infinity, then there hold

2 2 2 ' 2
](|VW| + Fly|*)dxdy + R_6/0 // |Ay|“dxdyds < C,, (2.3)
R2

[R2

2 2 g ' 2
//(lAl[/l + F|Vl[/| )dxdy + Re /0 |VA!//| dxdyds < C27 (24)
R? R2

where C,, C, depend only on ||yl g, ||Vl g, respectively.
Proof We multiply equation (1.1) with 2y to get

_% //(lVWP+FIWIz)dxdy+2//J(w,Aw)wdxdy: Ri// Ay Pdxdy.
R? R2 e o

2.5)
Since

// J(y, Ay)wdxdy = 0,
[RZ

integrating (2.5) in time gives

2 t

Javur s ruprasirs 2 [ [ 1awPasivas < [ vl + Fivofidvas
e JO

R2 R2 R2

Hence, the bound (2.3) follows.
To obtain (2.4), we multiply Eq. (1.1) with 2Ay to get

%//(|AII/|2+F|VII/|2)dxdy+2//J(q/, Aq;)Aq/ddeRl// |V Ay 2dxdy = 0.
e
R2 R2 R2

Note that

// J(y, Ay)Awydxdy = 0,
[RZ

thus the bound (2.4) follows immediately. O

Proposition 2.2 With the same assumptions as Proposition 2.1, we have

2 2 1 [ 21
//(|VAU/| + F|Ay|“)dxdy + ITE/O | A%y |“dxdyds < C;, (2.6)
R2

R2
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t
//(|A2qf|2+F|VAw|2)dxdy+%/ //|VA2y/|2dxdyds<c4, 27
e JO
Rz

R2

where Cs, C4 depend on ||Vl g and t.

Proof From Egq. (1.1), we can get the following energy identity

%//(IVAW|2+F|AW|2)dxdy+}%/|A2W|zdxdy=_2// VJ(w, Ay)V Aydxdy.
R ¢ R2 R2

Note that
// J(f, g)gdxdy = 0,
R2

the nonlinear integral term of the above identity is estimated by
| // VJ(y, Aq/)VAy/dxdy| = | // J(Vy, AW)VAdedy(
R? R
<2/ Ayl VAW,
1 3
< Cllayll,; (quu;quwugz>
<A’y + C.

where we have used Young’s inequality and the fact |Ay||,» < C in the last step.
Hence, the bound (2.6) follows by choosing 6 =

Similarly, taking energy estimate at the level of fourth order derivative gives

%//(mzw + F|VAy|Ydxdy + RE// |VA%y |2dxdy = —2// AJ(y, Ay) A ydxdy.
R2 ¢ R2 R2

For the nonlinear term, we have

| // AJ(W,AW)AZdedy| =2| // J(Vy/,VAq/)Azwdxdy|
R2 R

X |=

<2l Ayl 8%

1 3
< Cllayll(IV AW LIV Ay I,)
<5|IVATyIZ, + C.

Then choosing 6 = Ri yields the desired bound (2.7). O

@ Springer



Journal of Nonlinear Mathematical Physics (2023) 30:1282-1294 1287

Proposition 2.3 With the same assumptions as Proposition 2.2, there exists C,, > 0
depending on ||y, || yn and t such that

t
I, + / IV @IPds < C,.
0

This proposition can be proved with an induction on m. We omit further details
for simplicity. With these propositions, Theorem 1.1 thus follows.

3 Decay Estimates of the Solution

In this section we study the large time behaviour of solution to the Cauchy problem
for the nonlinear quasi-geostrophic model (1.1)—(1.2). We first derive the integral
identity of the solution. Applying Fourier transform to Eq. (1.1), we get

(1EPY = F9), +Jw, Ap) + P2 = 1€, G0

e

which implies that

fﬂ:l—éwl“t L )iﬂiré\il“ j(ll/ Ay)
D&, 5 1) =e W + el Ve 2 e (3.2)
(&80 L /0 IE2+F

In the succeeding arguments, we need to estimate the nonlinear term in (3.2) which
is presented in Lemma 3.1 below.

Lemma 3.1 For anyw € H>(R?), there holds that
Vw. Ap)l <267 + DIl 2 Ayl 2 (3.3)
Proof Recall that
J(f.8) =18y — 80

we use integration by parts to rewrite J(y, Ay) as
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Ty, Ay) = // (W Ay, — Ay, )e PR dxdy
2

:ifzﬂ//AWWXef[(XéJr".:z)dXdy—iffl/All/lllyei[(xélﬂfﬂdﬂly
R? R?
=i, //lllnlllxe’i('xg‘ﬂfﬁ)dXdy+ifz‘//l[/xu/ye"'("‘z'“f”dxdy
R? R?
_ // woue ity | - g fie, // W, e dugy
R? R?

- // YW e TR dedy + // W W, P ddy
R2 R2
RrR2
. 2 .
— %//ly/}|237‘(xé'+yéz)dx\’dy+ &%//IWJ eﬂ(xéﬂfz)dxdy
R2? R?
_glﬁ/ |WX|267i(x51+,\-52>dxdy+%//|%|2€,i(x§,+y§z)dxdy
2 Jw 2 )
R2
— (@) // Yo, e O DE gy

2. .
—5152// v, |2 "(*5'+’E’)dxdy+§1§2/ |%| eIEDE) grgy
R2
-(&-4) // wy e PR ddy — (&2 - £2)(~ig,) // e D dxdy
R R2
rag [ aay v @acin) e
R? R2
_5152//Wwvye—i(xél-#yiz)dxdy_(51‘:2)(_@2)//Wwve—i(xlfﬁyéz)dxdy
R2 R2
i 1 i 4
_(512 _522) // wy,e z(x«;,+\£z)dxdy_ E(5'2 _55)(5152)// |ll/|26 t()é,txfz)dxdy
R2 R2
+§1§2//waxe—i(x¢1+)'€”z)dxdy+ %51352/ |W|26—i(ail+yiz)dxdy

&b // W e Sy - 26,83 / v P49 dxdy

-(&-8) // Wy e PR ddy + &6, // wye PR ddy
- & // WW‘.};e‘i(x‘5‘+y52)dxdy.
R2

Thus there holds
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[Ty, Ay)| < 2(&2 + &2) // lw | Ay |dxdy < 2(&7 + EDllw I 2 | Aw |l 2.
R2

O

We remark that for the nonlinear estimate .7({//, Ay), in the works [2, 8], the
authors used the following bound (due to [4])

Ty, Aw)| < (& +E)IIVwlZ.

However, we observe that it is not sufficient to prove Theorem 1.2 by using this
bound. Therefore, the decay argument in [2, 8] can not cover our fourth-order quasi-
geostrophic equation. Hence, the bound (3.3) is new and crucial in the following
decay estimates. In particular, the step of establishing logarithmic decay bound is
not needed in our proof by using this new bound (3.3). Now we can prove The-
orem 1.2 in the framework of Fourier splitting method which is originally due to
Schonbek [9, 10] and improved by Zhang [11].

Proof of Theorem 1.2 We first show

1
IVl + llwllz < CA +1)75. 34

From the basic energy estimate (2.5), namely,

& [averrwiasas+ 2 [iavrass=o.
R? R”2
we have
:
v+ Fivig, <c [ ff 1avaaa <c 6
U

Applying Plancherel’s theorem (that is, ||f||,> = ||f]l,> for any f € L?) to (3.5), we
see

%//[(512+§§)|¢|2+Flv7|2]d§1déz+ %//(5f+§§)2|¢/|2d51d§2 =0.
R2 ‘R

3.7
Define

2 2
+ 3R,
51 52 < ‘ }’

S,(1) = 2 (€1, E)i(E, &) € R?, <
{ \/F+e:f+e:§ VA +1)

then
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// (149 P, de, = // (e[ 12 dy + / (e 12dz, de,

R2\S, (1) S1(0)
3R(F+ €D, 412
déd
> [ B P wrdsag + ] etoras e,
R2\S, (1) S0
3R,(F + &) 2y 3R(F+E1D)
> A | “dé,dé,.
[ e Pordeaz, - /(/) L e e,
R2 S,
(3.8)
Inserting (3.8) into (3.7), we obtain
F+el? .
//(IVWI2+FIWI )dxdy + 5 // T lwIdg dz,
3.9
F+[EP
C dé dé&,.
] S e e,
$1(®
From (3.2), Lemma 3.1 and (3.6), we can get
foeten [EP ||yl | Al
| < C +C [ erurn ds
] < Cllwollp /) IE2+ F
t
< Cliygll +CI§I2/ lwlli2 Ayl 2ds
(3.10)

<C+ C|¢|2</ w2, ds>2 (/O ||Aw||§2ds)2

< C+Clg? ﬁ.

Using this estimate, we have

F+[¢]? . 2 2”/ ) A
] (1+t)| Wl7dé, 52\(1+t)/ (F+V)(l+rt)rdrd6

8,

._cC '< Lo, >
A+0 \Vi+:r +0:
<C 417
3.11)

Now it follows from (3.10) and (3.11) that

2
//(|Vw|2+F|w| Ydxdy + 2 //“'5' pPdede, < —C
A+

then we have
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d 3 2 5
7 (I+0z [[ (Vy|~+ Fly| )dxdy [ < C.
IRZ

Integrating the above inequality over interval [0, 7], we get

/ (VP + FlyPydudy < €1+

Thus, we get the decay bound (3.4).
Next, we want to prove

1Ay ll2 + IVwll2 < CCL+ )75, (3.12)

From the proof of Proposition 2.1, we get the energy estimate

d%//ummz + FIVy P)dudy + 1% // IV Ay Pdxdy = 0,
R2 ¢ R2

which can be rewritten in the Fourier space as

d . N 2 N
& [Juerior«neriotiasde + 2 [ etz =o. 5
R2 R2

Define

g+8 < VR, }

S,(1) = 1 (€, 6)i(&, &) € R?, <
{ JF+a+g Vit

We now treat the dissipative term as

R F 2 4 R F 2 4
//m |w|2d§1d52/// o "’E' +'5' RV 1V o 12 e, — // a "’E' +'5' RAFIET +1E0) 5 g, e,

S,(1)

and we use (3.10) to get

FIE? + |&* 2”
// 57 ——— | |*d¢,dé&, < 1+t (Fr2+r4)(1+r4t)rdrd9
S,(0)

<Cl+0n72

Inserting the above two estimates into (3.13), we can get
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%[(1 +r>2/ (A + F|Vy|P)dxdy] < C
R2

and integrating this inequality gives (3.12).
Then we will prove
3
IVAW Il + FllAwll < C(+1)75, (3.14)

From the proof of Proposition 2.2, we actually obtain the estimate

d 2 1
4 JJavave+ riaviasay+ 3 [ 1% Py < oz, + Clavi,
e e
R2 2

and by (3.12), we have

d 2 2 1// 81 a2 C

— VAy |+ F|A dxdy + — dxdy < .

dt//(l v |Ay|“)dxdy R, % wdy < T
R2 R2

Denote

§+8 VSR }

S3(t) = (51»52)§(§17§2) € RZ’ N
{ \/F+§%+€§ VAl +1)

then there holds

81~ 12 SR(FIE* + 1£19) e //5R(F|§|4+I§I) g
//Iél [r|°d¢,d&, 2// 050 l@r|"dé,dg, - A0+0) [r|°dé,d,
R2 R2

S3(8)

where

SR, [ FIE]* + |£[° 2
// < +|§| [ |°dé dé, < 1+t / (Fr4+"6)(1+r4f)’”drd9
S50

<Cd + t)—i.

Combining these estimates yields that

Giasnt [[avave + FavPas < c.
R2
so we obtain (3.14) as desired.
Finally, applying the same treatment as above, we can get

AR,z + FIIVAS 'yl  CA+075, m=2k, k=1,2, ..., (3.15)
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or

IVA* . + FllAfy ], < C(L+0)7%, m=2k+1, k=0,1,2, ...
(3.16)

As the idea of the proof is similar to (3.14), so it is omitted here. By the bounds
(3.4), (3.12), (3.14), (3.15) and (3.16), we thus obtain the decay bounds (1.3) and
(1.4) in Theorem 1.2. O
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