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Abstract
In this paper, we study the following fractional Choquard equation with critical or
supercritical growth

(=AY’u+Vxu =f(x,u) + A[|x|_” * Iulp]plulp_zu, xeRY,

where 0 < s <1, (—A)® denotes the fractional Laplacian of order s, N > 2s,
O<pu<2sand p> 2* = ZN—”, which is the critical exponent in the sense of
Hardy-Littlewood- Sobolev 1nequahty Under some suitable conditions, we prove
that the equation admits a nontrivial solution for small A > 0 by variational methods,

which extends results in Bhattarai in J. Differ. Equ. 263, 3197-3229 (2017).

Keywords Fractional Choquard equation - Critical or supercritical growth -
Variational method

Mathematics Subject Classification 35J20 - 35J50 - 35J15 - 35J60 - 35J70

1 Introduction and main result

Consider the following fractional Choquard equation
(=AY’u+Vxu =f(x,u)+ A[lxl_” * |u|”]p|u|p_2u, xeRY, (1.1

where 0 < s <1, (—A)° denotes the fractional Laplacian of order s, N > 2s,
O<u<2sandp>2; := ZN"‘

Problem (1.1) has nonlocal characterlstlcs in the nonlinearity as well as in the
(fractional) diffusion. When s =1, u=1, A=1, p=2 and f(x,u) =0, then (1.1)
boils down to the so-called Choquard equation
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—Au+ V(x)u = [le_l * |u|2]u, x e R, (1.2)

which goes back to the description of the quantum theory of a polaron at rest by
Pekar in 1954 [15] and the modeling of an electron trapped in its own hole in 1976
in the work of Choquard, as a certain approximation to Hartree-Fock theory of one-
component plasma [6]. In some particular cases, this equation is also known as the
Schrodinger-Newton equation, which was introduced by Penrose in his discussion
on the selfgravitational collapse of a quantum mechanical wave function [16]. The
first investigations for existence and symmetry of the solutions to (1.2) go back to
the works of Lieb [6] and Lions [7]. Since then many efforts have been made to
study the existence of nontrivial solutions for nonlinear Choquard equations, see for
instance [3, 12, 13].

For fractional Laplacian with nonlocal Hartree-type nonlinearities, the problem
has also attracted a lot of interest, we refer to Refs. [2, 4, 5, 8, 10, 11] and their refer-
ences therein.

Most of the works afore mentioned are set in RN, N > 2s, with subcritical and
critical growth nonlinearities and to the authors’ best knowledge no results are avail-
able on the existence for problem (1.1) with supercritical exponent. We aim at stud-
ying the existence of nontrivial solutions for critical or supercritical problem (1.1).

In order to reduce the statements for main result, we list the assumption as fol-
lows: (V) V € C(RY,R),0< V, := xie% V(x) and 1in+1 V(x) = 4o0.

|x]—>+oc0

() f€C(RYXR,R) and there exists qe<2,w> such that

N-=2s
If(x, 0| < C(l + |t|’1‘1)f0r all (x,1) € RY x R.
(o) f(x, 1) = o(|t]) uniformly in x € RN as|¢t| — 0.
(f5) fCx, 0t > qF (x, 1) = qfotf(x, 7)dr for all (x, 1) € RY X R.

(focg :=  inf  F(x,1) > 0.
XERN, |t|=1

For any 0 < s < 1, the fractional Sobolev space H*(R" ) is defined by

H(RY) = {ueLz(RN) 1 =)l eLz(RNxRN)},
=yl

endowed with the natural norm

1
_ ) ) —u® | \*
||u”Hx(RN) = </RN udx + /[R;m dedy ,

where the term
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u
e = ( [, )

is the so-called Gagliardo semi-norm of u. Moreover, we can see that an alterna-
tive definition of the fractional Sobolev space H* ([RN ) via the Fourier transform as
follows:

H' (RY) = {u e L*(RY) : / (1+ [E1*)|a®))dé < +oo}.
RN

Here we denote the Fourier transform of u by &t := .%#(u). Propositions 3.4 and 3.6 in
[14] imply that

L P

(—A)2l/l LZ(RN) H"(RN).

2G4 /R lerlu®rrde =26y

As a consequence, the norms on H* (IRN )
w = |ull s (rry ]
s (2, gy + 1A 0 0 )
|
s (012 gy + o 11O P )

are all equivalent.
Set E = {u € H(RV) : [oy IE[*|0(E)*dE + [o V(X)uPdx < +oo } with the norm

llully = / |17 dé + / V(' dx
[RN IRN
and D (RY) = {u € L% (RN) : [ |€|%]0(€)|?dé < 400} with the norm
Il = [ Vel P

Then |Jul|7. = ||u||2DL2 + Jan V(Xutdx.

Our main result is the following:

Theorem 1.1 Suppose that (V) and (f,)(fy) are satisfied. Then there exists some
Ay > O such that for A € (0, Ayl, Eq. (1.1) admits a nontrivial solution u,.

Remark 1.2 Bhattarai in [1] studied the following fractional Schrodinger equation
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(=AY'u+ wu = alul"u + A[|x|™* = [ul?]|ul"u,

where 0 < u <N, 2<q<2+% <25, 2<p< 1+2ﬁ% <2;s. Consequently,
our result extends his result to some extent.

2 Proof of Theorem 1.1

Proposition 2.1 [9] (Hardy-Littlewood-Sobolev inequality) Let r, t>1 and
O<u<N with% + &+ % =2.Letg € L'(R")and h € L'(R"). Then there exists a
sharp constant C,.y, , , independent of g and h such that

r.N,u,
g)h(y)
/‘/ dxdy < C, gl 1]l
RN JR

v |x—yl#

Remark 2.2 In general, set F(u)= |ul|? for some g > 0. By Hardy-Littlewood-
Sobolev inequality, [y fuw =12 dxdy is well defined if F(u) € L'(R") for

t > 1defined by% + % = 2. Thus, for u € H*(RY), there must hold

2N—/4qu2N—;4= .
N N —2s oS

It is well known to us that a weak solution of problem (1.1) is a critical point of the
following functional

1w =3 / EP 1@ Pds + 3 / Vutd - / Fes,udv - 3 / (1l 5 Jul?] |ulPelx.
RN RN RN RN

Clearly, we cannot apply variational methods directly because the functional /, is not
well defined on E unless p = Zz .- To overcome this difficulty, we define a function

[Pl <
¢m_{ﬂWﬂW4LM>M
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where M >0. Then ¢ e CR,R), @)= qgd(@) = qfot @(s)ds >0 and
|p()| < pMP~4|t|4~! for all t € R. Moreover, there exists a constant C > 0 such that

| [+ @) | < cmr~e @.1)

s (TN s (N . NN
for all u € H*(RY). Indeed, for any u € H*(R"), taking ¢ € (N—u’ q(N—zs)]’ by the

Holder inequality we can calculate that

O(u(y)) ‘
d
/RN =y

q
<o [ 10,
R

vx—yl#

o [ MO [l
|

x—y|<1 |x - yl” [x=y[>1 |)C - )7|”

] ™ s Q)| =

=1

1 =
< CMP™1 </ |u(y)|"’dy> / ;M_,dy + CMP~1
lx=y|<1 lx=yI<1 |x — y| e

=1

1

1
< CM”‘q< / pN‘l‘r"—ldp> + CMP~4 < CMP™.
0

Set h,(x, 1) = A[|x|™# % ®@)]P(1) +f(x, 1) for all (x,7) € RN X R. Then

(hy) hy € C(RY X R,R) and |h;(x,1)| < CAM*P=P[¢]4=! + C(1 + [¢|97") for all
(x,1) € RV x R.

(hy) h;(x,£) = o(|t|) uniformly in x € R as|¢] — 0.

(h3) hy(x, 0t > qgH(x, 1) := qfot h,(x, t)dr > 0 for all (x,7) € RN X R.

(hy) e in|ft|—1H’1(x’ 1) >¢y>0.

RV,
Let

7, =% /R el e + % /R Veoulds - /R H G

=1/ |~f|2‘v|ft(§)|2d§+l/ V(x)uzdx—/ F(x, u)dx
2 RN 2 RN RN

- % / [1x]7# s D(u)| @(u)dx
[RN

Loy, + 1 / Vouldx — / F(x, u)dx
4 2 RN RN

- g /R [+ o] P,

By mountain pass theorem, using a standing argument we can prove that the
equation
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(=AY’ u+VxXu = h,(x,u)
has a nontrivial u; € E with J}(u;) = 0and J;(u;) = c; := 1nf sup J,(y()), where
T ref0,1]
I, :={y €C(0,11,E) : y(0) =0, Jﬂ(m)) <0}.

In the sequel, set
J(u) = 1 / |E1% ()| dE + 1 / V(xutdx — / F(x, u)dx
2 RN 2 [RN IRN

and
={y € C([0,1],E) : y(0) =0, J(y(1)) < 0}

andc = inf sup J(y(#)). ThenI'CcI';andc, <c.

Y€l 40,17
Lemma 2.3 The solution u, satisfies ||u ’1”1)‘2 < %c , and there exists a constant
A > 0 independent on A such that ||u,l||2 L, <A

Proof Taking into account (f;) we can see that
ge, = qJ,(uy) = qJ;(u;) — <J;(”/1)= MA>
- (g - 1)/ €1 10,(8)|2dE + (g - 1)/ V(x)|u,1|2dx+/ [ G ), — qF (x,u,)] dx
RV RN RN
+ /1/ ERER) [d)(ul)uﬂ - gQ(uA)]dx
[RN

>(4-1) /R 6P 1, Pde = (£ = 1)l

which implies that ||uA||sz < 2—"2 < —qz :=A > 0. This completes the proof.

O

Lemma 2.4 There exist two constants B, D > 0 independent on A such that

lu;ll;« < B(1+ AP, where||ull;« := sup [u(x)|.
xeR:

Proof For any L > 0 and § > 1, set
. 1
y(uy) = }/L,ﬂ(u/l) = u,lu;lz ) e HA([RN)
where u; ; :=min{u,,L}. Since y is an increasing function, one has

(a=D)ly@a)—yd1=0

1
for all a, b € R. Furthermore, set I'(¢) := ]Ot (¥/(¥))?dz for t > 0. Then for any
a, b € R, if a > b we obtain
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a a a 2
(a=Dbly(a)—y®b)] = (a— b)/ y'(dt = (a - b)/ (' (1)*dr > </ F’(t)dt>
b b b
= [T(@) - T®)|*.
We can use a similar argument to obtain the above conclusion if a < b. Therefore,
(@=b)lr@ -y®)] 2 M@ - TG
for all a, b € R. Consequently,
PG = TP < ) = w01 (w0 ) = (w87 ) 0],
which implies that
+ /R V(x)uiui(f Dax
< /R . —”f)fx) 0 D (1,129 )0 = (™ )y + / Ve (2.2)

/ f(x, u,l)uAuz(ﬁ ”dx+l/ [lxl Ho D(uy )](b(u,l)uAuz(p Dax.

By the fact that I'(u) > Ik Auﬂ Ll we see that

2
1 _
TP > S*”F(”ANP;« 2 (E) S*Iluﬂf,Ll“%’ 23)

where S, = S(N,s) >0 is a sharp constant that satisfies S, ||u|?, < [u]* for any

u € H*(RV)( [14]). By the proof of (2.1) we know that there exists a constant C,>0
such that

[|x] ™ % @(uy)| < CoMP™? (2.4)

Moreover, by virtue of (f; f,) we know that for any € > 0, there exists C, > 0 such
that

[fx, 0] < elr] + C,|e]47"! 2.5)

for all (x,1) € RN x R. For fixed A > 0 and small € > 0, by (2.5) and properties of ¢
we have

VO 1
[f 0+ Ap(0)] < Wltl + C(1 + A)|e|? (2.6)

for all (x,7) € RN x R. Therefore, in view of (2.2)—(2.4) and (2.6) one has
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2
CN,S 1
2 \p *
< max {1, CoM"™4} [
RN

2
- /R . V()c)uf1 A(ﬁ Dax

SC(1+/I)/ |u4|q|uifﬁ_l)|dx.
RN

_1112 Cys
it [} < S

Vo

g—1 28-1)
TIRSTEI] lu,] + C(1 + Alu,| ]|Wuu |dx

2.7
Setw,; ‘=u Aulj_Ll. By applying the Holder inequality and (2.7), we get
2
2 _ p-1
sl = et
< fC(1 + ,1)/ o0, [s0 | ax
=p*C(1 + A) / |, 1972w, dx (2.8)
2 Z
< pc +,1)</ Juy | dx) </ wﬁdx> '
RV 7
<pCc+ /1)||WL/1||0(*,
where a} 1= > 2(2; > € (2,2}). Now, we observe that 1fu € L% (RY), from the defi-
nition of w ;, and by using the fact thatu, ; < u, and (2.8) we obtain
i
llw; 15, < CA(1 +A)< / |ui|ﬂ“f> | < oo,
RV
Using the Fatou Lemma in L — 40 one has
1 1 L
||“,1||ﬂ2; SCrpr(l+ ) ||”/1||ﬁa;a (2.9)
where uﬁa“* e LY(RM).

Now, we take f = Z > 1. By u;, € L* (R"), we know that (2.9) still holds for

this choice of B. Then, observmg that ﬂ2 F=p2 0t follows that (2.9) holds with g
replaced by #2. Therefore,
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lagllpos: < C7 B (14 D it e
= P+ Dyl
< CHT TR+ DT ||,
Iterating this process and recalling that fa; = 2%, we can infer that for every m € N,

1 1 1 1 2 1 1 1
ity ll guye <CFHRH I A T (g ym Iy,
s s

m 1 m o j Lygm 1
=CT5 T pZA T (1 4+ )2 T uy ..

Let m — 400 and recalling that ||u, ||,. < K we obtain

1 ES 0'2 .
]l < CoB%(1 + 127K = C° (-) K(1+ A)3% 1= B(1 + A)P.
a

s

This completes the proof. a

Proof of Theorem 1.1 For large M >0, we can choose small A, > 0 such that
lu;ll,« < B(1+ A)P <M for all A € (0, 4y]. Consequently, u, is a nontrivial solution
of (1.1) with 4 € (0, 4,]. This completes the proof. O
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