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Abstract

In this paper, we obtain two Lichnerowicz type formulas for the Dirac—Witten oper-
ators. And we give the proof of Kastler—Kalau—Walze type theorems for the Dirac—
Witten operators on 4-dimensional and 6-dimensional compact manifolds with
(resp. without) boundary.

Keywords Dirac—Witten operator - Lichnerowicz type formulas - Noncommutative
residue - Kastler—Kalau—Walze type theorems

1 Introduction

Until now, many geometers have studied noncommutative residues. In [5, 16], authors
found noncommutative residues are of great importance to the study of noncommuta-
tive geometry. In [2], Connes used the noncommutative residue to derive a conformal
4-dimensional Polyakov action analogy. Connes showed us that the noncommutative
residue on a compact manifold M coincided with the Dixmier’s trace on pseudodif-
ferential operators of order-dimM in [3]. And Connes claimed the noncommutative
residue of the square of the inverse of the Dirac operator was proportioned to the Ein-
stein—Hilbert action. Kastler [7] gave a brute-force proof of this theorem. Kalau and
Walze proved this theorem in the normal coordinates system simultaneously in [6].
Ackermann proved that the Wodzicki residue of the square of the inverse of the Dirac

P4 Yong Wang
wangy581@nenu.edu.cn

Tong Wu
wut977 @nenu.edu.cn

Jian Wang
wangj484 @nenu.edu.cn

School of Mathematics and Statistics, Northeast Normal University, Changchun 130024, China

School of Science, Tianjin University of Technology and Education, Tianjin 300222, China

@ Springer


http://orcid.org/0000-0003-3654-2541
http://crossmark.crossref.org/dialog/?doi=10.1007/s44198-021-00009-6&domain=pdf

2 Journal of Nonlinear Mathematical Physics (2022) 29:1-40

operator Wres(D~2) in turn is essentially the second coefficient of the heat kernel
expansion of D?in [1].

On the other hand, Wang generalized the Connes’ results to the case of manifolds
with boundary in [10, 11], and proved the Kastler—Kalau—Walze type theorem for the
Dirac operator and the signature operator on lower-dimensional manifolds with bound-
ary [12].In[12, 13], Wang computedWres[n+D logtD 1]andWres[ +D207tD72),
where two operators are symmetrlc And in these cases, the boundary term vanished.
But for Wres[7r+D‘ orx*D™3], Wang got a nonvanishing boundary term [14], and
give a theoretical explanation for gravitational action on boundary. And then, Wang
provides a kind of method to study the Kastler—Kalau—Walze type theorem for mani-
folds with boundary. In [8], Lépez and his collaborators introduced an elliptic differ-
ential operator, which is called the Novikov operator. In [15], Wei and Wang proved
Kastler—Kalau—Walze type theorem for modified Novikov operators on compact
manifolds. In [17], in order to prove the nonsymmetric positive mass theorem, Zhang
introduced the Dirac—Witten operator. The motivation of this paper is to prove the Kas-
tler—Kalau—Walze type theorem for the Dirac—Witten operators.

The paper is organized in the following way. In Sect. 2, by using the definition of
the Dirac—Witten operators, we compute the Lichnerowicz formulas for the Dirac—Wit-
ten operators. In Sects. 3 and 4, we prove the Kastler—Kalau—Walze type theorem for
4-dimensional and 6-dimensional manifolds with boundary for the Dirac—Witten oper-
ators respectively.

2 The Dirac-Witten Operators and Their Lichnerowicz Formulas

Firstly we introduce some notations about the Dirac—Witten operators. Let M be a
n-dimensional (rn > 3) oriented compact spin Riemannian manifold with a Riemannian
metric g”. And let VL be the Levi-Civita connection about g¥. In the local coordinates
{x;;1 <i < n} and the fixed orthonormal frame {e;,--,e,}, the connection matrix
(wy,) is defined by

VL(el, c.e,) =(eq, ... ,e,,)(a)s’,). 2.1

Let c(e;) be the Clifford action. Suppose that 9; is a natural local frame on 7M and
(g7 )]<l Jj<n 18 the inverse matrix associated to the metric matrix (g;),<; j<, on M. By
[12], we have the Dirac operator

D= Z c(e;) [e,- - i Z ws,,(ei)C(es)C(e,)] (2.2)
i=1 S,t

Then the Dirac—Witten operators D and D* are defined by
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D=D+f; Ypu —Pucle,)ele,) +

u<v

= ,:Zl c(e;) [e[ - 41—1 ; w&,(e[)c(es)c(e,)]

+hi D Pu — Pude(e)ele,) + i,

u<v

D" =D—f; Y pu — Pu)ele,)cle) +Fy

= Zl ole,) [e[ - f; Z ws,,(e;>c<es>c<e,>]
=5 Y = Pudele)ee,) + . (2.3)

u<v

where f,f, are complex numbers, p is a (0, 2)-tensor and p,,, = p(e,, e,). Then when

fi= @, h= —@ > Diis D is the Dirac—Witten operator defined by [17].
Then, we get the following Lichnerowicz formulas,

Theorem 2.1 The following equalities hold:

5D = =[5, Vs, = Vor )] + 35+ 0 =) X0~ Prete,)cte,)

u<v

=) [e(e;)(fl P~ Pudeleete,) +fz>

u<v

2
+<—fl D Pus = Puele,)ele,) +.E> c(en]

u<v

+3 Tletee, <fl Y (P — Prele)ele,) +f2>
J

u<v

—q(—.fT D (P = Pudele,)ele) + ) c(ep}

u<v

u<v

2
-hh [Z(pw ~ pm>c<e“>c<e\,‘>] +hh

3!
1

2
—[Sif(va,-vaj - st.d/)] + }15 +f? [Z(Pw _pvu)c(eu)c(ev)]

u<v

g ) [c(e»(fl 3 P = Prcle,)cte,) +fz>

u<v

2
+<f1 D Pu = Pudete,)ele,) +f2>c(e,->]

u<v

- % z [9j<f1 Z(puv = Pw)cle,)c(e,) +f2>5(€,')
j

u<v

—c(epe; <f1 N Py = Pucle,)ele,) +fz>]

u<v

+2fify 2Py = Pu)ele,)ele) + 5 2.4)

u<v

where s is the scalar curvature.
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Proof Let M be a smooth compact oriented spin Riemannian n-dimensional mani-
folds without boundary and N be a vector bundle on M. If P is a differential operator
of Laplace type, then it has locally the form

P =—(g"0,0;+ A0, + B), 2.5)

where 0; is a natural local frame on TM and (g%),; j<n 1s the inverse matrix asso-
ciated to the metric matrix (g;),<; j<, on M, and A" and B are smooth sections of
End(N) on M (endomorphism). If a Laplace type operator P satisfies (2.5), then
there is a unique connection V on N and a unique endomorphism E such that

P ==[/(Vy Vs = Vi) + E|. 2.6)

where V’ is the Levi-Civita connection on M. Moreover (with local frames of T*M
and N), V, = 0, + w; and E is related to g/, A’ and B through

1 i i -
o, =28;(A +¢"T 1), 2.7

E=B-g' (d(a))+coa) a)ka) (2.8)

where Fiz are the Christoffel coefficients of VL.
Let g/ = g(dx;, dx,), & = ¥ &dx;and VS0, = 3, rj;.ak, we denote that

o, = —Al—t ; w, (e;)c(ey)c(e,);

(2.9)
g=g'¢y TH=¢'Ty; o =glo,.
Then the Dirac—Witten operators D and D* can be written as
D= Z cle)le; + 0,1 + 1 Z(pw pucle)cle,) + 1,
u<vy
n
D* =Y cle)le;+ 0.1 = fi D (P — Pu)ele)cle,) + 2.10)

=1 u<v

By [7], we have
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D2=—Ao+is
N 1
— _iulvul _ Tkyly 4 L
=g/ (VIV} T}V + o5
N 1
=—§ 10,0, + 26,0, — T0, + 0,0, + 0,0, — X0, ] + —s.
ug[” o0 = Lydet ooyt oo ol g0y

By (2.10), we have

D*D = D* +DIfy Y = Pudele)ele,) +15]

+ l_ﬁ Z(puv - pvu)c(eu)c(ev) +f2] D
] (2.12)

u<v

+ lfl 2(puv _pvu)c(eu)c(ev) +f2

u<v

l_ﬁ Z(puv _pvu)c(eu)c(ev) +]72] >

u<vy

u<v u<v

= Z giJ [C(az)<fl Z(tvuv _pvu)c(eu)c(ev) +f2>
ij

u<v

DVZ%W%M%MMfd+Lﬁ2%r%#%ﬂmf40

+<_J?l Z(puv _pvu)c(eu)c(ev) +E>C(az)] 0/

u<vy

- Z giJ l(ﬁ Z(puv _pvu)c(eu)c(ev) _f_‘2>c(ai)o-j
ij

u<v

- C(ai)aj <f1 Z(puv - pvu)c(eu)c(ev) +f2>

u<vy

_C(ai)o-j <f1 Z(puv - pvu)c(eu)c(ev) +f2>] >

u<v

(2.13)
then we obtain
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D'D = — Z g% [didj +20,0; - Fj’i/ﬂ" +0;0; + 0,0, — FfJ.zr,\]
i

Fyoe Ze [c(ai><f1 22w = Pucle,)cle,) +f2>

u<v

+<—E D P = Puele,)ele,) +£>c<a,->] 9

u<v

- Kf, D (P = Pu)ele,)cle,) — )c(o,»oj
if

u<v

- c(0)9; <f1 D Py = Pu)ele,)ele,) +f2>

u<v

—c(0))0; <f1 D P = Pu)ele,)ele,) +fz>]

u<v

2
-ffi [Z(p,w —pw‘)c(e»c(ev)]

u<v

+ (1 =ih) Do = Pudcten)ee) + 1o (2.14)

u<v

Similarly, we have

D> ==Y 9|00, +20,0, = 4,0, + 0,0, + 0.0, = T,
)

+ %S + ; giJ lc(az)<fl Z(puv _pvu)c(eu)c(ev) +f2>

u<v

+ <f1 Z Puy = Pu)c(e,)cle,) + 1 ) C(ai)] aj

u<v

ij u<y

+ 2 gﬂ. l“} z(puv _pvu)c(eu)c(ev) +f2)C(()i)O'j

+ C(ai)aj <fl Z(puv - pvu)c(eu)c(ev) +f2)

u<vy

+c(ai)6j (fl Z(puv - pvu)c(eu)c(ev) +f2>]

u<vy

2
+f12 |\Z(puv _pvu)c(eu)c(ev)]

u<v

+ 2f1f2 Z(puv - pvu)c(eu)c(ev) +f22 (215)

u<v

By (2.6), (2.7), (2.8) and (2.14), we have
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(wz)f)*f) =0;— % lc(az)<fl Z(IJMV _pvu)c(eu)c(ev) +f2

u<vy

o

u<v

Epp = _C(ai)o'i(fl Y Pu = Puele,)ele,) + £

U<y

- (fT X s = Pacleele) ~Fs

u<v

c(@)0" + (30’ <f1 X P~ Puele)cle) + o

u<v

u<v

+ 30 [c(a,-)(fl > P — Pucle)cle,) + s

i 2P = Pudee)ele,) + o

u<v

o

-3 [c(ap(fl 20w = Pu)ete)ele) +fy

u<y

i X Pu =~ Pudele)ele) +

u<v

o

-5 [c(o»(fl 2P = Pudele)ele,) +Fs

u<v

1 X P~ Pudele,)cle) +Fo

u<v

i
: [c@)(f} Y (P = Prcle,)ele,)

[ |

fi 2P = Pudete)ele,) = f

u<v

- 5o [c(ao(fl X s = Pacleele) +

u<v

i X Pw — Pucle,)cle,) +Fr

u<v

o

u<v

- 30 [c@)(ﬂ X s = Palcleete) +

o

+f1}Tl|:

u<v

D Py — Puele,)ele,)

u<v

D P —Puele,)ete,) = fofy.

u<v

i 2 Pu = Pucle,)cle,) +Fr

1 X (P = Pudele)ele,) + ]

)
)

)c(aj)

)
Yo

(2.16)

)
)

N———

o

>c(aj)

)

1

+/

)

c(aj)}

)

o

>C(aj)

)

]

2
] - (1 -7it)

(2.17)
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Since E is globally defined on M, taking normal coordinates at x,, we have
o'(xy) = 0, ¥[c(9)1(x) = 0, T*(xp) = 0, g¥(xy) = 5’ then

EB*B(XO) = _ZS - (flf_‘Z _Ef2> Z(puv _pvu)c(eu)c(ev)

u<v

2
+f1]71 lZ(Puv - pvu)c(ett)c(ev)]

u<v

—ff - i D le(e,o(fl D P = Pu)ele,)cle,) +f2>

i u<y

2
+<_f_‘1 Z(puv - pvu)c(eu)c(ev) +f2> C(ei)l

u<v

-3 [ae Wi M<f1 D P — Pu)ele,)cle,) +f2>

u<vy

v/ TM( i D P = P, )C(e)+fz>c(e)] 018

u<vy

Similarly, we have

2
Ep(xp) = —is -1} lz‘,(pm, - pVL,)c(eu)c(ev)]

u<v

- 2f]f2 Z(puv - pvu)c(eu)c(ev) _f22

-7 Z [C(é )<fl Z(zvuv pvu)c(e )C(e )+f2>
2 (2.19)
+<fl Z(puv - pvu)c(eu)c(ev) +f2>c(ei)]

+3 lveﬁ* ”’(fl D Pu = Pudele,)ele,) +f2>6(e,~)

u<v

) AR (fl D P = Pucle)cle,) +f2>] :

u<v

by (2.5), we get Theorem 2.1. O

From [1], we know that the noncommutative residue of an appropriate power
of a generalized laplacian A is expressed as
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(11— 2)DyA) = (4n) "> r( g ) Wres <Z‘5“ > , (2.20)

where CI>2(K) denotes the integral over the diagogal part oi the second coefficient of
the heat kernel expansion of A. Now let A = D*D and D*D = A — E, then we have

S (n=2)(4n)? 1
Wres(D*D)" 2 = —/tr<6s+EB*5)dV01M, 2.21)

(§—1>!

(n - 2)(4x): tr( |

Wres(D?)™ 2 = oD -5+ Eaz)dVolM, (2.22)
2

6

where Wres denotes the noncommutative residue. Then,

tr lz@llv - pvu)C(eu)C(EV)‘| = Z(puv _pvu)tr[c(eu)c(ev)]

u<v u<v

= Z(pw —putric(e,)c(e,)] (2.23)

u<v

== Z(puv _pvu)tr[c(eu)c(ev)] =0.

u<vy

By
tr lz Z c(eu)c(ev)c(ex)c(e,)]
u<v s<t (224)
_ ) =trlid],  if u=s,v=t,
10, other cases.

u<v

2
Ir lZ(PW —pm)C(eu)C(ev)C(eu)C(ev)]

= [Z D P = PPy —pm)c(eu>c<ev>c<es>c<e,>]
= ;(pw — pyu)trlid]. 2.25)

Similarly, we have
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i u<vy u<v

2
zr(z [e(e,»)(fl D (uy = Prdele,)cle,) +fz> +<—f1 Y Pur — Pucle,)cle,) +f2)c<e,«>] ]

=fXn-4) Z(pw — py)trlid) — nfiurlid] +ff(n —4) Z(p = py)trlid]

u<v u<v

- "J_Cz’r[’d] - 2nflj_cl Z(puv - pvu)2tr[id] - 2”f2]72 Z(puv - pvu)ztr[id]

u<y u<y

= [ff(n =D Y (Pu = Pu) - nff] ufid];

u<v

tr(z C(ej)vé-\* T*M<fl Z(puv - pvu)c(eu)c(ev) +f2>>

J u<v

= tr(z C(ej) |:2 Vej (fl (puv - pvu))c(eu)c(ev) +f1 Puy _pvu)c(vejeu)c(ev)

Jj u<v

+fl (puv - pvu)c(eu)c(veiev)] + Z C(ej)vej(fé))
J

=0.
(2.26)
Then by (2.23)—(2.26), we get
1 =2 -
tr(Eﬁ*ﬁ) =1|- % - Z{[(flz +f1 )(}’l - 4) - znflfl] ;(puv _pvu)2
+ 2l’lf2772 - l’lf22 - ”JTz} _fQJTZ _flf_i Z(zvuv _pvu)z] tr[id],
S )

tr(Ep) = l—z +3B-n)f] 2@ —p,)+(n— 1)f22] tr[id]. 227

By (2.21), (2.22) and (2.27), we can get the following theorem,

Theorem 2.2 If M is a n-dimensional compact oriented spin manifolds without
boundary, and n is even, then we get the following equalities:

~. ~ _n=2 - 2)(4 % n — —
Wres(D'D)™ 5 = #2412 / 25 ( - Lo @+ e - - 27
@ -1 J 127 4

Z(puv _pvu)2 + zanE - I’Lf22 - ”1722} _fZJTZ _fIJTl Z(puv _pvu)z)dVOIM‘
u<v u<v (228)

u<v

oz (n=2)@n): [ af 1 ) 2 2
Wres(D7)" 2 = W / 22 ( BETR + G —n)f Z(puv =Py + (= 1f; )dVOIM'
M

(2.29)

where s is the scalar curvature.
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3 A Kastler-Kalau-Walze Type Theorem for 4-Dimensional Manifolds
with Boundary

We firstly recall some basic facts and formulas about Boutet de Monvel’s calcu-
lus and the definition of the noncommutative residue for manifolds with boundary
which will be used in the following. For more details (see in Sect. 2 in [12]).

Let UC M be a collar neighborhood of oM which is diffeomorphic with
IM X [0,1). By the deﬁmtlon of h(x,) € C°°([0 1)) and h(x,) > 0, there exists
he C®((—&, 1)) such that h|lO H= =hand 7 > 0 for some sufficiently small € > 0.
Then there exists a metric g’ on M = M (Ugm OM X (—¢,0] which has the form on
U Uy OM X (—€,0]

1
g ==——g" +dx, G.1)

h(x )

such that g'|,, = g. We fix a metric g’ on the M such that dlu=2g¢
Let Fourier transformation F’ be

F' 1 [*R) = L*R); F(w)(v) = / e Mu(t)dt (3.2)
and let

+ 1 C°(R) = C*(RY); f — f|R*; R* = {x > 0;x € R}. (3.3)

where ®(R) denotes the Schwartz space and gﬁ) = rt®(R), CI)(IT—) =r ®(R).

We define H* = F'(®(R")); H; = F'(®(R™)) which satisfies H* LH_. We have
the following property: & € H* (H,;) if and only if 2 € C*(R) which has an analytic
extension to the lower (upper) complex half-plane {Im¢é < 0} ({Im& > 0}) such that
for all nonnegative integer /,

d (¢
@~ Zd§z< 5'2) G4

as |&] » 4+o00,ImE <0 (Imé > 0). Let H' be the space of all polynomials and
H™ =H; @H'; H=H* D H". Denote by z* (z~) respectively the projection on
H™* (H™). For calculations, we take H = H = {rational functions having no poles on
the real axis} (H is a dense set in the topology of H). Then on H,

h(&)
mth(y) = 707 dm /§0+m_ (3.5)

where Tt is a Jordan close curve included Im(&) > 0 surrounding all the singulari-
ties of 4 in the upper half-plane and &, € R. Similarly, define 7z’ on H,
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o
h=5- / h(E)dE. (3.6)
r‘+

So, #/(H™) = 0. For h € H( L'(R), o= i Jr )y and for h € H* [ L'(R),

z'h=0.
Let M be a n-dimensional compact oriented spin manifold with boundary oM.
Denote by B Boutet de Monvel’s algebra, we recall the main theorem in [4, 12].

Theorem 3.1 [4] (Fedosov—Golse—Leichtnam—Schrohe) Let X and 0X be connected,

+
dmX=n>3 A= < jT[ P+G I§ >€ B, and denote by p, b and s the local symbols

of P, G and S respectively. Define:
Wres(A) = / / trg [p_,(x, &)] 6(&)dx
X S

(3.7)
+2r / / {trg(rb_)(', )] + trp[s,_, (X', €] }o(&ax’,

ox

where Wres denotes the noncommutative residue of an operator in the Boutet de
Monvel’s algebra.

Then a) Wres([A, B]) = 0, for any A, B € B; b) It is a unique continuous trace on
B/B~*.

Definition 3.2 [12] Lower dimensional volumes of spin manifolds with boundary
are defined by

Vol?1P2 M := Wres[z*DPtox* D72], (3.8)

By [12], we get

Wres[n+D'plo7r+D"’2]=/ / trace .y @ clo_, (D71 772)a(§)dx
M |g=1

3.9)
+/d>,
oM
and
+oo
)|0t|+j+k+l €Ak o y-p
®= //, =) av(;+k+1)vXtraceA*T*M@C[‘” 10,0, (DK, 0.¢.8)
HEES
X 0% 0’“0" GZ(D"’Z)(x 0,&',&)1dé,0(ENdx’,
(3.10)
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where the sum is taken over r+/—k—|a|—j—1=-n, r<-p;,l <—p, and
Wres denotes the noncommutative residue for manifolds with boundary.

Since [o_,(DP17P2)]|;, has the same expression as o_,(D™71772) in the case of
manifolds without boundary, so locally we can compute the first term by [6, 7, 9,
12].

For any fixed point x, € M, we choose the normal coordinates U of x, in oM
(not i m M) and compute ®(x,) in the coordinates U= U X [0,1) € M and the met-

( . oM The dual metric of g™ on U is h(x, )g™M + dx?. Write

gM M((h —) g = gM(dx;, dx;), then

1L oM
(8710 i h(x,)[ ]0
M) = | hex,) i  [¢¥] = D18
lg;;] lo 1], L&) [0 (3.11)
and

9,80 () = 0,1 <ij<n—1; g(xg) =5y (3.12)

From [12], we can get three lemmas.

Lemma 3.3 [12] With the metric g™ on M near the boundary

2 ) [0, if j<n,
xj(|§|gM)(x0) = h’(O)Ié’IﬁdM, if j=n; (3.13)
o, if j<n,
el ‘{ 0x,EN0xy). iFj=n. G149
where £ = & + &, dx,,.
Lemma 3.4 [12] With the metric g¥ on M near the boundary
W, (e)(xy) = %h’(O), if s=nt=ii<n,
w; (e)(x) = co,»,n(ei)(xo) = —%h’(O), if s=i,t=n,i<n, (3.15)
w, (e;)(xy) = 0, other cases,
where (w,,) denotes the connection matrix of Levi-Civita connection V.
Lemma3.5 [12]
Mi(x) = 3H(0)  if s=r=ik=ni<n,
i _ _l / . — — — g
Ff;(xo) _ [ .(x) =—3h0), if s=nt=ik=ii<n, (3.16)

Fﬁn(xo) = —Eh’(O), if s=i,t=nk=1i,i<n,
I (x) =0, other cases.
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By (3.6) and (3.7), we firstly compute

Wres[z*D Lozt (D*)!] = / / trace . 7.y @ c[_4(D* D)™)o (&)dx
M |¢|=1

+ [ o

oM
(3.17)

(_i)|a|+j+k+1

b= / / Z Z m X traCCA*T*M®C[ai”ag,a§n0':_(D_l)(_x/’O, 5/’ fn)

¢=1 Zo0 M0
X 95,9. 9 o /(D) (W, 0,¢,&,)1dE, 0(ENd
(3.18)
the sum is taken over r + [ — k — j — |a| = =3, r < —1,1 < —1and Wres denotes the

noncommutative residue for manifolds with boundary.
By Theorem 2.2, we can compute the interior of Wres[z+*D~lox*(D*)7!], so

trace . gy [o_y(D*D) )6 (E)dx
M |¢]=1
= 3272 / { - %s — 126f, +4f2 + A+ 4T D Pu = Pu)’ }dVolM.
M

u<v

(3.19)

Now we need to compute fa  ©- Since, some operators have the following symbols.
Lemma 3.6 The following identities hold:

01(D) = 6,(D*) = ic(&);

60(5) = _i Z wx,t(ei)c(ei)c(es)C(et) + (fl Z(puv _pvu)c(eu)c(ev) +f2);

1,8t u<v

oy(D") = —i Y o, (e)cle)cle,)cle,) + (—fl D P = Pudele,)cle,) + >;

1,8,t u<v

(3.20)

where & = 2| &id, denotes the cotangent vector.

Write

D¥ = (=)"9% o(D) = p, +py; o(D)"' = Y q_;. 3.21)
J=1
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By the composition formula of pseudodifferential operators, we have

1 =o(DoD™) = Y, —-2tleDIDA o (D)

a

=P +P)d 9o tq3+ )
+ Z(agjpl +0gp0) Dy g1 + Dy g o+ Dyg s+ ) (3.22)
J
=P19-1+ P19 +Poqg-1 + Z 0:p1Dyq-1) + -+
J

SO

.1 =p' 4= —p;" [popfl +2 asjple/(PTl)] : (3.23)
J

Lemma 3.7 The following identities hold:

o0 =0 (B = T
- D
B = SO 4 )ty [0, P - 00,61
- D*
o (B = % lcéfz 2 el [0, (c@Nlel? - e, 1P
(3.24)
When n = 4, then tr,.;.,[id] = dim(A*(4)) = 4, where tr as shorthand of trace,
the sum is taken over r+/—k—j— |a| = -3, r < —1,l < -1, then we have the
following five cases:
Case(@)(Dr=-1,l=-1,k=j=0, |la| =1
By (3.18), we get
Z wldfzro (D7)
=1 ~oo la]=1 (3.25)
X 07,0 o_ (D) H](xg)dE,o(E"dx .
By Lemma 3.3, for i < n, then
5 <ic(§)) - 10, [c(£)](xp) ~ iC(é)axi(Iélz)(xo) o, (3.26)
112 112 14

so®, =0.
Case(@ (D) r=-1,l=-1,k=|a| =0, j=1
By (3.18), we get
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+o0
®,=— L / / trace[d, 7} o_, (D7)
2 ' (3.27)
x 0% o_ (D) ™H(xp)dg, o0& )dx'.
By Lemma 3.7, we have
- 6,c(dx,) +2c(&')  8E2c()
a? 6_1((D*)_l)(x0) =il — énc( xn)4 C(g ) + nc6 : (328)
" <] <]
- 0, c(& : 12!
0, 0 (D)xy) = E00) _ i@l PHO) (3.29)
" €12 €]
By (3.5), (3.6), we get
(&) (&) + §,c(dx,)
g [W]“‘”"“ﬁ =7 [ 1+ ]
o(&)+n,c(dx,)
_ 1. (07 €, +in—n,)
= 2m_hm,HO_/ =07 dn,
I+
(@, +2)c(¢) + ic(dx,)
- 4E, — iy : (3.30)
Similarly we have,
. [0:,¢) 0, [c(&](xp)
7[5” W ()C()) 1&=1 = m (3.31)
By (3.29), then
~_ 0, [c@Ixo) —  [(i&, +2)c() + ic(dx,)
R e T (0)[ 4,
(3.32)
By the relation of the Clifford action and trAB = tr BA, we have the equalities:
tr[e(&)e(dx,)] = 0; trle(dx,)?] = —4; tr[c(@) 1) o=y = —4;
(3.33)

tr[0,, e(&)e(dx,)] = 0; tr[d, (& )e(€)(x)l s = —20(0).

By (3.31), we have
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, @i&, + 2)c(&) + ic(dx,) 6&,c(dx,) +2c(&")  8E[c(&) + &,c(dx,)]
H (0)tr X < ) xo)hg |=1

4, — P a+ey (1+&y
—2i§2 =&, +i
= 4K (0)—2 "
O e+
(3.34)

Similarly, we have

[ 95, [e(€N](xp) 6&,c(dx,) +2c(&")  8E[c(&) + & c(dx,)]
—m[( ) ( )Jeoe

2, - i) A+&2  a+ey
52
—2ih (0)——~ —
OG- )4(/: T iy
(3.35)
Then
T o, - i
i &, —1
——n e o (E)dx
. / G —ir, i T
] / Q I /
0% / €, - i)Z(:,, g o
(1)
= —ih' (0)Q;27i [(5,, " i)3] |§”:idx
= —%ﬂh,(O)Q:;)d)C,, (336)
where Q; is the canonical volume of S°.
Case (@ (IID)r=-1,l=-1,j=|a| =0, k=1
By (3.18), we get
+00
@, =—% / / trace[d; 77 o_ (D)
e (3.37)
X 0, 9, o_,(D")™)](xp)d&,o(E)dx .
By Lemma 3.7, we have
~ d "+ d
ag,,axno'—l((D*)_l)(xo)||§'|:1 =—il'(0) [C?;r:) - 4§n%
2£,i0, (&)%)
15 | (3.38)
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~ c(&" + ic(dx,)
9, 7} o (D™ )x)lgoy = = 2C i (3.39)
Similar to case a) II), we have
tr{ c(& + ic(.dxn) il (0) [c(dxn) e c(EH + énc(dxn)] }
208, —0)? |£]4 |£16
i3 (3.40)
=2/ (0)————"
( )(én -4, + 1)’
and
N (&) + ic(dx,) y 28,0, cE)xo) | —2il (0)g, "
2E, -0 EE BOED G
So we have
R (0)(i - 3¢,) o
/ / @ — 0@, + i T
lE/]=1 “oo
H'(0)ig, o
|g,/ / @ i, + iR
o oai[=38)]Y i iE 19
] [(5,. - z>3] R (73 +i>2] =i
= %nh’(0)93dx’.
(3.42)
Case(b)r=-2,l=-1,k=j=|a| =0
By (3.18), we get
+00
O, =—i / / trace[ﬂg;a_z(ﬁ_')><déna_l((5*)_1)](xo)dfna(i’)dx’. (3.43)
|&']=1 —c0

By Lemma 3.7 we have

c(&)oo(D)(x)c(&) L ®

B |§|6 c(dx,)[0, [N E* = c(OR ()&, ]

(3.44)

o_»(D™"(xy) =

where
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oy (D)(x) = —}1 D o, (e)(xp)cle )cle,)c(e,)

St (3.45)
+hi D P = Pudcle,)cle,) + fr.
We denote
Q) = =3 D e)soc(eeteete,) (346)
Then

752;0'_2(5_1(%))||§q=1
C(é)(fl Zu<v(puv - pvu)c(eu)c(ev) +f2)(x0)c(§):|
(1+¢&2)?
C©QEe(®) + c(©)cldx,)d, [Ny | e(E)e(dx,)e(E)
+af| (1+&y Oy ]

— T
_”én[

(3.47)
And

tr l(f‘l Z(puv - pvu)c(eu)c(ev) +f2>c(dxn)]

u<vy

=i (P — Putilc(e,)cle,)e(dx,)]

u<v

0;

(3.48)
tr l( 1 Z(puv _pvu)c(eu)c(ev) +f2>C(§,)]

u<vy

n—1
=tr l(f] Z(puv _pvu)c(eu)c(eu) +f2> Z fjc(ej)]
J=1

u<vy

=0.

Since

cdx,)  28,¢) + 2§5c(dxn)]

05,01 (D)) = 0, 41 (%) o1 = iL ¢ (1+&7

(3.49)

Then, we have
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+ dx,)o !
”; c(£)Q(xp)c(&) + c(§)c(dx,)o, [c(€ )](xo)] _h,(O)ﬂg[c(f)c(dx,,)c(g)]
n (1+&y LA+
= C] - Cz,
(3.50)
where
C = 4(5_—102[(2 +i&,)c(ENQxo)e(E) + i€, c(dx,)Oxy)c(dx,)
+ (2 + i&)c(E)e(dx,)0, (&) + ic(dx,)Qxp)c(€") + ic(€)Qxy)c(dx,) — id, c(E)]
(3.51)
and
_ WO | cldx,) c(dx,) —ic(€) 36, =T .
R e A Tt e R |
(3.52)
By (3.50) and (3.52), we have
C, %0, o_ (D) Lo
FCx o e O e
N oY
O e v
By (3.50) and (3.51), we have
CIC o S o =2ie, |, & —ig, =2
FIC X0, 0 (D) Dl = 7 o + ( )2(5’1 AT (3.54)
where 0 = ¢yc(dx,) and ¢, = =3/'(0).
By (3.53) and (3.54), we have
+o0
—i / / trace[(Cy — Cy) X 0; o, (D*)™)1(x)dé, o (&' )dx’
le7=1 o0
2¢y(&, — 1) + ih'(0) , (3.55)
=-Q
e e o
= gﬂh’(0)93dx’.

Then, we have
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. / 70 [ + [CON Tues Py = Prde(e)ee,) +£)e()
] el |

& (1+&)
le7|=1 <eo

x0; 0, (D)) (x0)dé, o€ (3.56)

= %tr lc(dxn)<f1 Z(pw = puocle,)c(e,) +f2>] Qydx’

u<vy

=0.

Then, we have
9 !/ /
D, = gnh (0)Q,dx’. (3.57)

Case(c)r=-1,l=-2,k=j=|a| =0
By (3.18), we get
+o00
Oy =—i / / trace[x} o1 (D™") X 0, 6_, (D) )I(xp)dE,0(£)dx . (3.58)

[&/]=1 —c0
By (3.5) and (3.6), Lemma 3.7, we have

c(&) +ic(dx,)

26, - -39

~_ B
77;”5_1(1) )||§/|=1 =

Since

(&) (D*)(x)e(E)
HE
(&)

+ Lctany o, e M0l - conole, |

o_>(D*) )(xp) =
(3.60)

where

0o(D*)(xp) = —i Z w, (e;)(xp)c(e;)c(es)c(e,)

S,

+ <_f_i Z(puv _pvu)c(eu)c(ev) +E>(x0)

u<vy

= Q(xo) + <_f_‘1 Z(puv _pvu)c(eu)c(eV) +f_‘2>(X0), (361)

u<v

then
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0; 6_2((5*)_1)(x0)||§’|=1

_, { OO + (i Ty Pu = Pudee)ele,) + /) )1e(©)
- ER
(g) d () 2 h/ 0
+ T30, [N = c@H O]
= ag,,{ léfz ()10, [eENp) I — c(@H (0)]} +o, %
T, B P = Puele)ele) +F))ol&)
afn 4
H
(3.62)

by c(&) = c(&') + &,c(dx,), |€]* = 1 + &2 and direct derivation, we get

) cE~f) TuerPuv — Prdcle,)cle,) + F)(0)c(E)

:
" g1+
_ (&) + &,c(dx)(~f; Tuer Py — Prdcle)ele,) + ))& + &,c(dx,)
= 0
" 14
ed ) TP = Prdele)le,) + F)00)e(@)
- R
o COCh BaPun = Pucte)ele,) +F)o)e(d,)
g1+
B 4€,0(8)(—f, 2uarPuy = Prele,)c(e, )+f2)(xo)C(§)
&1+
(3.63)
We denote
', = % %Ii) (dx,)[9, [c(EN(xp)IE]> = c(EF (0)],
then
0: (q,) = Ll - 282)e(dx, ) Q(xg)e(dx,) + (1 = 3E2)c(dx, ) Q(xy)c(é")

(1+&2)
+ (1 = 38)c(8)0(xp)c(dx,) — 48,0(E)0(x)c(€) + (BE — 1)9, c(€)
—4& (& )c(dxn)dxnc(f’) + 2K (0)c(&") + 21 (0)€,c(dx,)

c(§)cldx,)c(§)

OGN O

(3.64)
By (3.59) and (3.64), we have
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3K (0)(iE] + &, —2i0)
& -3¢+

iz} o_y (D7) X 9; (g )1k jerjo1 =

L 120 oie, (3.65)
E-PE+"
then
, 3K (0)(E, + &, — 20) 12/ (0)ig, /
-ia, [ [ C—0C,+ 1) +(¢,,—i>3(r:n+i>4]d§”dx
e, (3.66)

- —gﬂh’(0)93dx’.

By flé’lzl E - Ergp0(E) =0, (3.59) and (3.62), we have

+o0

—i / /trlﬂga_l(ﬁ_l)xdén
1E/]=1 ~oo

A T esPur = Prdcle)cle,) +E)c(f)]
HE

(xo)dg, G(é')dX'

/ / m“ lddx)(—fl 2P = Pu)ete, )C(e)+f2>]

u<vy

(xo)dé,rf(é )dx'

= —%U‘ lC(dxn)<_E Z(]’W —pucele,)c(e,) +f2)] Q3dxl

u<v

=0.
(3.67)
Then,

D = —gﬂh’(O)Q3dx’. (3.68)

Sod =Y @ =0.
By (3.17), (3.19) and (3.68), we can get

Theorem 3.8 Let M be a 4-dimensional compact oriented spin manifolds with the
boundary OM and the metric gM as above, D and D* be the Dirac—Witten operators
on M, then

Wres[z+D ozt (D*)™']
— -2 —
= 327:2/ { - %s — 12f:f, +4f; + 4f, + 411, Z(pw -p.) }dVolM.

u<y
M

(3.69)
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where s is the scalar curvature.

4 A Kastler-Kalau-Walze type theorem for 6-dimensional manifolds
with boundary

Firstly, we prove the Kastler—Kalau—Walze type theorems for 6-dimensional manifolds
with boundary. From [14], we know that

Wres[z*D oxt(D*DD*)™'] = / / trace ...y @ c[0_4(D* D)™)o (&)dx

M |¢]=1
¥ / v,
oM
“.1)
where
( l)|¢l|+j+k+l ‘ o ~ , ,
/Z Y — PG EF D! X trace,. 7y @ cl0] 050,£ o (D™H(K,0,¢,&,)
&=t oo A=

x 059,98 oi(D*DD") (W', 0,¢,€,)1dE,0(E)dx’,
“4.2)

and the sum is taken overr+¢ —k—j— |a| -1 = -6, r < —1,7 < -3.
By Theorem 2.2, we compute the interior term of (4.1), then

/traceA*T*M®6[6_4((5*5)_2)]0'(5)dx
M gi=1

= 1287° / ( - %s —4(f? TR Y P —Pu) = 3265 + 1217 + 12]722>dV01M.
M

u<vy

4.3)
Next, we compute [, ¥. By (2.12), we get
D*D=D*+D l—fl 2(pm, = pycle,)c(e,) +J72]
+ lf, Y Pur = Pudele,)ele,) + le D
+ l—f] Z<‘,(pw — puele,)ele,) +E]
lfl Z(p — pu)e(e)cle,) +f2] , @4)

Then,
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n
D*DD" = Y cle)(e;, dx,)(—£79,0,0))

i=1

+ c(e,.)<e,,dx,){ ~(0,8")0,0; - g" (4a,aj - 2rfjak)a,}

i=1

.
+ Y clenlerndx,) { ~20,8")0,0; + 87 (OT)0,

i=1

~2870,0,0; + (918”0

+) [6,<<f1 Y P = Pudele,)ete,) +f2>c<e,>
Jk

+c<e,><ﬁ X P = Pudele)cle,) = Fr ))] (¢, "),
+y (fl 3 (P = Pu)cteele,) +fz>c(e,> +c<¢,-)<f. 3 (bun = Preleele,) —E)) [orte; ¢ >]a‘}
Jik u<v u<v

+ Z c(e[)(ei,dx,)d,{—g” [(Biaf) +00,— l"fJGk

i=1

+ Y [(ﬁ X pus = Puele,)ele,) +fz>L‘(0.-)0,
ij

u<y

+c<ai>ai(—ﬁ D Pu =~ Pudele,)ele,) +f?> +c(oi>ai<—ﬁ D Pu = Pudete,)ele,) +E>]

u<v u<v

u<v

2
o+ (.E 3 = Pudeleete) —.E)

+ [o‘- = (i Y Pu — Puele,)ele,) —E)] (=479,9))

u<y

i=1 Jk u<v

(—fl D Py = Pudeleele) + )]

u<v

+ ) cle)er dx) { 2y Kfl D Py = Prdele,)ele,) +fz>0(e_/) +cle)

u<v

X{ep i)} 00 + [oi + <—ﬁ Y P — Pr)ele)ele,) +,§)}
{ e 200, - T40, + @) + 010, - T
ij

- Y g [c@)( = Y P = Puele,)ete,)
i

u<v

+h ) + (A 2w —pudeteete) +f2><'(0,-)] 9

u<v

+Y g [(,c Y (s — Puele)ele,) +f2)c(d,) o+ cw,w,( —Ji 2P = Puee)ete,) +fz)
ij

u<v u<v

- c(9))o; ( _fT Z(Pw = puele,)cle,) +]Tz) +¢(9,)

u<v

a.-( —h X P~ Pudeleele) +F ) c@)o;

u<v

2
<—7| ¥ Py = Pudele,)ele,) +E>] +is - <f1 >t —Pvu)c'(eu)C(ev)'Ffz) :

u<v u<v

4.5)
Then, by (4.5), we obtain
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Lemma 4.1 The following identities hold:
0,(D*DD") = )" c(dx)d,(g)EE; + c(&)do* — 2TN)g,

il
+2 lw(—fl D P =~ Pr)ele,)cle,) +E>

u<y

—c(¢) (fl Y Pur = Pucle,)cle,) +f2>c<5>]
4.6)

u<v

- I Y, o, cteeteete)

s,t,l

2
+ |§|2<_f_‘1 Z(puv _pvu)c(eu)c(ev) +]72> ;

o3(D*DD*) = ic(&)|&|;

where & =¥ &id, denotes the cotangent vector.

Write

o(D*DD*) = py + p, +py +py; o(D'DD* ) = Y ;. @7

J=3
By the composition formula of pseudodifferential operators, we have
1 = o(D*DD)eD* DD ") = ¥, ~ 32 (o (@ DD D (D* DD ™)
al

a

=@P3+p+tpP1+P)G3+q 4+q s+-)
+ D03 + 0 + 0y + 05 py)
j

(Dyq-3+Dyq4+Deg s+ ) =p3q3+(P3g_4+Prq3
+ 2 03Dy q-3) + -+,

J
4.8)

by (4.8), we have

93 =p3' 0.0 ==p5 Py + D, 9:psD, (03 |- 4.9)
J

By Lemma 4.1, we have some symbols of operators.

Lemma 4.2 The following identities hold:
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o (BB =
o (B BBy = SDAD DD
—4 =
e (4.10)
+ % (Iele@x,0, e(&) = 2 O)etd, )e(@)

+ 2§nc(§)axnc(§') + 4§nh’(0)).

When n = 6, then tr,.;.),[id] = 8, where tr as shorthand of trace. Since the sum
is taken over r+ ¢ —k—j—|a| — 1 = -6, r < —1,¢ < -3, then we have the sum
of the following five cases:

Case(a) (Dr=-1,1=-3,j=k=0,|a| = 1.

By (4.2), we get

+oo
¥, = - Y trace [ag,n;n o (D7) x 340, o_y(D*DD)™)
|& =1 —co |al=1 (41 1)
(x0)dE, (€.

By Lemma 4.2, for i < n, we have

9, 6_5((D*DD*) " )(xp) =0, [%} (%)
=id, [c(ONE|™(xp) — 2ic(©)a, [IEIPT1EI ™ (xp) = O,
(4.12)
so¥, =0.
Case (@) I r=—1,l=-3,|a| =k=0,j= L
By (4.2), we have
+oo
¥, = —% / /trace[()xnﬂga_l(f)_l)><aéna_g((ﬁ*ﬁﬁ*)_l)](xo)dﬁna(f’)dx’~
l¢/]=1 <0
(4.13)
By direct derivation, we have
s | g (@) i1 = 38)c(dx,)
(4.14)

Q022 = 4)e(@) + 12(€] — £,)e(dx,)
- [ (d+2) ] '

Since n = 6, tr[-id] = —8. By the relation of the Clifford action and trAB = trBA,
then
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tr[e(€)e(dx,)] = 0; trle(dx,)’] = =8; trle(€) 1) o121 = =8;

4.15
[0, [e(¢e(dx,)] = 0; tr[d, @)@l o = —4H©). 1
By (3.29), (4.13) and (4.15), we get

trace [()X“ n;" 0_1(5—1) X 652,, 0_3((5*55*)_1)] (xg)
—1 = 38,0+ 5E2 + 3ig (4.16)

=81 (0
© (&, =08, +0)*
Then we obtain
| o 1 —3Ei+ 582 4 3igd
v, =1 / / O P P (€
|&/]=1 —co

4+ 128 i — 2082 — 1223

=h/(O)Q4/ + fnl : én : lfn déndx/
(&, — D&, + i) 4.17)

L pi[ 1+ 3,0 — 582 = 3iE31(5) ,
=h (0)945[ 1 ] |, —iddx
= —Enh’(O)mdx’,

16

where Q, is the canonical volume of S*.
Case(a) IIDr=-1,l=-3,|la| =j=0,k= 1
By (4.2), we have

+00
Y, = —% / /trace [%nnga_l(ﬁﬂ) X aéndx"6_3((1~)*55*)_1)] (xo)ddfna(gf)dxf.
l&7|=1 <00

(4.18)
By direct derivation, we have

i0, c(&)(x)IEI? — ic(&)|E 2 (0)
HE
4i,0, CE)x))  12H(O)E, (&) (2~ 10EH O)c(dx,)
l —1
(I+&) 1+ 1+

9, 0, 6_5(D*DD")™) = 0,

4.19)
Combining (3.36) and (4.19), we have
trace [dénﬂ;”a_l(ﬁ—l) X aénaxno_3((5*55*)—1)] )| =1
8i — 32¢, — 8i¢2 (4.20)

=N0)———.
( )(5,, —3(E+D)*

@ Springer



Journal of Nonlinear Mathematical Physics (2022) 29:1-40 29

Then
T 8i-328, - 8i2
1 - n
Y, = —— W) ———Z dx’
: zm_l_/ O =y o
8i — 3¢ — 8ig2
- _lh’(())g4 udgndx/

2 &, — ¢+
r+
. xi [ 81— 32¢, — 8iE2 @)
= - (0)Q4E |:(€+—l)4 &= X
25

= 1—7[/1’(0)9461)6 (421)

Case(b)r=-1,l=-4,|la| =j=k=0.
By (4.2), we have

/

+o0
Fa=i / / tface[ﬂ _(D™") % 0, 6_,(D*DD*)" )](xo)dg o (&)dY’
[&']=1 —co
+o0
- / / trace[; 7} o, (D) x o_y(D*DD")™)1xp)dé, o(& '
[¢']=1 —c0
(4.22)
In the normal coordinate, g¥(x)) = 5]’ and 0, (g"ﬂ)(xo) 0. if je<m

a, (g“ﬂ)(xo) = h’(O)é”‘ if j=n. So by [12], when k < n, we have M(xy) = —h’(O)
Fk(xo) =0, 6"(xy) = 0 and 6F = —h’(O)c(ek)c(e ). Then, we obtain

o_y(D*DD*) ) xp)| r11

(&)0,(D*DD*)(xg)| 21121 (&) ;
=@ TE?Z% dé)m%(%)

= —€(§)< SH (0)c(§) 2 crclepcle,) = h’(O)fE,,C(é) - ih'(O)

8
|§| k<n

|£]7e(dx,) + 2[|5|2< — 51 D Py = Pudele,)ee,) +E) —c(8)

u<v

(f1 Y P = Puele,)ete,) +f2>c(§)] + |<f|2( D)

u<v u<v

ic($)
€18

+28,c()0; c(&) +4E (0)).

ce,)e(e,) +f2> @ + 25 (Iefetdx, 0, &) = 2H (O)e(dr, )e(@)

(4.23)
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By (3.32) and (4.23), we have

[0 7} o_ (D7) X 6_y(D*DD*) ™ 10x)l 71

; é 2 3 i 4 / .
2C —1)2(1+§2)4< i+2+ @ +4)E, + (-6 +2)E +3& + éjn>h(0)tr[zd]
1 1 _2E 2 AiE3 _ gA g5 ’ ’
+ AT ay +(:3)4( 1= 3ig, =28 —4ig) — & — i ) u[c(€)o, (&)
(4.24)
Then by (4.24), we get
. 2424 (B H4ADE, +(=6+ 208 + 38 + Xt
v=iwo) [ [sx? e de,0(& )’
HEES
+o0
- 1+ 30, + 282 + 4i83 + &4 + i8>
i (O)WH _/ e e ay O
_ (41 195\ /
- ( e ) 1 (0)Q,dx.
(4.25)
Case(c)r=-2,l=-3,|la|=j=k=0.
By (4.2), we have
+oo
Wy, = / / trace[ﬂ o, (DX 0.0 3((5*55*)—1)](xo)dgna(g’)dx’.
I&/l=1 —c0
(4.26)

By Lemma 4.1 and Lemma 4.2, we have

c(&)oy(D)e(é) 6]

) m62(ﬂﬂ@@@%ﬁ~ﬁﬁﬂﬂﬂ%)

(4.27)

o_>s (D) (xy) =

where

oy(D) = -+ Z w, (e)c(e)cley)cle,) + <f1 D (P = Puele,)ele )+f2>

l S,t u<v

(4.28)
On the other hand,

—4ig,e) il = 38e(x,)
A+&p T a+ey

9: 6_3(D*DD*™") = (4.29)

By (4.27), (3.5) and (3.6), we have
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c(&)oy(D)(xp)c(€) + c(@)e(dx, ), [c(€)](x,)

m; <‘7—2(5_I)>(X0)||5/|=1 = ”;:[ 1+ ey
, c(@)eldx,)c(§)
~ W)z} [—(1 s |
(4.30)
We denote

60(5)(x0)|5n:i = Q(XO) + <f1 Z(puv _pvu)c(eu)c(ev) +f2> . (431)

u<v

Then, we obtain

o (OQe(E) + c(&)edx,)0, [cExg) | e(E)eldx,)e(€)
7[; (072(D 1))(x Mgt = 71:5 [ T+or - H 27 ]
r [c(@[(fl Y Puy = Pucle)cle,) + f2) ]c@(xo)]
5, (1+ 52)2

(4.32)

Furthermore,

+ [6(5 Wi Xuer @iy — Pudcle,)c(e,) +f2](xo)C(§)]
" (1+2p
+ I:C(él)[fl Zu<v(puv _pvu)c(eu)c(ev) +f2]()CO)C(§,)]
: (+e2p7
>§nc(§,)[f‘l Zu<v(puv _pvu)c(eu)c(ev) +f2](x0)c(dxn)]
. (1+&2)2
&nc(dx )i XoueyPuv — Prudcle,)cle,) +f2](xo)c(§')]
(1+&2)2
rErc(dx)lfy Zuey Py — Prdele,)cle,) + () c(dx, )]
. (1+&2)2
N Xuer @iy = Pudc(e)ele,) + f1(x)c(ENQ2 + &)

4(¢, —1)?
+ iC(é:’)[fl Zu<v(puv - pvu)c(eu)c(ev) +f2](x0)c(dxn)

4, — i)?
N ic(dx,)fy XyeyPuv — Pucle,)cle,) + f10xp)e(&)

4(g, — i)?

—15 c(dX)fy Ly Py — Prcle,)ce,) + f1(x)e(dx,)
4, — i) ’ (4.33)

=7

+
+ ﬂ'é,n

.
7

+
+ 7,

By (&) = ¢(&') + &, c(dx,), we have
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L [€©Q(x)c(§) + c(§)c(dx,)o, (c(E))(xp)

o+ [ €O, (@)
ﬂf;[ (1+&2y ] W (O0)x [ Tiey
) + £, )OO + &l ) + (el€) + & e, el )0, (e€D)x)
= ”5,,[ i 5’%)2
~ KO} [(C(é') ¥ &ty eldr, )Xe(E) + bucd)
" (1+¢)
(€€ +1,0(dx, D0 (&, el DHE(E Y+, e, )0, (e(E)x)
L lim (1, +D)2(&, +iu—n,) J
= 27l u—0- (7’]” — 1)2 n
I+

(c(€' )+, c(dx, ))e(dx, ) (e(E)+n, c(dx,))

1 , (1, +)3 (&, +iu—n,)
T / "o = @
r+
=C -G
(4.34)
where
-1 . , ’ .
C = P (2 +ig,)e(E)Qc(E) + i&,c(dx,)Qc(dx,)

+ Q2+ ig,)e(€ )eldx,)0, (&) + ic(dx,)03e(E) + ic()Qc(dx,) — id, c(&)]

1 5, 5i,, / . / ’ . /
= |31 O3cds,) = S O)c@) = @+ i, )o@ eld, )0y (&) + 0, &) :
1 (0) [ c(dx,) c(dx,) — ic(&) 3¢, —

G=7 HE, —) 8@ —ip +8(cf,, iy}

2 ie(é) ~ ctas,)].

(4.35)
By (4.30) and (4.35), we have

tr [Cy X 0; 6_3((D*DD*) )xp)]l 0121

- {h’(O)[ c(dx,) N c(dx,) —ic(&") + 36, —

- 2 l4ig, - 8- 8, -0

—4ig,c(&') + (i - 3iEH)e(dx,)
X
(1+&) j

4i — 11, — 6i&2 + 38>

& — D%, + 1)

" lie@) — eta,

=1 (0)

(4.36)
Similarly, we have
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tr [C; x 35”(7_3((5*55*)_])(xo)]||§’| 1
= e { g [ Ot~ SHOE)
= 2+ i, )€ )e(d, 10, (&) + 0 (€]
—4ig, (&) + (i — 3i2)e(dx,)
(1+&2)3 }
3+ 12i¢, + 3¢2
=n0)—————=;
Ve e o
(O TP = Pru)ele,)eley) +)1)e@)
R ( 22 )
~ (+eD

X 0, 6_s(D*DD*)")(xy)

’I§’|=1

2 - 8ig, — 62 )
=4§_WU+§¢+(ﬂZ@wﬂMM%M%Hﬁ>%F@4

=0.
(4.37)
By fl§’|=1 & ... &y 0(E) =0, we have
2 O) / / =Ti + 26&, + 15i&2 " g (e
= —1 X
W ACETEEET
o 2i [ 71+ 26, + 15iE2165) , (4.38)
— il (0) x [ T o Qudx
= E;zh'(0)94dx
Now W is the sum of the cases (a), (b) and (c), then
5
v = Zly (64 e ) 1 (0)Q,dx. (4.39)

i=

By (4.1), (4.3) and (4.39), we can get

Theorem 4.3 Let M be a 6-dimensional compact oriented spin manifold with the
boundary OM and the metric gM as above, D and D* be the Dirac—Witten operators
on M, then
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Wres[z+tD ot (D*DD*)™ 1]
= 1287 2 AP T —arT 23067 + 122 + 125, dVol
- a _gs_ (fl +f1 - f]fl)Z(puv_pvu) - f?f2+ f2+ f2 Oly
M

u<v
65 41,
+/(a = )ﬂh (0) Q.

oM

(4.40)

where s is the scalar curvature.

Next, we prove the Kastler—Kalau—Walze type theorem for 6-dimensional mani-
fold with boundary associated to D?. From [14], we know that

Wres[;t+5_1o7r+5‘3]=/ / traceA*T*M®C[0_4(5_4)]a(§)dx

M 1g=1
+/@,
oM

where Wres denote noncommutative residue on minifolds with boundary,

(4.41)

( l)|a|+/+k+l

Z Z al(+k+ 1! X trace,,. T*M®C[al aaak +(D )&, 0,E )

X a%ﬂ“ak a,(D HW,0,&,E)NdE,o(E Y,
(4.42)

and the sumis takenoverr+¢ —k—j—|la| -1 =-6, r < -1, < -3.
By Theorem 2.2, we compute the interior term of (4.42), then

/ / trace o7y @ ¢ [6_y(D™)]o(&)dx

M gl=1

2 (4.43)
= 1287° / [— 5= 242N (Puy — Pu)* +40f7 | dVoly
M

u<v

So we only need to compute fa i ¥ Let us now turn to compute the specification of
D3
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n

D* =Y cle)e dx)(—279,0,0)

i=1

+ c(e,.)<e,,dx,>{ ~(0,8")0,0; - g" (45,01.2r§,.ak>a,}

i=1

0
+ 2 cle;){e;,dx;) { ~2(0,8")0;0; + £7(T')0y, — 26"1(9,0,) + (98”0,

i=1

+y [6«<<f. D Pu = Pudee,)ele,) +f2>c(e,-)
Jik

+c'(¢f)<f. ¥ @ — Pudele,)ete,) +.fz>>} (¢, dx*)o,
+Y <<f1 D Pu = Pudele,)ele,) +f2>c<e,>
Jk u<v

+C(e,-)<f1 ¥ P~ Pudele)ele,) + >>

u<v

n

[a,(g/, dﬁ)]ak } +y c(e,)(e,,dx,>a,{ — [(a,.gj) +o0,

i=1

~Tioc+ 28" [<f1 Y @ = Pudcle,)ele,) +f2>6(0,-)6,-
i

u<v

u<v

+ (09, (ﬁ D Pur = Pudee,)ele,) +fz>

2
+c(9)0; (fl Y P = Pudcle,)ele,) +fz>} + ﬁ - Kfl X P = Pudele,)ete,) +f2>]

u<v u<v

o+ X ow - et + )] 610,

u<v

+ ) cle)erdx) { 2y {(f] D Pu = Pudeleele,) +fr)ee)
i=1

ik <y

+c<e,-><f. Y Pu = Pudele,)ete,) +fz>]

u<v

e )b 0, + o+ (fi T —pudctecte) +1)| { -
i

u<v

[26,-6,- - Ff‘/dk +(9,0)) + 0,0, — Ff‘jak]

+) 8" [c(a»(f. D Pus — Pudee,)ele,)
ij

u<v

+fz) + <f1 > P = Pudecte,)ele,) +fz>c<d,->] 9

u<v

+) 8" [(fl D Py = Pudele,)ele,) +£)c@)0; +e(@)0; <f1 X Py = Pudele,)ee,) +fz>
ij

u<v u<v

+00);| fi Y Pu = Pudcle,)ele,) +fz> + (09, (fl X Py = Pudele,)ee,) +f2>
1

< u<v u<v

2
+c(@)oy| fy ;(pw —Pucle,)e(e,) +f2>:| +is - [(fu ;(pu\‘ = Pw)cle,)ele,) +fz>] g

(4.44)

Then, we obtain
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Lemma 4.4 The following identities hold:

0,(D*) = ) c(dx)0,(8")EE + c(€)do* — 2T = 20O F D Puy = Pr)

ij,l u<v

cle,)ele,) +£)e@) = 1EP(L Y P = Pudcte,)ele,) +£)]

- 41‘1"5'2 Z} o, (e)cle)c(e)]:

o3(D?) = ic(&)|&].

(4.45)
Write
o(D*) =psy+py +p, +po; oD =D q. (4.46)
Jj=3
By the composition formula of pseudodifferential operators, we have
(PR3 — 1 ar  F3Rer 73
1 =o(D%D3) = Z 0o DD (o (D)
=@3+py+pi+P)q 3+ 94 +q_s5+ )
+ D 0zp3 + 0 + 0y +0g o) 4.47)
Jj
(Dx/.q—?, + Dx/-q—4 + Dx/q—S + )
= P393+ (P3q_4 +P2q 5+ Z 0gp3Dyq-3) + -,
J
by (4.47), we have
43 =034 =-p3' [szE ) as,Psz/(Pil)]- (4.48)
j
By (4.44)—(4.48), we have some symbols of operators.
Lemma 4.5 The following identities hold:
~_ ic(§)
o3(D7) = —=
’ HE
~ 5 _ oy (DHe®) icd)
0D = = ;8 (1ere@x,)0, c(€) = 20 et )e(@)
+2£,6(8)0, () + 4§nh’(0)>.
(4.49)
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When n = 6, then tr,.;.,,[id] = 8, where tr as shorthand of trace. Since the sum
is taken over r+¢ —k—j—|a| — 1 = -6, r < —1,7 < -3, then we have the fol-
lowing five cases:

Case(a)(Dr=-1,=-3,j=k=0,|a| =1

By (4.42), we get

+o0
Y, =- / Y trace [ag,n; o_1 (D7) x 040, 0_3(D™)|(xp)d&,o(E )y,

jE1=1 “oo 121=1
(4.50)
Case (a) (I r = =1,/ = =3, |a| =k = 0,j = 1.
By (4.42), we have
+o0
— ~ ~
=3 / / trace[dx”n;:o_l(D Yx ol o_y(D 3)](xo)d§na(§’)dx'.
El=1 oo
(451
Case (a) (D) r = —1,1= =3, |a| =j = 0,k = 1.
By (4.42), we have
+o0
— ~ ~
¥, =3 / / trace[agnngO'_l(D )% 0. 9, o_5(D 3)] (x)dE, 0 (& dx.
1£/l=1 oo
(4.52)

By Lemma 4.2 and Lemma 4.5, we have o_,(D*DD*)™") = 6_5(D~%), by (4.11)-
(4.21), we obtain

Y +¥,+ ¥, = %ﬂh’(0)94dx’,

where Q, is the canonical volume of S*.
Case(b)r=-1,l=-4,|a| =j=k=0.
By (4.42), we have

+o0
¥, = —i / / trace [n;o_l(ﬁ-l) x aé,na_4(13—3)] (xg)dE, (&)’

[§']=1 —oo
+o0

=i / /trace[a‘fnnga—l(f)_l)x‘7—4(5_3)](xo)déna(g’)dx’,

le7l=1 <o

(4.53)

In the normal coordinate, gij(xo) = 6{ and dxj(g“/’)(xo) =0, if j<m
dxj(g"ﬁ)(xo) = h’(O)&Z, if j=n. So by [12], when k < n, we have I"'(x)) = %h’(O),
*(x,) = 0, 8"(x,) = 0 and 6% = ih’(O)c(ek)c(en). Then, we obtain
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0'_4(5_3)(x0)| 1&=1

L T S I, <ic(§)>
- HE Teir &% (OIEPID, e
= @ (3100 T cteetey) = THO%E) - JHOLEP
k<n
()~ 2 [c(&) <f1 3 P = Prclecte,) +f2>c(§) " |5|2( 5
(P — Pu)ele)cle,) +fz>] +1EP <f1 3 P — Prcle)cte,) +f2)>
@)+ é(li) <|¢|4c<dxn>axnc<z:') — 2 (0)e(dx, (&) + 26,60, ()
+4§nh’(0)>.
(4.54)

By (3.29) and (4.54), we have

tr[d;, 71'2; 0'_1(5_1) X 0—4(5_3)](x0)||§'|=1
= ; 3 3 % 4 / .
=3 T 52)4( i+2+ B +4DE, + (6 + 20 + 38 + 4§n>h(0)tr[,d]
;__-_2_-3_4_-5 / /
Pag, R e T 2 i = 6 i le€0, o)
(4.55)

By (4.55), we have

—z+2+(3+4z)§ + (=6 +20)E2 + 38 + é

T=ino) [ [sx g e, (&

[§']=1 —o0

+o0
1+ 308, + 282 + 483 + &4 + i85
viro [ [ax e o€

IEil=1 oo
_(_41. 195\ ., /
_< - );m 0)Q,dx’.
(4.56)

Case(c)r=-2,l=-3,|a|=j=k=0.
By (4.42), we have

+o0
Y, =i / / trace[nga_z(ﬁ—l)xafna_3(5—3) (xo)dé,0(ENdx' . (4.57)

[¢'1=1 —c0
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By Lemma 4.2 and Lemma 4.5, we have o_,(D*DD*)™") = 6_4(D™3), by (4.26)-
(4.38), we obtain

Y, = Enh "(0)Q,dx'.

Now ¥ is the sum of the cases (a), (b) and (c), then

- = /65 41
‘P:E‘F:(———)h’ Q,dx'. ,
o o4 6 0)€, (4.58)

By (4.41), (4.43) and (4.58), we can get

Theorem 4.6 Let M be a 6-dimensional compact oriented spin manifold with the
boundary oM and the metric g™ as above, D be the Dirac-Witten operator on M,
then

Wres[ztD ™ oxt(D3)]

2
= 1287‘[3 / [_ gs - 24f12 Z(puv _pvu)2 + 40f22 dVOIM
A u<v (4.59)

65 410 00
+ / ( = 641)7rh (0)Q,dv.
oM

where s is the scalar curvature.
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