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Abstract

Aczel-Alsina t-norm and t-conorm are important t-norm and t-conorm, and they are extended from algebraic t-norm and t-
conorm. Obviously, Aczel-Alsina t-norm and t-conorm are more general than some existing t-norm and t-conorm. Fur-
thermore, the power aggregation (PA) operator is also a very famous and valuable operator which can consider the power
relation between any two input parameters. In addition, Interval-valued Atanassov-intuitionistic fuzzy set IVA-IFS) can
easily express uncertain information. In order to fully use their advantages, in this analysis, we extend the PA operators
based on Aczel-Alsina t-norm and t-conorm to IVA-IFS and propose the interval-valued Atanassov-intuitionistic fuzzy
Aczel-Alsina power averaging (IVA-IFAAPA), interval-valued Atanassov-intuitionistic fuzzy Aczel-Alsina power
ordered averaging (IVA-IFAAPOA), interval-valued Atanassov-intuitionistic fuzzy Aczel-Alsina power geometric (IVA-
IFAAPG) and interval-valued Atanassov-intuitionistic fuzzy Aczel-Alsina power ordered geometric (IVA-IFAAPOG)
operators. Moreover, we discuss the properties of the presented operators such as idempotency, monotonicity, and
boundedness. In addition, a multi-attribute decision-making (MADM) procedure is proposed to process the IVA-IF
information. Finally, a practical example is used to show the effectiveness and superiority of the proposed method by
comparing it with some existing operators.

Keywords Interval-valued Atanassov-intuitionistic fuzzy sets - Aczel-Alsina t-norm and t-conorm - Power aggregation
operators - Decision-making techniques
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1 Introduction

The MADM is to select the best one or to give a ranking
from the collection of a different and finite number of
alternatives. In the traditional decision-making procedure,
the attribute value can be only expressed by the crisp
number, however, in real-life, many MADM problems
cannot be described by real numbers because the attribute
information is with ambiguity or uncertain. In order to
process the ambiguity and complexity of the attributes, the
FS [1] is presented which is an effective tool to express the
uncertain information. Now, the FS theory has a lot of
applications in various fields, for example, employment
selection (doctors and nurses) during the COVID-19 pan-
demic [2], designing different clothes with the help of
fuzzy superior mandelbrot set [3], business analysis and
management research [4], data-driven modeling in mani-
folds based on the FS theory [5], environmental uncertainty
and digital transformation for fuzzy information [6], N-soft
set under the consideration of multi-agent preferences and
their operators [7], the algebraic structure of multi-fuzzy
soft information [8], multi q-fuzzy soft expert information
[9], strategic decision-making analysis based on fuzzy N-
soft expert information [10], and treatment decision of lung
cancer with the help of fuzzy information [11].

Fuzzy set, soft set, and N-soft set are three different
extensions, and the FS has received a lot of attention from
various individuals, however, because there is only a
membership grade in FS, in some cases, it is difficult to
deal with some uncertain information. Some scholars
pointed out that the negative or falsity or non-membership
grade also played a very essential or critical role in some
real-life problems, then, Atanassov [12] proposed a new
structure called IFS which can deal with truth grade
“{=(m,)” and as well as falsity grade “T=(4,)” with a

Wy Wy
condition: 0 g@(ﬁj) + E(ﬁ;) < 1. Noticed that the

Q @

FS is one of the valuable and famous cases when falsity
grade 7=(1,) = 0 in the IFS. Furthermore, the IFS has

been used in the fields of decision-making, artificial intel-
ligence, machine learning, and clustering analysis, for
example, IVIFS [13], stock prediction under the consider-
ation of A-IF inferences [14], MADM technique for IFSs
[15], distance measures for IFS and their application in
various triangle centers [16], two novel types of measures
in the IFSs [17], software bug triaging under the avail-
ability of IFSs and their application [18], the enhancement
of color images under the uses of IFS [19], and positron
emission tomography image segmentation for IFSs and
their applications in clustering analysis [20].
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Aggregating the collection of information into one is a
very challenging task. Some scholars have proposed dif-
ferent types of operators such as arithmetic and geometric
AOs. Further, Yager [21] developed the PA operator which
is the generalized form of the above two different opera-
tors. Now the averaging, geometric, and PA operators are
computed based on algebraic t-norm and t-conorm. Fur-
ther, Aczel and Alsina [22] proposed Aczel-Alsina t-norm
and t-conorm which are the modified and generalized
forms of algebraic norms. The Aczel-Alsina t-norm and t-
conorm are the generalization of the algebraic t-norm and
t-conorm, so it is clear that the aggregation operators based
on algebraic t-norm and t-conorm are the special cases of
the proposed operators. Then they received a lot of atten-
tion from different scholars because of their remarkable
features. For instance, Xu [23] proposed the averaging AOs
for IFS, Xu and Yager [24] proposed the geometric AOs
for IFS, Jiang et al. [25] and Xu [26] proposed the PA
operators for IFS, Senapati et al. [27] and Senapati et al.
[28] proposed the Aczel-Alsina averaging AOs for IFS and
the geometric Aczel-Alsina AOs for IFS. Senapati et al.
[29] proposed the weighted PA operators based on Aczel-
Alsina operational laws. Furthermore, geometric AOs for
IVIFS was discovered by Wei and Wang [30]. Wang et al.
[31] also examined the theory of averaging AOs for
IVIFSs. Aczel-Alsina AOs for IVIFS was invented by
Senapati et al. [32]. Where the power AOs for IVIFS was
derived by He et al. [33]. Therefore, we concluded that the
proposed operators from Xu [23], Xu and Yager [24],
Senapati et al. [32] and He et al. [33] are the special cases
of proposed studies. Furthermore, we discuss the advan-
tages of the proposed works, such as

1. If we have only used the theory of PA operators based
on algebraic laws, then the derived theory will be
changed for the proposed theory of He et al. [33].

2. 1If we have only used the theory of simple averaging

and geometric aggregation operators based on Aczel—
Alsina operational laws, then the derived theory will be
changed for the proposed theory of Senapati et al. [32].

3. If we have only used the theory of simple averaging

and geometric aggregation operators based on alge-
braic operational laws, then the derived theory will be
changed for the proposed theory of Wei and Wang [30]
and Wang et al. [31].

From the above analysis, it is clear that some scholars
studied the power aggregation operators based on different
types of norms, Senapati et al. [29] proposed the weighted
PA operators based on Aczel-Alsina operational laws and
they thought that the monotonicity is also kept for the
proposed work, but in actuality, they are not held. In this
manuscript, we aim to propose the PA operators based on
Aczel-Alsina operational laws for IVA-IFSs. Since the PA
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operators based on Aczel-Alsina t-norm and t-conorm are
more general than some existing averaging and geometric
AOs, and IVA-IFS can easily express the uncertain infor-
mation, it is necessary to develop some new AOs for IVA-
IFS based on Aczel-Alsina t-norm and t-conorm. In this
scenario, our main target or contributions are shown as
follows.

1. To propose the IVA-IFAAPA, IVA-IFAAPOA, IVA-
IFAAPG, and IVA-IFAAPOG operators.

2. To discuss the properties of the presented operators.

3. To develop a MADM method with IVA-IF information
based on the proposed operators.

4. To demonstrate the advantages of the proposed method
by comparing it with various prevailing operators by
some examples.

This article is summarized as follows: in Sect. 2, we
review the PA operators, Aczel-Alsina operational laws for
IVA-IFSs, and the comparison method for two IVA-IFSs.
In Sect. 3, we develop the IVA-IFAAPA, IVA-IFAAPOA,
IVA-IFAAPG, and IVA-IFAAPOG operators, and discuss
the properties of the presented operators such as idempo-
tency, monotonicity, and boundedness. In Sect. 4, a pro-
cedure for decision-making is developed for the MADM
problem with A-IF information. In Sect. 5, a practical
example is used to show the advantages of the proposed
technique by comparing it with various prevailing opera-
tors. Some valuable conclusions and future research are
stated in Sect. 6.

2 Preliminaries
In this section, we reviewed the PA operators, IVA-IFSs,
and Aczel-Alsina operational laws.

Definition 1

ﬂngT, t=1,2,...,Z, then the PA operator is derived by

m) _

[21] For the finite positive numbers

> <1 + %(inﬁf))m

()

PA (mim g

(1)

Noticed ~that 5(@&) =% _ | Sup (i&f,i&),

S£T

which expresses the relationship between g and We,
with various characteristics:

1. Sup(@gf,@gk> € [O, 1].

2. Sup <ﬁgf,ing> = Sup (@Qk,@gi).

*

when

3. Sup (@sﬂ fBﬁA) > Sup (i‘hsr , W, >

*

Wo, — Wy, |-

*

‘@21 - iBSA <

Definition 2 [13] For the universal set X/, the IVA-IF set
was given such that

w, - {(E(ﬁ;)ﬁ(ﬁ;)) T Y} @)

Wy W

U

Here, i(ﬂ:) = lCF (%)v‘zvz (Z‘VO)

We

and = (1) =
We

= (i), i=" (ﬁg)] represents the values of truth and
Wy W

fr— /)

0<l= (4,) +1=
We M

falsity and meets (ﬁ;) <1, then a

/)
R= (i1,),
We

m:(zr)} = Kl - (Cg"@ *"Eu@»’

— o e .
1- (= ( #0)+ = ( ,ug) . Furthermore, the sim-
mg ) QBL’

Wy, —

neutral grade is expressed by *R:(ﬁ/) =

Q

ple form of IVA-IFN is

=)
W, Wy,

Definition 3 For two IVA-IFNs 9y = (

expressed by

),11,2,...,2.

= ——u
C?vé? ‘|7

7
— ——Uu

==
QBL'I QB\JT

Wy, W,

‘IB\Jr ﬂBL'T
tional laws are shown as

[n—l nv—ttl >,r = 1,2, then the Aczel-Alsina opera-
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_ ( <log <,,=’) ) " <log (ﬁ) ) ) - ( <log (F) > + <log <':
. quyl ﬁnfz i N ‘ll‘\gl 9 ‘L’Z

ﬁBgl ®mi’z =

052, = N N
e mﬁl , € QBL’I

Os

QB& = A\ A %
Ff2)) 2))
1—e e ; l—e e
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Definiton 4 [13] For two IVAIIFNs g =
é/v_v ' V_vrl 77::1727then’
We,  We, We, Wy,
Y G 1 1 U u
Ogy | W, :E C —= +{= —1=
m, Wy, Wy, Wy,
(7)
1 - U -
®Av %0 = — + (= +7=
T2 ‘JBL QBE, Wy, Wy,
c0,1] (8)

Ogy (1]391) and O,y (QB‘JI> represented the score

function and accuracy function with some rules:

(1) If Og

<

<i)321> >®:W<@82> %Ll “msz;

2 If ®:sv<ij321> <®:sv<ﬁ322> = MWy, <MW,

(3) If Oy <E> :@ZSV(@) then

If Oy

@ﬁl) >®—Av<@ﬁz> = fBﬁ] > @22;
D

<@—(m) — Wy, <o

If Oy

(
ir &
(

@91) = ®—Av<ﬁuBgz> = iBQl = QuBgz.

3 Aczel-Alsina PA Operators for IVA-IFSs

The Aczel-Alsina t-norm and t-conorm and the PA oper-
ator are very famous and valuable tools for getting the
finest preferences from the collection of preferences. In this
section, we propose the IVA-IFAAPA, IVA-IFAAPOA,
IVA-IFAAPG, and IVA-IFAAPOG operators. Moreover,
we discuss some of the properties of the presented opera-
tors such as idempotency, monotonicity, and boundedness.

Definition 5 For a group of IVA-IFNs ‘fBgz =

[ U 7
(—, (= |, |i=, 7= | |,t=1,2,...,Z, then an
We,  We, We, Wy,

IVA-IFAAPA operator is described as

) (1 13 —~l> o)

%(@gr) = Zi‘ —1, Sup (@Q %O )Whlch
s£T

expresses the relationship between Wge, and Wge, with
various characteristics:

1. Sup (ﬁBgf,QBQJ €0, 1].

2. Sup <Q~B217@£k> = Sup (@gk,@gi).

pr—

)l ) when

3. Sup(ﬁgr,@gk> ZSup(iBg{ ,Qng

* *

— Wy,

‘m, e

where Sup (.IBQI,QBL%> =1 —DiS(%gr,ﬁByk> and

— —

— = 1
Dis (i'BQT, ﬁB&) =—||l= - =
4 W, W,
tHi= —-T= | +|(= - (= (11)
We, Wy, We, Wy,
+ Eu _ FM )
We, We,

where Eq. (11) represents the distance measures between

‘IBQT and slBg,{.

We =

1

— U 7
CV—,CV— s ﬂv—L,nTM ,rzl,Z,...,Z, the
W W, W, W,

aggregation result from Eq. (9) is still an IVA-IFN, such as

Theorem 1 For a group of IVA-IFNs
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IVA — IFAAPA (fBQI W, ..., QBQZ>

Proof (Using Mathematical induction).
For Z = 2, we have
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Thus’ we have

IVA — IFAAPA (JBQI , sz) = 9, ® Wy

43
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For Z = 2, (12) is kept.for Z = k, we assume that (12) is
right, such as

IVA — IFAAPA (JBQI W, .. .,@ﬁk>

o)
1—e e I—e

Then, for Z =k + 1, we aim to derive our required
result such as

IVA — IFAAPA (‘ii;gl W, , .. .,QVBQM) = @kl

@Ir(:l <E_TiBQr &

- (Zf]
1—e

1 We,.,,

[1]

b

) )

m
Loy

(D))o
W 1—e

>

==
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Therefore, when Z = k + 1, (12) is also kept.
In a word, (12) is right.

Property 1  (Idempotency) For a group of IVA-IFNs

1

QVBQT = ([gu an”‘| ) |fL2 rlvu‘| >a T= 1a2a .. -’Z,
We,  We, We,  We,

- = — U ] —y
If We, = We = (lCT (= 17 [’1?1,’12 ]>, then

Wy We W Wy
IVA—IFMPA(@QI,@QZ,...,@QZ> = MWy (13)
Proof For a group of IVA-IFNs @gf =

— = _ .
If We, =Wy = | |I=,— |, [I="7="] |, then
W Wy W We

IVA — IFAAPA( 3o, W, .. .,@£Z>

—
1-=

Wy

) A=)

S~

N—

N———
A

>
[
2]
I
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— —u
log| 1-{= log| 1-{=
=||l1—-e Pe/ 1—e P

I Y

— —u
log | 7= log | 1=
e Wy e Wy

)

(=5 =)
We Wy We Wy

Property 2 (Non-monotonicity) For a group of IVA-IFNs

- — u 7
QBQT = <[§T 5CT ‘|7 [nTlanu‘|>a T= 1,2,...,2,
W, W, We,  We,
= = / gl u /1 o
If EIBQrSEIBQr :<lCT y b6/ ‘|7[”T y N=— ])7
We, We, We, We,

then

1

2

'.

IVA — IFAAPA (ﬁm W, ..., fBu) LIVA

! /

— IFAAPA <ﬂBgl Wy, .

W, ) (14)

Here, we give only some counterexamples to show that
Eq. (14) is held correctly. For this, we use a few IVA-IFNs

such as W, = ([0.2,0.21],[0.2,0.21]), Wg, = ([0.4,

0.41],0.4,0.41]), W, = ([0.1,0.11],[0.88,0.89])  and

We, = ([0.2,0.21],[0.2,0.21]), W, = ([0.4,0.41],

[0.4,().41]),5393 = ([0.11,0.12],[0.11,0.12]) with A =2.
We get the following results:

Dis (@g] , QVBQZ) =0.2

Dzs(%il,ﬂk}) = 0.39; DlS(ﬁBu QB&) =0.39

Sup (IBL], ) = Dis (ﬂBg],iIBLZ) =1-02
Sup (%L,,%L;) 0.61; Sup (%L,,QBM) =0.61
Thus,

@ Springer

z — ——
Z Sl/lp <QUBQI y iBQk>

5(@&) _
k=1,
k1

= Sup(@g],@gz) -i-Sup(@gl,iBQ}) =141

§<iBu_> =141; J(QBLJ =122

i(l +§(£)) —7.04

=1
(1 *s (ﬂBL)) 14141

Thus,
= = = 0.34233
— = 7.04
POt (1 + 5(%21))

= 0.34233;

dl

G

|

|
o

=0.31534.

Hence, by Eq. (12), we have

IVA — IFAAPA (QVBQI , Wy, ﬂhgz)
= ([0.13408, 0.13892], [0.62399, 0.6328)])

In the same way, we get

— /

IVA — IFAAPA (ﬂngl , Wy, , W,

= ([0.13144,0.13628], [0.48398,0.49653])

From the above two information, we get

IVA — IFAAPA (ﬁ;gl W, ..., ﬂi@) £IVA

7@3.'2)

Noticing that the monotonicity has been neglected.
Further, we give the boundedness.

’ /

— IFAAPA (sﬁsgl Wy, ...

Property 3 (Boundedness) For a group of IVA-IFNs

- — ]
W, = | |=,= |, =" 1="||.r=12...2
W, W, W, Wy,

If ﬁ?gr mlni_ min{= ! , maxFl
T, T,

T

)
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— _ .,
maxnu:u]) and We = <[maXCu ,max{=— ‘| >
T T

Lo

R p—
min7j— , min7j= “|'], then
Tow,,  fow,,

_— +

Wo < IVA — IFAAPA <i)3gl,i1392, y .,iBgz> < W,

a group of IVA-IFNs *lvBof =

—

gT aC_

Definition 6 For Q

;
) |[T—,1— ,t=1,2,...,Z, then an
‘IB«JI mgr QB\J,[ ‘lBgr

IVA-IFAAPOA operator is described as

u

IVA — IFAAPOA (@Q] Wa,,..., 21‘ng>

1 - DiS(QBgr,ing> and Dis (%QT,%Q,(> =
| | | ] ] U U
i||i= —=| +i= 1= |+|l= —{=
Wy, We, Wy, We, W, Wy,
nv—u - 17\/—" , which is the distance information
W, We,

between @grand@gk .

Theorem 2 For a group of IVA-IFNs ﬁuBgfz

|

Cf,éf” s i’]u:l’,l/]?u ,T= 1,2,...,Z, the
We, W, We, W,

aggregation result from Eq. (15) is still an IVA-IFN, such

)

(16)

= EB%:] E—IQB%(Z) (15)

(t — 1) represents the permutations and

— (1-5(@) =/
2 =————2/— Further, the S(ﬂBgr> =
>, (143 (w)
ZZS — 1. Sup (@QI,@Q](>, which expresses the relation-
sF#ET
ship between ‘IVBQT and ﬂngk, where Sup (@QT,@Qk> =

as

Property 4 (Idempotency) For a group of IVA-IFNs

- [ U 7
QBQTZ CT7CT ’ WTLaﬂFu ,r:l,Z,...,Z,
‘lBg, QBL% QBL'Z ‘mgr
= = — ——u .
If W =W = | |(=,= |, |7=.7="] |, then
We Wy We Wy

'7@532) :ﬂvBﬁ (17)

IVA — IFAAPOA (ﬁsgl W, ..

Further, the monotonicity is not kept. Further, we give
the boundedness.
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Property 5 (Boundedness) For a group of IVA-IFNs

I [ U 7
%Qr: Q/Tacdi y | N=—=— , T =1,2,...,7Z,
Wy, Wy, Wy, W,

= — U
If We = <[m1n(:— min{=— ], [maxn—l

Tow, o,

T T

maanu and We = maxC maxC
T, Tow,, T *JBLT
— . ——u
min7— , min7j= , then
Towy, oWy,
= =

Wo < IVA — IFAAPOA <i)’321 W, ..., sz) < W,

Definition 7 For @ﬁf:
[

(=, (= |, nfl,nu—” ,t=1,2,...,Z, then an
We, Wy, W, Wy,

IVA-IFAAPG operator is described as

a group of IVA-IFNs

IVA — IFAAPG (iml W, ..., m)

_ (Zfl N <log (1 n_'> > ) - (Zf. = <1og <' = >> >
1—e W, 1—e

- ()
Noticed that B=——_ts

T —
S (1+§(fﬁ%g1>)
g(‘fBg) = EZS —1, Sup (@gf,@gk>, which expresses
SET

Further,

and We,,

the relationship between @gr where
Sup (@QT, @gk) =1-—Dis (iBgr, @Qk)

- — —l =
andDis <%g1,%gk> :% Cu — Cu

We, We,
Hi= =+ = = +’n:—n;’>
QBL’I ﬂng QBL'T ﬂByk QBL’I Slng

Theorem 3 For a group of IVA-IFNs Q\BQI =

C\/ aC ' = 77] = 7‘6:1327"'727 the
Wy, Wy, ‘lBu MWy,

aggregation result from Eq. (18) is still an IVA-IFN, such
as

(19)

IVA — IFAAPG (iBL., W, ..., ifBgZ)

=

®%Q7 Q...

= QVBQ] @ Wy, =% (W,

@ Springer

Property 6 (Idempotency) For a group of IVA-IFNs

— — u ;
W = | |(=,= | |i=1— | |,t=12,...,Z,
We, W, W, W,
F — U —] —
=We = | |(=,{= |, E[,E , then
We  We We  We

If W,
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IVA — IFAAPG (ﬂhﬁ, Wy, ..

where 0(7) <O0(t — 1) represents the permutations and

.,ﬁ;gz) T (20)

B, = — . Further, %(@g) =
Further, the monotonicity is not kept. Zzﬂ (1+§ («ﬁgq))
Property 7 (Boundedness) For a group of IVA-IFNs 7 — ——
— , . ’ > s=1, Sup (QBQT,%Q,(>, which expresses the relation-
ﬂBﬁr: (:v:;Cv: ’ "V_lvnv_u 7T:1727"’1Z7 s;éf
QB\_NT \lB\_'T %g, %ﬂf - —— — —
—— = " ; ship between W and Wy, , where Sup (%QHQBQ,() =
If We = | |min{=— ,min{= , maxn—,
T Wy, T Wy, T W, —_— — —_— —
=+ " » 1 — Dis (SIBQI, %Qk> andDis (EIBQT, %gk) =
maxnv—u and We = [ |max{=— ,max{=— |,
* W, K We, W, 1 1 ] ] U ]
41_1 CT_CT + (= — = +Cu: _C? +
minf=— , minj/— | |, then Wy, We We, Wy, W, W,
T, We, u  —=—u
_ " T— — 77— |), stated the value of distance information.
W, <IVA — [FAAPG (QVBQI W, , ..., ffBgZ> < Wy e Wy
Theorem 4 For a group of IVA-IFNs QVBQI =
. ere — — U .
Definition 8 For a group of IVA-IFNs MW = (=, (= |, |Ii=, 1= | |, = 1,2,...,Z, the
We, W, W, W,
— u / " aggregation result from Eq. (21) is still an IVA-IFN, such
Cu aCu: y | N=—  N=— ,‘c=1,2,...,Z,thenan as
We, W, Wo, W,

IVA-IFAAPOG operator is described as

IVA — [FAAPOG <@gl,@gz, )

Property 8 (Idempotency) For a group of IVA-IFNs

IVA — IFAAPOG (@g, W,
5 —=
= mgom (24 mi’o(z) ...
= ®%:1 iBEo(r)

7

| ——u
=
W,

W ,

<[§] _l“|’[ﬂ: ‘|>’T_1,2,--~,Z’
We,

We, We,

® Wy

Yoz
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If W, =W =  |I=,= |, [I="7="] |, then
Wy~ W Wy~ W

IVA — IFAAPOG (iBQ, W, .. ., 95322) = Wy (23)

Further, the monotonicity is not kept. Further, we give
the boundedness.

Property 9 (Boundedness) For a group of IVA-IFNs

IA
=
bN
|
:
~
)
Q
N
=
®
=
&
=
&
~_
IA
=
3

4 A Decision-Making Procedure Based
on the Proposed Operators

The MADM is the subpart of the decision-making process,
which is used to determine the best optimal form of the
collection of preferences. Based on the derived operators,
we develop the MADM technique with the IVA-IF
information.

For a MADM problem, there are a finite number of

alternatives Mg, , W, ..., W, and every alternative is
evaluated by a collection of a finite number of attributes

ﬂ‘sg, ,QVBQZ ,...,iBEm . To proceed with the above prob-

lem, we need to construct a decision matrix N = [We, |,

where ﬂngU. is an evaluation value for the alternative @gr
—/
under the attribute2Bg, , which is expressed by an IVA-IF

number such
= [ U - —y
asQng. = Cd_ 7CT y [ N=—=,N=— )
We, Wy We,  We,
t=1,2,...,7Z;j=1,2,...,m, where {——=andn— repre-
W, W,
sent the true value and falsity value, and meet

pr—
0<(= +7=— < 1. Furthermore, to solve the above
U

el

@ Springer

problem, we develop the procedure of decision-making
based on the proposed operators.
Step 1: Normalize the decision matrix.

Since the evaluation value @Qv for the alternative iBgT
ui/
under the attribute MWge, maybe the cost or benefit type

should be converted to the same type. If it is cost-type
information, then we need to normalize it by

— —— 7
({s— (= } {n——n— D for benefit types
We We We W
N = T i T Y

! U
| ———u —
== |, |i=,(= for cost types
HBL»U QBL)T] QBL)” ‘lBg”

Step 2: Aggregate all attribute values of each alternative
by the IVA-IFAAPA operator and IVA-IFAAPG operator:

We, =IVA—IFAAPA (ii}n“ QBLZHBL)

o)) e
1—e gy, de
()Y ()

W =IVA—IFAAPG (QB_ We,,.. ﬂi}_)

- <Z;E:’
e

Step 3: Calculate the score and accuracy functions based
on Egs. (7) and (8).

Step 4: Obtain the ranking results based on the Score
value information and also get the best preference from the
collection of alternatives.

In addition, we give a counterexample and try to verify
the stability and effectiveness of the proposed approaches
under the IVA-IF information.

4.1 lllustrative Example

An enterprise wants to invest its money in some valuable
business. For this, five different businesses for investment

in 2022 to 2030 are explained as‘ﬁ‘sg,: Computer business,
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Table 1 Initial IVA-IF decision matrix

=/

We

=/
W,

4

—/ —/

mﬁ. %532
% ([0.3,0.4],[0.1,0.2)) (0.31,0.41],[0.11,0.21])
953~I (0.6,0.7],[0.1,0.2]) (0.61,0.71],[0.11,0.21))
= = (0.4,0.5],[0.3,0.4]) ([0.41,0.51],[0.31,0.41))
We,
= (0.5,0.6],[0.2,0.3]) ([0.51,0.61],[0.21,0.31))
W,
= (0.2,0.4],[0.3,0.4]) ([0.21,0.41],[0.31,0.41])
W,

(0.32,0.42],[0.12,0.22)) (0.33,0.43],0.13,0.23))

(0.62,0.72],[0.12,0.22]) (0.63,0.73],[0.13,0.23])
(0.42,0.52],[0.32,0.42)) (0.43,0.53],[0.33,0.43))
(0.52,0.62], [0.22,0.32]) (0.53,0.63],[0.23,0.33])

([0.22,0.42],0.32,0.42]) ([0.23,0.43],[0.33,0.43])

Table 2 The distance measures

Dis (ﬂ E) =0.01 Dis(ﬁ7 QB:LH) =0.01 Dis (ﬁB:L“ ms:h) =001 Dis (i)sg“,ﬁisgu) =001 Dis (ﬂm, K) =0.01
Dis (f f) =0.04 Dis (T f) =0.04 Dis (E E) = 0.04 Dzs( imn) =0.04 Dis (E E) = 0.04
Dis (@3—9“7 a) =0.06 Dis (@:g“, 933:%> =0.06 Dis (Q‘DTQW QB—QM) =0.06 Dis (@411 7@—214) =0.06 Dis (933:9“, E) = 0.06
Dis (*im,z,ﬁiT%> =0.02 Dis (@—L,Z ﬁ) =0.02 Dis (ms—i, QB—L,) =0.02 Dis (ﬁB—w ﬁm”) =0.02 Dis (QBQIZ,QB:%> =0.02
Dis (E ~i’B9H> =0.04 Dis (QB:LIZ QB:LM) =0.04 Dis (E QB:LM) =0.04 Dis (203—le QBQM) =0.04 Dis (m—m QB—LM) =0.04
Dis (QB—QH, a) =0.02 Dis (K,K) =0.02 Dis (QB—LH, QB—QM) =0.02 Dis (ggﬂ, ﬁh—m> =0.02 Dis (2)3—913, @314) =0.02

: Laptop business, QBM Mobile business, ﬁBu Soft-

ware business, andﬁBgsz Hardware business. To select the
best one from the above five businesses, four different
features are used to evaluate these alternatives, which are
—/

explained as Wy,
—/

quality, and g,

: the price, Wy, : warranty, SIVBQS

: social and political impact. To solve this

problem, we construct a matrix N =

W],

decision

is an evaluation
—/
value for the business QBL under the attribute QB,. , which

(shownintablel) where QVBQU.

is expressed by an IVA-IF number such as fBgrj =

1 U -y
(= (= |, |I= 1= | |,t=
We, Wy, We,  We,

1,2,...,Z;j=1,2,...,m, based on the proposed method,
we can solve this problem by the following steps.

Step 1: Normalize the decision matrix.

Since all evaluation values are benefit types of infor-
mation, it is not needed to normalize them.

Further, based on the data in Table 1, we get their dis-

I
tance measures by DlS(QBLU,QBﬁrk> = ((__
it

[

u

_|_

_C; +

%ﬁzj QBﬁzk

—l =
N=— — h=—
’IBL»U. Wy

D
Wy,

%ﬁrk k

nvi
We,

Further, we calculate their support degrees using the

g ), and shown in Table 2.

data in Table 2 based on Sup(QBLq,ﬂuBg{J =1-

oy

+t|{= —{= |+

Wy W,

L

1

7
1

+

C— — =+ 1=
B,

Wy, Wy, »
- " »

. ), and the

@ Springer

Dis <QBL s QBQZA)

= =
‘lBgTj W

QBL,T](
results are shown in Table 3.

Tk Tk
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% § § § 5 § To evaluate the values o e need to compute the
/ﬂm\ /l_\ Hﬁ HF ”? /%\ values of 3 ﬂBg > by
214 14 14 14 14 = o
‘ & & H ‘ ‘ & E E: S(ﬁBgU) =>" = 1, Sup(ﬂB U,%g ), and the results
B CRERTRE oy
:% S c§ E :,§; ;é; as shown in Table 4.
Then, we can calculate the values of E_U by E_Tj =
3 & 3 g8 78 3 (”*‘ (”3))
3 3 3 o 3 3 ————=£4— (from Eq. (10), and the results are shown
I I I I I I > (1+§(«ﬂsﬁv))
Y Y Y Y R
5 5 3 5 5 s in Table 5.
‘§3_ ‘)g_ >';'$: v‘;'j; ‘ QN )’; Step 2: Aggregate all attribute values for each alterna-
2z \ & \ g |4 |Z \ & tive based on the IVA-IFAAPA operator and IVA-IFAAPG
s s s s ¥§~/ s operator, and the results are shown in Table 6.
“ @ 2 @ @ 2 Step 3: Calculate the Score values based on Eq. (7), and
the results are shown in Table 7.
Step 4: Obtain the ranking results based on the Score
values and the results are shown in Table 8.
N 2 3 ® © ® From Table 8, we can get that the best choice is fBgz
‘ﬁ CH> CH’ CH’ c”’ CH> based on the IVA-IFAAPA operator and IVA-IFAAPG
— ~ T~~~ operator, i.e., there are the same best choice from the two
‘ g | g ‘ = ‘ a2 | & ‘ = methods. However, there are the different ranking results
= E E 8 3 2 because of some variations of parameters involved in the
‘\@:/ ) H GGG proposed operators. Furthermore, we check the supremacy
V§; ;§; ;g; E :,§; ;§; and \yorth of the proposed methods by comparative
analysis.
5 Comparative Analysis
(=N O 0 \O 0
3 3 ir 3 3 S In Sect. 4, we have given the decision-making results, to
! /L /L ! /l\ ! show the effectiveness and superiority of the derived
& |5 |8 ‘ & ‘ & method, we compare the proposed operators with various
!'éﬁ: 'g: ! ',:'5: ?3: gi % prevailing operators, such as averaging AOs for IFS by Xu
g g |lg | | |2 [23], geometric AOs for IFS by Xu and Yager [24], PA
= ~ = = = = operators for IFS by Jiang et al. [25], PA operators for IFS
3 & & b2 & 3 by Xu [26], Aczel-Alsina averaging AOs for IFS by
Senapati et al. [27], the geometric Aczel-Alsina AOs for
IFS by Senapati et al. [28], geometric AOs for IVIFS by
. Wei and Wang [30], the averaging AOs for IVIFSs by
8 Wang et al. [31], Aczel-Alsina AOs for IVIES by Senapati
g 2 3 g 7 7 et al. [32], the power AOs for IVIFS by He et al. [33].
5 I I I I I I Then, the comparison results are shown in Table 9.
§ ‘ = /::\ ‘ = /::\ = /::\ From Table 9, we can obtain that the finest optimal is
) ) = ) ) =
'E ‘ i i c;: % H )% 'éi: Wy, for all methods.
% 'i éi/ /;i/ \i/ ‘i i’i/ 1. Wang et al. [31] proposed the averaging AOs for IVA-
© > 3 3 = 3 3 IFS, then we can get the ranking result
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2 mﬂz 23 JU QBJ;,
?(imu> =12.89 ?(im”) =2.89 ?(im,,) =2.89 §<@u..> =2.89 ?(im“) =289
%(ii‘un) =293 ?(ﬁng,z) =293 ?(@32,2> =293 %(ﬂmn> =293 ?(imu) =293
?(ﬁmu) =29 §<ﬂﬁsg,3> =292 §<mﬁ,3> =292 ?s(imlj) =29 ?(ﬁm”> =292
3(@Jl4> =2.88 §<im,4> =288 §<®ﬁ,4> =288 §<®QM> =2.88 ?(ﬁkgm) =2.88
Table 5 The values of E:U
Wy, W, W, Wy, Wy,
=, = 0249 =, = 0249 =, =0.249 =, =0.249 E, =0.249
E, =0.2516 g, =0.2516 =, =0.2516 Z, = 02516 E, =0.2516
=55 = 0.251 =55 = 0.251 5 = 0.251 =55 = 0.251 5 = 0.251
=, = 0.2484 =, = 0.2484 =, = 0.2484 =, = 0.2484 =, = 0.2484

Table 6 The aggregated results for each alternative

Alternatives IVA-IFAAPA Operator IVA-IFAAPG Operator

fBu, ([0.1517,0.20791,[0.3897,0.4635]) ([0.6052,0.6823],[0.052,0.1])

Mo, ([0.3396,0.4206],[0.3897,0.4635]) ([0.8095,0.86421,[0.052,0.1])

@g; ([0.2079,0.2699],[0.6052,0.55641) ([0.6823,0.7494],[0.1517,0.2079])
a ([0.2699,0.33961,[0.5124,0.5182]) ([0.7494,0.8095],[0.1,0.1517])
Q»«BBS ([0.1,0.20791,[0.6052,0.55641) ([0.5124,0.6823],[0.1517,0.2079])

Table 7 The score values

Table 8 The ranking results

Alternatives IVA-IFAAPA Operator ~ IVA-IFAAPG Operator ~ Methods RankingValues

= —0.2468 0.5678 IVA-IFAAPA Operator - - - =
ﬂBgl %32 > %94 > iBﬁ, > %33 > QBQS
= —0.0465 0.7609 IVA-IFAAPG Operator - = - = =
mﬁz “IBQZ > QBLU > QBQI > ﬂl‘sg} > ﬂBgs
= —0.3419 0.5361

W,

= —0.2106 0.6536

We,

—0.4269 0.4176

W,

@ Springer
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Table 9 Comparative results for the different operators

Methods Score values Ranking values
Xu [23] Cannot process this problem Cannot process this problem
Xu and Yager [24] Cannot process this problem Cannot process this problem
Jiang et al. [25] Cannot process this problem Cannot process this problem
Xu [26] Cannot process this problem Cannot process this problem
Senapati et al. [27] Cannot process this problem Cannot process this problem
Senapati et al. [28] Cannot process this problem Cannot process this problem
Wei and Wang [30] 0.1998, 0.4999, 0.09998, 0.2998, —0.0503 = = = =
QBQZ > QBQ4 > %31 > QBQ} > QBQS
Wang et al. [31] 0.2004, 0.5005, 0.1002, 0.3003, —0.0498 = = = = =
QBQZ > QBQA > ﬁBg1 > QB& > QBQS
Senapati et al. [32] —0.2749, —-0.0734, —0.4057, —0.2554, —0.491 = = = = =
QBQZ > QBQA > ﬂBgl > QBQB > QBQS
He et al. [33] 0.2005, 0.5006, 0.1003, 0.3004, —0.0497 = = =
QBQZ > %94 > %gl > QB& > QBQS
IVA-IFAAPA —0.2468, —0.0465, —0.3419, —0.2106, —0.4269 s = = = =
Operator QBQZ > QBQA > ﬁBg1 > QB& > QBQS
IVA-IFAAPG 0.5678,0.7609,0.5361,0.6536,0.4176 = = = = =
Operator QBQE > %94 > JBQI > 1&33 > lB\35

Table 10 Theoretical analysis of the proposed work

Methods Truth grade Falsity grade Condition Interval-valued
information
Fuzzy sets Vv X 0< i(l}z) <1 X
W
Intuitionistic fuzzy sets v v 0<=(1,) +Ti=(g,) <1 X
Wy Wy
Interval-valued intuitionistic fuzzy set Vv Vv 0< v:u ( Ho) +i= (,UNQ) <1 v
Wy Wy

@92 > ‘IUBQ4 > fBg] > @gz > fBgS. Although the best
choice is the same as our method, the ranking result is
slightly different. The reason is that our method
considers the power relation between two attributes.
Wang et al. method [31] used only the Arithmetic
averaging operator and the operational laws based on
the algebraic t-norm and t-conorm, our method is more
generalized than it.

2. Wei and Wang [30] proposed the geometric AOs for
IVA-IFS, then we can get the ranking result

W, > W, > W, > Wy, > W, . Similarly, the best
choice is the same as our method, the ranking result is
slightly different. The reason is that our method
considers the power relation between two attributes.
Wei and Wang method [30] used only the geometric
operator and the operational laws based on the

@ Springer

algebraic t-norm and t-conorm, our method is more
generalized than it.

He et al. [33] proposed the PA operators for IVA-IFS,
then we can get the ranking result

iBgz > QVB&‘ > @Ql > @93 > @Qs. This ranking
result is the same as our method based on IVA-
IFAAPA Operator. He et al.” method [33] used only
the operational laws based on the algebraic t-norm and
t-conorm, our method is more generalized than it.

Senapati et al. [32] proposed the Aczel-Alsina aver-
aging AOs for IVA-IFS, then we can get the ranking

result iBgz > @24 > @g] > @Qﬁ > fBgs. Although
the best choice is the same as our method, the ranking
result is different from the other methods. The reason is
that our method considers the power relation between
any two attributes. Since the ranking result is different
from the other methods, its effectiveness is
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questionable. Senapati et al.” method [32] used only the
operational laws based on the Aczel-Alsina t-norm and
t-conorm, our method is more generalized than it.

From the above analysis, we can see that all methods
produced the same best choice for this example, however,
the ranking results are different, because our method
adopted the PA operators and the operational laws based on
the Aczel-Alsina t-norm and t-conorm, it is more general
than the others. In addition, we explained the novelty and
supremacy of the proposed methods by comparative anal-
ysis with some existing methods shown in Table 10.

In a word, because the proposed methods are developed
based on Aczel-Alsina operators with power aggregation
operators for IVA-IFSs, they are the generalized form of
some existing works such as the averaging AOs for IFS
from Xu [23], the geometric AOs for IFS from Xu and
Yager [24], the PA operators for IFS from Jiang et al. [25]
and Xu [26], the Aczel-Alsina averaging AOs for IFS and
the geometric Aczel-Alsina AOs for IFS from Senapati
et al. [27] and Senapati et al. [28], Geometric AOs for
IVIFS by Wei and Wang [30], the averaging AOs for
IVIFSs by Wang et al. [31], Aczel-Alsina AOs for IVIFS
by Senapati et al. [32], and the power AOs for IVIFS by He
et al. [33]. We can explain them as follows:

1. If we only used the PA operators based on algebraic
laws, then our proposed operators are reduced to ones
by He et al. [33].

2. If we only used the simple averaging and geometric
aggregation operators based on Aczel-Alsina opera-
tional laws, then our proposed operators are reduced to
ones by Senapati et al. [32].

3. If we only used the simple averaging and geometric
aggregation operators based on algebraic operational
laws, then our proposed operators are reduced to ones
by Wei and Wang [30] and Wang et al. [31].

Of course, because the proposed methods can only deal
only with one-dimension information, they cannot process
the phase term, obviously, there is shortcoming in this
study, and it is further study on the Aczel-Alsina power
aggregation operators based on complex IVA-IFSs.

6 Conclusion

The operational laws based on the Aczel-Alsina t-norm
and t-conorm are more general than some existing opera-
tions, the PA operators can consider the power relation
between any two attributes, and IVA-IFS can better express
the uncertain information, in this paper, we fully consider
their advantages, and proposed some PA operators based

on the operational laws from the Aczel-Alsina t-norm and
t-conorm. The main contributions are shown as follows.

1. Proposed the IVA-IFAAPA, IVA-IFAAPOA, IVA-
IFAAPG, and IVA-IFAAPOG operators.

2. Discussed the properties of the presented operators

such as idempotency, monotonicity, and boundedness.

Developed a MADM method with IVA-IF information.

4. Demonstrated the effectiveness and superiority of the
derived method by comparing it with some existing
operators.

(O8]

In the future, we will modify the Aczel-Alsina PA
operators based on the IVA-IF set. Furthermore, we also
utilize the proposed operators and method in the fields of
decision-making analysis [34], artificial intelligence, neural
networks, pattern recognition, clustering analysis, and
medical diagnosis.
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