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Abstract
Intuitionistic fuzzy sets, characterized by membership degree l, non-membership degree t and hesitation degree p, are a

meaningful extension of fuzzy set. Inequalities on intuitionistic fuzzy sets/values are very important in solving real

problems. In this paper, some inequalities on intuitionistic fuzzy sets are derived from operations. Moreover, three

unweighted intuitionistic fuzzy aggregation operators, including unweighted intuitionistic fuzzy Square, unweighted

intuitionistic fuzzy Arithmetic and unweighted intuitionistic fuzzy Geometric, are developed. Later, some corresponding

inequality relations on them are deeply explored. Finally, some inequalities on intuitionistic fuzzy value are constructed by

equality lþ tþ p ¼ 1 in critical definition and proved by some existing famous inequalities, which provide a novel basis

for the intuitionistic fuzzy inequalities in operations and aggregation operators.
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1 Introduction

Intuitionistic fuzzy set (IFS), firstly proposed by Atanassov

[1], is a resultful tool to depict vagueness. A remarkable

characteristic of IFS is that it assigns membership degree

(MD) and nonmembership degree (NMD) to each element

of the universe, whose sum is less than or equal to one.

Thus, it is a meaningful extension of fuzzy set (FS) [2]

which just assigns membership degree. In the past four

decades, more and more scholars are applying IFS to var-

ious fields, such as decision-making methods [3–7], cluster

[8], information measure [9–12], aggregation operators

[13–15], operations [1, 16–18].

Ever since the invention of IFSs [19, 20], many scholars

have paid great attention to the operations on IFSs. Ata-

nassov [1] initially defined the negation, multiplication,

addition, intersection, union, necessity, possibility

operations on IFSs, whose sum of MD and NMD meets the

definition of IFS. In order to enrich the operations on IFS,

Atanassov [18] presented some new operations, including

@; $;#; �, and discussed some equalities and a part of

inequalities. Xu [13] developed k�multiplication and

power operations, and deduced the subsequent aggregation

operators by k� multiplication and multiplication. In

addition to the operations mentioned above, there are two

other well-known operations: subtraction and division

which can be regarded as simple arithmetic operations [21].

However, the subtraction and division operations discussed

in [21] have strict limitations, which seriously affect their

generality. Thus, the revised subtraction and division

operations are derived [22], which avoid all kinds of

unnecessary constraints and have similar external structure

compared with multiplication and addition operations.

Furthermore, most of the existing intuitionistic fuzzy

operations just discuss the equivalence relationship on

them, and rarely explore their properties or theorems

related to their inequality [22]. In other words, the study of

related inequalities on IFSs has important value and will

greatly enrich the relevant inequality theory.

Aggregation operator (AO), commonly in the form of

mathematical functions, is a usual technique for fusing all

the input into a single piece of data, which initially derived

from operations. Xu [13] primitively developed intuition-

istic fuzzy weighted averaging (IFWA) operator which
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deduces from the addition and k�multiplication opera-

tions, and discuss some inequalities on it. However, when

IFWA operator in [13] encounters special intuitionistic

fuzzy value (IFV) such as (1,0) in the decision-making

process, it is prone to counterintuitive phenomena, which

will vastly influence the authority of the decision-making

process and reduce the effectiveness of the algorithm.

Therefore, Seikh and Mandal [23] introduced intuitionistic

fuzzy Dombi weighted averaging (IFDWA) operator and

intuitionistic fuzzy Dombi weighted geometric (IFDWG)

operator for fusing job information and selecting optimal

alternative. While there is nothing counterintuitive about

the AOs in [23], the strict requirements for decision data

are necessary and non-negotiable. In other words, data that

does not meet the requirements will lead to an inability to

make decisions, reducing its versatility. To sum up, it is

important to develop AO without counterintuitive phe-

nomena and insensitive to data under intuitionistic fuzzy

environment. At the same time, inequalities related to AOs

can also enrich the connotation of IFS.

Furthermore, it can be easily seen that the existing

inequalities on IFSs/IFV arise from simple operations and

AOs. That is to say, none of them depend on definition of

IFS as lþ tþ p ¼ 1. Thus, it will fill in the gaps in rel-

evant inequality research. The inequalities on IFSs/IFV are

derived by constructing operations, AOs, equality in defi-

nition, and proving them by some famous inequalities.

Moreover, the developed inequalities based equality in

definition may respectively prove the operations and AOs

on IFSs or IFVs to some extent. The main contributions of

this paper are summarized as follows:

1. The inequalities on IFSs are derived from some

existing operations, where the objective is to find their

relationships. The corresponding intuitionistic fuzzy

inequalities are well proved.

2. Depending on the excellent peculiarity of the operation

@, the unweighted intuitionistic fuzzy Square (UIFS)

operator is presented, which can avert counterintuitive

phenomena and insensitive to data. Some correspond-

ing inequalities based UIFS are constructed and

proved. Also, the unweighted intuitionistic fuzzy

Arithmetic (UIFA) operator and unweighted intuition-

istic fuzzy Geometric (UIFG) operator are explored by

linking a significant inequality with UIFS.

3. The inequalities on IFV derived from the equality lþ
tþ p ¼ 1 in definition, which are proved by some

existing famous inequalities. It provides a new basis for

the intuitionistic fuzzy inequalities in operations and

AOs.

To accomplish our ideas, the rest paper is organized as

follows. The fundamental definition, score function, some

operations on IFSs and some famous inequalities are

reviewed in Sect. 2. Section 3 gives some inequalities on

IFSs, which derived from some existing operations. Sec-

tion 4 presents three unweighted intuitionistic fuzzy AOs

and corresponding inequalities. Section 5 introduces a set

of inequalities on IFV, which derived from equality in

definition. The paper gives some conclusions in Sect. 6.

2 Preliminaries

In this section, the basic definition, score function, opera-

tions of intuitionistic fuzzy sets and some famous

inequalities are reviewed to facilitate the further analysis of

the paper.

2.1 Intuitionistic Fuzzy Set

Intuitionistic fuzzy set (IFS) is an effective tool to depict

vagueness. The mathematical expression form of IFS can

be presented as follows.

Definition 2.1 [1] Let a set X be fixed. An IFS A in X is

an object having the form

A ¼ hv; lðvÞ; tðvÞi j v 2 Xf g; ð1Þ

where l : X ![0,1] and t : X ![0,1] signify membership

degree and non-membership degree of the element v 2 X

to the set A, respectively, with the condition 0� lðvÞ
þtðvÞ� 1. The hesitation degree pðvÞ ¼ 1� lðvÞ � tðvÞ.
For simplicity, Xu [13] named €a ¼ ðl; tÞ as an intuition-

istic fuzzy value (IFV). Especially, we call it as crisp

number when €a ¼ ð1; 0Þ or €a ¼ ð0; 1Þ. In this paper, we

also take the hesitation degree into consideration and sig-

nify €a ¼ ðl; t; pÞ as an IFV.

Definition 2.2 [1, 13, 18, 22] Let A1 and A2 be any two

IFSs, then operations on IFSs are defined as follows.

(1) A1 � A2 iff l1ðvÞ� l2ðvÞ; t1ðvÞ� t2ðvÞ for 8v 2
X;

(2) A1 �A2 ¼ hv; l1ðvÞ þ l2ðvÞ � l1ðvÞl2ðvÞ;f
t1ðvÞt2ðvÞi j v 2 Xg;

(3) A1 	A2 ¼ hv; l1ðvÞl2ðvÞ; t1ðvÞf
þt2ðvÞ � t1ðvÞt2ðvÞi j v 2 Xg;

(4) A1 
A2 ¼ hv; l1ðvÞt2ðvÞ; t1ðvÞf
þl2ðvÞ � t1ðvÞl2ðvÞi j v 2 Xg;

(5) A1øA2 ¼ hv; l1ðvÞ þ t2ðvÞf
�l1ðvÞt2ðvÞ; t1ðvÞl2ðvÞi j v 2 Xg;

(6) hA1 ¼ hv; l1ðvÞ; 1� l1ðvÞi j v 2 Xf g;
(7) �A1 ¼ hv; 1� t1ðvÞ; t1ðvÞi j v 2 Xf g;
(8) A1@A2 ¼ hv; l1ðvÞþl2ðvÞ

2
; t1ðvÞþt2ðvÞ

2
i j v 2 X

n o
;

(9) A1$A2 ¼ hv;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1ðvÞl2ðvÞ

p
;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1ðvÞt2ðvÞ

p
i

�
j v 2 Xg;
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(10) A1#A2 ¼ hv; 2l1ðvÞl2ðvÞl1ðvÞþl2ðvÞ
; 2t1ðvÞt2ðvÞt1ðvÞþt2ðvÞi j v 2 X

n o
;

(11) A1HA2

¼ hv; l1ðvÞþl2ðvÞ
2ðl1ðvÞþl2ðvÞþ1Þ ;

t1ðvÞþt2ðvÞ
2 t1ðvÞþt2ðvÞþ1ð Þi j v 2 X

n o
;

(12) A1 ! A2 ¼ hv;max t1ðvÞ; l2ðvÞf g;f min l1ðvÞ;f
t2ðvÞg i j v 2 Xg;

(13) kA1 ¼ hv; 1� ð1� l1ðvÞÞk; tk1ðvÞi j v 2 X
n o

,

k� 0;

(14) Ak
1 ¼ hv; lk1ðvÞ; 1� ð1� t1ðvÞÞki j v 2 X

n o
,

k� 0.

Definition 2.3 [13] For any IFN €a ¼ ðl; t; pÞ, the score

function of €a having the form

Sð€aÞ ¼ l� t; Sð€aÞ 2 ½�1; 1�: ð2Þ

For any two IFNs €a1 and €a2,

(1) If Sð€a1Þ[Sð€a2Þ, then €a1 [ €a2;

(2) If Sð€a1Þ\Sð€a2Þ, then €a1\€a2.

2.2 Some Famous Inequalities and Theorem

The existing famous inequalities are considered as the form

of Lemma, including Rearrangement inequality [24], Mean

inequality (AM-GM, AM-SM, SM-GM,HM-AM,3 M)

[25], Nesbitt’s inequality [26], Chebyshev’s inequality

[27], Cauchy’s inequality [28], Power-Mean inequality

[29], Minkowski’s inequality [28], Hölder’s inequality

[28], Carlson’s inequality [30], Jensen’s inequality [31],

Wei-Wei dual inequality [32], Tangent inequality [33],

Muirhead’s inequality [34], Schur’s inequality [35], Vasc

inequality [36] and Bernoulli’s inequality [37], which are

given as follows. In addition, the half concave and half

convex theorem is also listed.

Lemma 2.1 (Rearrangement inequality) [24] For any two

ordered sets fx1; x2; . . .; xng and fy1; y2; . . .; yng with

x1 � x2 � � � � � xn and y1 � y2 � � � � � yn, then

Xn

i¼1

xiyn�iþ1

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
Reverse order

�
Xn

i¼1

xji yji

|fflfflfflffl{zfflfflfflffl}
Randomorder

�
Xn

i¼1

xiyi

|fflfflffl{zfflfflffl}
Same order

;
ð3Þ

where fj1; j2; . . .; jng is a arbitrary full permutation of

f1; 2; . . .; ng, and the equal sign occurs when x1 ¼ x2 ¼
� � � ¼ xn or y1 ¼ y2 ¼ � � � ¼ yn.

Lemma 2.2 (Mean inequality) [25] For any nonnegative

set fx1; x2; . . .; xng, then

n
Pn
i¼1

1
xi

z}|{Harmonicmean

�
ffiffiffiffiffiffiffiffiffiffiffiYn

i¼1

xi
n

szfflfflfflffl}|fflfflfflffl{
Geometricmean

�

Pn
i¼1

xi

n

zffl}|ffl{Arithmeticmean

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
AM�GM

�

ffiffiffiffiffiffiffiffiffiffiffi
Pn
i¼1

x2i

n

vuuut

zfflfflfflffl}|fflfflfflffl{Squaremean

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{SM�GM

ð4Þ

and

3ðx1x2 þ x2x3 þ x3x1Þ� ðx1 þ x2 þ x3Þ2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
3M

; ð5Þ

where the equal sign occurs when x1 ¼ x2 ¼ � � � ¼ xn.

Remark 2.1 The Mean inequality consists of Harmonic

mean (HM), Geometric mean (GM), Arithmetic mean

(AM) and Square mean (SM). Some common mean

inequalities can be written as SM-GM, AM-GM, HM-AM,

AM-SM and 3 M.

Lemma 2.3 (Chebyshev’s inequality) [27] For two

ordered sets fx1; x2; . . .; xng and fy1; y2; . . .; yng in the

same order, then

Xn

i¼1

xiyi �
1

n

Xn

i¼1

xi

 ! Xn

i¼1

yi

 !
�
Xn

i¼1

xiyn�iþ1; ð6Þ

where the equal sign occurs when x1 ¼ x2 ¼ � � � ¼ xn or

y1 ¼ y2 ¼ � � � ¼ yn.

Lemma 2.4 (Nesbitt’s inequality) [26] Let x, y, and z be

three positive numbers, then

X
cyc

x

y þ z
� 3

2
; ð7Þ

where the equal sign occurs when x ¼ y ¼ z.

Lemma 2.5 (Power-Mean inequality) [29] For any non-

negative set fx1; x2; . . .; xng and .� r[ 0, then
ffiffiffiffiffiffiffiffiffiffiffi
Pn
i¼1

x
.
i

n

.

vuuut
�

ffiffiffiffiffiffiffiffiffiffiffi
Pn
i¼1

xri

n

r

vuuut
;

ð8Þ

where the equal sign occurs when x1 ¼ x2 ¼ � � � ¼ xn.

Lemma 2.6 (Cauchy’s inequality) [28] For any two sets

fx1; x2; . . .; xng and fy1; y2; . . .; yng, then

Xn

i¼1

x2i

 ! Xn

i¼1

y2i

 !
�

Xn

i¼1

xiyi

 !2

; ð9Þ

where the equal sign occurs when xi ¼ jyi ði ¼ 1; 2; . . .; nÞ.
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Lemma 2.7 (Generalized Cauchy’s inequality) [28] For

any two nonnegative sets fx1; x2; . . .; xng and

fy1; y2; . . .; yng, a� 2, then

Xn

i¼1

xai
yi

� n2�a

Pn
i¼1

xi

� �a

Pn
i¼1

yi

; ð10Þ

where the equal sign occurs when x1 ¼ x2 ¼ � � � ¼ xn and

y1 ¼ y2 ¼ � � � ¼ yn.

Lemma 2.8 (Hölder’s inequality) [28] For any two non-

negative sets fx1; x2; . . .; xng and fy1; y2; . . .; yng such that

for a; b[ 1; 1a þ 1
b ¼ 1, then

Xn

i¼1

xai

 !1
a Xn

i¼1

ybi

 !1
b

�
Xn

i¼1

xiyi; ð11Þ

where the equal sign occurs when xi ¼ jyi ði ¼ 1; 2; . . .; nÞ.

Lemma 2.9 (Carlson’s inequality) [30] Let

xij � 0 ði ¼ 1; 2; . . .; n; j ¼ 1; 2; . . .;mÞ, then

Ym
j¼1

Xn

i¼1

xij

 !1
m

�
Xn

i¼1

Ym
j¼1

xij

 !1
m

; ð12Þ

where the equal sign occurs when x1j ¼ x2j ¼ � � � ¼ xnj ¼ 0

(more than one j) or
x1j

x2j
¼ x2j

x3j
¼ � � � ¼ xðn�1Þj

xnj
ðj ¼ 1; 2; . . .;mÞ.

Lemma 2.10 (Wei-Wei dual inequality) [32] For non-

negative ordered set fxi1; xi2; . . .; xing ði ¼ 1; 2; . . .;mÞ, and

fx0i1; x0i2; . . .; x0ing is one of its full permutations, then

Xn

j¼1

Ym
i¼1

xij �
Xn

j¼1

Ym
i¼1

x0ij;

Yn

j¼1

Xm

i¼1

xij �
Yn

j¼1

Xm

i¼1

x0ij;

ð13Þ

where the equal sign occurs when fx0i1; x0i2; . . .; x0ing ði ¼
1; 2; . . .;mÞ is also an ordered set.

Lemma 2.11 (Minkowski’s inequality) [28] For any pos-

itive number xij ði ¼ 1; 2; . . .; n; j ¼ 1; 2; . . .;mÞ and a[ 1,

then

Xn

i¼1

Xm

j¼1

xij

 !a !1
a

�
Xm

j¼1

Xn

i¼1

xaij

 !1
a

; ð14Þ

where the equal sign occurs when xi1; xi2; . . .; xim ði ¼
1; 2; . . .; nÞ are proportional.

Lemma 2.12 (Jensen’s inequality) [31] Let f(x) be a

function in the open interval (a, b), then for any xi ði ¼
1; 2; . . .; nÞ in (a, b), then

1

n
f ðx1Þ þ f ðx2Þ þ � � � þ f ðxnÞð Þ�

f
1

n
ðx1 þ x2 þ � � � þ xnÞ

� �
; f ðxÞ is concave function;

ð15Þ
1

n
f ðx1Þ þ f ðx2Þ þ � � � þ f ðxnÞð Þ�

f
1

n
ðx1 þ x2 þ � � � þ xnÞ

� �
; f ðxÞ is convex function;

ð16Þ

where the equal sign occurs when x1 ¼ x2 ¼ � � � ¼ xn.

Remark 2.2 And the converse weighted form of Jensen’s

inequality is

w1f ðx1Þ þ w2f ðx2Þ þ � � � þ wnf ðxnÞ� f

w1x1 þ w2x2 þ � � � þ wnxnð Þ;
ð17Þ

where wi [ 0;
P
i¼1

wi ¼ 1 and f(x) is a convex function in

the open interval (a, b).

Lemma 2.13 (Tangent inequality) [33] If f(x) is continuous

and derivable function in the domain of definition, and is

defined at x ¼ x0, then

(1) If f 00ðxÞ� 0, then f ðxÞ� f 0ðx0Þðx � x0Þ þ f ðx0Þ (con-
cave function);

(2) If f 00ðxÞ� 0, then f ðxÞ� f 0ðx0Þðx � x0Þ þ f ðx0Þ (con-
vex function).

Lemma 2.14 (Schur’s inequality) [35] Let x; y; z� 0 and

a 2 R, thenX
cyc

xaðx � yÞðx � zÞ� 0; ð18Þ

where the equal sign occurs when two of them fx; y; zg are

equal and the other is zero, or x ¼ y ¼ z. If a ¼ 1, then

P
cyc

x

 !3

�4
P
cyc

x

 !
P
cyc

xy

 !
þ 9xyz� 0; If a ¼ 2, then

xyz�
4
P
cyc

xy�1

� �
1�
P
cyc

xy

� �

6
.

Lemma 2.15 (Muirhead’s inequality) [34] Given

a1; a2; a3; b1; b2; b3 such that a1 � a2 � a3 � 0; b1 � b2
� b3 � 0; a1 � b1; a1 þ a2 � b1 þ b2; a1 þ a2 þ a3 � b1 þ
b2 þ b3 and x; y; z[ 0, thenX
sym

xa1ya2 �
X
sym

xb1yb2 ; ð19Þ
X
sym

xa1ya2za3 �
X
sym

xb1yb2zb3 : ð20Þ
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Lemma 2.16 (Vasc inequality) [36] Let x, y, z be any real

numbers, then

X
cyc

x2

 !2

� 3
X
cyc

x3y; ð21Þ

X
cyc

x2

 !2

� 3
X
cyc

xy3: ð22Þ

Lemma 2.17 (Bernoulli’s inequality) [37] Let x be any

real number with x[ � 1, then

ð1þ xÞa � 1þ ax; if a� 1;

ð1þ xÞa � 1þ ax; if 0� a� 1;

�
ð23Þ

where the equal sign occurs when x ¼ 0 or a ¼ 0 or a ¼ 1.

Remark 2.3 As can be seen from 17 famous inequalities

above, there are some inherent relations among them,

which are shown in the Fig. 1 [38]. The double arrows in

the figure indicate that the two famous inequalities can be

converted to each other to some extent, that is, there is a

certain equivalence relation. Also, the single arrow means

that it can only be derived from the beginning. This will

give us a new idea, that is, there are many ways to prove a

theorem or lemma. For instance, the AM-GM in Mean

inequality is equivalent to the Bernoulli’s inequality [37].

Another example, we can derive Vassilev-Missana’s

inequality by Young’s inequality [39, 40]. Obviously, we

can directly use the appropriate lemma, which will directly

reduce the difficulty of global proof, but also greatly

facilitate the further solution of the proof.

Theorem 2.1 (Half concave and Half convex theorem)

[41] Let f be a concave function on [a, c] and convex

function on [c, b]. Suppose that the variables x; y; z 2 ½a; b�
occur when x� y� z and x þ y þ z ¼ C (C is constant).

Then it occurs that

(1) There exists x ¼ y or z ¼ b when f ðxÞ þ f ðyÞ þ f ðzÞ
gets the minimum value;

(2) There exists x ¼ a or y ¼ z when f ðxÞ þ f ðyÞ þ f ðzÞ
gets the maximum value.

3 Intuitionistic fuzzy inequalities derived by
operations

In this section, some intuitionistic fuzzy inequalities based

operations are derived. Moreover, they are correspondingly

proved by some famous inequalities.

Theorem 3.1 Let A1 and A2 be two IFSs on common X.

Then it holds that:

(1) �ðA1 �A2Þ � hðA1 	A2Þ;
(2) �ðA1øA2Þ � hðA1 
A2Þ;
(3) �ðA1@A2Þ � hðA1$A2Þ;
(4) �ðA1#A2Þ � hðA1HA2Þ.

Proof (1) Using the Definition 2.2, we get

Schur’s inequality Jensen's inequality

Wei-Wei dual inequality Rearrangement inequality  Chebyshev's inequality

Power-Mean inequality Mean inequality Muirhead's inequality

Carlson's inequality

Nesbitt’s inequality Vasc inequality

Cauchy's inequality

Minkowski's inequality

Tangent inequality

Hölder's inequality

Bernoulli's inequality

Young's inequalityVassilev-Missana's inequality

Fig. 1 The inherent relationship

among the famous inequalities
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hðA1 	A2Þ ¼ hv; l1ðvÞl2ðvÞ; 1� l1ðvÞf l2ðvÞi j v 2
Xg and

�ðA1 �A2Þ ¼ hv;f 1� t1ðvÞt2ðvÞ; t1ðvÞt2ðvÞi j v 2
Xg.

Let f ðvÞ ¼ 1� t1ðvÞt2ðvÞ � l1ðvÞl2ðvÞ, then an imme-

diate calculation displays

f ðvÞ� 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l21ðvÞ þ t21ðvÞ
� 	

� l22ðvÞ þ t22ðvÞ
� 	q

(Use

Cauchy’s inequality: Lemma 2.6)

¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1ðvÞ þ t1ðvÞð Þ2�2l1ðvÞt1ðvÞ


 �
� l2ðvÞ þ t2ðvÞð Þ2�2l2ðvÞt2ðvÞ

 �r

� 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1ðvÞ þ t1ðvÞð Þ2� l2ðvÞ þ t2ðvÞð Þ2

q

¼ 1� l1ðvÞ þ t1ðvÞð Þ � l2ðvÞ þ t2ðvÞð Þ
� 1�

l1ðvÞ þ t1ðvÞ þ p1ðvÞð Þ � l2ðvÞ þ t2ðvÞ þ p2ðvÞð Þ
¼ 1� 1 � 1
¼ 0.

That is, 1� t1ðvÞt2ðvÞ� l1ðvÞl2ðvÞ.
Analogously, 1� l1ðvÞl2ðvÞ� t1ðvÞt2ðvÞ.
Consequently, it is fully proved by the definition (1) in

Definition 2.2.

(2) It can be proved similarly to the formula (1) above.

(3) Using the Definition 2.2, we get

�ðA1@A2Þ ¼ hv; 1� t1ðvÞþt2ðvÞ
2

; t1ðvÞþt2ðvÞ
2

i j v 2 X
n o

and

hðA1$A2Þ ¼ hv;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1ðvÞl2ðvÞ

p
; 1

�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1ðvÞl2ðvÞ

p
i j v 2 Xg.

Let f ðvÞ ¼ 1� t1ðvÞþt2ðvÞ
2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1ðvÞl2ðvÞ

p
, then

f ðvÞ� 1� t1ðvÞþt2ðvÞ
2

� l1ðvÞþl2ðvÞ
2

� 0 (Use Mean

inequality (AM-GM): Lemma 2.2).

That is, 1� t1ðvÞþt2ðvÞ
2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1ðvÞl2ðvÞ

p
.

Analogously, 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1ðvÞl2ðvÞ

p
� t1ðvÞþt2ðvÞ

2
.

Consequently, it is fully proved by the definition (1) in

Definition 2.2.

(4) Using the Definition 2.2, we derive

�ðA1#A2Þ ¼ hv; 1� 2t1ðvÞt2ðvÞ
t1ðvÞþt2ðvÞ ;

2t1ðvÞt2ðvÞ
t1ðvÞþt2ðvÞi j v 2 X

n o

and

hðA1HA2Þ ¼ hv; l1ðvÞþl2ðvÞ
2ðl1ðvÞþl2ðvÞþ1Þ ; 1

n

� l1ðvÞþl2ðvÞ
2ðl1ðvÞþl2ðvÞþ1Þi j v 2 Xg.
Let f ðvÞ ¼ 1� 2t1ðvÞt2ðvÞ

t1ðvÞþt2ðvÞ � l1ðvÞþl2ðvÞ
2 l1ðvÞþl2ðvÞþ1ð Þ, then an

immediate calculation displays

f ðvÞ ¼ l1ðvÞþl2ðvÞþ1ð Þ t1ðvÞþt2ðvÞ�4t1ðvÞt2ðvÞð Þþt1ðvÞþt2ðvÞ
2 t1ðvÞþt2ðvÞð Þ l1ðvÞþl2ðvÞþ1ð Þ

�
1
2
l1ðvÞþl2ðvÞþ1þ1ð Þ 2 t1ðvÞþt2ðvÞð Þ�4t1ðvÞt2ðvÞð Þ

2 t1ðvÞþt2ðvÞð Þ l1ðvÞþl2ðvÞþ1ð Þ (Use Cheby-

shev’s inequality: Lemma 2.3)

¼ l1ðvÞþl2ðvÞþ2ð Þ t1ðvÞþt2ðvÞ�2t1ðvÞt2ðvÞð Þ
2 t1ðvÞþt2ðvÞð Þ l1ðvÞþl2ðvÞþ1ð Þ

¼ l1ðvÞþl2ðvÞþ2ð Þ t1ðvÞ 1�t2ðvÞð Þþt2ðvÞ 1�t1ðvÞð Þð Þ
2 t1ðvÞþt2ðvÞð Þ l1ðvÞþl2ðvÞþ1ð Þ

� 0.

That is, 1� 2t1ðvÞt2ðvÞ
t1ðvÞþt2ðvÞ �

l1ðvÞþl2ðvÞ
2 l1ðvÞþl2ðvÞþ1ð Þ.

Analogously, 1� l1ðvÞþl2ðvÞ
2 l1ðvÞþl2ðvÞþ1ð Þ �

2t1ðvÞt2ðvÞ
t1ðvÞþt2ðvÞ.

Consequently, it is fully proved by the definition (1) in

Definition 2.2. h

Remark 3.1 Four intuitionistic fuzzy inequalities in The-

orem 3.1 distinctly illustrate that two intuitionistic fuzzy

operations with dual form may possess a trend of potential

inequalities. It provides us with a new vision, that is, when

constructing inequalities, it is better to choose the dual

form of two new or existing operations, so that there may

produce better inequality relations under intuitionistic

fuzzy environment, and even equality relations.

Theorem 3.2 Let A1,A2 and A3 be three IFSs on common

X. Then it holds that:

(1) ðA1 
A2Þ@A3 � ðA1@A3Þ 
 ðA2@A3Þ;
(2) ðA1øA2Þ@A3 � ðA1@A3ÞøðA2@A3Þ;
(3) ðA1 
A2Þ ! A3 � ðA1 ! A3Þ 
 ðA2 ! A3Þ;
(4) ðA1øA2Þ ! A3 � ðA1 ! A3ÞøðA2 ! A3Þ;
(5) ðA1 
A2ÞHA3 � ðA1HA3Þ 
 ðA2HA3Þ;
(6) ðA1øA2ÞHA3 � ðA1HA3ÞøðA2HA3Þ.

Proof We just prove the formulas (1), (3) and (5), the

formulas (2), (4) and (6) can be proved similarly.

(1) Employing the Definition 2.2, we can get

ðA1 
A2Þ@A3 ¼
hv; l1ðvÞt2ðvÞþl3ðvÞ

2
; t1ðvÞþl2ðvÞ�t1ðvÞl2ðvÞþt3ðvÞ

2
i j v 2 X

n o
and

ðA1@A3Þ 
 ðA2@A3Þ ¼
hv; l1ðvÞþl3ðvÞð Þ t2ðvÞþt3ðvÞð Þ

4
; t1ðvÞ

n
þt3ðvÞ þ l2ðvÞ þ l3ðvÞ2

� t1ðvÞ þ t3ðvÞð Þ l2ðvÞ



þl3ðvÞÞ4i j v 2 Xg:

Let f ðvÞ ¼ l1ðvÞt2ðvÞþl3ðvÞ
2

� l1ðvÞþl3ðvÞð Þ t2ðvÞþt3ðvÞð Þ
4

, then an

immediate calculation displays

f ðvÞ ¼ l1ðvÞ t2ðvÞ�t3ðvÞð Þþl3ðvÞ 2�t2ðvÞ�t3ðvÞð Þ
4

�
1
2
l1ðvÞþl3ðvÞð Þ t2ðvÞ�t3ðvÞþ2�t2ðvÞ�t3ðvÞð Þ

4
(Use Cheby-

shev’s inequality: Lemma 2.3)

¼ l1ðvÞþl3ðvÞð Þ 1�t3ðvÞð Þ
4

� 0:

That is,
l1ðvÞt2ðvÞþl3ðvÞ

2
� l1ðvÞþl3ðvÞð Þ t2ðvÞþt3ðvÞð Þ

4
.

Analogously,
t1ðvÞþt3ðvÞþl2ðvÞþl3ðvÞ

2
�

t1ðvÞþt3ðvÞð Þ l2ðvÞþl3ðvÞð Þ
4

� t1ðvÞþl2ðvÞ�t1ðvÞl2ðvÞþt3ðvÞ
2

.

Consequently, it is fully proved by the definition (1) in

Definition 2.2.

(3) Using the Definition 2.2, we can get
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ðA1 
A2Þ ! A3 ¼ hv;max l3ðvÞ; t1ðvÞ þ l2ðvÞff
�t1ðvÞl2ðvÞg;minft3ðvÞ; l1ðvÞt2ðvÞgi j v 2 Xg and

ðA1 ! A3Þ 
 ðA2 ! A3Þ ¼
\v;maxft1ðvÞ; l3ðvÞg �minfl2ðvÞ; t3ðvÞg;maxfl1ðvÞ;f

t3ðvÞg þmaxft2ðvÞ; l3ðvÞg:
�maxfl1ðvÞ; t3ðvÞg �maxft2ðvÞ;l3ðvÞg[ j v 2 Xg.
Let f ðvÞ ¼ max l3ðvÞ; t1ðvÞ þ l2ðvÞf �t1ðvÞl2ðvÞ g

�max t1ðvÞ; l3ðvÞf g �min l2ðvÞ; t3ðvÞf g, then four cases

are listed and discussed as follows:

Case 1: If t1ðvÞ� l3ðvÞ and l2ðvÞ� t3ðvÞ, then t1ðvÞ þ
l2ðvÞ � t1ðvÞl2ðvÞ ¼ t1ðvÞ þl2ðvÞð1� t1ðvÞÞ� l3ðvÞ.

Thus, f ðvÞ ¼ t1ðvÞ þ l2ðvÞ � t1ðvÞl2ðvÞ �t1ðvÞt3ðvÞ
¼ t1ðvÞð1� t3ðvÞÞ þ l2ðvÞð1� t1ðvÞÞ� 0:

Case 2: If t1ðvÞ� l3ðvÞ and l2ðvÞ� t3ðvÞ, then

t1ðvÞ þ l2ðvÞ � t1ðvÞl2ðvÞ� l3ðvÞ.
Thus, f ðvÞ ¼ t1ðvÞ þ l2ðvÞ � t1ðvÞl2ðvÞ �t1ðvÞl2ðvÞ

¼ t1ðvÞð1 �l2ðvÞÞ þ l2ðvÞð1� t1ðvÞÞ� 0:

Case 3: If t1ðvÞ� l3ðvÞ and l2ðvÞ� t3ðvÞ, then
Case 3.1: If t1ðvÞ þ l2ðvÞ � t1ðvÞl2ðvÞ� l3ðvÞ, then

f ðvÞ ¼ t1ðvÞ þ l2ðvÞ � t1ðvÞl2ðvÞ �l3ðvÞt3ðvÞ� l3ðvÞ �
l3ðvÞt3ðvÞ ¼ l3ðvÞð1� t3ðvÞÞ� 0:

Case 3.2: If t1ðvÞ þ l2ðvÞ � t1ðvÞl2ðvÞ� l3ðvÞ, then
f ðvÞ ¼ l3ðvÞ � l3ðvÞt3ðvÞ ¼ l3ðvÞð1� t3ðvÞÞ� 0:

Case 4: If t1ðvÞ� l3ðvÞ and l2ðvÞ� t3ðvÞ, then
Case 4.1: If t1ðvÞ þ l2ðvÞ � t1ðvÞl2ðvÞ� l3ðvÞ, then

f ðvÞ ¼ t1ðvÞ þ l2ðvÞ � t1ðvÞl2ðvÞ
�t1ðvÞl2ðvÞ ¼ t3ðvÞð1� l2ðvÞÞ þ l2ðvÞð1� t1ðvÞÞ� 0:

Case 4.2: If t1ðvÞ þ l2ðvÞ � t1ðvÞl2ðvÞ� l3ðvÞ, then
f ðvÞ ¼ l3ðvÞ � l3ðvÞl2ðvÞ ¼ l3ðvÞð1� l2ðvÞÞ� 0:

According to the above four cases, then we get f ðvÞ� 0.

That is, max l3ðvÞ; t1ðvÞ þ l2ðvÞ � t1ðvÞl2ðvÞf g�
maxft1ðvÞ; l3ðvÞg �minfl2ðvÞ; t3ðvÞg.

Analogously, maxfl1ðvÞ; t3ðvÞg þmaxft2ðvÞ; l3ðvÞg
�maxfl1ðvÞ; t3ðvÞg�
maxft2ðvÞ; l3ðvÞg� minft3ðvÞ; l1ðvÞ t2ðvÞg.

Consequently, it is fully proved by the definition (1) in

Definition 2.2.

(5) According to the Definition 2.2, we get

ðA1 
A2ÞHA3 ¼ hv;f l1ðvÞt2ðvÞþl3ðvÞ
2ðl1ðvÞ

t2ðvÞ þ l3 þ
1Þ; t1ðvÞþl2ðvÞ�t1ðvÞl2ðvÞþt3ðvÞ

2ðt1ðvÞþl2ðvÞ�t1ðvÞl2ðvÞþt3ðvÞþ1Þ i j v 2 Xg and

ðA1HA3Þ 
 ðA2HA3Þ
¼ hv; l1ðvÞþl3ðvÞ

2ðl1ðvÞþl3ðvÞþ1Þ �
t2ðvÞþt3ðvÞ

2ðt2ðvÞþt3ðvÞþ1Þ ;
t1ðvÞþt3ðvÞ

n

2ðt1ðvÞ þ t3ðvÞ þ 1Þ þ l2ðvÞþl3ðvÞ
2ðl2ðvÞþl3ðvÞþ1Þ �

t1ðvÞ

þt3ðvÞ2ðt1ðvÞ þ t3ðvÞ þ 1Þ � l2ðvÞþl3ðvÞ
2ðl2ðvÞþl3ðvÞþ1Þ i j v 2 Xg.

Let f ðvÞ ¼ l1ðvÞt2ðvÞþl3ðvÞ
2ðl1ðvÞt2ðvÞþl3ðvÞþ1Þ �

l1ðvÞþl3ðvÞ
2ðl1ðvÞþl3ðvÞþ1Þ �

t2ðvÞþt3ðvÞ
2ðt2ðvÞþt3ðvÞþ1Þ, then an immediate calculation displays

f ðvÞ� l1ðvÞt2ðvÞþl3ðvÞ
2 l1ðvÞt2ðvÞþl3ðvÞþ1ð Þ

� l1ðvÞþl3ðvÞ
2 l1ðvÞt2ðvÞþl3ðvÞþ1ð Þ �

t2ðvÞþt3ðvÞ
2 t2ðvÞþt3ðvÞþ1ð Þ

¼ 1
2ðl1ðvÞt2ðvÞþl3ðvÞþ1Þ

l1ðvÞt2ðvÞ þ l3ðvÞ �
ðl1ðvÞþl3ðvÞÞðt2ðvÞþt3ðvÞÞ

2ðt2ðvÞþt3ðvÞþ1Þ


 �

¼ 2l1ðvÞt2ðvÞðt2ðvÞþt3ðvÞÞþðt2ðvÞ�t3ðvÞÞl1ðvÞþl3ðvÞðt2ðvÞþ2Þ
4ðl1ðvÞt2ðvÞþl3ðvÞþ1Þðt2ðvÞþt3ðvÞþ1Þ

� ð2l1ðvÞt2ðvÞþl1ðvÞÞðt2ðvÞþt3ðvÞþt2ðvÞ�t3ðvÞÞþl3ðvÞðt2ðvÞþ2Þ
4ðl1ðvÞt2ðvÞþl3ðvÞþ1Þðt2ðvÞþt3ðvÞþ1Þ

(Use Chebyshev’s inequality: Lemma 2.3)

¼ 2l1ðvÞt2ðvÞð2t2ðvÞþ1Þþl3ðvÞðt2ðvÞþ2Þ
4ðl1ðvÞt2ðvÞþl3ðvÞþ1Þðt2ðvÞþt3ðvÞþ1Þ

� 0:

Similarly, we let gðvÞ ¼ t1ðvÞþt3ðvÞ
2ðt1ðvÞþt3ðvÞþ1Þ þ

l2ðvÞþl3ðvÞ
2ðl2ðvÞ

þl3ðvÞ þ 1Þ � t1ðvÞþt3ðvÞ
2ðt1ðvÞþt3ðvÞþ1Þ �

l2ðvÞ

þl3ðvÞ2ðl2ðvÞ þ l3ðvÞ þ 1Þ � t1ðvÞþl2ðvÞ�t1ðvÞl2ðvÞ

þt3ðvÞ2ðt1ðvÞ þ l2ðvÞ � t1ðvÞl2ðvÞ þ t3ðvÞ þ 1Þ, then an

immediate calculation displays

gðvÞ ¼ t1ðvÞþt3ðvÞ
2 t1ðvÞþt3ðvÞþ1ð Þ � t1ðvÞþl2ðvÞ�t1ðvÞl2ðvÞþt3ðvÞ

2 t1ðvÞþl2ðvÞ�t1ðvÞl2ðvÞþt3ðvÞþ1ð Þ þ
l2ðvÞ þl3ðvÞ2ðl2ðvÞ þ l3ðvÞ þ 1Þ 1� t1ðvÞþt3ðvÞ

2 t1ðvÞþt3ðvÞþ1ð Þ


 �

� t1ðvÞþt3ðvÞ
2 t1ðvÞþl2ðvÞ�t1ðvÞl2ðvÞþt3ðvÞþ1ð Þ

� t1ðvÞþl2ðvÞ�t1ðvÞl2ðvÞþt3ðvÞ
2 t1ðvÞþl2ðvÞð1�t1ðvÞÞð

þt3ðvÞ þ 1Þ þ l2ðvÞþl3ðvÞ
2 l2ðvÞþl3ðvÞþ1ð Þ 1� t1ðvÞþt3ðvÞ

2 t1ðvÞþt3ðvÞþ1ð Þ


 �

¼ l2ðvÞ t1ðvÞ�1ð Þ
2 t1ðvÞþl2ðvÞ 1�t1ðvÞð Þþt3ðvÞþ1ð Þ

þ l2ðvÞþl3ðvÞ
2 l2ðvÞþl3ðvÞþ1ð Þ �

t1ðvÞþt3ðvÞþ2

2 t1ðvÞþt3ðvÞþ1ð Þ

� l2ðvÞðt1ðvÞ�1Þ
2 t1ðvÞþt3ðvÞþ1ð Þ þ

l2ðvÞþl3ðvÞ
2 l2ðvÞþl3ðvÞþ1ð Þ �

t1ðvÞ

þt3ðvÞ þ 22 t1ðvÞ þ t3ðvÞ þ 1ð Þ
¼ 2l2ðvÞ l2ðvÞþl3ðvÞþ1ð Þt1ðvÞ�l2ðvÞð Þþ l2ðvÞþl3ðvÞð Þ

t1ðvÞ þ t3ðvÞ þ 1ð Þ þ 2l3ðvÞ 1� l2ðvÞð Þ4 t1ðvÞ þ t3ðvÞð
þ1Þ l2ðvÞ þ l3ðvÞ þ 1ð Þ

� 1
2
2l2ðvÞ þ t1ðvÞ þ t3ðvÞð Þ l2ðvÞþl3ðvÞþ1ð Þt1ðvÞ




þl3ðvÞÞ þ 2l3ðvÞ 1� l2ðvÞð Þ4 t1ðvÞ þ t3ðvÞ þ 1ð Þ l2ðvÞð
þl3ðvÞ þ 1Þ (Use Chebyshev’s inequality: Lemma 2.3)

� 0:

Consequently, it is fully proved by the definition (1) in

Definition 2.2. h

Theorem 3.3 Let A1,A2 and A3 be three IFSs on common

X. Then it holds that:

(1) ðA1 $A2Þ 
A3 � ðA1 
A3Þ $ ðA2 
A3Þ;
(2) ðA1 $A2ÞøA3 � ðA1øA3Þ $ ðA2øA3Þ;
(3) ðA1 #A2Þ 
A3 � ðA1 
A3Þ# ðA2 
A3Þ;
(4) ðA1 #A2ÞøA3 � ðA1øA3Þ# ðA2øA3Þ;
(5) ðA1 HA2Þ 
A3 � ðA1 
A3ÞH ðA2 
A3Þ;
(6) ðA1 HA2ÞøA3 � ðA1øA3ÞH ðA2øA3Þ.

Proof We only prove the formula (1), and the formulas

(2)-(6) can be analogously proved.

(1) Using the Definition 2.2, we can derive
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ðA1 $A2Þ 
A3 ¼
hv; t3ðvÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1ðvÞl2ðvÞ

p
;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1ðvÞt2ðvÞ

p
þ l3ðvÞ

�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1ðvÞt2ðvÞ

p
l3ðvÞi j v 2 Xg and

ðA1 
A3Þ $ ðA2 
A3Þ ¼ hv; t3ðvÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1ðvÞl2ðvÞ

p
;

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1ðvÞ þ l3ðvÞ � t1ðvÞl3ðvÞð Þ � t2ðvÞ þ l3ðvÞðð

p
�t2ðvÞl3ðvÞÞÞi j v 2 Xg.

Let f ðvÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1ðvÞt2ðvÞ

p
þ l3ðvÞ �

ffiffiffiffiffiffiffiffiffiffiffi
t1ðvÞ

p�

t2ðvÞl3ðvÞÞ2�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1ðvÞ þ l3ðvÞ � t1ðvÞl3ðvÞð Þ � t2ðvÞ þ l3ðvÞðð

p�

�t2ðvÞl3ðvÞÞÞÞ2, then an immediate calculation displays

f ðvÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1ðvÞt2ðvÞ

p
þ l3ðvÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1ðvÞt2ðvÞ

p
l3ðvÞ

� 	2
� t1ðvÞ þ l3ðvÞ � t1ðvÞl3ðvÞð Þ � t2ðvÞ þ l3ðvÞ � t2ðvÞðð
l3ðvÞÞÞ

¼ l3ðvÞ 1� l3ðvÞð Þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1ðvÞt2ðvÞ

p
� ðt1ðvÞ þ t2ðvÞÞ

� 	
� l3ðvÞ 1� l3ðvÞð Þ ðt1ðvÞ þ t2ðvÞ � ðt1ðvÞ þ t2ðvÞÞð Þ

(Use Mean inequality (AM-GM): Lemma 2.2)

¼ 0.

Consequently, it is fully proved by the definition (1) in

Definition 2.2. h

Remark 3.2 Some intuitionistic fuzzy inequalities in

Theorem 3.2 and Theorem 3.3 distinctly reveal that

inequalities based on subtraction-division operations with

other operations have a distribution law similar to that of

equality. With the help of the similar structures of Theo-

rem 3.2 and Theorem 3.3, we can prove whether it con-

forms to the above formula by introducing a new or

developed operation, and then obtain a similar form of

inequality, and further enrich the theoretical connotation

based on the operation. Of course, most of them can be

proved or partially proved by some existing famous

inequalities.

4 Intuitionistic Fuzzy Inequalities Derived
by Aggregation Operators

In this section, we develop three unweighted intuitionistic

fuzzy aggregation operators (AOs), including UIFS, UIFA

and UIFG. Moreover, some inequalities on them are

derived and proved.

Definition 4.1 Let €ai ¼ ðli; tiÞði ¼ 1; 2; . . .; nÞ be a set of

IFVs and let UIFS or UIFA or UIFG: Xn ! X, if

UIFSð€a1; €a2; . . .; €anÞ ¼ €a1@€a2@ � � �@€an ð24Þ

or

UIFAð€a1; €a2; . . .; €anÞ ¼ €a1 � €a2 � � � � � €an ð25Þ

or

UIFGð€a1; €a2; . . .; €anÞ ¼ €a1 	 €a2 	 � � � 	 €an; ð26Þ

then UIFS or UIFA or UIFG is called unweighted

intuitionistic fuzzy Square (UIFS) or unweighted intu-

itionistic fuzzy Arithmetic (UIFA) or unweighted intu-

itionistic fuzzy Geometric (UIFG) operators, respectively.

According to the Definition 2.2 and Definition 4.1, the

following results can be deduced by using mathematical

induction.

Theorem 4.1 Let €ai ¼ ðli; tiÞði ¼ 1; 2; . . .; nÞ be a set of

IFVs. Then their integrated value by using the UIFS

operator or UIFA operator or UIFG operator is also an

IFV and

UIFSð€a1; €a2; . . .; €anÞ

¼ 1

2n�1
l1 þ

Xn

i¼2

1

2n�iþ1
li;

1

2n�1
t1 þ

Xn

i¼2

1

2n�iþ1
ti

 !

ð27Þ

or

UIFAð€a1; €a2; . . .; €anÞ ¼ 1�
Yn

i¼1

1� lið Þ;
Yn

i¼1

ti

 !
ð28Þ

or

UIFGð€a1; €a2; . . .; €anÞ ¼
Yn

i¼1

li; 1�
Yn

i¼1

1� tið Þ
 !

: ð29Þ

Proof We only prove Eq. (27), the Eqs. (28) and (29) can

be analogously obtained.

(1) In the following, we prove that the integrated result

of some IFVs is still an IFV.

1
2n�1 l1 þ

Pn
i¼2

1
2n�iþ1 li þ 1

2n�1 t1 þ
Pn
i¼2

1
2n�iþ1 ti

¼ 1
2n�1 l1 þ t1ð Þ þ

Pn
i¼2

1
2n�iþ1 li þ tið Þ

� 1
2n�1 � 1þ

Pn
i¼2

1
2n�iþ1

¼ 1
2n�1 þ

1
2
1� 1

2ð Þ
n�1

� 	
1�1

2

¼ 1:

(2) Now, we prove that the integrated result is

1
2n�1 l1 þ

Pn
i¼2

1
2n�iþ1 li;

1
2n�1 t1 þ

Pn
i¼2

1
2n�iþ1 ti

� �
.

� We first prove that Eq. (27) holds for n ¼ 2.

According to the operation @ in Definition 2.2, we get

UIFSð€a1; €a2Þ ¼ l1þl2
2

; t1þt2
2

� 	
.

` If Eq. (27) holds for n ¼ j, i.e.,
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UIFSð€a1; €a2; . . .; €ajÞ

¼ 1
2j�1 l1 þ

Pj
i¼2

1
2j�iþ1 li;

1
2j�1 t1 þ

Pj
i¼2

1
2j�iþ1 ti

� �
.

Thus, when n ¼ k þ 1, we can obtain the formula as

follows:

UIFSð€a1; €a2; . . .; €aj; €ajþ1Þ
¼ UIFSð€a1; €a2; . . .; €ajÞ@ðljþ1; tjþ1Þ

¼ 1
2j�1 l1 þ

Pj
i¼2

1
2j�iþ1 li;

1
2j�1 t1 þ

Pj
i¼2

1
2j�iþ1 ti

� �

@ðljþ1; tjþ1Þ

¼ 1
2j
l1 þ

Pjþ1

i¼2

1
2j�iþ2 li;

1
2j
t1 þ

Pjþ1

i¼2

1
2j�iþ2 ti

� �
.

Accordingly, Eq. (27) holds for all n, which finishes the

proof of Theorem 4.1. h

Example 4.1 For IFVs €a1 ¼ ð0; 0:3Þ; €a2 ¼ ð0:4; 0:2Þ;
€a3 ¼ ð0:6; 0:4Þ, by computation, we have

UIFGð€a1; €a2; €a3Þ ¼ 0 � 0:4 � 0:6; 1� ð1� 0:3Þð
�ð1� 0:2Þ � ð1� 0:4ÞÞ ¼ ð0; 0:664Þ,

UIFSð€a1; €a2; €a3Þ ¼ 1
22
� 0

�
þ 1

22
� 0:4þ 1

21
� 0:6; 1

22
� 0:3þ

1
22
� 0:2 þ 1

21
� 0:4Þ ¼ ð0:4; 0:325Þ,

UIFAð€a1; €a2; €a3Þ ¼ 1� ð1� 0Þ � ð1� 0:4Þ � ð1� 0:6Þ;ð
0:3 � 0:2 � 0:4Þ ¼ ð0:76; 0:024Þ:

Remark 4.1 The unweighted intuitionistic fuzzy AOs

proposed above are to perform corresponding operations on

a set of IFVs, without additional weighted forms. It is not

difficult to see that the UIFS operator can avoid counter-

intuitive phenomena and are insensitive to data. In other

words, some integrated preference information of mem-

bership or non-membership will be neglected when using

some special IFVs, including (1,0), (0,1), (0,t) and (l,0).
Moreover, the UIFA and UIFG operators are two particular

operators without weighted forms compared with intu-

itionistic fuzzy weighted averaging operator [13], which

also have the same issue.

Theorem 4.2 Let €ai ¼ ðli; tiÞði ¼ 1; 2; . . .; nÞ be a set of

IFVs. Then it holds that

UIFGð€a1; €a2; . . .; €anÞ
�UIFSð€a1; €a2; . . .; €anÞ�UIFAð€a1; €a2; . . .; €anÞ:

ð30Þ

Proof We only prove the UIFGð€a1; €a2; . . .;
€anÞ�UIFSð€a1; €a2; . . .; €anÞ, and the other one can be anal-

ogously proved.

Using the Theorem 4.1, we have

UIFGð€a1; €a2; . . .; €anÞ ¼
Qn
i¼1

li; 1�
Qn
i¼1

1� tið Þ
� �

and

UIFSð€a1; €a2; . . .; €anÞ

¼ 1
2n�1 l1 þ

Pn
i¼2

1
2n�iþ1 li;

1
2n�1 t1 þ

Pn
i¼2

1
2n�iþ1 ti

� �
.

An immediate calculation displays

1
2n�1 l1 þ

Pn
i¼2

1
2n�iþ1 li

� 1
n

1
2n�1 þ

Pn
i¼2

�
1

2n�iþ1Þ l1 þ
Pn
i¼2

li

� �
(Use Chebyshev’s

inequality: Lemma 2.3)

¼ 1
n

1
2n�1 þ 1� 1

2n�1

� 	Pn
i¼1

li

¼ 1
n

Pn
i¼1

li

�
Qn
i¼1

lið Þ
1
n (Use Mean inequality (SM-GM):

Lemma 2.2)

�
Qn
i¼1

li.

Assume that

Sn ¼ 1�
Yn

i¼1

1� tið Þ � 1

2n�1
t1 þ

Xn

i¼2

1

2n�iþ1
ti

 !
� 0

holds.

Next, we prove Sn � 0 by using mathematical induction.

(1) When n ¼ 2, we can derive

S2 ¼ 1� 1� t1ð Þ 1� t2ð Þ � t1þt2
2

¼ t1þt2
2

� t1t2
� ffiffiffiffiffiffiffiffiffi

t1t2
p � t1t2 (Use Mean inequality (AM-GM):

Lemma 2.2)

¼ ffiffiffiffiffiffiffiffiffi
t1t2

p
1� ffiffiffiffiffiffiffiffiffi

t1t2
p� 	

� 0.

(2) Assuming that n ¼ j, Sj � 0 is true, i.e.,

Sj ¼ 1�
Yj
i¼1

1� tið Þ � 1

2j�1
t1 þ

Xj
i¼2

1

2j�iþ1
ti

 !
� 0:

So when n ¼ jþ 1, a direct calculation shows

Sjþ1 ¼ 1�
Yjþ1

i¼1

1� tið Þ � 1

2j
t1 þ

Xjþ1

i¼2

1

2j�iþ2
ti

 !

¼ 1� 1� tjþ1ð Þ
Qj
i¼1

1� tið Þ

� 1
2j
t1 þ

Pj
i¼2

1
2j�iþ2 ti þ 1

2
tjþ1

� �

¼ 1� 2 1�tjþ1ð Þ
2

Qj
i¼1

1� tið Þ � 1
2

1
2j�1 t1 þ

Pj
i¼2

1
2j�iþ1 ti

� �
� 1

2
tjþ1
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¼ 1
2
� 1�tjþ1ð Þ

2

Qj
i¼1

1� tið Þ

� 1
2

1
2j�1 t1 þ

Pj
i¼2

1
2j�iþ1 ti

� �
þ 1

2
� 1

2
tjþ1 � 1�tjþ1ð Þ

2

Qj
i¼1

1� tið Þ

� 1
2
� 1

2

Qj
i¼1

1� tið Þ � 1
2

1
2j�1 t1 þ

Pj
i¼2

1
2j�iþ1 ti

� �

þ 1
2
� 1

2
tjþ1 � 1�tjþ1ð Þ

2

Qj
i¼1

1� tið Þ

¼ 1
2

1�
Qj
i¼1

1� tið Þ � 1
2j�1 t1 þ

Pj
i¼2

1
2j�iþ1 ti

� �� �

þ 1
2

1� tjþ1 � 1� tjþ1ð Þ
Qj
i¼1

1� tið Þ
� �

� 1
2

1� tjþ1 þ 1� tjþ1ð Þ
Qj
i¼1

1� tið Þ
� �� �

� 1
2
1� tjþ1 þ 1� tjþ1ð Þ � 1ð Þð Þ

¼ 0.

Further, we can see from (1) and (2) that Sn � 0 is true

for all n.

Finally, employing the score function in Definition 2.3,

UIFGð€a1; €a2; . . .; €anÞ�UIFSð€a1; €a2; . . .; €anÞ is fully

proved. h

Remark 4.2 From Theorem 4.2, it is not difficult to find

that the intrinsic relationship of the inequality based on

UIFG, UIFS and UIFA operators may be determined when

they were used as the primitive operations (�;	;@). In

other words, when we establish this type of intuitionistic

fuzzy inequality, we can rely on the original operations to

filter out the inequality based on the AOs that may meet the

requirements at the beginning, and then use some famous

inequalities with mathematical induction in the subsequent

proof process. Relying on this idea and concept, it will

greatly promote the process of finding inequalities and

enrich the system of inequality methods. Moreover, it need

to be emphasized that if the above intuitionistic fuzzy AOs

appear in a weighted form which will not satisfy the above

inequality relationship.

Theorem 4.3 Let €ai ¼ ðli; tiÞ ði ¼ 1; 2; . . .; nÞ be a set of

IFVs and €a ¼ ðl; tÞ be an IFV. Then it holds that:

(1) UIFSð€ak
1 
 €a; €ak

2 
 €a; . . .; €ak
n 
 €aÞ�UIFSðk€a1ø€a;

k€a2ø€a; . . .; k€anø€aÞ; k > 0;

(2) UIFSðk€a1 
 €a; k€a2 
 €a; . . .; k€an 
 €aÞ� UIFSð€ak
1 


€a; €ak
2 
 €a; . . .; €ak

n 
 €aÞ, iff k� 1;

UIFSðk€a1 
 €a; k€a2 
 €a; . . .; k€an 
 €aÞ
�UIFSð€ak

1 
 €a; €ak
2 
 €a; . . .; €ak

n 
 €aÞ, iff 0\k� 1;

(3) UIFSðk€a1ø€a; k€a2ø€a; . . .; k€anø€aÞ�UIFSð€ak
1ø€a; €a

k
2

ø€a; . . .; €ak
nø€aÞ, iff k� 1;

UIFSðk€a1ø€a; k€a2ø€a; . . .; k€anø€aÞ�UIFSð€ak
1ø

€a; €ak
2ø€a; . . .; €a

k
nø€aÞ, iff 0\k� 1.

Proof We only prove the formulas (1) and (2), and the

formula (3) can be analogously proved.

(1) Using the Theorem 4.1 and Definition 2.2, then

UIFSð€ak
1 
 €a; €ak

2 
 €a; . . .; €ak
n 
 €aÞ

¼ 1
2n�1 lk1tþ

Pn
i¼2

1
2n�iþ1 lki t;

1
2n�1

�
1� ð1� lÞð1� t1Þk

 �

þ

Pn
i¼2

1
2n�iþ1 1� ð1� lÞð1� tiÞk


 �
Þ and

UIFSðk€a1ø€a; k€a2ø€a; . . .; k€anø€aÞ
¼ 1

2n�1 1� ð1� tÞð1� l1Þ
k


 �


þ
Pn
i¼2

1
2n�iþ1 1� ð1� tÞð1� liÞk


 �
; 1
2n�1 tk1lþ

Pn
i¼2

1
2n�iþ1 tki l Þ.

Let si ¼ 1� ð1� tÞð1� liÞk � lki t ði ¼ 1; 2; . . .; nÞ,
then we can deduce si � 1� ð1� tÞ � 1� 1 � t ¼ 0.

Further, we can derive

1
2n�1 1� ð1� tÞð1� l1Þk

 �

þ
Pn
i¼2

1
2n�iþ1 1� ð1� tÞð1� liÞ

k

 �

� 1
2n�1 lk1

tþ
Pn
i¼2

1
2n�iþ1 lki t:

Analogously, 1
2n�1 1� ð1� lÞð1� t1Þk

 �

þ
Pn
i¼2

1
2n�iþ1

1� ð1� lÞð1� tiÞk

 �

� 1
2n�1 tk1lþ

Pn
i¼2

1
2n�iþ1 tki l.

Therefore, employing the score function in Defini-

tion 2.3, the original formula is fully proved.

(2) Using the Theorem 4.1 and Definition 2.2, we get

UIFSðk€a1 
 €a; k€a2 
 €a; . . .; k€an 
 €aÞ ¼ 1
2n�1

�
1�ð ð1�

l1ÞkÞt þ
Pn
i¼2

1
2n�iþ1 1� ð1� liÞk


 �
t; 1

2n�1 tk1 þ l� tk1l
� 	

þ
Pn
i¼2

1
2n�iþ1 tki þ l� tki l

� 	
Þ and

UIFSð€ak
1 
 €a; €ak

2 
 €a; . . .; €ak
n 
 €aÞ ¼

1
2n�1 lk1tþ

Pn
i¼2

1
2n�iþ1 lki t;

1
2n�1 1� ð1� lÞð1� t1Þk

 ��

þ
Pn
i¼2

1
2n�iþ1 1� ð1� lÞð1� tiÞk


 �
Þ.

Let s ¼ 1� ð1� liÞk

 �

t� lki t

¼ 1� ð1� liÞk � lki


 �
t

¼ 1� ð1� liÞð1� liÞk�1 � liðliÞk�1

 �

t

and

t ¼ 1� ð1� lÞð1� tiÞk � tki þ l� tki l
� 	

¼ 1� lð Þ 1� ð1� tiÞk � tki


 �

¼ 1� lð Þ 1� ð1� tiÞð1� tiÞk�1 � tiðtiÞk�1

 �

:

� If k� 1, then we have
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ðliÞk�1 � 1; ð1� liÞk�1 � 1; ðtiÞk�1 � 1 and ð1� tiÞk�1

� 1:

Further, we get

s ¼ 1� ð1� liÞð1� liÞ
k�1 � liðliÞ

k�1

 �

t� 1� ð1� liÞ � 1� li � 1ð Þt ¼ 0 and

t ¼ 1� lð Þ 1� ð1� tiÞð1� tiÞk�1 � tiðtiÞk�1

 �

�
1� lð Þ 1� ð1� tiÞ � 1� ti � 1ð Þ ¼ 0:

Finally, we can derive

1
2n�1 1� ð1� l1Þk

 �

t þ
Pn
i¼2

1
2n�iþ1 1� ð1� liÞk


 �
t

� 1
2n�1 lk1tþ

Pn
i¼2

1
2n�iþ1 lki t and

1
2n�1 tk1 þ l� tk1l
� 	

þ
Pn
i¼2

1
2n�iþ1

tki þ l� tki l
� 	

� 1
2n�1 1� ð1� lÞð1� t1Þk

 �

þ
Pn
i¼2

1
2n�iþ1 1� ð1� lÞð1� tiÞk


 �
.

Therefore, employing the score function in Defini-

tion 2.3, the original inequality holds.

` If 0\k� 1, then we have

ðliÞk�1 � 1; ð1� liÞk�1 � 1; ðtiÞk�1 � 1 and

ð1� tiÞk�1 � 1.

Further, we get

s ¼ 1� ð1� liÞð1� liÞk�1 � liðliÞk�1

 �

t

� 1� ð1� liÞ � 1� li � 1ð Þt ¼ 0 and

t ¼ 1� lð Þ 1� ð1� tiÞð1� tiÞk�1 � tiðtiÞk�1

 �

� 1� lð Þ 1� ð1� tiÞ � 1� ti � 1ð Þ ¼ 0:

Finally, we can derive

1
2n�1 1� ð1� l1Þk

 �

tþ
Pn
i¼2

1
2n�iþ1

1� ð1� liÞk

 �

t� 1
2n�1 lk1tþ

Pn
i¼2

1
2n�iþ1 lki t and

1
2n�1 tk1 þ l� tk1l
� 	

þ
Pn
i¼2

1
2n�iþ1 tki þ l� tki l

� 	
�

1
2n�1 1� ð1� lÞð1� t1Þk

 �

þ
Pn
i¼2

1
2n�iþ1 1� ð1� lÞð1� tiÞk


 �
.

Therefore, utilizing the score function in Definition 2.3,

the original inequality holds.

From what has been discussed above, the original

formula is fully proved. h

Remark 4.3 As the data integration of a series of IFVs

relying on the UIFS operator, it has some better charac-

teristics in constructing inequality. When constructing the

inequality, we first follow the preliminary formation of two

special IFSs with good dual form (€ak
i 
 €a and k€aiø€a) or

partly dual form (k€ai 
 €a and €ak
i 
 €a; k€aiø€a and €ak

i ø€a ), and

then compare the two magnitudes. And then extend to

multiple IFVs, that is, use the idea of UIFS to further verify

its feasibility. It may become a stable and feasible model

for other new operations or some existing operations to

construct inequalities based on UIFS or other intuitionistic

fuzzy AOs.

Theorem 4.4 Let €ai ¼ ðlai; taiÞ and €bi ¼ ðlbi; tbiÞði ¼
1; 2; . . .; nÞ be two sets of IFVs. Then it holds that:

(1) UIFS(€a1 
 €b1; €a2 
 €b2; . . .; €an 
 €bn) �
UIFS(€a1; €a2; . . .; €anÞø UIFS( €b1; €b2; . . .; €bn);

(2) UIFS(€a1ø €b1; €a2ø €b2; . . .; €anø €bn) � UIFS(€a1; €a2;

. . .; €anÞ
 UIFS( €b1; €b2; . . .; €bn).

Proof We only give a proof of formula (1), and the for-

mula (2) can be analogously proved.

(1) Using the Theorem 4.1 and Definition 2.2, we can

get

UIFS(€a1 
 €b1; €a2 
 €b2; . . .; €an 
 €bnÞ ¼ 1
2n�1 la1tb1

�

þ
Pn
i¼2

1
2n�iþ1 laitbi;

1
2n�1 ta1 þ lb1 � ta1lb1ð Þ þ

Pn
i¼2

1
2n�iþ1 taiþð

lbi � tailbiÞ Þ and

UIFS(€a1; €a2; . . .; €anÞ ø UIFS( €b1; €b2; . . .; €bnÞ ¼

1
2n�1 la1 þ tb1ð Þ þ

Pn
i¼2

1
2n�iþ1 lai þ tbið Þ

�

� 1
2n�1 la1 þ

Pn
i¼2

1
2n�iþ1 lai

� �
1

2n�1 tb1 þ
Pn
i¼2

1
2n�iþ1 tbi

� �
:

1

2n�1
ta1 þ

Xn

i¼2

1

2n�iþ1
tai

 !
1

2n�1
lb1 þ

Xn

i¼2

1

2n�iþ1
lbi

 !!
:

Let f ¼ 1
2n�1 la1tb1 þ

Pn
i¼2

1
2n�iþ1 laitbi� 1

2n�1 la1 þ tb1ð Þ
�

þ
Pn
i¼2

1
2n�iþ1 lai þ tbið Þ

� 1
2n�1 la1 þ

Pn
i¼2

1
2n�iþ1 lai

� �
1

2n�1 tb1 þ
Pn
i¼2

1
2n�iþ1 tbi

� �
Þ , then

we can derive

f ¼ 1
2n�1 ta1 þ

Pn
i¼2

1
2n�iþ1 tbi

� �
1

2n�1 la1 þ
Pn
i¼2

1
2n�iþ1 lai

�
�1Þ

þ 1
2n�1 la1 tb1 � 1ð Þ þ

Pn
i¼2

1
2n�iþ1 lai tbi � 1ð Þ� 0:

Moreover, we let g ¼ 1
2n�1 ta1 þ lb1 � ta1lb1ð Þ
�

þ
Pn
i¼2

1
2n�iþ1 tai þ lbi � tailbið Þ Þ � 1

2n�1 ta1 þ
Pn
i¼2

1
2n�iþ1 tai

� ��

1
2n�1 lb1 þ

Pn
i¼2

1
2n�iþ1 lbi

� �
Þ, then an immediate calculation

gives
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g ¼ 1
2n�1 ta1 þ lb1 � ta1lb1ð Þ þ

Pn
i¼2

1
2n�iþ1 tai þ lbið

�tailbiÞ � 1
2n�1 ta1 þ

Pn
i¼2

1
2n�iþ1 tai

� �

1
2n�1 lb1 þ

Pn
i¼2

1
2n�iþ1 lbi

� �

¼ 1
2n�1 ta1 þ lb1 � ta1lb1ð Þ þ

Pn
i¼2

1
2n�iþ1 tai þ lbið

�tailbiÞ � 1
22n�2 ta1lb1 � 1

2n�1 ta1

Pn
i¼2

1
2n�iþ1 lbi � 1

2n�1 lb1

P

n
i¼2

1
2n�iþ1 tai �

Pn
i¼2

1
2n�iþ1 tai �

Pn
i¼2

1
2n�iþ1 lbi

¼
Pn
i¼2

1
2n�iþ1 tai þ lbi � tailbið �tai

Pn
i¼2

1
2n�iþ1 lbi � 1

2n�1 lb1

taiÞ þ 1
2n�1 ta1 þ tb1ð �ta1tb1 � 1

2n�1 ta1lb1 �
Pn
i¼2

1
2n�iþ1 lbita1Þ

¼
Pn
i¼2

1
2n�iþ1 tai 1� 1

2n�1 lb1 �
Pn
i¼2

1
2n�iþ1 lbi

� ��

þlbi 1� taið ÞÞ þ 1
2n�1 ta1 1� 1

2n�1 lb1

��

�
Pn
i¼2

1
2n�iþ1 lbiÞ þ tb1 1� ta1ð ÞÞ

� 0:

Therefore, employing the score function in Defini-

tion 2.3, the original formula is fully proved. h

Remark 4.4 First of all, two operations with dual form are

no longer confined to the union of some IFVs as one ele-

ment in AO, but are extended to construct inequality by the

connection between AO and AO. Similar to the previous

Remark 4.2 and Remark 4.3, it also can become a

stable and feasible model for other other new operations or

some existing operations to construct new inequalities

based on UIFS or other intuitionistic fuzzy AOs.

Note 4.1 To sum up, the following three points need to be

specially stressed:

(1) It can be deduced that when all intuitionistic fuzzy

AOs (UIFS, UIFA and UIFG) with weighted form

[13], the Theorem 4.2 will not be invalid, espe-

cially for UIFS.

(2) The new operations, especially the pair of opera-

tions with dual form, can easily match the UIFS

operator in Theorems 4.2, 4.3 and 4.4, and may

produce better inequality relations. Finally, its

correctness is verified by some famous inequalities

or other classical methods.

(3) Since the UIFS operator in this paper is derived

from the operation @ to obtain a series of valuable

and related inequalities, whether the new intuition-

istic fuzzy AO derived from the new operation

maintains the consistency of the above inequalities

will be the focus of our subsequent discussion.

In the following section, we will consider some special

intuitionistic fuzzy inequalities derived by equality

lþ tþ p ¼ 1, which may be the foundation for proving

the inequalities of operations and AOs under intuitionistic

fuzzy environment.

5 Intuitionistic Fuzzy Inequalities Derived
by Equality

In this section, some intuitionistic fuzzy inequalities

derived by equality lþ tþ p ¼ 1 in Definition 2.1 are

cleverly constructed. Meanwhile, some necessary proofs of

intuitionistic fuzzy inequalities are provided, which are

employed some existing famous inequalities or their

combined forms, including Rearrangement inequality [24],

Mean inequality [25], Nesbitt’s inequality [26], Cheby-

shev’s inequality [27], Cauchy’s inequality [28], General-

ized Cauchy’s inequality [28], Hölder’s inequality [28],

Minkowski’s inequality [28], Power-Mean inequality [29],

Carlson’s inequality [30], Jensen’s inequality [31], Wei-

Wei dual inequality [32], Tangent inequality [33], Muir-

head’s inequality [34], Schur’s inequality [35], Vasc

inequality [36], and Bernoulli’s inequality [37].

5.1 Intuitionistic Fuzzy Inequality Proved by
Rearrangement Inequality

The Rearrangement inequality [24] is a common inequality

whose intrinsic dependence can be summarized as ‘‘Rev-

erse order � Random order � Same order’’. It depicts the

intrinsic relationship between ‘‘efficiency’’ and ‘‘fairness’’

of unrestricted system, which has strong practical signifi-

cance in how to allocate resources. In addition, it can

derive many famous inequalities, such as: Mean inequality

(AM-GM), Cauchy’s inequality, Chebyshev’s inequality.

In the following, two intuitionistic fuzzy inequalities are

developed and proved by Rearrangement inequality.

Theorem 5.1 For any IFV €a ¼ ðl; t; pÞ and satisfy

l; t; p[ 0. Then it holds thatY
cyc

l2l �
Y
cyc

l1�l: ð31Þ

Proof A direct equivalent calculation of Eq. (31) givesQ
cyc

l2l �
Q
cyc

l1�l

,
Q
cyc

l2l �
Q
cyc

ll �
Q
cyc

l1�l �
Q
cyc

ll

,
Q
cyc

l3l �
Q
cyc

l
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,
Q
cyc

ll �
Q
cyc

l

 !1
3

.

Thus, it suffices to prove that
Q
cyc

ll �
Q
cyc

l

 !1
3

.

Without loss of generality, Let us assume l� t� p.
Further, we can get lg l� lg t� lg p.
It is known from the Rearrangement inequality in

Lemma 2.1 that

l lg lþ t lg tþ p lg p� l lg lþ p lg tþ t lg p (Same

order is superior to Random order),

l lg lþ t lg tþ p lg p� t lglþ l lg tþ p lg p (Same

order is superior to Random order),

l lg lþ t lg tþ p lg p� p lg lþ t lg tþ l lg p (Same

order is superior to Reverse order).

Summing the above three inequalities, an immediate

calculation displays

3ðl lg lþ t lg tþ p lg pÞ
� ðlþ tþ pÞðlg lþ lg tþ lgpÞ
, lg llttppð Þ� lþtþp

3
lgðltpÞ

, lg llttppð Þ� 1
3
lgðltpÞ

, lg llttppð Þ� lgðltpÞ
1
3

, llttpp �ðltpÞ
1
3:

In other words,
Q
cyc

ll �
Q
cyc

l

 !1
3

holds.

Consequently, this completes the proof of Theorem

5.1. h

Theorem 5.2 Let €a ¼ ðl; t; pÞ be an IFV. Then it holds

that

X
cyc

lð1þ lÞ
1þ t

� 1: ð32Þ

Proof Without loss of generality, Let us assume

l ¼ minfl; t; pg.
Hence, there are two cases, which are discussed as

follows:

Case 1: l� t� p.
If l� t� p, then lð1þ lÞ� tð1þ tÞ� pð1þ pÞ and

1
1þp � 1

1þt � 1
1þl.

It is known from the Rearrangement inequality in

Lemma 2.1 that

X
cyc

lð1þ lÞ
1þ t

¼ lð1þ lÞ
1þ t

þ tð1þ tÞ
1þ p

þ pð1þ pÞ
1þ l

¼ lð1þ lÞ � 1
1þt þ tð1þ tÞ � 1

1þp þ pð1þ pÞ � 1
1þl

� lð1þ lÞ � 1
1þl þ tð1þ tÞ � 1

1þt þ pð1þ pÞ � 1
1þp (Ran-

dom order is superior to Reverse order)

¼ lþ tþ p ¼ 1.

Case 2: l� p� t.
If l� p� t, then lð1þ lÞ� pð1þ pÞ� tð1þ tÞ and

1
1þt � 1

1þp � 1
1þl.

According to the Rearrangement inequality in

Lemma 2.1, a direct calculation gives

X
cyc

lð1þ lÞ
1þ t

¼ lð1þ lÞ
1þ t

þ tð1þ tÞ
1þ p

þ pð1þ pÞ
1þ l

¼ lð1þ lÞ � 1
1þt þ tð1þ tÞ � 1

1þp þ pð1þ pÞ � 1
1þl

� lð1þ lÞ � 1
1þl þ tð1þ tÞ � 1

1þt þ pð1þ pÞ � 1
1þp (Ran-

dom order is superior to Reverse order)

¼ lþ tþ p ¼ 1.

Consequently, this completes the proof of Theorem

5.2. h

Remark 5.1 From Theorems 5.1 and 5.2, it can easily

derive a conclusion that using the Rearrangement

inequality assumes that each variable must be preset in the

corresponding order. While there is no agreement on the

order of magnitude of each variable, the optimization

hypothesis can be used. Moreover, the specific use of

Rearrangement inequality can be divided into two kinds,

namely symmetrical (Theorem 5.1) and cyclic (Theo-

rem 5.2). For the inequality of variable with cyclic form,

we need a more classification discussion than that of the

inequality of variable with symmetric form, and then prove

its feasibility. It is also interesting to note that the

inequality with the circular form of the variable has a

preference for using Random order and Reverse order. And

the inequality of the corresponding symmetric form of the

variable, the preference is Same order and Random order.

Of course, Same order and Reverse order can be regarded

as a peculiar Random order.

5.2 Intuitionistic Fuzzy Inequality Proved
by Mean Inequality

The Mean inequality is high-frequency used inequalities,

which has almost become the foundation of proof of

multitudinous inequalities such as Power-Mean inequality

and Nesbitt’s inequality. In the following, two intuitionistic

fuzzy inequalities are developed and proved by Mean

inequality (AM-GM and HM-AM).

Theorem 5.3 For any IFV €a ¼ ðl; t; pÞ and satisfy

l; t; p[ 0. Then it holds that
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X
cyc

lþ 1

lðlþ 2Þ �
36

7
: ð33Þ

Proof According to the Mean inequality (HM-AM), a

direct calculation givesP
cyc

lþ1
lðlþ2Þ � 9P

cyc

lðlþ2Þ
lþ1

¼ 9P
cyc

ðlþ1Þ2�1

lþ1

¼ 9P
cyc

ðlþ1Þ�
P
cyc

1
lþ1

¼ 9

3þ
P
cyc

l�
P
cyc

1
lþ1

¼ 9

4�
P
cyc

1
lþ1

� 9
4� 9P

cyc

ðlþ1Þ

¼ 36
7
.

Consequently, this completes the proof of Theorem

5.3. h

Theorem 5.4 Let €a ¼ ðl; t; pÞ be an IFV. Then it holds

that

X
cyc

ffiffiffiffiffi
lt

p � 3 1�
ffiffiffiffiffiffiffiffiffiffiY
cyc

l3

s0
@

1
A: ð34Þ

Proof A direct equivalent calculation of Eq. (34) gives

P
cyc

ffiffiffiffiffi
lt

p � 3 1�
ffiffiffiffiffiffiffiffiQ
cyc

l3

r !

,
P
cyc

ffiffiffiffiffi
lt

p þ 3
ffiffiffiffiffiffiffiffiQ
cyc

l3

r
� 3.

Thus, it suffices to prove that
P
cyc

ffiffiffiffiffi
lt

p þ 3
ffiffiffiffiffiffiffiffiQ
cyc

l3

r
� 3.

According to the Mean inequality (AM-GM) in

Lemma 2.2, a direct calculation shows

lþ ffiffiffiffiffi
lt

p þ ffiffiffiffiffiffiffiffi
ltp3

p

¼ lþ
ffiffiffiffiffiffiffiffiffiffil
2
� 2t

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffil
4
� t � 4p3

p
� lþ 1

2
l
2
þ 2t

� 	
þ 1

3
l
4
þ tþ 4p

� 	
¼ 4

3
ðlþ tþ pÞ

¼ 4
3
.

Similarity, we have tþ
ffiffiffiffiffi
tp

p
þ ffiffiffiffiffiffiffiffi

ltp3
p � 4

3
and

pþ ffiffiffiffiffiffi
pl

p þ ffiffiffiffiffiffiffiffi
ltp3

p � 4
3
.

Further, summing the three above inequalities, we haveP
cyc

lþ
P
cyc

ffiffiffiffiffi
lt

p þ 3
ffiffiffiffiffiffiffiffiQ
cyc

l3

r
� 4.

Apparently,
P
cyc

ffiffiffiffiffi
lt

p þ 3
ffiffiffiffiffiffiffiffiQ
cyc

l3

r
� 3 holds.

Consequently, this completes the proof of Theorem

5.4. h

Remark 5.2 From Theorems 5.3 and 5.4, we can find that

using the right mean inequality in the right place is the

heart of the proof under intuitionistic fuzzy environment.

Meanwhile, using equality lþ tþ p ¼ 1 to reduce some

of the terms that appear in the inequality at critical

moments will also greatly reduce the complexity of the

proof. In addition to the AM-GM and HM-AM listed

above, other classic Mean inequalities, including SM-GM,

AM-SM and 3 M, also shine in subsequent combined

famous inequalities.

5.3 Intuitionistic Fuzzy Inequality Proved
by Chebyshev’s Inequality

Chebyshev’s inequality can be easily derived by Mean

inequality and Rearrangement inequality. That is, Cheby-

shev’s inequality combines the advantages of the two, can

deal with specific types of issues in a more targeted man-

ner, and greatly improves the application scenarios of the

inequality. In the following, an intuitionistic fuzzy

inequality is constructed and proved by Chebyshev’s

inequality.

Theorem 5.5 For any IFV €a ¼ ðl; t; pÞ and satisfy

l; t; p[ 0. Then it holds that

X
cyc

1

3l2 þ tþ p
� 3: ð35Þ

Proof A direct equivalent calculation of Eq. (35) givesP
cyc

1
3l2þtþp � 3

,
P
cyc

1
3l2þ1�l � 3

,
P
cyc

lð3l�1Þ
3l2�lþ1

� 0

,
P
cyc

3l�1

3l�1þ1
l
� 0.

Without loss of generality, assume that l� t� p.
Further, we have 3l� 1� 3t� 1� 3p� 1.

Since lt� ðlþtÞ2
4

� 1
4
, a direct calculation shows

ð3lt� 1Þðl� tÞ� 0

, 3ltðl� tÞ� l� t
, 3lþ 1

l � 3tþ 1
t

, 3l� 1þ 1
l � 3t� 1þ 1

t

, 1
3l�1þ1

l
� 1

3t�1þ1
t
.

Similarly, 1
3t�1þ1

t
� 1

3p�1þ1
p
.

According to the Chebyshev’s inequality in Lemma 2.3,

an immediate calculation gives
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P
cyc

3l�1

3l�1þ1
l

� 1
3
�
P
cyc
ð3l� 1Þ �

P
cyc

1
3l�1þ1

l

¼ 1
3
� 3

P
cyc

l� 3

 !
�
P
cyc

1
3l�1þ1

l

¼ 0.

Consequently, this completes the proof of Theorem

5.5. h

5.4 Intuitionistic Fuzzy Inequality Proved
by Cauchy’s Inequality

Cauchy’s inequality is a frequently used theoretical basis

when proving certain inequalities. The technique is mainly

to split the constant and make up the constant value. In the

following, we present an intuitionistic fuzzy inequality and

prove it by Cauchy’s inequality.

Theorem 5.6 Let €a ¼ ðl; t; pÞ be an IFV that is not a crisp

number. Then it holds that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ

X
cyc

l
tþ p

s
�
X
cyc

ffiffiffiffiffiffiffiffiffiffiffi
l

tþ p

r
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ

X
cyc

l
tþ p

s
: ð36Þ

Proof The Eq. (36) can be proved in two steps, as shown

below.

(1) Right inequality:
P
cyc

ffiffiffiffiffiffi
l

tþp

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ

P
cyc

l
tþp

r
.

A direct equivalent calculation of right inequality gives
P
cyc

ffiffiffiffiffiffi
l

tþp

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ

P
cyc

l
tþp

r

,
P
cyc

ffiffiffiffiffiffi
l

tþp

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
cyc

lþt
lþt þ

P
cyc

l
tþp

r

,
P
cyc

ffiffiffiffiffiffi
l

tþp

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
cyc

lþt
lþt þ

P
cyc

p
lþt

r

,
P
cyc

ffiffiffiffiffiffi
l

tþp

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P
cyc

P
cyc

l

lþt

vuut

,
P
cyc

ffiffiffiffiffiffi
l

tþp

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiP
cyc

1
lþt

r

,

P
cyc

ffiffiffiffiffi
l

tþp

p
ffiffiffiffiffiffiffiffiffiffiP
cyc

1
lþt

q � 1

,
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2
P
cyc

lþ
Q
cyc

l

P
cyc

ðlþtÞðlþpÞ

vuut � 1

,
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2þ
Q
cyc

l

P
cyc

ðlþtÞðlþpÞ

vuut � 1

,
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2þ
Q
cyc

l

P
cyc

l

� �2

þ
P
cyc

lt

vuuuut � 1

,
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2þ
Q
cyc

l

1þ
P
cyc

lt

vuut � 1

,
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ

Q
cyc

l
r

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

P
cyc

lt
r

.

According to the Cauchy’s inequality in Lemma 2.6, we

have

P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ

Q
cyc

l
r !2

¼
P
cyc

ffiffiffi
l

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ tp

p� 	
 !2

�
P
cyc

l

 !
P
cyc

lþ
P
cyc

lt

 !

¼ 1þ
P
cyc

lt.

Hence, right inequality holds.

(2) Left inequality:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ

P
cyc

l
tþp

r
�
P
cyc

ffiffiffiffiffiffi
l

tþp

q
:

A direct equivalent calculation of left inequality showsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ

P
cyc

l
tþp

r
�
P
cyc

ffiffiffiffiffiffi
l

tþp

q

,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3

P
cyc

1
tþp þ 1

3

P
cyc

l
tþp

r
�
P
cyc

ffiffiffiffiffiffi
l

tþp

q

,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3

P
cyc

1
lþt þ 1

3

P
cyc

l
tþp

r
�
P
cyc

ffiffiffiffiffiffi
l

tþp

q

,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3

P
cyc

1
lþtþ1

3

P
cyc

l
tþp

q
ffiffiffiffiffiffiffiffiffiffiP
cyc

1
lþt

q �

P
cyc

ffiffiffiffiffi
l

tþp

p
ffiffiffiffiffiffiffiffiffiffiP
cyc

1
lþt

q

,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3
þ

P
cyc

l2 þ 3
Q
cyc

l

3 1þ
P
cyc

lt

 !

vuuuuut
�
X
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ

Q
cyc

l

1þ
P
cyc

lt

vuuuut

,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3
þ

P
cyc

l2þ3
Q
cyc

l

3 1þ
P
cyc

lt

� �
vuuuut �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

P
cyc

lt
r

�
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2þ
Q
cyc

l

1þ
P
cyc

lt

vuut �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

P
cyc

lt
r

,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
3
þ

P
cyc

l

� �2

3
þ
Q
cyc

l

vuuut �
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ

Q
cyc

l
r
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,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

Q
cyc

l
r

�
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ

Q
cyc

l
r

,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

Q
cyc

l
r !2

�
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ

Q
cyc

l
r !2

,
P
cyc

l2 þ 2
P
cycffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 þ
Q
cyc

l

 !
t2 þ

Q
cyc

l

 !vuut þ 2
Q
cyc

l� 1

� 0.

Using the Cauchy’s inequality in Lemma 2.6, we have

P
cyc

l2 þ 2
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ

Q
cyc

l

 !
t2 þ

Q
cyc

l

 !vuut þ 2
Q
cyc

l� 1

�
P
cyc

l2 þ 2
P
cyc

ltþ
Q
cyc

l

 !
þ 2

Q
cyc

l� 1

¼
P
cyc

l2 þ 2
P
cyc

ltþ 8
Q
cyc

l� 1

¼
P
cyc

l

 !2

þ8
Q
cyc

l� 1

¼ 1þ 8
Q
cyc

l� 1

� 0.

Hence, left inequality holds.

Consequently, this completes the proof of Theorem

5.6. h

5.5 Intuitionistic Fuzzy Inequality Proved
by Hölder’s Inequality

Hölder’s inequality reflects the relationship between Lp

spaces. Cauchy’s inequality is special form of Hölder’s

inequality when a ¼ b ¼ 2. In the following, we develop

an intuitionistic fuzzy inequality and prove it by Hölder’s

inequality.

Theorem 5.7 Let €a ¼ ðl; t; pÞ be an IFV. Then it holds

thatX
cyc

ffiffiffi
l

p � 3
ffiffiffi
3

p X
cyc

lt; ð37Þ

Proof It is known from the Hölder’s inequality in

Lemma 2.8 that

P
cyc
ðl1

3Þ
3
2

 !2
3 P

cyc
ðl2

3Þ3
 !1

3

�
P
cyc

l
1
3l

2
3

 !2
3
þ1

3

,
P
cyc

ffiffiffi
l

p
 !2

3 P
cyc

l2
 !1

3

�
P
cyc

l

,
P
cyc

ffiffiffi
l

p �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P
cyc

l

� �3

P
cyc

l2

vuuuut :

Hence, we just need to prove thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P
cyc

l

� �3

P
cyc

l2

vuuuut � 3
ffiffiffi
3

p P
cyc

lt

,
P
cyc

l

 !3

� 27
P
cyc

l2
 !

P
cyc

lt

 !2

,
P
cyc

l

 !6

� 27
P
cyc

l2
 !

P
cyc

lt

 !2

,
X
cyc

l2 þ 2
X
cyc

lt

 !3

� 27
X
cyc

l2
 ! X

cyc

lt

 !2

:

Let P ¼
P
cyc

l2 [ 0 and Q ¼
P
cyc

lt� 0, then a direct

equivalent calculation of the above inequality gives

ðP þ 2QÞ3 � 27PQ2

, P3 þ 6P2Qþ 12PQ2 þ 8Q3 � 27PQ2

, P3 þ 6P2Q� 15PQ2 þ 8Q3 � 0

, ðP3 � PQ2Þ þ 6ðP2Q� PQ2Þ � 8ðPQ2 �Q3Þ� 0

, PðP þQÞðP �QÞ þ 6PQðP
�QÞ � 8Q2ðP �QÞ� 0

, ðP �QÞðPðP þQÞ þ 6PQ� 8Q2Þ� 0

, ðP �QÞðP2 þ 7PQ� 8Q2Þ
, ðP �QÞ2ðP þ 7QÞ� 0.

Consequently, this completes the proof of Theorem

5.7. h

5.6 Intuitionistic Fuzzy Inequality Proved
by Minkowski’s Inequality

Minkowski’s inequality can be derived by the Hölder’s

inequality. Like the Hölder’s inequality agove, Min-

kowski’s inequality can take countable measures in par-

ticular forms of sequences or vectors. In the following, we

develop an intuitionistic fuzzy inequality and prove it by

Minkowski’s inequality.

Theorem 5.8 Let €a ¼ ðl; t; pÞ be an IFV. Then it holds

that
X
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � lþ 1

p
�

ffiffiffi
7

p
: ð38Þ
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Proof It is known from the Minkowski’s inequality in

Lemma 2.11 thatP
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � lþ 1

p

¼
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2l2�2lþ2

2

q

¼
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2þðl�1Þ2þ1

2

q

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P
cyc

l

� �2

þ
P
cyc

ðl�1Þ

� �2

þ32

2

vuut

¼
ffiffiffi
7

p
.

Consequently, this completes the proof of Theo-

rem 5.8. h

5.7 Inutitionistic Fuzzy Inequality Proved
by Jensen’s Inequality

Jensen’s inequality is a quite useful inequality which can

easily derive some famous inequalities, including Power-

Mean inequality [29], Hölder’s inequality [28] and Min-

kowski’s inequality [28]. In the following, we present a

novel inutitionistic fuzzy inequality and prove it by Jen-

sen’s inequality.

Theorem 5.9 For any IFV €a ¼ ðl; t; pÞ and satisfy

l; t; p 2 0; 3
5

� 

. Then it holds that

ffiffiffi
6

p
þ

ffiffiffi
2

p
�
X
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10l

p
� 2

ffiffiffi
6

p
: ð39Þ

Proof The Eq. (39) can be proved in two steps, as shown

below.

(1) Right inequality:
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10l

p
� 2

ffiffiffi
6

p
.

Let f ðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10x

p
x 2 0; 3

5

� 
� 	
, then

f 00ðxÞ ¼ �25ð6� 10xÞ�
3
2 � 0:

Hence, f(x) is a convex function on 0; 3
5

� 

.

Further, using the Jensen’s inequality in Lemma 2.12,

we haveP
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10l

p
� 3f lþtþp

3

� 	
¼ 3f 1

3

� 	
¼ 2

ffiffiffi
6

p
.

Hence, right inequality holds.

(2) Left inequality:
ffiffiffi
6

p
þ

ffiffiffi
2

p
�
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10l

p
.

Without loss of generality, assume that l� t� p.
Since lþ tþ p ¼ 1, it can be achieved from the drawer

principle that l� 1
3
.

A direct calculation of left inequality showsP
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10l

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10l

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10t

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10p

p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10l

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10t

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10p

p� 	2q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10l

p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12� 10t� 10pþ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10t

p
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10p

pp

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10l

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12� 10t� 10p

p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10l

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 10l

p
:

Let s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10l

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 10l

p
; l 2 0; 1

3

� 

, then an

immediate calculation gives

s2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6� 10l

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 10l

p
ð Þ2

¼ 8þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð6� 10lÞð2þ 10lÞ

p

¼ 8þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�100 l� 1

5

� 	2þ16

q

� 8þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�100 0� 1

5

� 	2þ16

q

¼ 8þ 4
ffiffiffi
3

p
¼

ffiffiffi
6

p
þ

ffiffiffi
2

p� 	2
.

Hence, left inequality holds.

Consequently, this completes the proof of Theorem

5.9. h

5.8 Intuitionistic fuzzy inequality proved
by Tangent inequality

Tangent inequality can be derived the Jensen’s inequality

due to their have similar geometric meanings. In the fol-

lowing, combining with Theorem 2.1 (Half concave and

Half convex theorem) and Tangent inequality, we construct

an intuitionistic fuzzy inequality.

Theorem 5.10 Let €a ¼ ðl; t; pÞ be an IFV. Then it holds

that

2�
X
cyc

ffiffiffiffiffiffiffiffiffiffiffi
1� l
1þ l

s
� 1þ 2

ffiffiffi
3

p

3
: ð40Þ

Proof Let f ðxÞ ¼
ffiffiffiffiffiffi
1�x
1þx

q
ðx 2 ½0; 1�Þ, then we can derive its

second derivative as f 00ðxÞ ¼ 1�2xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þxÞ5ð1�xÞ3

p .

According to the Tangent inequality in Lemma 2.13, we

can deduce that f(x) is concave on 0; 1
2

� 

and convex on

1
2
; 1

� 

.

Without loss of generality, assume that l� t� p.

(1) Right inequality:
P
cyc

ffiffiffiffiffiffiffi
1�l
1þl

q
� 1þ 2

ffiffi
3

p

3
.

Using the Theorem 2.1, we just have to prove that:

� f ðlÞ þ f ðtÞ þ f ðpÞ� 1þ 2
ffiffi
3

p

3
ðl ¼ 0; tþ p ¼ 1Þ and

` f ðlÞ þ f ðtÞ þ f ðpÞ� 1þ 2
ffiffi
3

p

3
ðt ¼ pÞ.

Case 1: If l ¼ 0 and tþ p ¼ 1, then the Right

inequality is converted to prove that
P
cyc

ffiffiffiffiffiffiffi
1�l
1þl

q
¼ f ðlÞ þ f ðtÞ þ f ðpÞ

¼
ffiffiffiffiffiffiffi
1�l
1þl

q
þ

ffiffiffiffiffiffi
1�t
1þt

q
þ

ffiffiffiffiffiffiffi
1�p
1þp

q
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¼ 1þ
ffiffiffiffiffiffi
1�t
1þt

q
þ

ffiffiffiffiffiffiffi
1�p
1þp

q

¼ 1þ
ffiffiffiffiffiffi
1�t
1þt

q
þ

ffiffiffiffiffiffi
t

2�t

p

� 1þ 2
ffiffi
3

p

3
.

Let g ¼
ffiffiffiffiffiffi
1�t
1þt

q
and u ¼

ffiffiffiffiffiffi
t

2�t

p
, then t ¼ 1�g2

1þg2 ¼
2u2

u2þ1
and

g2 þ u2 ¼ 1� 3g2u2.

Further, we can derive

1þ
ffiffiffiffiffiffi
1�t
1þt

q
þ

ffiffiffiffiffiffi
t

2�t

p
¼ 1þ gþ u ¼ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðgþ uÞ2

q
¼

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 2guþ u2

p
¼ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3g2u2 þ 2gu

p
¼ 1

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3 gu� 1

3

� 	2þ 4
3

q
� 1þ

ffiffi
4
3

q
¼ 1þ 2

ffiffi
3

p

3
:

Case 2: If t ¼ p, then t 2 0; 1
2

� 

and the Right inequality

is converted to prove that
P
cyc

ffiffiffiffiffiffiffi
1�l
1þl

q
¼ f ðlÞ þ f ðtÞ þ f ðpÞ

¼
ffiffiffiffiffiffiffi
1�l
1þl

q
þ 2

ffiffiffiffiffiffi
1�t
1þt

q
¼

ffiffiffiffiffiffi
t

1�t

p
þ 2

ffiffiffiffiffiffi
1�t
1þt

q
.

Let gðtÞ ¼
ffiffiffiffiffiffi
t

1�t

p
þ 2

ffiffiffiffiffiffi
1�t
1þt

q
, then its derivative is

g0ðtÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tð1�tÞ3ð1þtÞ3

p 1
2
ð1þ tÞ

ffiffiffiffiffiffiffiffiffiffiffi
1þ t

p
� 2

ffiffiffi
t

p
ð1� tÞ

� 


� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tð1�tÞ3ð1þtÞ3

p 1
2
� 2

ffiffiffi
t

p ffiffiffiffiffiffiffiffiffiffiffi
1þ t

p
� 2

ffiffiffi
t

p
ð1� tÞ

� 


¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1�tÞ3ð1þtÞ3

p ffiffiffiffiffiffiffiffiffiffiffi
1þ t

p
� 2ð1� tÞ

� 

.

Let hðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ t

p� 	2� 2ð1� tÞð Þ2, then we have

hðtÞ ¼ �4t2 þ 9t� 3:

It can be easily derived that hðtÞ� 0 when t 2
9�
ffiffiffiffi
33

p

8
; 1
2

h i
and hðtÞ� 0 when t 2 0; 9�

ffiffiffiffi
33

p

8

h i
.

Further, gðtÞ is monotonically increasing on t 2
9�
ffiffiffiffi
33

p

8
; 1
2

h i
and monotonically decreasing on t 2 0; 9�

ffiffiffiffi
33

p

8

h i
.

Further, the gðtÞmax ¼ max gð0Þ; g 1
2

� 	� �

¼ max 2; 1þ 2
ffiffi
3

p

3

n o
¼ 1þ 2

ffiffi
3

p

3
.

Hence, Right inequality holds.

(2) Left inequality: 2�
P
cyc

ffiffiffiffiffiffiffiffi
1�l2

1þl2

q
.

Using the Theorem 2.1, we just have to prove that:

� f ðlÞ þ f ðtÞ þ f ðpÞ� 2 ðlþ t ¼ 0; p ¼ 1Þ and
` f ðlÞ þ f ðtÞ þ f ðpÞ� 2 ðl ¼ tÞ.
Case 1: If lþ t ¼ 0 and p ¼ 1, then the Left inequality

is converted to prove that
P
cyc

ffiffiffiffiffiffiffi
1�l
1þl

q
¼ f ðlÞ þ f ðtÞ þ f ðpÞ

¼
ffiffiffiffiffiffiffi
1�l
1þl

q
þ

ffiffiffiffiffiffi
1�t
1þt

q
þ

ffiffiffiffiffiffiffi
1�p
1þp

q
¼ 1þ 1 ¼ 2.

Case 2: If l ¼ t, then t 2 0; 1
2

� 

and the Left inequality

is converted to prove that

P
cyc

ffiffiffiffiffiffiffi
1�l
1þl

q
¼ f ðlÞ þ f ðtÞ þ f ðpÞ ¼

ffiffiffiffiffiffiffi
1�l
1þl

q
þ

ffiffiffiffiffiffi
1�t
1þt

q
þ

ffiffiffiffiffiffiffi
1�p
1þp

q
¼ 2

ffiffiffiffiffiffi
1�t
1þt

q
þ

ffiffiffiffiffiffiffi
1�p
1þp

q
¼ 2

ffiffiffiffiffiffi
1�t
1þt

q
þ

ffiffiffiffiffiffi
t

1�t

p
:

Using the Case 2 in (1), we can obtain

gðtÞmin ¼ g 9�
ffiffiffiffi
33

p

8


 �
[ 2.

Combining with Case 1 and Case 2, we can derive that
P
cyc

ffiffiffiffiffiffiffi
1�l
1þl

q
� 2 holds.

Hence, Left inequality holds.

Consequently, this completes the proof of Theo-

rem 5.10. h

5.9 Intuitionistic Fuzzy Inequality Proved
by Muirhead’s Inequality

Muirhead’s inequality is symmetric and homogeneous.

Therefore, according to the number and degree character-

istics of the left and right sides of the inequality, the cor-

responding inequality issue is often succinctly proved. In

the following, we construct an intuitionistic fuzzy

inequality and prove it by Muirhead’s inequality.

Theorem 5.11 For any IFV €a ¼ ðl; t; pÞ and satisfy

l; t; p[ 0. Then it holds that

X
cyc

l5 þ t5

ltðlþ tÞ �
1

3
: ð41Þ

Proof Using the Muirhead’s inequality in Lemma 2.15,

we have

l5 þ t5 � l4tþ lt4 ¼ ltðl3 þ t3Þ.
Further, we can deduceP
cyc

l5þt5

ltðlþtÞ �
P
cyc

ltðl3þt3Þ
ltðlþtÞ

¼
P
cyc
ðl2 � ltþ t2Þ

¼
P
cyc
ðl2 þ t2Þ �

P
cyc

lt

¼ 2
P
cyc

l2 �
P
cyc

lt

¼ 2
P
cyc

l

 !2

�2
P
cyc

lt

0
@

1
A�

P
cyc

lt

¼ 2� 5
P
cyc

lt

� 2� 5

P
cyc

l

� �2

3

¼ 1
3
.

Consequently, this completes the proof of Theo-

rem 5.11. h
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5.10 Intuitionistic Fuzzy Inequality Proved
by Carlson’s Inequality

Carlson’s inequality can be denoted as an n 
 m non-

negative real number matrix, where the geometric mean of

the sum of the elements in each column of m columns is

not less than the geometric mean of the elements in each

row of n rows in the matrix. In the following, we construct

an intuitionistic fuzzy inequality by a same order matrix

and prove it by Carlson’s inequality.

Theorem 5.12 Let €a ¼ ðl; t; pÞ be not a crisp number.

Then it holds that

X
cyc

l2

tþ p
� 1

2
: ð42Þ

Proof Construct the 3
 2 matrix that relates to our

conclusion:

C ¼

l2

tþ p
tþ p

t2

pþ l
pþ l

p2

lþ t
lþ t

0
BBBBBB@

1
CCCCCCA
.

It follows from the Carlson’s inequality in Lemma 2.9

that

l2

tþp þ t2
pþl þ t2

pþl


 �

�ðtþ pþ pþ lþ lþ

tÞÞ
1
2 � l2

tþp � ðtþ pÞ

 �1

2 þ t2
pþl � ðpþ lÞ

 �1

2þ p2
lþt � ðlþ tÞ

 �1

2

,
P
cyc

l2

tþp

 
�2ðlþ tþ pÞÞ

1
2 � lþ tþ p.

,
P
cyc

l2

tþp � 1
2
.

Consequently, this completes the proof of Theo-

rem 5.12. h

5.11 Intuitionistic Fuzzy Inequality Proved
by Wei–Wei Dual Inequality

Wei-Wei dual inequality involves matrix that the sum of

column products of the ordered matrix is greater than or

equal to the sum of column products of the disordered

matrix and the column sum product of the ordered matrix is

less than or equal to the column sum product of the dis-

ordered matrix. In the following, we present an intuition-

istic fuzzy inequality and prove it by Wei-Wei dual

inequality.

Theorem 5.13 Let €a ¼ ðl; t; pÞ be an IFV. Then it holds

that

Y
cyc

l� 1

27
: ð43Þ

Proof Without loss of generality, assume that l� t� p.
Construct the 3
 3 similarly ordered matrix as

H ¼
l t p
l t p
l t p

0
@

1
A.

Moreover, we also construct the 3
 3 disordered matrix

as

H0 ¼
l t p
t l l
p p t

0
@

1
A.

Further, we can get

SðHÞ ¼ lþ lþ lð Þ tþ tþ tð Þ pþ pþ pð Þ ¼ 27
Q
cyc

l

and SðH0Þ ¼
P
cyc

l

 !3

¼ 1

It follows from the Wei-Wei dual inequality in

Lemma 2.10 that SðHÞ� SðH0Þ.
Consequently, this completes the proof of Theo-

rem 5.13. h

Remark 5.3 From Theorems 5.12 and 5.13, we can find

that the clever construction of the matrix is the key to

subsequent proofs. Moreover, the intuitionistic fuzzy

inequality in Theorem 5.13 is special Mean inequality

(AM-GM) when n ¼ 3. In other words, the AM-GM

inequality can be derived by Wei-Wei dual inequality.

5.12 Intuitionistic Fuzzy Inequality Proved
by Some Combined Inequalities

It is no longer realistic to simply rely on a certain

inequality to solve or construct an inequality under intu-

itionistic fuzzy environment. In fact, it is a combination of

a variety of existing famous inequalities to achieve the

ability to solve inequality problems in operations, AOs and

so on. The combined famous inequalities in the developed

Theorems and Lemma are presented in Table 1.

Lemma 5.1 Let €a ¼ ðl; t; pÞ be not a crisp number. Then

it holds that

X
cyc

ffiffiffiffiffiffiffiffiffiffiffi
l

lþ t

r
� 3

ffiffiffi
2

p

2
: ð44Þ

Proof The Eq. (44) can be equivalent toP
cyc

ffiffiffiffiffiffi
l

lþt

q
¼
P
cyc

lþ pð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l
ðlþtÞðlþpÞ2

q
.

Let f ðxÞ ¼
ffiffiffi
x

p
, then g00ðxÞ ¼ � 1

4
x�

3
2 � 0.
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Using the Tangent inequality in Lemma 2.13, we can

conclude that g(x) is convex function.

Hence, it is known from Eq. (17) thatP
cyc

lþp
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l

ðlþtÞðlþpÞ2
q

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
cyc

lþp
2

l
ðlþtÞðlþpÞ2

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
cyc

l
2ðlþtÞðlþpÞ

r
.

Further, it just has to prove thatP
cyc

2l
ðlþtÞðlþpÞ � 9

2

, 8
P
cyc

lt� 9 2ltpþ
P
sym

l2t

 !

, 8
P
cyc

lt
P
cyc

l

 !
� 9 2ltpþ

P
sym

l2t

 !

, 8
P
cyc

l2tþ lt2 þ ltpð Þ� 9 2ltpþ
P
sym

l2t

 !

,
P
sym

l2t� 6ltp.

It follows from the Mean inequality (AM-GM) in

Lemma 2.2 that above inequality holds.

Consequently, this completes the proof of Theorem

5.1. h

Theorem 5.14 For any IFV €a ¼ ðl; t; pÞ and satisfy

l; t; p[ 0. Then it holds that

X
cyc

1þ ffiffiffiffiffi
lt

p

1�
ffiffiffiffiffi
tp

p � 6: ð45Þ

Proof Without loss of generality, assume that l� t� p.
Further, we can get

1þ ffiffiffiffiffi
lt

p � 1þ
ffiffiffiffiffi
tp

p
� 1þ ffiffiffiffiffiffi

lp
p

and
1

1� ffiffiffiffi
lt

p � 1
1�
ffiffiffiffi
tp

p � 1
1� ffiffiffiffi

lp
p .

Using the Rearrangement inequality in Lemma 2.1, we

can haveP
cyc

1þ ffiffiffiffi
lt

p

1�
ffiffiffiffi
tp

p ¼
P
cyc
ð1þ ffiffiffiffiffi

lt
p Þ 1

1�
ffiffiffiffi
tp

p �
P
cyc

ð1þ ffiffiffiffiffi
lt

p Þ 1
1� ffiffiffiffi

lt
p ¼

P
cyc

1þ ffiffiffiffi
lt

p

1� ffiffiffiffi
lt

p :

For this, it just has to prove thatP
cyc

1þ ffiffiffiffi
lt

p

1� ffiffiffiffi
lt

p � 6 ,
P
cyc

1� ffiffiffiffi
lt

p þ2
ffiffiffiffi
lt

p

1� ffiffiffiffi
lt

p � 6 ,
P
cyc

2
ffiffiffiffi
lt

p

1� ffiffiffiffi
lt

p � 3:

Employing the Mean inequality (AM-GM) in

Lemma 2.2, we can obtainP
cyc

2
ffiffiffiffi
lt

p

1� ffiffiffiffi
lt

p ¼
P
cyc

4
ffiffiffiffi
lt

p

2�2
ffiffiffiffi
lt

p

�
P
cyc

4
ffiffiffiffi
lt

p

2�ðlþtÞ ¼
P
cyc

4
ffiffiffiffi
lt

p

2ðlþtþpÞ�ðlþtÞ ¼
P

cyc
4
ffiffiffiffi
lt

p

ðlþpÞþðtþpÞ

�
P
cyc

4
ffiffiffiffi
lt

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþpÞðtþpÞ

p ¼
P
cyc

2
ffiffiffiffi
lt

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþpÞðtþpÞ

p ¼
P
cyc

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l

lþp � t
tþp

q

�
P
cyc

l
lþp þ t

tþp


 �
¼
P
cyc

l
lþp þ p

lþp


 �
¼
P
cyc

lþp
lþp ¼ 3:

Consequently, this completes the proof of Theo-

rem 5.14. h

Theorem 5.15 Let €a ¼ ðl; t; pÞ be not a crisp number.

Then it holds that

X
cyc

l2

ð1� lÞ3
� 9

8
: ð46Þ

Proof A direct equivalent calculation of Eq. (46) givesP
cyc

l2

ð1�lÞ3 �
9
8

,
P
cyc

l2

ðtþpÞ3 �
9
8

,
P
cyc

l �
P
cyc

l2

ðtþpÞ3 �
9
8

,
P
cyc

ðlþ tÞ �
P
cyc

l2

ðtþpÞ3 �
9
4

,
P
cyc

ðlþ tÞ �
P
cyc

1
tþp �

l2

ðtþpÞ2

 �

� 9
4
.

It follows from the Cauchy’s inequality in Lemma 2.6

that

P
cyc
ðlþ tÞ �

P
cyc

1
tþp



� l2

ðtþpÞ2Þ�
P
cyc

l
tþp

 !2

.

It suffices to prove that
P
cyc

l
tþp

 !2

� 9
4
.

According to the Nesbitt’s inequality in Lemma 2.4, it

holds.

Consequently, this completes the proof of Theo-

rem 5.15. h

Theorem 5.16 For any IFV €a ¼ ðl; t; pÞ and satisfy

a; b[ 0. Then it holds that

X
cyc

l2n

ðatþ bpÞ2nþ1
� 9

ðaþ bÞ2nþ1
: ð47Þ

Proof A direct calculation gives

P
cyc

l2n

ðatþbpÞ2nþ1 ¼
P
cyc

l
atþbpð Þnð Þ2
atþbp �

P
cyc

l
atþbpð Þn

� �2

P
cyc

ðatþbpÞ (Use Gen-

eralized Cauchy’s inequality: Lemma 2.7)

¼

P
cyc

 
l

atþbp


 �n

Þ2ðaþ bÞ
P
cyc

l ¼

P
cyc

l
atþbpð Þn

� �2

ðaþbÞ

�
31�n

P
cyc

l
atþbp

� �n� �2

ðaþbÞ (Use Power-Mean inequality:

Lemma 2.5)
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¼
31�n

P
cyc

l2

altþblp

� �n� �2

ðaþbÞ �

31�n

P
cyc

l

� �2

P
cyc

ðaltþblpÞ

0
BB@

1
CCA

n0
BB@

1
CCA

2

ðaþbÞ (Use

Generalized Cauchy’s inequality: Lemma 2.7)

¼
31�n 1

ðaþbÞ
P
cyc

lt

 !n !2

ðaþbÞ �

31�n 1

ðaþbÞ

P
cyc

l

� �2

3

0
BBBB@

1
CCCCA

n0
BBBB@

1
CCCCA

2

ðaþbÞ (Use

Mean inequality (3 M): Lemma 2.2)

¼
31�n 1

1
3
ðaþbÞ


 �n
 �2

ðaþbÞ

¼ 9

ðaþbÞ2nþ1 :

Consequently, this completes the proof of Theo-

rem 5.16. h

Theorem 5.17 Let €a ¼ ðl; t; pÞ be not a crisp number.

Then it holds that

X
cyc

l4

l3 þ t3
� 1

2
: ð48Þ

Proof It follows from the Cauchy’s inequality in

Lemma 2.6 that
P
cyc

l4

l3þt3 �
P
cyc

l2ðl3 þ t3Þ�
P
cyc

l3
 !2

.

Further, we just need to prove that

P
cyc

l3

� �2

P
cyc

l2ðl3þt3Þ �
1
2
.

It is known from the Vasc inequality in Lemma 2.16

that
P
cyc

lt3 � 1
3

P
cyc

l2
 !2

.

Hence, a direct calculation gives

P
cyc

l2ðl3 þ t3Þ ¼
P
cyc

l5 þ
P
cyc

l2t3

¼
P
cyc

l5 þ

P
cyc

l2t3ðlþtþpÞ
P
cyc

l

¼
P
cyc

l5 þ

P
cyc

ltðl2t2þlt3þlt2pÞ
P
cyc

l

¼
P
cyc

l5 þ

P
cyc

lt
P
cyc

l2t2þ
P
cyc

lt3�t2p2�p2l2�tp3�pl3þlt2p

� �

P
cyc

l

¼
P
cyc

l5 þ

P
cyc

lt

P
cyc

l

P
cyc

lt3 þ
P
cyc

l2t2
 !

�

P
cyc

ltp t2pþpl2þtp2þl3�ltpð Þ
P
cyc

l

¼
P
cyc

l5 þ

P
cyc

lt

P
cyc

l

P
cyc

lt3 þ
P
cyc

l2t2
 !

�ltp

P
cyc

t2pþpl2þtp2þl3�lt2ð Þ
P
cyc

l

¼
P
cyc

l5 þ

P
cyc

lt

P
cyc

l

P
cyc

lt3 þ
P
cyc

l2t2
 !

�ltp

P
cyc

t2pþtp2þl3ð Þ
P
cyc

l

¼
P
cyc

l5 þ

P
cyc

lt

P
cyc

l

P
cyc

lt3 þ
P
cyc

l2t2
 !

�ltp
P
cyc

l2
 !

�
P
cyc

l5 þ
P
cyc

lt 1
3

P
cyc

l2
 !2

þ
P
cyc

l2t2

0
@

1
A

�ltp
P
cyc

l2
 !

.

For this, it suffices to prove that

Table 1 The combined famous inequalities in the proposed Theorems and Lemma

Results Used inequalities

Lemma 5.1 Mean inequality (AM-GM), Tangent inequality

Theorem 5.14 Mean inequality (AM-GM), Rearrangement inequality

Theorem 5.15 Chebyshev’s inequality, Nesbitt’s inequality

Theorem 5.16 Mean inequality (3 M), Generalized Cauchy’s inequality, Power-Mean inequality

Theorem 5.17 Mean inequality (AM-GM and 3 M), Cauchy’s inequality, Vasc inequality, Schur’s inequality

Theorem 5.18 Mean inequality (AM-GM and AM-SM), Carlson’s inequality

Theorem 5.19 Mean inequality (AM-GM), Cauchy’s inequality, Muirhead’s inequality

Theorem 5.20 Mean inequality (AM-GM and 3 M), Cauchy’s inequality, Carlson’s inequality

Theorem 5.21 Mean inequality (AM-GM and 3 M), Bernoulli’s inequality
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X
cyc

l3
 !2

� 1

2

X
cyc

l5 þ
X
cyc

 

lt
1

3

X
cyc

l2
 !2

þ
X
cyc

l2t2

0
@

1
A� ltp

X
cyc

l2
 !1

A:

ð49Þ

Let g ¼
P
cyc

lt and u ¼
Q
cyc

l, then two identities can be

derived as

X
cyc

l5 þ
X
cyc

lt
1

3

X
cyc

l2
 !2

þ
X
cyc

l2t2

0
@

1
A

� ltp
X
cyc

l2
 !

¼ 1

3
3ð4� 5gÞuþ 3� 14gþ 11g2 þ 7g3
� 	

and

P
cyc

l3
 !2

¼ ð1� 3gþ 3uÞ2.

So, a direct equivalent calculation of Eq. (49) gives

ð1� 3gþ 3uÞ2 � 1
2
�

1
3
3ð4� 5gÞuþ 3� 14gþ 11g2 þ 7ð g3Þ
, 54u2 þ 3ð8� 28gÞ

uþ 3� 22gþ 43g2 � 7g3 � 9gu� 0.

Let gðuÞ ¼ 54u2 þ 3ð8� 28gÞu, then

g0ðuÞ ¼ 108uþ 3ð8� 28gÞ.
Employing u� 4g�1

9
from Schur’s inequality in

Lemma 2.14 (p ¼ 1) and using u ¼
P
cyc

lt�

P
cyc

l

3
¼ 1

3
from

Mean inequality (3 M) in Lemma 2.2, we can derive

g0ðuÞ� 108 � 4g�1
9

þ 3ð8� 28gÞ ¼ 12� 36g� 0:

That is, gðuÞ is monotonically increasing on u� 4g�1
9
.

So we have

gðuÞ þ 3� 22gþ 43g2 � 7g3 � 9gu

� g 4g�1
9

� 	
þ 3� 22gþ 43g2 � 7g3 � 9gu

¼ 1� 22
3
gþ 49

3
g2 � 7g3 � 9gu.

Additionally, it can be easily known that
Q
cyc
ðl� tÞ2 � 0.

Expanding it,
Q
cyc

l� 1
27

9
P
cyc

lt� 2þ
 

2 1� 3
P
cyc

lt

 ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3

P
cyc

lt
r

Þ holds, i.e.,

u� 1
27

9g� 2þ 2ð1� 3gÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3g

p
ð Þ.

Employing the above inequality, it suffices to prove that

1� 22
3
gþ 49

3
g2 � 7

g3 � 9g 9g� 2þ 2ð1� 3gÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3g

p
ð Þ� 0.

It is equivalent to
1
3
ð1� 3gÞ 7g2 � 11gþ 3� 2g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3g

p
ð Þ� 0:

Since g� 1
3
, it suffices to prove that

7g2 � 11gþ 3� 2g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3g

p
� 0:

It follows from the Mean inequality (AM-GM) in

Lemma 2.2 that

7g2 � 11gþ 3� 2g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3g

p
� 7g2 � 11gþ 3� ðg2 þ

1� 3gÞ ¼ 2ð1� gÞð1� 3gÞ� 0:

Consequently, the proof is fully completed. h

Theorem 5.18 Let €a ¼ ðl; t; pÞ be not a crisp number.

Then it holds that

X
cyc

l3

l2 þ t2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
P
cyc

l2
r

2
:

ð50Þ

Proof A direct equivalent calculation of Eq. (50) gives

X
cyc

l3 þ t3

l2 þ t2
� lþ t

2

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
X
cyc

l2
s

�
X
cyc

lþ
X
cyc

t3 � l3

l2 þ t2

,
X
cyc

l3 þ t3

l2 þ t2
� lþ t

2

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
X
cyc

l2
s

� 1þ
X
cyc

t3 � l3

l2 þ t2

,
P
cyc

ðl�tÞ2ðlþtÞ
2ðl2þt2Þ

�

ffiffiffiffiffiffiffiffiffiffiffiffi
3
P
cyc

l2
q

�1

� � ffiffiffiffiffiffiffiffiffiffiffiffi
3
P
cyc

l2
q

þ1

� �

ffiffiffiffiffiffiffiffiffiffiffiffi
3
P
cyc

l2
q

þ1
þ
P
cyc

t3�l3

l2þt2

,
P
cyc

ðl�tÞ2ðlþtÞ
2ðl2þt2Þ

�
P
cyc

ðl�tÞ2ffiffiffiffiffiffiffiffiffiffiffiffi
3
P
cyc

l2
q

þ1
þ

Q
cyc

ðl�tÞ
P
cyc

l2t2þltp

� �

Q
cyc

ðl2þt2Þ :

According to the Mean inequality (AM-SM) in

Lemma 2.2, it can derive
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
P
cyc

l2
r

�
P
cyc

l ¼ 1.

Further, we just need to prove that

P
cyc

ðl�tÞ2ðlþtÞ
2ðl2þt2Þ �

P
cyc

ðl�tÞ2
2

þ

Q
cyc

ðl�tÞ
P
cyc

l2t2þltp

� �

Q
cyc

ðl2þt2Þ

,
P
cyc

ðl� tÞ2 lþt
l2þt2 � 1

 �

�
2
Q
cyc

ðl�tÞ
P
cyc

l2t2þltp

� �

Q
cyc

ðl2þt2Þ
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,
P
cyc

ðl� tÞ2 � 2ltþlpþtp
l2þt2 �

2
Q
cyc

ðl�tÞ�
P
cyc

l2t2þltp

� �

Q
cyc

ðl2þt2Þ .

It follows from the Mean inequality (AM-GM) in

Lemma 2.2 that

P
cyc
ðl� tÞ2 � 2ltþlpþtp

l2þt2 � 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ
cyc

ðl�tÞ2�
Q
cyc

ð2ltþlpþtpÞ
Q
cyc

ðl2þt2Þ
3

vuut .

Hence, it suffices to prove that

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ
cyc

ðl�tÞ2�
Q
cyc

ð2ltþlpþtpÞ
Q
cyc

ðl2þt2Þ
3

vuut �
2
Q
cyc

ðl�tÞ�
P
cyc

l2t2þltp

� �

Q
cyc

ðl2þt2Þ

, 27
Q
cyc

2ltþ lpþ tpð Þ

�
Q
cyc

l2 þ t2ð Þ2 � 8
Q
cyc
ðl� tÞ �

P
cyc

l2t2 þ ltp

 !3

.

It is known from the Carlson’s inequality in Lemma 2.9

thatY
cyc

2ltþ lpþ tpð Þ ¼ ð2ltþ lpþ tpÞ

ðltþ 2lpþ tpÞðltþ lpþ 2tpÞ� 2
X
cyc

lt

 !3

:

ð51Þ

Using the Mean inequality (AM-GM) in Lemma 2.2, a

direct calculation gives

l2tþ tp2 þ t2pþ pl2 þ l2pþ pt2 � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2ttp2

p
þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2ppl2

p
þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2ppt2

p
¼ 6ltp

, 9ðlþ tÞðtþ pÞðpþ lÞ� 8ðltþ tpþ plÞ
, 9

Q
cyc
ðlþ tÞ� 8

P
cyc

lt

, 9
Q
cyc
ðlþ tÞ� 8

P
cyc

lt �
P
cyc

l

,
Q
cyc
ðlþ tÞ� 8

9

P
cyc

lt �
P
cyc

l

,
Q
cyc
ðl2 þ t2Þ� 8

9

P
cyc

l2t2 �
P
cyc

l2

,
Q
cyc
ðl2 þ t2Þ

 !2

� 8
9

P
cyc

l2t2 �
P
cyc

l2
 !2

.

It is equivalent to

Y
cyc

l2 þ t2
� 	2 � 64

81

X
cyc

l2t2
 !2

�
X
cyc

l2
 !2

: ð52Þ

Combining with Eqs. (51) and (52), it suffices to prove that

16
3

P
cyc

lt

 !3 P
cyc

l2t2
 !2

�
P
cyc

l2
 !2

�
Q
cyc
ðl� tÞ �

P
cyc

l2t2 þ ltp

 !3

.

Meanwhile, an immediate calculation gives

8
P
cyc

l2t2
 !2 P

cyc
lt

 !2

�3
P
cyc

l2t2 þ ltp

 !3

¼ 8
P
cyc

l2t2
 !2 P

cyc
l2t2 þ 2lt

 !

�3
P
cyc

l2t2 þ ltp

 !3

¼ 5
P
cyc

l2t2
 !2

þ12ltp
P
cyc

l2t2
 !

þ 3l2t2p2

0
@

1
A

�
P
cyc

l2t2 � ltp

 !

¼ 5
P
cyc

l2t2
 !2

þ12ltp
P
cyc

l2t2
 !

þ 3l2t2p2

0
@

1
A

�
P
cyc

l2t2 � ltp
P
cyc

l

 ! !

¼ 1
2

5
P
cyc

l2t2
 !2

þ12ltp
P
cyc

l2t2
 !

þ 3l2t2p2

0
@

1
A

�
P
cyc

l2ðt� pÞ2
 !

� 0.

Further, it just has to prove that

2
P
cyc

lt

 !
l2ð Þ2 �

Q
cyc

l� tð Þ:

Let g ¼
P
cyc

lt and u ¼ ltp, then

Q
cyc

l� tð Þ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ
cyc

l� tð Þ2
r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 � 4g3 þ 2ð9g� 2Þu� 27u2

p
.

In other words, we just need to prove that

2gð1� 2gÞ2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 � 4g3 þ 2ð9g� 2Þu� 27u2

p
.

Dividing it into the following two cases:

Case 1: 9g� 2.

Since 2ð1� 2gÞ2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4g

p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4g

p
� 1

2

� 	2þ 1
4

2ð1� 4gÞ2 þ 1

 �

� 0, a direct cal-

culation gives

2gð1� 2gÞ2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 � 4g3 þ 2ð9g� 2Þu� 27u2

p

� 2gð1� 2gÞ2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 � 4g3

p

¼ g 2ð1� 2gÞ2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4g

p
 �

� 0:

Case 2: 9g� 2.

Since
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 � 4g3 þ 2ð9g� 2Þu� 27u2

p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4
27
ð1� 3gÞ3 � 1

27
ð27u� 9gþ 2Þ2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4
27
ð1� 3gÞ3

q
, a

direct calculation shows
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2gð1� 2gÞ2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 � 4g3 þ 2ð9g� 2Þu� 27u2

p

� 2gð1� 2gÞ2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4
27
ð1� 3gÞ3

q

¼ 2gð1� 2gÞ2 � 2
9
ð1� 3gÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� 3gÞ

p

� 2gð1� 2gÞ2 � 2
9
ð1� 3gÞ

¼ 8
729

ð9g� 2Þ 9g� 7
2

� 	2þ 3
4


 �
þ 46

729

� 0.

Consequently, the proof is fully completed. h

Theorem 5.19 Let €a ¼ ðl; t; pÞ be an IFV. Then it holds

that

3
Y
cyc

lþ 1� 2
X
cyc

l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tpð1� tÞð1� pÞ

p
þ t


 �
: ð53Þ

Proof A direct equivalent calculation of Eq. (53) gives

3
Q
cyc

lþ 1� 2
P
cyc

l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tpð1� tÞð1� pÞ

p
þ t

� 	
:

, 3
Q
cyc

lþ
P
cyc

l

 !2

�2
P
cyc

lt�

2
P
cyc

l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tpð1� tÞð1� pÞ

p

, 3
Q
cyc

lþ
P
cyc

l2 � 2
P
cyc

l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tpð1� tÞð1� pÞ

p

, 3
Q
cyc

lþ
P
cyc

l2
 !2

� 4
P
cyc

l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tpð1� tÞð1� pÞ

p !2

.

According to the Cauchy’s inequality in Lemma 2.6,

then

4
P
cyc

l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tpð1� tÞð1� pÞ

p !2

¼ 4ltp
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lð1� tÞð1� pÞ

p !2

� 4ltp
P
cyc

l �
P
cyc
ð1� tÞð1� pÞ

¼ 4ltp
P
cyc
ð1� tÞð1� pÞ:

For this, we only need to prove that

3
Q
cyc

lþ
P
cyc

l2
 !2

�4ltp
P
cyc
ð1� tÞð1� pÞ� 0

,
P
cyc

l6 þ 2
P
cyc

l5ðtþ pÞ
 

þ3
P
cyc

l4ðt2 þ p2Þ �

4ltp
P
cyc

l3 � 6lt p
P
cyc

l2ðtþ pÞÞ þ 4
P
cyc

l4 þ 2

 

P
cyc

t2p2 � 3ltpÞ� 4
P
cyc

l5 þ
P
cyc

l4ðtþ pÞ þ 2
P
cyc

l3ðt2
 

þp2Þ � 5ltp
P
cyc

l2 � 2ltp
P
cyc

tpÞ:

According to the Muirhead’s inequality in Lemma 2.15,

we can getP
sym

l4t2 �
P
sym

l3tp;
P
sym

l4 �
P
sym

l2tp and

P
sym

l2t2 �
P
sym

l2tp.

Moreover, a direct calculation givesP
cyc

l6 þ 2
P
cyc

l5ðtþ pÞ þ 3
P
cyc

l4ðt2 þ p2Þ

�4ltp
P
cyc

l3 � 6ltp
P
cyc

l2ðtþ pÞ

¼ 1
2

P
sym

l6 þ 2
P
sym

l5tþ 3
P
sym

l4t2 � 4ltp
P
cyc

l3

�6ltp
P
cyc

l2ð1� lÞ

¼ 1
2

P
sym

l6 þ 2
P
sym

l5tþ 3
P
sym

l4t2 þ 2ltp
P
cyc

l3

�6ltp
P
cyc

l2

¼ 1
2

P
sym

l6 þ 2
P
sym

l5tþ 3
P
sym

l4t2 þ
P
sym

l4tp �3
P
sym

l3tp

¼ 1
2

P
sym

l6 þ 2
P
sym

l5tþ
P
sym

l4tp

þ3
P
sym

l4t2 �
P
sym

l3tp

 !

� 0

andP
cyc

l4 þ 2
P
cyc

t2p2 � 3ltp

¼
P
cyc

l4 þ 2
P
cyc

l2t2 � 3ltp
P
cyc

l

¼
P
cyc

l4 þ 2
P
cyc

l2t2 � 3
P
cyc

l2tp

¼ 1
2

P
sym

l4 þ 2
P
sym

l2t2 � 3
P
sym

l2tp

 !

¼ 1

2

X
sym

l4 �
X
sym

l2tp

 !
þ 2

X
sym

l2t2 �
X
sym

l2tp

 ! !

� 0:

In addition, using the Mean inequality (AM-GM) in

Lemma 2.2, it suffices to prove that

P
cyc

l6 þ 2
P
cyc

l5ðtþ pÞ þ 3
P
cyc

l4ðt2 þ p2Þ
 

�4ltp
P
cyc

l3 � 6ltp
P
cyc

l2ðtþ pÞÞ�

P
cyc

l4 þ 2
P
cyc

t2p2 � 3ltp

 !
�

P
cyc

l5 þ
P
cyc

l4ðtþ pÞ þ 2
P
cyc

l3ðt2 þ p2Þ
 

�5ltp
P
cyc

l2 � 2ltp
P
cyc

tpÞ2.
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Let G ¼
P
cyc

l6 þ 2
P
cyc

l5ðtþ pÞ
 

þ3
P
cyc

l4ðt2 þ p2Þ �

4ltp
P
cyc

l3 � 6ltp
P
cyc

l2ðtþ pÞÞ�
P
ð cycl4 þ 2

P
cyc

t2p2 �

3ltpÞ �
P
cyc

l5 þ
P
cyc

l4ðtþ pÞ þ 2
P
cyc

l3ðt2
 

þp2Þ � 5ltp
P
cyc

l2 � 2ltp
P
cyc

tpÞ2

¼ ltp �
P
cyc

l6 � 2
P
cyc

l5ðtþ pÞ
 

þ3
P
cyc

l4 t2 þ p2ð Þ �

4
P
cyc

l3t3 þ 2lt p
P
cyc

l2ðtþ pÞ � 9l2t2p2Þ

¼ ltp � G, where G ¼
P
cyc

l6 � 2
P
cyc

l5ðtþ pÞ þ

3
P
cyc

l4ðt2 þ p2Þ

�4
P
cyc

t3p3 þ 2ltp
P
cyc

l2ðtþ pÞ � 9l2t2p2.

Without loss of generality, assume that l� t� p.
Let g ¼ t� l� 0 and u ¼ p� t� 0, then

G ¼ ðg2 þ guþ u2Þ2l2 þ 2u2ð2gþ uÞðg2

þguþ u2Þlþ u2ð2g2 þ 2guþ u2Þ2 � 0:

Consequently, this completes the proof of Theo-

rem 5.19. h

Theorem 5.20 For any IFV €a ¼ ðl; t; pÞ and satisfy

l; t; p[ 0. Then it holds that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27
P
cyc

lt

4

4

vuut
�
X
cyc

lffiffiffiffiffiffiffiffiffiffiffi
lþ t

p � 3

ffiffiffiffiffiffiffiffiffiffiffiP
cyc

l2

12

4

vuut
: ð54Þ

Proof The Eq. (54) can be proved in two steps, as shown

below.

(1) Left inequality:

ffiffiffiffiffiffiffiffiffiffiffiffiffi
27
P
cyc

lt

4

4

r
�
P
cyc

lffiffiffiffiffiffi
lþt

p :

It follows from the Carlson’s inequality in Lemma 2.9

that

P
cyc

lffiffiffiffiffiffi
lþt

p

 !
P
cyc

 
lffiffiffiffiffiffi
lþt

p Þ
P
cyc

lðlþ tÞ
 !

�
P
cyc

l

 !3

¼ 1

,
P
cyc

lffiffiffiffiffiffi
lþt

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1P
cyc

l2þ
P
cyc

lt

r
:

Further, it just has to prove that

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1P

cyc

l2þ
P
cyc

lt

r
0
@

1
A

4

�
27
P
cyc

lt

4

, 1

P
cyc

l

� �2

�
P
cyc

lt

0
BB@

1
CCA

2

�
27
P
cyc

lt

4

, 1

1�
P
cyc

lt

0
@

1
A

2

�
27
P
cyc

lt

4

, 2
P
cyc

lt � 1�
P
cyc

lt

 !2

� 8
27
.

According to the Mean inequality (AM-GM and 3 M) in

Lemma 2.2, a direct calculation gives

P
cyc

lt�

P
cyc

l

� �2

3
¼ 1

3
and

2
P
cyc

lt � 1�
P
cyc

lt

 !2

¼ 2
P
cyc

lt � 1�
P
cyc

lt

 !
�

1�
P
cyc

lt

 !
�

2
P
cyc

ltþ 1�
P
cyc

lt

� �
þ 1�

P
cyc

lt

� �

3

0
BB@

1
CCA

3

¼ 2
3

� 	3¼ 8
27
.

Hence,

ffiffiffiffiffiffiffiffiffiffiffiffiffi
27
P
cyc

lt

4

4

r
�
P
cyc

lffiffiffiffiffiffi
lþt

p is true.

(2) Right inequality:
P
cyc

lffiffiffiffiffiffi
lþt

p � 3

ffiffiffiffiffiffiffiffiffiP
cyc

l2

12

4

r
.

Using the explored Lemma 5.1, it can giveP
cyc

ffiffiffiffiffiffi
l

lþt

q
� 3

ffiffi
2

p

2
.

It follows from the Cauchy’s inequality in Lemma 2.6

that

P
cyc

lffiffiffiffiffiffi
lþt

p ¼
P
cyc

ffiffiffiffiffiffi
l

lþt
4

q
�
ffiffiffiffiffiffi
l3

lþt
4

q� �

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P
cyc

ffiffiffiffiffiffi
l

lþt

q !
�
P
cyc

ffiffiffiffiffiffi
l3

lþt

q !vuut �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
ffiffi
2

p

2

P
cyc

ffiffiffiffiffiffi
l3

lþt

qs
:

Further,it has to prove that

3

ffiffiffiffiffiffiffiffiffiP
cyc

l2

12

4

r
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
ffiffi
2

p

2

P
cyc

ffiffiffiffiffiffi
l3

lþt

qs
, 3

2

P
cyc

l2 �
P
cyc

ffiffiffiffiffiffi
l3

lþt

q !2

.

Meanwhile, a direct calculation shows

P
cyc

ffiffiffiffiffiffi
l3

lþt

q !2

¼
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l3ðtþpÞðpþlÞ

ðlþtÞðtþpÞðpþlÞ

q !2

¼
P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l3ðtþpÞðpþlÞQ

cyc

ðlþtÞ

s0
@

1
A

2

¼

P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l3ðtþpÞðpþlÞ

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ
cyc

ðlþtÞ
q

0
@

1
A

2

¼

P
cyc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l3ðtþpÞðpþlÞ

p
� �2

Q
cyc

ðlþtÞ ¼

P
cyc

l
ffiffiffiffiffiffi
tþp

pð Þ
ffiffiffiffiffiffiffiffiffiffiffi
lðpþlÞ

p� 	� �2

Q
cyc

ðlþtÞ
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�

P
cyc

l2ðtþpÞ

� � P
cyc

lðpþlÞ

� �

Q
cyc

ðlþtÞ (Use Cauchy’s inequality:

Lemma 2.6)

¼

P
cyc

l�
P
cyc

lt�3
Q
cyc

l

� � P
cyc

l

� �2

�
P
cyc

lt

� �

P
cyc

l�
P
cyc

lt�
Q
cyc

l

¼

P
cyc

lt� 3
Q
cyc

l

 !
1�

P
cyc

lt

 !

P
cyc

lt�
Q
cyc

l
:

Later, it just has to prove that

P
cyc

lt�3
Q
cyc

l

� �
1�
P
cyc

lt

� �

P
cyc

lt�
Q
cyc

l
� 3

2

P
cyc

l2 ¼ 3
2

P
cyc

l

 !2

�2
P
cyc

lt

0
@

1
A ¼ 3

2
1� 2

P
cyc

lt

 !

,
P
cyc

ltþ 3
Q
cyc

l� 4
P
cyc

lt

 !2

,
P
cyc

l

 !2P
cyc

ltþ 3
P
cyc

l

 !
Q
cyc

l� 4
P
cyc

lt

 !2

,
P
cyc

l2
 !

P
cyc

ltþ 2
P
cyc

lt

 !2

þ3
P
cyc

l

 !
Q
cyc

l� 4
P
cyc

lt

 !2

,
P
cyc

l2
 !

P
cyc

ltþ 3
P
cyc

l

 !
Q
cyc

l� 2
P
cyc

lt

 !2

,
P
cyc

l2
 !

P
cyc

lt� 2
P
cyc

l2t2 þ
Q
cyc

l �
P
cyc

l

,
P
cyc

ðl3tþ lt3Þ� 2
P
cyc

l2t2

,
P
cyc

ltðl� tÞ2 � 0:

Hence,
P
cyc

lffiffiffiffiffiffi
lþt

p � 3

ffiffiffiffiffiffiffiffiP
cyc

l

12

4

r
is true.

Finally, the proof is fully completed. h

Theorem 5.21 Let €a ¼ ðl; t; pÞ be an IFV. Then it holds

that

X
cyc

lkt�
1� 2

3
k; if 0� k� 1;

kk

ðkþ 1Þkþ1
; if k� 2:

8>>><
>>>:

ð55Þ

Proof (1) 0� k� 1.

Employing the Bernoulli’s inequality in Lemma 2.17, a

direct calculation givesP
cyc

lkt ¼
P
cyc

1þ l� 1ð Þkt

�
P
cyc

1þ kðl� 1Þð Þt

¼ ð1� kÞ
P
cyc

lþ k
P
cyc

lt

¼ 1� kþ k
P
cyc

lt

� 1� kþ

P
cyc

l

� �2

3
k (Use Mean inequality (3 M):

Lemma 2.2)

¼ 1� 2
3
k:

(2) k� 2.

Without loss of generality, assume that l� t� p.
It follows from the Bernoulli’s inequality in

Lemma 2.17 that

1þ p
l


 �k
� 1þ kp

l � 1þ 2p
l .

In addition, a direct calculation shows

ðlþ pÞkt ¼ lkt 1þ p
l


 �k

� lkt 1þ 2p
l


 �

¼ lktþ lk�1tpþ lk�2ltp
� lktþ tk�1tpþ pk�2ttp
¼ lktþ tkpþ pkl
¼
P
cyc

lkt:

It is known from the Mean inequality (AM-GM) in

Lemma 2.2 that

ðlþ pÞkt
¼ kk lþp

k

� 	k
t

¼ kkt � lþ p
k

� lþ p
k

� � � � � lþ p
k|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

k
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� kk
tþ
lþ p
k

þ lþ p
k

þ � � � þ lþ p
k

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{k

kþ1

0
BBBB@

1
CCCCA

kþ1

¼ kk tþlþp
kþ1


 �kþ1

¼ kk

ðkþ1Þkþ1 :

Finally, the proof is fully completed. h

Remark 5.4 From the above nine intuitionistic fuzzy

inequalities proved by combined well-known inequalities,

it can easily derive a conclusion that the most indispensable

inequality is Mean inequality, especially AM-GM. That is

to say, most known or unknown inequalities can be fully or

partly proved by Mean inequality (AM-GM, AM-SM,

3 M). Obviously, relying solely on a well-known inequality

to solve a certain inequality problem will become extre-

mely difficult, or even completely infeasible. How to use

existing well-known inequalities in a flexible combination

is the most critical part of the proof. In addition, as the

information with equality lþ tþ p ¼ 1 embedded in the

proof of inequality, how to add or reduce at the right time

will have an unexpected and wonderful effect at the critical

moment. Since the inequalities proposed based on the

equality under the intuitionistic fuzzy environment are just

a preliminary discussion, how to apply it to the proof of

existing or developed aggregation operators (Sect. 4) and

operations (Sect. 3) will be a practical discussion.

6 Conclusion

Inequality is a significant part of basic theory under intu-

itionistic fuzzy environment. It is usually overlooked, but it

is essential for operations and AOs on IFSs/IFVs. In this

paper, some inequalities are developed for IFSs based on

some existing operations. Meanwhile, three unweighted

intuitionistic fuzzy AOs (UIFS, UIFA and UIFG) derived

by some existing operations (�;	 and @) are developed

for aggregating preference information, whose their cor-

responding inequality relations based on UIFS are deeply

explored and proved by some famous inequalities. In

addition, an important inequality of UIFS, UIFA and UIFG

is constructed, which reveals the nature of AOs to compare

sizes. Based on the equality lþ tþ p ¼ 1, a series of

inequalities on IFV are constructed and proved by some

famous inequalities, which will become a new foundation

of intuitionistic fuzzy inequalities in operations and AOs.

It is important to note that the developed intuitionistic

fuzzy inequalities based on equality are not yet correlated

effectively. In other words, each of them basically exists as

an independent individual, but they may become a quick

point for the next proof of inequality like a lemma or

famous inequalities. In the future, we will employ the

developed intuitionistic fuzzy inequalities in proving more

complicated inequalities under intuitionistic fuzzy envi-

ronment, and apply them in real decision-making envi-

ronment to deal with real decision requirements.

7 List of Abbreviations

The list of abbreviations is shown in Table 2.
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Table 2 List of abbreviations

Full name Abbreviations

Intuitionistic Fuzzy Set IFS

Membership Degree MD

Nonmembership Degree NMD

Fuzzy Set FS
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Harmonic Mean HM

Geometric Mean GM

Arithmetic Mean AM

Square Mean SM
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