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Abstract
This paper studies the anisotropic fractional Sobolev space restricted on a bounded
domain in theEuclidean spaceR

n with fractional orderα ∈ [0, n], which complements
the previous theory with fractional order α > n. We investigate the seminorm of the
characteristic function as the anisotropic fractional perimeter restricted on a bounded
domain, and systematically establish its metric properties including the upper bound
estimation. For application,we prove the embedding lawwith respect to the anisotropic
fractional Sobolev space and the Radon measure based Lebesgue space restricted on
a bounded domain by the intrinsic geometric characterization.

Keywords Anisotropic fractional Sobolev space · Anisotropic fractional perimeter ·
Anisotropic fractional Sobolev embedding

1 Preliminaries

For p � 1, 0 < s < 1 and � ⊂ R
n , the fractional Sobolev space is introduced by

Gagliardo in [3] including all the functions f ∈ L p(�) with the fractional Sobolev
s-seminorm

‖ f ‖p
Ws,p(�) =

∫
�

∫
�

| f (x) − f (y)|p
|x − y|n+ps

dxdy < +∞. (1)
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The fractional Sobolev space has beenwidely developedwith respect to various aspects
in mathematics and applied mathematics. For example, it plays important role in the
trace problems of the Sobolev space (see also in [3]). For more applications, we refer
to [1, 2, 7, 10–12].

For s ∈ (0, 1), the fractional s-perimeter of a Borel set E ⊂ R
n is defined by

Ps(E) =
∫
E

∫
Ec

1

|x − y|n+s
dxdy, (2)

where Ec denotes the complement of E inR
n . Fractional perimeter attracts increasing

attentions in geometry (see [5] and the references therein), which is closely related to
the fractional Sobolev space. Note that, let p = 1 and � = R

n , then ‖1E‖Ws,1(Rn) =
2Ps(E), where 1E denotes the characteristic function on E .

Recently, both fractional Sobolev space and fractional perimeter have been gener-
alized in an anisotropic way. For this, we need first recall some basic conceptions and
results in convex geometry analysis.

A set K � R
n is called star-shaped with respect to the origin if the intersection of

every line through origin with K is a compact line segment. The radial function of K
is defined by

ρK (x) = max{λ ≥ 0 : λx ∈ K } ∀ x ∈ R
n \ o,

where o denotes the origin of R
n . If ρK is positive and continuous, K is called a star

body with respect to the origin and if for any x ∈ R
n \ o, ρK (x) = ρK (−x), K is

called symmetric with respect to the origin. In this paper, we always assume that K is
a symmetric star body with respect to the origin.

The Minkowski functional of K , ‖ · ‖K is defined by:

‖x‖K = inf{λ > 0 : x ∈ λK } ∀ x ∈ R
n,

where λK = {λy : y ∈ K }. Note that ‖x‖K = ‖ − x‖K for any x ∈ R
n since K is

assumed to be symmetric in this paper.
Let y ∈ R

n , a > 0 and

BK
a (y) = {x ∈ R

n : ‖x − y‖K ≤ a}

be the K -ball centered at y with radius a. In this paper, let E ⊂ R
n be a bounded mea-

surable set, and Ec, V (E) denote the complement of E in R
n and the n-dimensional

volume of E , respectively. Then, it is easy to check that

V (BK
a (y)) = anV (K ).

For more information on convex geometry, we refer to [4] and [9].
The anisotropic fractional Sobolev space and fractional perimeter follows by replac-

ing |x − y| by ‖x − y‖K in respectively (1) and (2), which have been well developed
in recent years. For example, Ludwig studies the limiting behavior of the anisotropic
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fractional Sobolev s-seminorm for both s → 1− and s → 0+ in [6], while the lim-
iting cases of the anisotropic fractional s-perimeter are investigated respectively by
also Ludwig in [5] for s → 1− and Maz’Ya, Shaposhnikova for s → 0+ in [8]. The
anisotropic Sobolev capacity with fractional order is introduced byXiao andYe in [14]
with applications to the theory of anisotropic fractional Sobolev space embeddings.
Estimation for the anisotropic fractional perimeter is also established in [14], which
is optimal in a limiting way.

Note that the fractional orders n + ps in these previous theories are greater than n.
As for the fractional orders not more than n, we will study the corresponding theory
in this paper. Let � be a bounded domain and α ∈ [0, n] if not specially mentioned in
this paper.

Definition 1 The anisotropic fractional Sobolev space restricted on �, denoted by
Wα,1

K (�), is the set of all the functions f ∈ L1(�) with the seminorm

‖ f ‖Wα,1
K (�)

=
∫

�

∫
�

| f (x) − f (y)|
‖x − y‖α

K
dxdy < +∞.

Let

Pα(E ∩ �, K ) =
∫
E∩�

∫
Ec∩�

1

‖x − y‖α
K
dxdy

be the anisotropic fractional perimeter restricted on � for a bounded measurable set
E ⊂ R

n with respect to K . We can check that

‖1E‖Wα,1
K (�)

= 2Pα(E ∩ �, K ), (3)

and if V (E ∩ �) = 0 or V (Ec ∩ �) = 0, it is easy to check that ‖1E‖Wα,1
K (�)

=
2Pα(E∩�, K ) = 0,which is trivial. Hence,wewill always assume that V (E∩�) �= 0
and V (Ec ∩ �) �= 0 in this paper. Moreover, note that K is symmetric star body with
respect to the origin, then by Fubini’s theorem, we can check that

Pα(E ∩ �, K ) =
∫
E∩�

∫
Ec∩�

1

‖x − y‖α
K
dxdy

=
∫
Ec∩�

∫
E∩�

1

‖x − y‖α
K
dydx

=
∫
Ec∩�

∫
E∩�

1

‖y − x‖α
K
dydx

=
∫
Ec∩�

∫
E∩�

1

‖x − y‖α
K
dxdy.
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2 Metric Properties for the Anisotropic Fractional Perimeter
Restricted on a Bounded Domain

In this section, we are going to study the metric properties of the anisotropic fractional
perimeter restricted on �, which induce corresponding properties for the seminorm
of characteristic function in the anisotropic fractional Sobolev space restricted on �

by (3).

Theorem 1 (i) Homogeneity for K : let r > 0, then

Pα (E ∩ �, r K ) = rαPα (E ∩ �, K ) .

(ii) Translation: for any x0 ∈ R
n,

{
Pα ((x0 + E) ∩ �, K ) = Pα(E ∩ (� − x0), K ),

Pα (x0 + E ∩ �, K ) = Pα(E ∩ �, K ),

where x0 + E = {x0 + y : y ∈ E}, � − x0 = {y − x0 : y ∈ �} and

x0 + E ∩ � = {x0 + y : y ∈ E ∩ �} .

(iii) Interpolation: let 0 � α < β < γ ≤ n, then

{
[Pβ(E ∩ �, K )]γ−α � [Pα(E ∩ �, K )]γ−β [Pγ (E ∩ �, K )]β−α,

ln[Pβ(E ∩ �, K )] � γ−β
γ−α

ln[Pα(E ∩ �, K )] + β−α
γ−α

ln[Pγ (E ∩ �, K )], (4)

and

β �→
[

Pβ(E ∩ �, K )

V (E ∩ �)V (Ec ∩ �)

]1/β

is increasing on (0, n).

Proof (i) Note that ‖x − y‖r K = r−1‖x − y‖K holds for any x, y ∈ R
n , then

Pα (E ∩ �, r K ) =
∫
E∩�

∫
Ec∩�

1

‖x − y‖α
r K

dxdy

= rα

∫
E∩�

∫
Ec∩�

1

‖x − y‖α
K
dxdy

= rαPα (E ∩ �, K ) .

(ii) Note that (x0 + E)c = x0 + Ec, then
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Pα ((x0 + E) ∩ �, K ) =
∫

(x0+E)∩�

(∫
(x0+E)c∩�

1

‖x − y‖α
K
dx

)
dy

=
∫
x0+E∩(�−x0)

(∫
x0+Ec∩(�−x0)

1

‖x − y‖α
K
dx

)
dy

=
∫
x0+E∩(�−x0)

(∫
Ec∩(�−x0)

1

‖z + x0 − y‖α
K
dz

)
dy

=
∫
x0+E∩(�−x0)

(∫
Ec∩(�−x0)

1

‖z − (y − x0)‖α
K
dz

)
dy

=
∫
E∩(�−x0)

(∫
Ec∩(�−x0)

1

‖z − w‖α
K
dz

)
dw

= Pα(E ∩ (� − x0), K ),

where we let x = z + x0 and y = w + x0. Hence, it follows that

Pα (x0 + E ∩ �, K ) = Pα ((x0 + E) ∩ (x0 + �), K )

= Pα(E ∩ �, K ).

(iii) Note that 0 <
γ−β
γ−α

< 1, 0 <
β−α
γ−α

< 1 and γ−β
γ−α

+ β−α
γ−α

= 1. Hence, by
Hölder’s inequality, it follows that

Pβ(E ∩ �, K )

=
∫
E∩�

∫
Ec∩�

1

‖x − y‖β
K

dxdy

=
∫
E∩�

∫
Ec∩�

(
1

‖x − y‖α
K

)(γ−β)/(γ−α)
(

1

‖x − y‖γ

K

)(β−α)/(γ−α)

dxdy

�
∫
E∩�

(∫
Ec∩�

dx

‖x − y‖α
K

)(γ−β)/(γ−α)
(∫

Ec∩�

dx

‖x − y‖γ

K

)(β−α)/(γ−α)

dy

�
(∫

E∩�

∫
Ec∩�

dxdy

‖x − y‖α
K

)(γ−β)/(γ−α)
(∫

E∩�

∫
Ec∩�

dxdy

‖x − y‖γ

K

)(β−α)/(γ−α)

= (Pα(E ∩ �, K ))(γ−β)/(γ−α) (Pγ (E ∩ �, K ))(β−α)/(γ−α),

which implies the desired inequalities (4) by taking power γ − α to both sides and
applying the logarithmic function to both sides.

Let α = 0. Then P0(E ∩ �, K ) = V (E ∩ �)V (Ec ∩ �) and it follows from (4)
that

Pβ(E ∩ �, K ) �
(
V (E ∩ �)V (Ec ∩ �))

)(γ−β)/γ
(Pγ (E ∩ �, K ))β/γ ,
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which implies

[
Pβ(E ∩ �, K )

V (E ∩ �)V (Ec ∩ �)

]1/β
�

[
Pγ (E ∩ �, K )

V (E ∩ �)V (Ec ∩ �)

]1/γ
.

Hence,

β �→
[

Pβ(E ∩ �, K )

V (E ∩ �)V (Ec ∩ �)

]1/β

is increasing on (0, n). �

Wecan establish the upper bound estimation for the anisotropic fractional perimeter
restricted on� and the seminormof characteristic function in the anisotropic fractional
Sobolev space restricted on �.

Theorem 2 Let α ∈ [0, n). Then

‖1E‖Wα,1
K (�)

= 2Pα(E ∩ �, K )

≤ 2n

n − α
V (E ∩ �)V (Ec ∩ �)

(
V (K )

max(V (E ∩ �), V (Ec ∩ �))

) α
n

.

(5)

Proof It is easy to check that the desired inequality (5) holds trivially if V (E∩�) = 0,
or V (Ec ∩�) = 0, or α = 0. Hence, we will suppose V (E ∩�) �= 0, V (Ec ∩�) �= 0
and α ∈ (0, n) in the following proof. Let y ∈ Ec ∩� and BK

r (y) be the K−ball with
center y and radius

r =
(
V (E ∩ �)

V (K )

) 1
n

> 0.

Note that V (BK
r (y)) = V ({x : ‖x − y‖K ≤ r}) = rnV (K ) = V (E ∩ �) and hence

V ((E ∩ �)c ∩ BK
r (y)) = V ((BK

r (y)c ∩ (E ∩ �)),

which, together with the fact

{
‖x − y‖K ≤ r , ∀x ∈ (E ∩ �)c ∩ BK

r (y);
‖x − y‖K > r , ∀x ∈ (BK

r (y))c ∩ (E ∩ �),

implies
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∫
(E∩�)c∩BK

r (y)

dx

‖x − y‖α
K

≥ V (BK
r (y) ∩ (E ∩ �)c)

rα

= V ((BK
r (y))c ∩ (E ∩ �))

rα

≥
∫

(BK
r (y))c∩(E∩�)

dx

‖x − y‖α
K

.

Hence, it follows that

∫
E∩�

dx

‖x − y‖α
K

=
∫

(E∩�)∩BK
r (y)

dx

‖x − y‖α
K

+
∫

(E∩�)∩(BK
r (y))c

dx

‖x − y‖α
K

≤
∫

(E∩�)∩BK
r (y)

dx

‖x − y‖α
K

+
∫

(E∩�)c∩BK
r (y)

dx

‖x − y‖α
K

=
∫
BK
r (y)

dx

‖x − y‖α
K

. (6)

Then by Fubini’s theorem, we have

∫
BK
r (y)

dx

‖x − y‖α
K

=
∫

{x :‖x−y‖K≤r}

(∫ ∞

‖x−y‖K
αt−1−α dt

)
dx

=
∫ ∞

r
αt−1−α

(∫
{x :‖x−y‖K≤r}

dx

)
dt

+
∫ r

0
αt−1−α

(∫
{x :‖x−y‖K≤t}

dx

)
dt

= rnV (K )

∫ ∞

r
αt−1−α dt + V (K )

∫ r

0
αtn−α−1 dt

= rn−αV (K ) + α

n − α
rn−αV (K )

= n

n − α
V (E ∩ �)

n−α
n V (K )

α
n ,

which, together with (6), implies

Pα(E ∩ �, K ) =
∫
E∩�

∫
Ec∩�

1

‖x − y‖α
K
dxdy

=
∫
Ec∩�

∫
E∩�

1

‖x − y‖α
K
dxdy

≤
∫
Ec∩�

n

n − α
V (E ∩ �)

n−α
n V (K )

α
n dy

= n

n − α
V (E ∩ �)

n−α
n V (K )

α
n V (Ec ∩ �). (7)
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On the other hand, similar way can be applied to get

∫
Ec∩�

dx

‖x − y‖α
K

≤ n

n − α
V (Ec ∩ �)

n−α
n V (K )

α
n ,

and hence

Pα(E ∩ �, K ) =
∫
E∩�

∫
Ec∩�

1

‖x − y‖α
K
dxdy

≤
∫
E∩�

n

n − α
V (Ec ∩ �)

n−α
n V (K )

α
n dy

= n

n − α
V (Ec ∩ �)

n−α
n V (K )

α
n V (E ∩ �),

which, together with (7), implies (5) holds. �

By Theorem 2, we can explore more metric properties of the anisotropic fractional
perimeter restricted on �, including the uniform continuity and regularity, which
induce corresponding metric properties of the seminorm of characteristic function
in the anisotropic fractional Sobolev space restricted on �, and contribute to the
anisotropic fractional Sobolev embedding restricted on � in the next section.

Theorem 3 Let 0 ≤ α < n and E, G ⊂ R
n be bounded measurable sets with

V (E�G) = 0, where E�G = (Ec ∩ G) ∪ (E ∩ Gc), then

Pα(E ∩ �, K ) = Pα(G ∩ �, K ).

Proof For any x ∈ R
n , it follows by Theorem 2 that

∣∣∣∣
∫
E∩�

dy

‖x − y‖α
K

−
∫
G∩�

dy

‖x − y‖α
K

∣∣∣∣ =
∫

(E�G)∩�

dy

‖x − y‖α
K

≤ n

n − α
V ((E�G) ∩ �)

n−α
n V (K )

α
n

= 0,

which implies
∫
E∩�

dy
‖x−y‖α

K
≡ ∫

G∩�
dy

‖x−y‖α
K
, and hence

Pα(E ∩ �, K ) =
∫
E∩�

∫
Ec∩�

1

‖x − y‖α
K
dxdy

=
∫
Ec∩�

∫
E∩�

1

‖x − y‖α
K
dydx
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=
∫
Gc∩�

∫
G∩�

1

‖x − y‖α
K
dydx

=
∫
G∩�

∫
Gc∩�

1

‖x − y‖α
K
dxdy

= Pα(G ∩ �, K ).

�
Theorem 4 Let 0 ≤ α < n. Pα(· ∩ �, K ) is uniformly continuous in the following
way: for any ε > 0, there exists δ > 0, such that, for any bounded measurable sets
E1, E2 ⊆ R

n with V (E1�E2) < δ, it follows that

|Pα(E1 ∩ �, K ) − Pα(E2 ∩ �, K )| < ε.

Proof For any ε > 0, let

δ = min

{
ε(n − α)

4n
V (�)

α−n
n V (K )

−α
n ,

(
ε(n − α)

4n
V (�)−1V (K )

−α
n

) n
n−α

}
.

Then, for any bounded measurable sets E1, E2 ⊆ R
n with V (E1�E2) < δ, by

Fubini’s theorem, we have

|Pα(E1 ∩ �, K ) − Pα(E2 ∩ �, K )|

=
∣∣∣∣∣
∫
E1∩�

∫
Ec
1∩�

1

‖x − y‖α
K
dxdy −

∫
E2∩�

∫
Ec
2∩�

1

‖x − y‖α
K
dxdy

∣∣∣∣∣
=

∣∣∣∣∣
∫
Ec
1∩�

∫
E1∩�

1

‖x − y‖α
K
dydx −

∫
Ec
2∩�

∫
E2∩�

1

‖x − y‖α
K
dydx

∣∣∣∣∣
≤

∣∣∣∣∣
∫

(Ec
1�Ec

2)∩�

∫
E1∩�

1

‖x − y‖α
K
dydx

∣∣∣∣∣ +
∣∣∣∣∣
∫

(Ec
1�Ec

2)∩�

∫
E2∩�

1

‖x − y‖α
K
dydx

∣∣∣∣∣
+

∣∣∣∣∣
∫

(Ec
1∩Ec

2)∩�

(∫
E1∩�

1

‖x − y‖α
K
dy −

∫
E2∩�

1

‖x − y‖α
K
dy

)
dx

∣∣∣∣∣
= I1 + I2 + I3.

Note that E1�E2 = Ec
1�Ec

2 and hence V (E1�E2) = V (Ec
1�Ec

2) < δ. Then, by
Theorem 2, it follows that

I1 ≤ n

n − α
V ((Ec

1�Ec
2) ∩ �)V (E1 ∩ �)

n−α
n V (K )

α
n

≤ nδ

n − α
V (�)

n−α
n V (K )

α
n

<
ε

3
.
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Estimation for I2 follows in a similar way:

I2 ≤ n

n − α
V ((Ec

1�Ec
2) ∩ �)V (E2 ∩ �)

n−α
n V (K )

α
n

≤ nδ

n − α
V (�)

n−α
n V (K )

α
n

<
ε

3
.

For I3, by Theorem 2 again, we have

I3 ≤
∫

(Ec
1∩Ec

2)∩�

∣∣∣∣
∫
E1∩�

dy

‖x − y‖α
K

−
∫
E2∩�

dy

‖x − y‖α
K

∣∣∣∣ dx

=
∫

(Ec
1∩Ec

2)∩�

∣∣∣∣
∫

(E1�E2)∩�

dy

‖x − y‖α
K

∣∣∣∣ dx
≤ n

n − α
V ((Ec

1 ∩ Ec
2) ∩ �)V ((E1�E2) ∩ �)

n−α
n V (K )

α
n

≤ n

n − α
V (�)δ

n−α
n V (K )

α
n

<
ε

3
.

In conclusion,

|Pα(E1 ∩ �, K ) − Pα(E2 ∩ �, K )| = I1 + I2 + I3 <
ε

3
+ ε

3
+ ε

3
= ε.

�
By theorem 4, we have the following corollary for the regularity of the anisotropic

fractional perimeter restricted on �, which induces corresponding regularity of
the seminorm of characteristic function in the anisotropic fractional Sobolev space
restricted on �.

Corollary 5 Let 0 ≤ α < n.
(i)For any boundedmeasurable set E and any open set sequence {On}n∈N+ decreasing
to E, which means On ⊇ On+1 ⊇ E for any n ∈ N+ and for any ε > 0, there exists
N ∈ N+ such that V (On \ E) < ε for n > N, it follows that

Pα(E ∩ �, K ) = lim
n→∞ Pα(On ∩ �, K ).

(ii) For any bounded measurable open set O and any compact set sequence {Ln}n∈N+
increasing to O, which means Ln ⊆ Ln+1 ⊆ O for any n ∈ N+ and for any ε > 0,
there exists N ∈ N+ such that V (O \ Ln) < ε for n > N, it follows that

Pα(O ∩ �, K ) = lim
n→∞ Pα(Ln ∩ �, K ).
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Proof (i) By theorem 4, for any ε > 0, there exists δ > 0, such that, for any bounded
measurable sets O with V (E�O) < δ, it follows that

|Pα(E ∩ �, K ) − Pα(O ∩ �, K )| < ε.

For this δ > 0 and the open set sequence {On}n∈N+ decreasing to E , there exists
N ∈ N+ such that V (On \ E) = V (On�E) < δ for n > N , and hence

|Pα(E ∩ �, K ) − Pα(On ∩ �, K )| < ε for n > N ,

which implies

Pα(E ∩ �, K ) = lim
n→∞ Pα(On ∩ �, K ).

(ii) The proof is similar with (i) and we omit the details here. �

3 Anisotropic Fractional Sobolev Inequality Restricted on a Bounded
Domain

In this section, we will establish the embedding from anisotropic fractional Sobolev
space restricted on � to the Radon measure based Lebesgue space restricted on � by
the intrinsic geometric characterization.Before this,we need the following lemmawith
respect to the coarea formula for the anisotropic fractional Sobolev space restricted
on �.

Lemma 6 Let f ∈ Wα,1
K (�) and Ot ( f ) = {x ∈ R

n : | f (x)| > t} for t ≥ 0. Then

‖ f ‖Wα,1
K (�)

= 2
∫ ∞

0
Pα (Ot ( f ) ∩ �, K ) dt .

Proof Note that f ∈ L1 (�) since f ∈ Wα,1
K (�) and Visintin in [13] pointed out that

as a consequence of Fubini’s theorem, a generalized coarea formula for the anisotropic
fractional Sobolev space restricted on � can be established:

‖ f ‖Wα,1
K (�)

=
∫

�

∫
�

| f (x) − f (y)|
‖x − y‖α

K
dxdy

= 2
∫ +∞

−∞
Pα(

{
x ∈ R

n : f (x) > t
} ∩ �, K )dt

= 2
∫ +∞

0
Pα(

{
x ∈ R

n : f (x) > t
} ∩ �, K )dt

+ 2
∫ 0

−∞
Pα(

{
x ∈ R

n : f (x) > t
} ∩ �, K )dt
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= 2
∫ +∞

0
Pα(

{
x ∈ R

n : f (x) > t
} ∩ �, K )dt

+ 2
∫ +∞

0
Pα(

{
x ∈ R

n : f (x) > −s
} ∩ �, K )ds, (8)

where the variable changing t = −s is applied in the last equality. Note that K is
origin symmetric, then, for any s ∈ (0,+∞), it follows that

Pα(
{
x ∈ R

n : f (x) > −s
} ∩ �, K ) = Pα(

{
x ∈ R

n : f (x) > −s
}c ∩ �, K )

= Pα(
{
x ∈ R

n : f (x) ≤ −s
} ∩ �, K )

= Pα(
{
x ∈ R

n : f (x) < −s
} ∩ �, K ),

where the last equality holds by Theorem 3 since V ({x ∈ R
n : f (x) = −s}) = 0

almost everywhere. This, together with (8), implies

‖ f ‖Wα,1
K (�)

= 2
∫ +∞

0
Pα(

{
x ∈ R

n : f (x) > t
} ∩ �, K )dt

+ 2
∫ +∞

0
Pα(

{
x ∈ R

n : f (x) < −s
} ∩ �, K )ds

= 2
∫ +∞

0
Pα(

{
x ∈ R

n : | f (x)| > t
} ∩ �, K )dt

= 2
∫ ∞

0
Pα (Ot ( f ) ∩ �, K ) dt .

�
Theorem 7 Let μ be a nonnegative Radon measure on R

n, p ≥ 1 and 0 ≤ α < n.
The following two inequalities are equivalent.
(i) The anisotropic fractional Sobolev inequality restricted on �: there is a constant
c > 0 such that

‖ f ‖L p
μ(�) ≤ c‖ f ‖Wα,1

K (�)
∀ f ∈ Wα,1

K (�). (9)

(ii) The anisotropic fractional isoperimetric inequality restricted on �: there is a
constant c > 0, such that for any bounded measurable set E ⊂ R

n,

μ(E ∩ �)
1
p ≤ 2cPα(E ∩ �, K ). (10)

Proof (i) ⇒ (ii) Suppose (9) holds true, then for any compact set L ⊆ R
n and any

ε ∈ (0, 1), let

fε(x) =
{
1 − ε−1dist(x, L), if dist(x, L) < ε,

0, if dist(x, L) ≥ ε,
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where dist(x, L) = inf{|x − y| : y ∈ L} denotes the Euclidean distance of the point
x and the set L . Let L fε be the support set of fε . Note that 0 ≤ fε ≤ 1Lε and
fε ∈ L1 (�), then by a similar estimation as in Theorem 2, it follows that

‖ fε(x)‖Wα,1
K (�)

=
∫

�

∫
�

| fε(x) − fε(y)|
‖x − y‖α

K
dxdy

≤
∫

�

∫
�

| fε(x)|
‖x − y‖α

K
dxdy +

∫
�

∫
�

| fε(y)|
‖x − y‖α

K
dxdy

≤ 2
∫

�

∫
�

1Lε (x)

‖x − y‖α
K
dxdy

≤ 2n

n − α
V (Lε ∩ �)

n−α
n V (K )

α
n V (�)

< +∞,

which implies fε ∈ Wα,1
K (�). Then, by (9), it follows that

μ(L ∩ �)
1
p =

(∫
�

1Ldμ(x)

) 1
p ≤

(∫
�

fε(x)
pdμ(x)

) 1
p

= ‖ fε‖L p
μ(�) ≤ c‖ fε‖Wα,1

K (�)
.

Let ε → 0+, then by the dominated convergence theorem, it follows that

μ(L ∩ �)
1
p ≤ lim

ε→0+ c‖ fε‖Wα,1
K (�)

= c ‖1L‖Wα,1
K (�)

= 2cPα(L ∩ �, K ). (11)

For any open set O ⊆ R
n , there exists a sequence of compact sets {Ln}n∈N+

increasing to O . By Corollary 5 and (11), it follows that

μ(O ∩ �)
1
p = lim

n→∞ μ(Ln ∩ �)
1
p ≤ lim

n→∞ 2cPα(Ln ∩ �, K )

= 2cPα(O ∩ �, K ). (12)

For any bounded measurable set E ⊆ R
n , there exists a sequence of open sets

{On}n∈N+ decreasing to E . By Corollary 5 and (12), it follows that

μ(E ∩ �)
1
p = lim

n→∞ μ(On ∩ �)
1
p ≤ lim

n→∞ 2cPα(On ∩ �, K )

= 2cPα(E ∩ �, K ).

(ii)⇒ (i) Assume (10) holds. Let f ∈ Wα,1
K (�). Obviously,μ (Ot ( f )) is a decreas-

ing function on t ∈ [0,∞), and hence for p ≥ 1, by Fubini’s theorem, it follows
that
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‖ f ‖L p
μ(�) =

(∫
�

| f (x)|p dμ(x)

) 1
p

=
(∫

�

[ ∫ | f (x)|

0
pt p−1 dt

]
dμ(x)

) 1
p

=
(∫ ∞

0

[ ∫
Ot ( f )∩�

pt p−1 dμ(x)

]
dt

) 1
p

=
(∫ ∞

0
μ (Ot ( f ) ∩ �) dt p

) 1
p

=
∫ ∞

0

d

dt

(∫ t

0
μ (Os( f ) ∩ �) ds p

) 1
p

dt

=
∫ ∞

0

(∫ t

0
μ (Os( f ) ∩ �) ds p

) 1
p −1

μ (Ot ( f ) ∩ �) t p−1dt

≤
∫ ∞

0

(∫ t

0
μ (Ot ( f ) ∩ �) ds p

) 1
p −1

μ (Ot ( f ) ∩ �) t p−1dt

=
∫ ∞

0
(μ (Ot ( f ) ∩ �))

1
p dt,

which, together with (10) and lemma 6, implies, for any f ∈ C∞
0 ,

‖ f ‖L p
μ

≤
∫ ∞

0
(μ (Ot ( f ) ∩ �))

1
p dt

≤ 2c
∫ ∞

0
Pα (Ot ( f ) ∩ �, K ) dt

= c‖ f ‖Wα,1
K (�)

.
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