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Abstract

In this paper, we discuss some numerical realizations of Shannon’s sampling theorem.
First we show the poor convergence of classical Shannon sampling sums by presenting
sharp upper and lower bounds on the norm of the Shannon sampling operator. In addi-
tion, it is known that in the presence of noise in the samples of a bandlimited function,
the convergence of Shannon sampling series may even break down completely. To
overcome these drawbacks, one can use oversampling and regularization with a con-
venient window function. Such a window function can be chosen either in frequency
domain or in time domain. We especially put emphasis on the comparison of these two
approaches in terms of error decay rates. It turns out that the best numerical results
are obtained by oversampling and regularization in time domain using a sinh-type
window function or a continuous Kaiser—Bessel window function, which results in an
interpolating approximation with localized sampling. Several numerical experiments
illustrate the theoretical results.
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1 Introduction

The classical Whittaker—Kotelnikov—Shannon sampling theorem (see [11, 25, 32])
plays a fundamental role in signal processing, since it describes the close relation
between a bandlimited function and its equidistant samples. A function f € L?(R) is
called bandlimited with bandwidth %, if the support of its Fourier transform

f(v) :=/ f(e ™ dr, v eR,
R

is contained in [— %, %] Let the space of all bandlimited functions with bandwidth %
be denoted by

Bup@®) i={f e L2@®: supp f < [~ 5, 4]}, (1.1

which is also known as the Paley—Wiener space. By definition (1.1), the Paley—Wiener
space By 2(IR) consists of equivalence classes of almost equal functions. However, it
can be shown (see e.g. [10, p. 6]) that there is always a smooth representation, since
for each r € Ny we have by inverse Fourier transform that

N/2 )
O = / f) @miv)” ™V dr
/2

—N

and (2ni-)’f € Ll([ - %, %]) and therefore £ e Co(R), where Co(R) denotes
the Banach space of continuous functions f: R — C vanishing as |f| — oo with the
norm

Il fllcor) := max | f(1)].
teR

That is to say, we have By 2(R) € L2(R) N Co(R) N C®(R).

Then the Whittaker—Kotelnikov—Shannon sampling theorem states that any ban-
dlimited function f € By /2(R) can be recovered from its equispaced samples f (%),
ke Z,withL > N as

f@) =" f(§)sinc(Lwt — k), teR, 1.2)

keZ

where the sinc function is given by

sin x .
sinc x := x +x € R\{0},
1 x =0.

Itis well known that the series in (1.2) converges absolutely and uniformly on whole R.
Unfortunately, the practical use of this sampling theorem is limited, since it requires
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infinitely many samples, which is impossible in practice. Furthermore, the sinc func-
tion decays very slowly such that the Shannon sampling series

Zf % sinc(Lwt —kmw), teR, (1.3)
keZ

with L > N has rather poor convergence, as can be seen from the sharp upper and
lower bounds on the norm of the Shannon sampling operator (see Theorem 2.2). In
addition, it is known (see [6]) that in the presence of noise in the samples f (%), k € Z,
of a bandlimited function f € By,2(RR), the convergence of Shannon sampling series
may even break down completely. To overcome these drawbacks, many applications
employ oversampling, i.e., a function f € L?*(R) of bandwidth % is sampled on a
finer grid % Z with L > N, where the oversampling is measured by the oversampling
parameter A := % > (. In addition, we consider several regularization techniques,
where a so-called window function is used. Since this window function can be chosen
in frequency domain or in spatial domain, we study both approaches and compare the
theoretical and numerical approximation properties in terms of decay rates.

On the one hand, we investigate the regularization with a window function in
frequency domain (called frequency window function), cf. e.g. [5, 15, 17, 24, 28].
Here we use a suitable function of the form

1 vl < ¥,
Y() =1 x(vh) ¥ <l <%,
0 v > £,

where x : [2, 2] — [0, 1] is frequently chosen as some monotonously decreas-
ing, continuous function with x (%) = 1and x (%) = 0. Applying inverse Fourier

transform, we determine the corresponding function i in time domain. Since 1} is
compactly supported, the uncertainty principle (cf. [18, p. 103, Lemma 2.39]) yields
supp ¥ = R. Then it is known that the function f can be represented in the form

f(r)—Zf%

keZ

), t eR.

~ |

Using uniform truncation, we approximate a function f € By /2(IR) by the T-th partial
sum

T
1
(Pyrf)t) =Y FE)pv=1). rel-111

k=—T

On the other hand, we examine the regularization with a window function in time
domain (called time window function), cf. e.g. [10, 13 14, 21]. Here a suitable window
function ¢ : R — [0, 1] with compact support [ — %, %] belongs to the set ®,,,/1, (as
defined in Sect. 4) with some m € N\{1}. Then we recover a function f € By 2 (R)
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by the regularized Shannon sampling formula

(Rpm [)(0) := Y f(¥)sinc(Lwt — k) p(t — §). 1 €R,

keZ

with L > N. By defining the set ®,,,;, of window functions ¢, only small truncation
parameters m are needed to achieve high accuracy, resulting in short sums being
computable very fast. In other words, this approach uses localized sampling. Moreover,
this method is an interpolating approximation, since for all n, k € Z we have

sinc(Lwt — k) o(t — %)

= Onk-
=

~=

In this paper we propose new estimates of the uniform approximation errors

)

max @) = (Pyr )] and max|£(0) = (Rym )0

where we apply several window functions I/Af and ¢. Note that for the frequency window
functions 1} only error estimates on certain compact interval (such as for example
[—1, 1]) can be given, while results on whole R are not feasible. It is shown in the
subsequent sections that the uniform approximation error decays algebraically with
respect to T, if 1} is a frequency window function. Otherwise, if ¢ € @,/ is chosen
as a time window function such as the sinh-type or continuous Kaiser—Bessel window
function, then the uniform approximation error decays exponentially with respect to m.

To this end, this paper is organized as follows. First, in Sect. 2 we show the poor
convergence of classical Shannon sampling sums and improve results on the upper and
lower bounds of the norm of the Shannon sampling operator. Consequently, we study
the different regularization techniques. In Sect. 3 we start with the regularization using
a frequency window function. After recapitulating a general result in Theorem 3.3,
we consider window functions of different regularity and present the corresponding
algebraic decay results in Theorems 3.4 and 3.7. Subsequently, in Sect. 4 we proceed
with the regularization using a time window function. Here we also review the known
general result in Theorem 4.1 and afterwards demonstrate the exponential decay of the
considered sinh-type and continuous Kaiser—Bessel window functions in Theorems 4.2
and 4.3. Finally, in Sect. 5 we compare the previously considered approaches from
Sects. 3 and 4 to illustrate our theoretical results.

2 Poor convergence of Shannon sampling sums

In order to show that the Shannon sampling series (1.3) has rather poor convergence,
we truncate the series (1.3) with T € N, and consider the T -th Shannon sampling sum

T
Sr @) = Y f(§)sinc(Lxt —kn), teR. (2.1)

k=—T
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Obviously, this operator can be formed for each f € Cp(R).
Lemma 2.1 The linear operator St: Co(R) — Co(R) has the norm

T
157 = max > |sinc(Lrt — k). (2.2)
k=-T
Proof Foreach f € Co(R) and t € R we have
T T
(SrHOI< Y [ F(%)||sincLrt —km)| < Y |sinc(Lrt —km)| I f llcom).-

k=—T k=—T

such that
T
157 Fllcymy < max 3 [sinc(Lzt — k)| | fllcoce).
te kT
By defining the even nonnegative function
T
s7(t) = Z |sinc(Lrt —kn)|, teR, (2.3)

k=-T

which is contained in Co(R), and assuming that s7 has its maximum in fy € R, this
yields

1571 = sup {IS7 fllcom : | fllcom = 1} < s7(to).

The other way around, we consider the linear spline g € Co(R) with nodes in % Z,
where

_ [sign(sinc(Lzto — km)) k=-T,...,T,
() =19 ke Z\(~T,...,T).

=

Obviously, we have ||g|lc,®) = 1 and

T
Srg)t) = Z sign(sinc(erto — kn)) sinc(Lwt — kn)) <s7(t) <s7(tp).
k=—T
Then
T
(STg)(t0) = k:Z_T [sinc(Lxto — k)| = max sy (1) = st (10)
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implies

IS71l = I1S7gllcow) = max |(S7) ()| = s7 (1)

and hence (2.2). O
Now we show that the norm ||S7 || is unbounded with respect to 7.

Theorem 2.2 The norm of the operator St: Co(R) — Co(R) can be estimated by

2 1
(T +2n24y] - ——
o [T 4202+ y] T QT + 1)

T+2
aT (T +1)’

2
<|ISrll < =[InT +2In2+y]
T

2.4)

where we use Euler’s constant

T
1
y = lim <ZE —lnT) = 0.57721566. ...

T—o0
k=1

Proof As suggested in [27, p. 142, Problem 3.1.5], we represent (2.3) in the form

T+1
st0) =) a(), teR,
k=1
with
) = sinc(Lwt — km)| 4 [sinc(Lrt + (k — Dm)| :k=1,...,T,
) = sinc(Lwt + T7r)| ck=T+1.
Since (2.3) is even, we estimate the maximum of sy (¢) only for ¢+ > 0. For k =
1, ..., T, wehave ay(0) = ay (%) = 0 and by trigonometric identities we obtain for
t € (0, ) that
sin(Lt) 1 1 2k — 1) sin(Lmt)
ai(t) = + = .
k—14+Lt k—1Lt 7 [(k—Dk+ Lt (1 — Lt)]

We define the functions b;: (0, 1) > R, k=1,...,T,via

T (x) B sin(mwx)
k-1 ) T G T Dkt —x)

br(x) := x €(0, 1),

such that the symmetry relation by (x) = by (1 —x) is fulfilled, i.e., each by is symmetric
with reference to % Furthermore, by b;c (x) > Oforx € (0, %], the function by is
increasing on (O, %] and therefore has its maximum at x = % Thus, the function

. 1 : . I
ax: [0, +] — R has its maximum at 1 = 57, i.e.,

max ax(t) = ak(L) = L
r€l0, 1/L] 2L 2k — Dn’
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Since ar41 () can be written as

sin(Lmt)

ar+1(t) = T (T L)

for 1 € [0, %], we obtain

1
0< max ar4q1(t) < —.

1€[0,1/L] T
Hence, in summary this yields
4 XT: 1 o<t Lo .
— < max s < — P T—
Tk =1 rel0in) <2k — 1

Fort € [% ”+1] with arbitrary n € N, the sum s7(¢) is less than it is for ¢ € [O

T
since for each n € Nand ¢ € (0, i) we have

fe=—

and therefore st (% + t) < s7(t). Thus, we obtain

* ET @) = IS8Tl h !
— < maxs = < —
T ok - T T 2k —1

Note that for 7 > 1 the value

T
4 1 2
=2
s7(3z) n;2k—l+n(2T+l)

is a good approximation of the norm || St ||.

XT: sin(Lt) XT: sin(Lt)
< —
" |Lwt — (k — n)m| P |Lwt — k|

1

~—
—_

S 2.5)

aT

(2.6)

Now we estimate ||S7|| by In 7. For this purpose we denote the T-th harmonic

number by

such that

oo 1 1 LN
LI (T —Hy—tH 2.7
sz—l Z(Zk—1+2k> sz S @7

) Birkhauser
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Using Euler’s constant

y = lim (HT —lnT),

T—o0

the estimates

1
Hy —InT —y < — 2.8
242 T TV =57 (2:8)

are known (see [33]). From (2.7) and (2.8) we conclude that

1 1 1 1
—InT+In2+-y———— < Hyr—-H
et sy T eryy ST
1 1 1
—InT+In2+ — _— 2.9
sp bt oYt T @9
Therefore, applying (2.5), (2.7), and (2.9) yields the assertion (2.4). O

Note that Theorem 2.2 improves a former result of [27, p. 142, Problem 3.1.5],
which only contains a coarse proof sketch for the upper bound, while (2.4) gives
a very precise nesting, see also Fig. 1. Additionally, we remark that Theorem 2.2
immediately implies

. 2 4 2y
lim (||S7]|——InT)=—In2+ —.
T—o0 T T T

Remark 2.3 By Theorem 2.2 and the theorem of Banach—Steinhaus, an arbitrary func-
tion f € Co(R) cannot be represented in the form (1.3), since the norm of the linear
operator St: Co(R) — Co(R) is unbounded with respect to 7. However, as known
from the Whittaker—Kotelnikov—Shannon sampling theorem for bandlimited func-
tions f € By ,2(R), the series (1.3) converges absolutely and uniformly on whole R.

Nevertheless, this convergence is very slow due to the poor decay of the sinc func-
tion, as can be seen from the sharp upper and lower bounds on the norm of the Shannon
sampling operator, see Lemma 2.2. More precisely, rigorous analysis of the approxi-
mation error, cf. [8, Theorem 1], shows that on the fixed interval [—1, 1] we have a
convergence rate of only (7 — L)~1/2, which was also mentioned in [29, 34].

Note that general results on whole R are not feasible for arbitrary f € By2(R).
Rather, the uniform approximation error || f — S7 flco®) can only be studied under
the additional assumption that f € By 2 (R) satisfies certain decay conditions, see [9,
12].

Now let f € By,2(R) be a given bandlimited function with bandwidth % and let
T e N be sufficiently large. For given samples f(%) withk € Zand L > N we
consider finitely many erroneous samples

= [ f() e k=-T,....T,
fk'_{f(%) ke Z\(~T, ..., T},

W Birkhauser



On numerical realizations of Shannon’s sampling theorem Page9of33 13

with error terms &; which are bounded by |ex| < e fork = —T, ..., T. Then for the
approximation

T
f(t) = Z fk sinc(Lzwt —kmw) = f(t) + Z grsinc(Lwt — km), teRR,

keZ k=—T
the following error bounds can be shown.

Theorem 2.4 Let f € By;2(R) be an arbitrary bandlimited function with bandwidth
%. Furtherlet L > N, T € N, and ¢ > 0 be given. Then we have

~ 5 1
If = fllcom <s( InT + = 2 +ﬁ> (2.10)

Moreover, for the special error terms
ex = esign(sinc(Z — km)) = e (=D sign2k — 1), k=-T,...,T,

we have
3 2 4 2y 2 5
If—fllcgmy =e(=IT+—In24+—)>e{=InT+=), (211)
T T T T 4

such that the Shannon sampling series is not numerically robust in the worst case
analysis.

Proof By (2.3), (2.5) and (2.9) we are given the upper error bound

48T 1 I3

- - ot 1 e
Il f fIICO(R)_8r;1§§<ST()< ' 2k—l+nT

£ T+2
—(InT +2In2 ).
n(n + 21In +y+2T(T+1))

Since

4 2y
— In2 + — = 1.2500093... (2.12)
b4 b4

and ur = % =1+-is monotonously decreasing with 171"121)\1( KU = p1 = %, we

[\S]

T+1
have

412+2’/+l SR
T

which yields (2.10).

) Birkhauser
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8-1073 | *
2.5-1073
6-1073F N
2-1073
4-1073F *
- =0
10-34 —--\=0.5
1.5-10 l!: a1 2.10-3| e a1
’ — A=2 — A=2
| | | T T B R R AT R S T TT! B A W ETTT] M ST BT
2 4 6 8 10 10° 10* 102 103 10*
T T

Fig.1 The norm Hf— Flicym) of (2.13) as well as its lower/upper bounds (2.11) and (2.10) for several T €
Nand L = N(1 + ) with A € {0,0.5, 1, 2}, where N = 128 and ¢ = 1073 are chosen

Next, we proceed with the lower bound. Due to the special choice of the error
terms g; we obtain
T
f@)—f@)=¢ Z sign(sinc(% — kn)) sinc(Lwt —km), teR. (2.13)

k=—T

By (2.6) and (2.9) we conclude that

T
1F = flleom = | £ — FGGp)| =¢ Y [sinc(5 —km)| =& s7(5r)
k=-T
T
4 1 2 2 4 2
=—SZ + ¢ >8(—lnT~|——1n2+—y>,
T o= 2k—1 QT + D= T T T
such that (2.12) completes the proof. O

Note that (2.10) specifies a corresponding comment of [6, p. 681] as it makes the
constant explicit. In addition, we remark that the norm || f — fllcom) does not depend
on the special choice of the function f or the oversampling parameter A, see Fig. 1.
Furthermore, Fig. 1 also illustrates that for T — oo the error behavior shown in
Theorem 2.4 is not satisfactory. Thus, in the presence of noise in the samples f (%),
k € Z, the convergence of the Shannon sampling series (1.3) may even break down
completely.

Remark 2.5 In the above worst case analysis we have seen that the approximation of
f € Bn2(R) by the T-th partial sum (2.1) of its Shannon sampling series with L > N
is not numerically robust in the deterministic sense. Otherwise, a simple average case
study (see [31]) shows that this approximation is numerically robust in the stochastic
sense. Therefore, we compute (2.1) as an inner product of the real (27 +1)-dimensional

W Birkhauser
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vectors
k T . T
(f(Z))szr and (smc(Lnt — krr))k:_T.
Now assume that instead of the exact samples f (%), k=-T,...,T,only perturbed
samples f(%) = f(%) + Xk, k= —T,...,T,are given, where the real random vari-

ables X} are uncorrelated, each having expectation E(X;) = 0 and constant variance
V(X)) = E(|Xk|?) = p? with p > 0. Then we consider the stochastic approximation
error

T T
Ar = Z f(%) sinc(Lwt — k) — Z f(%) sinc(Lmwt — ki)
k=—T k=—T
T
= Z Xy sinc(Lwt — k).
k=—T

Obviously, this error term A7 has the expectation

T

E(A7) = Z sinc(Lwt — k) E(Xy) =0
k=—T
and the variance
T T
V(A7) = Z |sinc(Lt — kn)|2V(Xk) = p? Z |sinc(L — k”)‘z-
k=T k=—T

From [27, p. 89, Problem 1.10.9] it follows that

Z ‘sinc(Lm — kn)‘2 =1,
keZ

such that V(A7) < p2.

3 Regularization with a frequency window function

To overcome the drawbacks of poor convergence and numerical instability, one can
apply regularization with a convenient window function either in the frequency domain
or in the time domain. Often one employs oversampling, i.e., a bandlimited function
f € By,2(R) of bandwidth & is sampled on a finer grid + Z with L = N (1 + A),
where A > 0 is the oversampling parameter.

) Birkhauser
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First, together with oversampling, we consider the regularization with a frequency
window function of the form

1 vl < &,

7 N L

J =1 x(o) ¥ <pl<i, 3.1
0 vl = &,

cf. [5,17,28], where yx : [%, %] — [0, 1]isfrequently chosen as some monotonously

decreasing, continuous function with x (%) = land x (%) = 0. Applying the inverse
Fourier transform, we determine the corresponding function in time domain as

L2

V() = / Y (v)e?™ ™ dy =2 U (v) cos(2mvt) dv. (3.2)
R

0

Example 3.1 A simple example of a frequency window function is the linear frequency
window function (cf. [5, pp. 18-19] or [17, pp. 210-212])

1 Dl < 5,
Yiin(v) == 11 2‘”'__1\,1\’ : % < v] < %, (3.3)
0 RS

Note that in a trigonometric setting a function of the form (3.3) is also often referred to
as trapezoidal or de La Vallée-Poussin type window function, respectively. Obviously,
Ynin (v) is a continuous linear spline supported on [ - %, %], see Fig. 2a. By (3.2) we

receive Yin (0) = % For t € R\{0} we obtain

N/2 L)2 2w—N
2 / cos(2mut)dv + 2 f <1 — ) cos(2mvt) dv
0 NJ2 L—N

= N—;L sinc(% m‘) sinc(% nt). (3.4)

WYin (1)

This function % Yin 1s even, supported on whole R, has its maximum at + = O such
that

<1

1 24X
—  Yn(0) = —

co® L 2421

1
T Ylin

In addition, % Yin (¢) has a faster decay than sinc(Nt) for [t| — oo, cf. Fig. 2b. Note
that we have

. 1 .
Ll—1>I—I:N I Yiin (1) = sinc(Nrt).

W Birkhauser
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1} ; . 1 —sinc(Lxt) H
T (t)

0.5 [\ |

050

AL |

mo g () 0
1) i Pin(v)  [leieiaiaol)
,‘A ,‘ﬁ 6 ﬂ‘ i _10 _‘i 6 é 10
2 2 2 2 L L L L
v t
(a) ’(/}lin in (33) (b) %wlin in (34)

Fig.2 The frequency window function (3.3) and its scaled inverse Fourier transform (3.4)

Remark 3.2 Note that {% 1ﬁlin( . —%)]k ’ is a Bessel sequence in L2(R) with the
€

bound 1,ie., forall f € L*(R) we have

2
S i =Dy = #1712,

keZ

However, {% lmin( . —%)} is not an orthonormal sequence and also not a Riesz

sequence. To see this, we consider the 1-periodic function

1 - 2
V() = 15 Z [in(Lv + LO|, veR.
keZ
By (3.3) we have
A 1 Sl = ﬁ
Yiin(Lv) = 1 1 — (2+2)1)|v‘_1 : 24—121 < vl < 3,
0 AR

ie., ¥(v) < # forallv e Rand W(v) =0 forv € % + Z. Then [4, Theorem 9.2.5]
yields the result.

Analogous to [5, p. 19] and [17, Theorem 7.2.5], we obtain the following represen-
tation result, see also [28, p. 4].

Theorem 3.3 Let f € Bn2(R) be a bandlimited function with bandwidth N NeN,
and let L = N (1 4+ A) with . > 0 be given. Assume that the samples f(%), ke,

) Birkhauser
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fulfill the condition

S IF )] < oo (3.5)

keZ

Using oversampling and regularization with a frequency window function 1} of the
form (3.1), the function f can be represented as

f(r)—Zf% —y(t—%). teR, (3.6)
keZ
where the series (3.6) converges absolutely and uniformly on R.

Proof Since by assumption f € By/2(R), we have suppf - [—% %] C [—% %]
L

and therefore the function f restricted on [ % . 5 ] canberepresented by its L-periodic
Fourier series

f)y=>a(Hemt ve[ -5 L] (3.7)

keZ

with the Fourier coefficients

R L/2
Ck(f)Z% / f(v)e 2R/ gy,

—L/2

Using the inverse Fourier transform, we see that
7 1 r —2mikv/L 1 k
a(f)=— [ fwe dv=—f(-1)
L Jp L
Hence, we may write f given by (3.7) as

(U) Zf % —27r1kv/L = [_ %’

keZ

[Slle

] (3.8)

By the Weierstrass M-test and assumptlon (3.5), the Fourier series (3.8) converges
absolutely and uniformly on [ — 2, 2] Addltlonally, we have w(v) 1 forv e

[ - 2 y 5 ] by (3.1) as well as supp f - [ - 2 s 5 ] by assumption, such that f(v)
f (v) w(v) for all v € R. Therefore, we obtain

A . L2 i L2
f([) = / f(v) ez.‘/‘[ltv dv = / f('U) eZJTltU dv = f(U) w(v) eZJTltv dv

L2

—Z f%f 0 (v) 2m—k/Lyv g, Zf — 5 teR,

keZ keZ

W Birkhauser
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where summation and integration may be interchanged by the theorem of Fubini-
Tonelli, since we have (3.5) and [/ (v)| < 1 by definition (3.1). Additionally, note that
from (3.1) and (3.2) it follows that

L/2
|¢(r)|52/ |cos@mut)|dv < L, teR.
0

Hence, we have + ‘w(t — %)‘ < I forallt € Rand k € Z, and consequently the

series (3.6) converges absolutely and uniformly on R by (3.5) and the Weierstrass
M-test. m|

Note that (3.6) is not an interpolating approximation, since in general we have

Ly(-4)

# Ok, n,kel.
%

Moreover, since the frequency window function 1& in (3.1) is compactly supported,
the uncertainty principle (cf. [18, p. 103, Lemma 2.39]) yields supp ¥ = R, such
that (3.6) does not imply localized sampling for any choice of 17/ In other words, the
representation (3.6) still requires infinitely many samples f (%) Thus, for practical
realizations we need to consider a truncated version of (3.6) and hence for T € N we
introduce the 7 -th partial sum

1

(P f)(1) = Z FE)pole—1), rel=1, 11 (3.9)

k=-T

Then for the linear frequency window function (3.3) we show the following con-
vergence result.

Theorem 3.4 Let f € By 2(R) be a bandlimited function with bandwidth Y NeN,

and let L = N (1 4+ 1) with A > 0 be given. Assume that the samples f(%), k €
Z, fulfill the condition (3.5). Using oversampling and regularization with the linear
[frequency window function (3.3), the T-th partial sums Py T [ converge uniformly
to fon[—1, 1las T — oo. For T > L the following estimate holds

2L 2(1+ A
s (70— Furno] <522 @ -0 1w, 610

Proof By (3.6) and (3.9) we have

FO=PinrH0 =3 (1) 7 L £,

|k|>T
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such that Cauchy—Schwarz inequality implies
1/2 N
|f() = (PinT ()] < < ST ) ( D vt = 5) ) .G
|k|>T |k|>T

For f € By/2(R) the Parseval equality implies

— Zlf (B = 111220,

keZ

see [10, Formula (3.8)], and thereby we have

/2
(Z £ (7)] ) <VLIfl2m- (3.12)

|k|>T

It can easily be seen that (3.4) satisfies the decay condition
L i) < g % x € R\(0)
L= INAm2” ’

and thereby

4(1+21)7° _
(= 5P = 20 w-n

Thus, for T > L and ¢t € [—1, 1] we obtain

172 21 2 172
(X wme-b7) " =202 (S arn)

|k|>T |k|>T

12
_2[(1+)\)<Z(k L)) |

A2
k=T+1

Using the integral test for convergence of series, we conclude

Z(k L)y ™ < /(t— Ly *dt=1T -0,

k=T+1
which yields
00 1/2
( Z (k — L)—4> < % (T — L)~/ (3.13)
k=T+1
Therefore, (3.11), (3.12), and (3.13) imply the estimate (3.10). O
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Example 3.5 Next, we visualize the error bound of Theorem 3.4, i.e., for a given
function f € By, 2(R) with L = N (1 + 1), A > 0, we show that the approximation
error satisfies (3.10). For this purpose, the error

max | f(t) = (Piin,7 f) (@) (3.14)
te[—1,1]

is estimated by evaluating the given function f as well as its approximation Pyin, 7 f,
cf. (3.9), at equidistant points ¢, € [—1, 1], s = 1,..., S, with § = 10°. Here we
study the function f(r) = VNsinc(Nnt), t € R, such that I fllL2@®) = 1. We fix
N = 128 and consider the error behavior for increasing 7 € N. More specifically,
in this experiment we choose several oversampling parameters A € {0.5, 1,2} and
truncation parameters 7 = 2¢ with ¢ € {0, ..., 15}. The corresponding results are
depicted in Fig. 3. Note that the error bound in (3.10) is only valid for 7 > L.
Therefore, we have additionally marked the point 7 = L for each A as a vertical
dash-dotted line. It can easily be seen that also the error results are much better when
T > L. Note, however, that increasing the oversampling parameter A requires a much
larger truncation parameter 7 to obtain errors of the same size.

In order to obtain convergence rates better than the one in Theorem 3.4, one may
consider frequency window functions (3.1) of higher smoothness.

Example 3.6 Next, we construct a continuously differentiable frequency window func-
tion by polynomial interpolation. Since the frequency window function (3.1) is even,
it suffices to consider only y : [%, %] — [0, 1] at the interval boundaries % and %

Clearly, the linear frequency window function Iﬁﬁn in (3.3) fulfills

lm}v x() =1, llIIlL x () =0.

vy V>3
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Thus, to obtain a smoother frequency window function, we need to additionally satisfy
the first order conditions

hm x' (v) =0, llm x' (v) =0.

U‘)z U*)z

Then the corresponding interpolation polynomial yields the cubic frequency window
function

1 Dl < 5,

~ 2 _

e ) i= 1 oo (01 = 5) (w1 = 7E) -3 <pl< 5. @19
0 T

see Fig. 4a. By (3.2) we see that the inverse Fourier transform of (3.15) is given by

12 (sinc(% mt) — cos (% nt))
722(L — N)2 ’

N sinc( LN m‘)

= (3.16)

L
I;0cub (t) = *

for t € R\{0} and Yreup(0) = ZFX, cf. Fig. 4b.
Analogous to Theorem 3.4, the following error estimate can be derived.

Theorem 3.7 Let f € By 2(R) be a bandlimited function with bandwidth ﬂ, N e N,

and let L = N (1 4+ 1) with A > 0 be given. Assume that the samples f(%) k €
Z, fulfill the condition (3.5). Using oversampling and regularization with the cubic
[frequency window function (3.15), the T -th partial sums Peyp,T f converge uniformly
to fon[—1, 1]las T — oo. For T > L the following estimate holds

2L 24 (1 4+ 2)?
tr[nalxu\f(t) (P, (O] <4/ = sz T =7 e
(3.17)

Example 3.8 Another continuously differentiable frequency window function is given
in [24] as the raised cosine frequency window function

I vl < &,
I/A/cos(v) = %—F % cos <2|£"__NNJT> : % < v < %, (3.18)
0 AN

see Fig. 4a. By (3.2) the corresponding function in time domain can be determined as

Cos (% 7Tl)

1 —1t2(L — N)?’

smc(LJgN wt) - reR\{+ ﬁ}, (3.19)

L+ N
1»/fcos(t) = i
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T I
— sinc(Lnt) H

%wcub(t)
""" %wcos (t)

! 0.5
0.5+ : ! .
e
H Yewn(v) |}
() prmetmimimimmn : ----- 7/)(;05<U) DR N
L~ o0 ~ £ _n s 0 5 10
2 2 2 2 L L L L
v t
n n 1 1
(a) Yeub and Peos (b) T YPeun and T Peos

Fig.4 The frequency window functions (3.15) and (3.18), and their scaled inverse Fourier transforms

and Veos (:I:ﬁ) = # cos (LA:—ZV), see Fig. 4b. Note that since o in (3.18)

possesses the same regularity as 1/}(;ub in (3.15), both frequency window functions
meet the same error bound (3.17), cf. Fig. 7.

Note that by (3.4) and the convolution property of the Fourier transform, for L > N
the linear frequency window function (3.3) can be written as

Yiin(v) = (Yvtry/4 * Lz—ny/a) (V).

L—N
Therefore, instead of determining smooth frequency window functions of the
form (3.1) by means of interpolation as in Example 3.6, they can also be constructed
by convolution, cf. [15].

Lemma3.9 Let L > N be given. Assume that p: R — [0, 00) is an even integrable

function with supp p = [ — %, #] and fR p(v) dv = 1. Then the convolution

1,&conv(v) = (1(N+L)/4 * P)(v), veR, (3.20)
is a frequency window function of the form (3.1).
Proof By assumptions we have

(N+L)/4 v+(N+L)/4

p(v—w)dw = / p(w)dw.

Veony (v) = (Y ntrya % p) () = f
v—(N+L)/4
(3.21)

—(N+L)/4

Since the convolution of two even functions is again an even function, it suffices to

consider (3.21) only forv > 0. For v € [0, %] we have v—# < —# < % <
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v+ # and therefore

N (L=N)/4
Yeonv (V) = / p(w)dw = 1.
—(L—N)/4

Forv € [%, %] we can write
(L—N)/4

Feom (V) = / p(w)dw = 0,

—(L+N)/4

such that ‘/}conv(%) = 1, 1zconv(%) = 0, and Iﬁconvz [%’ %] — [0, 1] is
monotonously non-increasing, since p(w) > 0 by assumption. For v € [% oo)

we have v — L4 > L=V which implies by assumption supp p = [ — 255, £2N]
that
X vH(L+N) /4
Yeonv (V) = / p(w)dw = 0.
v—(L+N)/4
This completes the proof. O

Given such a frequency window function IZ/COHV as in (3.20), its inverse Fourier
transform (3.2) is known by the convolution property of the Fourier transform as

N+ L
WConv @) = i

sinc(23E 71) p(1). (3.22)

Thus, to obtain a suitable window function (3.20), we need to assure that the inverse
Fourier transform p of p is explicitly known. Since p is even by assumption, we
have ¢ = p with

o) = / p(v) eV dy =2 /oop(v) cos(2mvt) dv.
R 0

Note that the convolutional approach (3.20) has the substantial advantage that the
smoothness of (3.20) is determined by the smoothness of the chosen function p.

Remark 3.10 The frequency window functions lﬁcub in (3.15) and @COS in (3.18) lack
a convolutional representation (3.20). Although the corresponding functions (3.16)
and (3.19) in spatial domain are of the form (3.22), for both frequency windows the
Fourier transform of the respective function g is only known in the sense of tempered
distributions.

Example 3.11 For the special choice of p(v) = szN Mn( sz i v) with n € N, where

M, is the centered cardinal B-spline of order n, we have
v . L N n
o) = (smc(;—n m)) )
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Using n = 1 this again yields (3.4), whereas for n = 2 we obtain

N +
1//conV,Z (t) =

2
L sinc(% nt) (sinc(% m‘)) . (3.23)

Note that the frequency window function 1/Afconv,2, cf. (3.23), possesses the same reg-

ularity as @Cub in (3.15) and I&COS in (3.18), and therefore they all meet the same error
bound (3.17), cf. Fig. 7.

Example 3.12 In [15] the infinitely differentiable function

poo(v) = 1 <P ([(LiN)z - 1]71) Dol < B,
0 : otherwise,

with the scaling factor

. % </O(L_N)/48Xp([(L4__UN)2_ 1]—1)dv>—1’

is considered. The corresponding frequency window function (3.20) is denoted by 1/}00.
However, since for this function pn, the inverse Fourier transform o, cannot explicitly
be stated, the function (3.22) in time domain can only be approximated, which was
done by a piecewise rational approximation g, in [15]. We remark that because of this
additional approximation a numerical decay of the expected rate is doubtful, since the
issue of robustness of the corresponding regularized Shannon series remains unclear.
This effect can also be seen in Fig. 7, where the corresponding frequency window
function (3.20), denoted by IZfrat, shows similar behavior as the classical Shannon
sampling sums (2.1).

The same comment also applies to [28], where an infinitely differentiable win-
dow function v/ is aimed for as well. Since such ¥ with explicit inverse Fourier
transform (3.2) is not known, in [28] the function ¥ is estimated by some Gabor
approximation. Although an efficient computation scheme via fast Fourier transform
(FFT) was introduced in [29], the numerical nonrobustness by this approximation
seems to be neglected in this work.

Finally, we remark that already in [5, p. 19] it was stated that a faster decay than
for Il}lin from (3.3) can be obtained by choosing 1@ in (3.1) smoother, but at the price of
a very large constant. This can also be seen in Fig. 7, where the results for the window
functions Yeyp in (3.15), Yeos in (3.18), Yeony.2 in (3.23), and Yy from Example 3.12
are plotted as well. For this reason many authors restricted themselves to the linear
frequency window function 1/71111 in (3.3). Furthermore, the numerical results in Fig. 7
encourage the suggestion that in practice only algebraic decay rates are achievable by
regularization with a frequency window function.
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4 Regularization with a time window function

To preferably obtain better decay rates, we now consider a second regularization tech-
nique, namely regularization with a convenient window function in the time domain.
To this end, for L > N and any m € N\{1} with 2m « L, we introduce the set &,
of all window functions ¢: R — [0, 1] with the following properties:

e Each ¢ € @, is supported on [ L L] Further, ¢ is even and continuous on

m m
(-7 %]
e Eachg € @, restricted on [0, %] is monotonously non-increasing with ¢(0) =
1.

As examples of such window functions we consider the sinh-type window function

=~

Lt\2 . _m
gty o= | ot S0 (1= (5)°) see[= 4. 7] @.1)
0 cteR\[ -

’

=~
=~
[E—

with 8 = M, and the continuous Kaiser—Bessel window function

2 m m
Gekp (1) = m(")(ﬂ - G) )_1> rel-r il “.2)
0 creR\[ -2, 2],

with 8 = M where Iy(x) denotes the modified Bessel function of first kind
given by

ad 1
Io(x) :=§ — x* xeR.
= (o)

Both window functions are well-studied in the context of the nonequispaced fast
Fourier transform (NFFT), see e.g. [19] and references therein.

A visualization of the continuous Kaiser—Bessel window function (4.2) as well as
the corresponding regularization £xp(f) := sinc(Lnt) p.xp(f) of the sinc function
can be found in Fig. 5. We remark that in contrast to Fig. 2 here the function &.xp
in time domain is compactly supported and its Fourier transform Ecxp is supported
on whole R, where for the frequency window function (3.3) it is vice versa (see [18,
p. 103, Lemma 2.39]). Note that a visualization for the sinh-type window function (4.1)
would look the same as Fig. 5.

Then we approximate a bandlimited function f € By,2(R) by the regularized
Shannon sampling formula

(Ryp.m (1) := Zf &)sine(Lwt — k) o(t — %), 1 eR, 4.3)
keZ
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T T T
s R . 1t |~ sine(L7t)
: ' S eexs(®)
: i AN £exn(t)
; : 0.5( / i |
1 | [} \ B ' [}
2L I i ': ,‘
[ zl[,g () |} v V \/ \/ V A2
0:::~--: Eexn(v) (I N -
| 1 1 | | 1
Tf 0§t -y F 0 ¥ m
v t
(a) £ckB (b) Window function (4.2)

Fig. 5 The regularized sinc function &.xp(#) := sinc(Lmt) ¢.kp(f) using the continuous Kaiser—Bessel
window function (4.2) and its Fourier transform §.xp

with L > N. Since by assumption sinc(w(n — k)) = 8, for all n, k € Z with the
Kronecker delta §, x and ¢(0) = 1, this procedure is an interpolating approximation
of f, because

sinc(Lwt — k) ot — %) ‘ =8k
— L

Furthermore, the use of the compactly supported window function ¢ € ®,,,;, leads to
localized sampling of the bandlimited function f € By > (R), i.e., the computation of
(Rym f)(t) fort € R\% Z requires only 2m + 1 samples f(%) where k € Z fulfills
the condition |k — Lt| < m. Consequently, for given f € By p2@®)and L > N,
the reconstruction of f on the interval [—1, 1] requires 2m + 2L + 1 samples f (%)
withk = —m — L, ..., m + L. In addition, we again employ oversampling of the
bandlimited function f € By ,2(R), i.e., f is sampled on a finer grid % ZwithL > N.

This concept of regularized Shannon sampling formulas with localized sampling
and oversampling has already been studied by various authors. A survey of different
approaches for window functions can be found in [22], while the prominent Gaussian
window function was e.g. considered in [13, 21, 23, 26, 30]. Since this Gaussian
window function has also been studied in [10], where the superiority of the sinh-type
window function (4.1) was shown, we now focus on time window functions ¢ € @, /1,
such as (4.1) and (4.2).

Similarasin [10], forgiven f € By,2(R)and¢ € ®,,/; the uniform approximation
error || f — Ry m f |l co(r) Of the regularized Shannon sampling formula can be estimated
as follows.

Theorem 4.1 Let f € By 2(R) be a bandlimited function with bandwidth %, N €N,
andlet L > N, andm € N\{1} be given. Further let ¢ € ®,/1. Then the regularized
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Shannon sampling formula (4.3) satisfies

If = Rpm fllco® < (E1(m, N, L)+ Ex(m, L)) | fll ;2R

with the corresponding error constants

v+L/2
Ei(m,N,L):=+N  max 1— / @(u)du |, (4.4)
ve[—-N/2,N/2] v—L)2
V2L
Ex(m,L) := —— ¢(%). (4.5)
Tm
Proof For a proof of Theorem 4.1 see [10, Theorem 3.2]. O

Note that it is especially beneficial for the estimation of the error constant (4.4), if
the Fourier transform

. m/L
¢(v) =/¢(z)e—2’“” dt=2/ o) cosQuut)dt, veR,  (4.6)
R 0

of ¢ € &y, is explicitly known.

Now we specify the result of Theorem 4.1 for certain window functions. To this
end, assume that f € By,2(R) with N € Nand L = N (14 1), A > 0. Additionally,
we choose m € N\{1}. We demonstrate that for the window functions (4.1) and (4.2)
the approximation error of the regularized Shannon sampling formula (4.3) decreases
exponentially with respect to m. For the sinh-type window function (4.1) the following
result is already known.

Theorem 4.2 Let f € By 2(R) be a bandlimited function with bandwidth N NeN,
andlet L = N (1 + X) with . > 0 and m € N\{1} be given.

Then the regularized Shannon sampling formula (4.3) with the sinh-type window
function (4.1) satisfies the error estimate

I — Reinbm fllcom < /N e ™D g5 00 4.7

Proof For a proof of Theorem 4.2 see [10, Theorem 6.1]. O
Next, we continue with the continuous Kaiser—Bessel window function (4.2).

Theorem 4.3 Let f € Bn2(R) be a bandlimited function with bandwidth N NeN,
andlet L = N (1 + X)) with A > ﬁ and m € N\{1} be given.

Then the regularized Shannon formula (4.3) with the continuous Kaiser—Bessel
window function (4.2) satisfies the error estimate

TV N max (1 + A+ 4mi)
€

PR T [l 2y

lf — RekB,m fllco®) <
(4.8)
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Proof By means of Theorem 4.1 we only have to compute the error constants (4.4)
and (4.5). Note that (4.2) implies (pcKB(%) = 0, such that the error constant (4.5)
vanishes. For computing the error constant (4.4) we introduce the function 7: [ -

%, %] — Rgivenby

v+L/2
nw)=1- / Pexp (1) du. 4.9)
v—L/2

As known by [16, p. 3, 1.1, and p. 95, 18.31], the Fourier transform of (4.2) has the
form

om (S“““;“‘]—ﬁ“j’z) _ sinc(ﬂw)) Cw] < 1,
(Io(B) = 1)L (sinc(Bvw? — 1) — sinc(Bw)) : [w| > 1,

(4.10)

PcxB (V) =

with the scaled frequency w = 2}731 ™ . Thus, substituting w = 2;;” u in (4.9) yields

BL /a(v) ) L
v=1—— = w)dw
n() = 2m ) oaiw, $ekB (3> )

with the increasing linear functiona (v) := 2’”” 'L (v+%). By the choice of the parameter

B = ’ﬁf/{‘ with 2 > —L- we have a( — %) =landa(v) > 1forallve[—%, 5]
Using (4.10), we decompose 7(v) in the form
n() =n@) —me), ve[-5 5]
with
_ B s1nh(,3\/1—w )_ )
n1(v) m / ( ﬁm Slnc(ﬂw)) dw
—1 a(v)
n(v) = ﬁ (/ ( )+/1 )(sinc(ﬁ\/wz 1) = sinc(Bw)) dw

By [7, 3.997-1] we have

/1 sinh (Bv/1 — w?) / sinh (V1 — w? )
-1 BVl —uw? "B

V1i—uw?

=3 /0 sinh(B cos s) ds = E Lo(B),
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Fig.6 Visualization of

[I0(B)~Lo(B)—1+ 2 Si(B)] € ] fromimiimiimiimiimiimiim i imimim s mim .
(0, 1) for suitable g = 457%

where Lo(x) denotes the modified Struve function given by (see [1, 12.2.1])

o0

2 2k+1 2 o 2k
Lo(x) :ZZ(X/;_@ - = Z—
P (F(k+§)) L (2k+1)”)

Note that the function Ip(x) — Lo(x) is completely monotonic on [0, oo) (see [3,
Theorem 1]) and tends to zero as x — 0o. Applying the sine integral function

X 3 X
Si(x) ::/ S w dw :f sincwdw, x €,
0o w 0

implies

1 1
/ sinc(Bw) dw =2 / sinc(Bw) dw = z Si(B).
-1 0 B

Hence, we obtain

1 2 .
n@) =1-— m (Lo(ﬂ) - ; Sl(ﬁ))

1 2 .
= m <10(,3) —Lo(B) — 1+ p Sl(ﬂ))-

Note that for suitable 8 = ’?jﬁ we find [Io(,B) Lo(B) — 1 + % Si(,B)] € (0, 1), cf.

Fig. 6. In addition, it is known that Ip(x) > 1, x € R, such that 1 (v) > 0.
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Now we estimate 72 (v) for v € [ — &, 5] by the triangle inequality as

13 -1 a(v) ) )
[n2(v)| < m </_a(_v) +/1 >‘smc(,8\/ w2 —1)— smc(ﬂw)’ dw.

By [20, Lemma 4] we have for |w| > 1 that
2
‘sinc(ﬂ\/ w2 —1)— sinc(ﬂw)‘ <.
w

Thus, we conclude

S Ry L O
m(lo®—-1) i w 7w (Io(B) — 1)

and using Fig. 6 we therefore obtain

A

1 2 4
)| <m@ + Mm@ < —F—— (Io(ﬂ) —Lo(B) — 1+ —Si(B) + 'B)
lh(B) — 1 i

Ea
1 4
<o (1+2)
lo(B) — 1 T
By [2] the function ﬁ);) is strictly decreasing on [0, co) and tends to zero as x — 00.
Numerical experiments have shown that Wi)ﬁ) is strictly decreasing on [, 00),
too. By the assumption A > ﬁ we have 8 zmh > 5 for all m € N\{1}. Hence,

) = T+
it follows that

e e’

B o) —1) — x (lo(r) — 1)

= 1.644967... <

A~

and thus we conclude that

1 <1+ﬁ><ﬁ<l+ﬁ)eﬂ— Trmh <1+4m)‘>enmx/(1+x)
T T

In(B) — 1 4 EYCEY) 1+a
for all m € N\{1}. This completes the proof. O

As seen in Theorem 2.4, if the samples f (%), k € Z, of a bandlimited func-

tion f € By/2(R) are not known exactly, i.e., only erroneous samples fo=f (%) +&x
with |ex| < e, k € Z, with ¢ > 0 are known, the corresponding Shannon sampling
series (1.3) may differ appreciably from f. Here we denote the regularized Shannon
sampling formula with erroneous samples f; by

(Rpmn (@) =) fusine(Lxt —wk)p(t — §), 1 €R,
keZ
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Then, in contrast to the Shannon sampling series (1.3), the regularized Shannon sam-
pling formula (4.3) is numerically robust in the worst case analysis, i.e., the uniform
perturbation error || Ry i f — Ry m fllcy(r) is small.

Theorem 4.4 Let f € By 2(R) be a bandlimited function with bandwidth N NeN,
and let L > N, and m € N\{1} be given. Further let ¢ € @,/ as well as ﬂ =
f(%) + &k, where |ex| < ¢ forall k € Z, with 0 < ¢ < 1. Then the regularized
Shannon sampling sum (4.3) satisfies

IRp.m f — Rpm fllcom < & (2+ L&),
If = RomFlico® < If = RomFlicom + € (2+ LG0)). (4.11)

Proof For a proof of Theorem 4.4 see [10, Theorem 3.4]. O

Note that it is especially beneficial for obtaining explicit error estimates, if the
Fourier transform (4.6) of ¢ € @, is explicitly known. In the following, we
demonstrate that for the window functions (4.1) and (4.2) the perturbation error of
the regularized Shannon sampling formula (4.3) only grows as O(y/m).

Theorem 4.5 Let f € By 2(R) be a bandlimited function with bandwidth YN NeN,

andlet L = N (14x) with’ > Oandm € N\{1} be given. Furtherlet f; = f(%)—i—ek,
with |ex| < e forallk € Z and 0 < ¢ K 1.

Then the regularized Shannon sampling formula (4.3) with the sinh-type window
function (4.1) satisfies the error estimate

- 24 2A 1
| Rsinh,m [ — Rsinh,m [ llco®) < € (2 +4/ B —— «/E) .

Proof For a proof of Theorem 4.5 see [10, Theorem 6.3]. O

Theorem 4.6 Let f € By 2(R) be a bandlimited function with bandwidth %, N e N,

andletL = N (14x) withA > Oandm € N\{1} be given. Furtherlet f; = f(%)—i—sk,
with |ex| < e forallk € Z and 0 < ¢ K 1.

Then the regularized Shannon sampling formula (4.3) with the continuous Kaiser—
Bessel window function (4.2) satisfies the error estimate

2424
A

| RekB.m f — RekB.m fllcom®) < & (2 + ﬂ) . (4.12)

Proof By Theorem 4.4 we have to compute @cxp (0) for the continuous Kaiser-Bessel
window function (4.2), which is given by (4.10) as

2m <sinh(ﬁ) B 1) 2m sinh(B) — B

. _ om .
O = mm-nL\ 4 LVE VB (o) ~1)
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By [1,9.7.1] we have

lim v2rxe *Iy(x) =1

X—>0Q0

and hence

lim v27xe ™ (Ip(x) — 1) = 1.
X—> 00

sinh(B)—p
VB (Io()-1)

Moreover, for § > 0 the term is monotonously increasing with

. sinh(B) — B , 1—e2P -2 T
p—co /B (Io(B) — 1) -

= lim )
poo 2/Be P (lo(B) —1) V2
such that (4.11) and g = T’T”;} yields the assertion (4.12). O

5 Comparison of the two regularization methods

Finally, we compare the behavior of the regularization methods presented in Sects. 3
and 4 to the classical Shannon sampling sums (2.1). For a given function f € By 2 (R)
with L = N (1 + 1), A > 0, we consider the approximation errors

nax |f(©) = (ST f)(®)] and Jnax |f@) = (Pyr D) (.1

for ¥ € {Ynin, Yeubs VYeoss 1pconv,Zv Yrar}, cf. (3.4), (3.16), (3.19), (3.23), and Exam-
ple 3.12, as well as the corresponding error constants (3.10) and (3.17). In addition,
we study the approximation error

max |f (1) = Ry ) (5:2)

with ¢ € {@sinh, @ckB}, cf. (4.1) and (4.2), and the corresponding error constants (4.7)
and (4.8). By the definition of the regularized Shannon sampling formula in (4.3) we
have

L+m

Rom N =Y fPEC—F), tel-1,1], (5.3)

k=—L—m
with the regularized sinc function
E(t) :=sinc(Lxt) ¢(t). 5.4

Thus, to compare (5.3) to S7 f in (2.1) and Py, 7 f in (3.9), weset T = L +m, such that
all approximations use the same number of samples. As in Example 3.5 the errors (5.1)

) Birkhauser
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Fig.7 Maximum approximation
error (solid) and error constants
(dashed) using classical Shannon
sampling sums compared to
regularizations (3.6) with several
frequency window functions and
regularizations (4.3) with time
window functions ¢gjnh

and ¢.kB, cf. (5.4), for the
function (5.5) with N = 256,

m e {2,3,...,10}, and
re{05,1,2}
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EEEEEE
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sinc(L -)
d)lin
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wcub
d}cos
conv,2

€sinh

§KkB

EEEEEE

and (5.2) shall be estimated by evaluating a given function f and its approximation
at equidistant points t; € [—1, 1], s = 1,..., S, with § = 10°. Analogous to [16,
Section IV, C], we choose the function

f@t) = \/@[sinc(Nm) + Lsine(Nw(t — 1)], teR,

W Birkhauser
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Table 1 Summary of the

. Window function Error decay rate See

theoretical results on decay rates

for the window functions . 12
S Lm - T—-L 8, Th 1

considered in Sects. 3 and 4 imc( ) ( ) [ corem 1]
Vlin in (3.3) (T — L)=3/2 Theorem 3.4
Veup in (3.15) (T —L)™5/2 Theorem 3.7
Veos in (3.18) (T — L)/ Example 3.8
Veonv.2, cf. (3.23) (T — L)™5/2 Example 3.11
@sinh in (4.1) e/ (142) Theorem 4.2
KB in (4.2) e—mmr/(1+4) Theorem 4.3

with || fll L2y = 1. We fix N = 256 and consider several values of m € N\{1} and
A > 0.

The associated results are displayed in Fig. 7. We see that for all window functions
the theoretical error behavior perfectly coincides with the numerical outcomes. In
this regard, see also Table 1 which summarizes the theoretical results. Moreover, it
can clearly be seen that for higher oversampling parameter A and higher truncation
parameter m, the error results using (4.3) get much better than the ones using (3.6),
due to the exponential error decay rate shown for (4.3).

This is to say, our numerical results show that regularization with a time window
function performs much better than regularization with a frequency window function,
since an exponential decay can (up to now) only be realized using a time window
function. Furthermore, the great importance of an explicit representation of the Fourier
transform of the regularizing window function can be seen, cf. Example 3.12.

Note that the code files for this and all the other experiments are avail-
able on https://github.com/melaniekircheis/On-numerical-realizations-of-Shannons-
sampling-theorem.

In summary, we found that the regularized Shannon sampling formula with the sinh-
type time window function is the best of the considered methods, since this approach
is the most accurate, easy to compute, robust in the worst case error, and requires
less data (for comparable accuracy) than the classical Shannon sampling sums or the
regularization with a frequency window function.
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