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Abstract

The study of permutations and combinations was widespread in India, with applications in diverse arecas such as medi-
cine, prosody, music, etc. In the current paper, we present a study of three combinatorial techniques (pratyayas) known as
prastara, uddista and nasta—usually found in texts on prosody and music—as discussed in Muni$vara’s hitherto unpublished
Nisrstarthadiitt commentary on Bhaskara’s celebrated mathematical text Lilavati. This paper brings to light Muni$vara’s
lucid discussion on the application of these techniques in the context of numbers.
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1 Introduction

Permutations and combinations have been studied in India
from ancient times, with applications in areas as diverse as
medicine, prosody, music, sculpture, architecture, perfumery,
etc. A number of prior studies have detailed various aspects
of the history and development of this discipline in India. For
instance, Datta and Singh (1992) provide a general overview
of the history and development of this topic in India by out-
lining the contributions of various scholars. Sridharan (2005,
2006) and Sridharan et al. (2010), among others, discuss the
application of combinatorics in prosody and music in the form
of combinatorial techniques known as pratyayas, particularly
as found in the Chandas-sastra of Pingala and the Sarngita-
ramdkara of Sarngadeva. These papers also discuss the math-
ematical rationale of the combinatorial techniques employed.

In the current paper, we intend to bring to light rele-
vant portions of the hitherto unpublished Nisrstarthaditi'

' The Nisrstarthaditi is perhaps the most extensive and compre-
hensive commentary on the Lilavati. Pandit Sudhakara Dvivedt has
called it the “best among the excellent” commentaries of the Lilavati.
For a brief overview of Muni$vara and the Nisrstarthadiiti, see Kol-
achana et al. (2017). This commentary is yet to be published. The
authors obtained copies of two manuscripts of the Nisrstarthaditi
from the Sarasvati Bhavana Library, Sampurnanand Sanskrit Univer-
sity, Varanasi.
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commentary by Muni$vara on Bhaskara’s celebrated math-
ematical text Lilavati, which contributes to our understand-
ing of three pratyayas—prastara, uddista and nasta. In the
relatively short Ankapasa chapter of the Lilavati, consist-
ing of only eleven verses,” Bhaskara discusses permutations
involving a set of distinct digits, instead of musical notes
employed in texts such as the Sangita-ratnakara. He fur-
ther discusses permutations involving a set of digits, all not
necessarily distinct, and also presents a number of examples.
His relatively brief treatment of the topic does not contain
any discussion on pratyayas. However, in his commentary,
Muni$vara includes a discussion on pratyayas, wherein he
explains the construction of the prastara and elaborates
upon the nasta and uddista processes by compiling all the
necessary rules from various sources and presenting them
with his own modifications.’ In this paper, we attempt to
bring to light Munis$vara’s discussion of this topic which
helps in developing a better understanding of the interplay
between numbers, music and mathematics.

2 A more extensive discussion of aikapdsa, consisting of over 90
verses, is carried out by Narayana Pandita (14th century CE) in his
Ganita-kaumudi.

3 From the way these verses are presented in the Nisrstarthaditi,
it appears as though Muni$vara is quoting an earlier author or text.
However, we have been unable to trace these verses in earlier litera-
ture, except in the case of one verse and a half (see Sect. 3.2) which
are clearly a modification of two verses appearing in the Sangita-
ratnakara.
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2 Bhaskara’s rule for permutations

In the Nisrstarthaditi, MuniSvara embeds his discussion of
the three pratyayas—prastara, uddista and nasta—in his
commentary on the first verse of the Ankapdasa chapter of
the Lilavati. In this verse, Bhaskara gives the following pre-
scription for determining the number of possible permuta-
tions of a set of distinct digits:

Y o
AHI-dH AT HTd:

BEUEREUREREE 2
Y IRl MEfavigfa |l

sthanantamekadicayankaghatah
sankhyavibheda niyataissyurankaih |
bhaktonkamityankasamdasanighnah
sthanesu yukto mitisamyutissyat |l

The product of the numbers starting with and increas-
ing by one, unto the end of the positions, would be
the possible variations of numbers (sankhyavibheda)
[that can be formed] with [all of] the given digits. That
[sankhyavibheda] divided by the number of digits,
multiplied by the sum of the digits, and [the result]
added in place [according to place value], would be
the sum of the [various] numbers formed.

The above verse, composed in the indravajrd metre, is
packed with mathematical content. It furnishes two basic
rules pertaining to permutation. First, given n distinct digits,
the verse describes how to determine the count of numbers
which can be formed using all of the digits. Secondly, it
describes how to determine the sum of all the numbers so
formed. Only the first rule is relevant to this paper, and we
briefly explain it below.

In Indian mathematical texts, the term sthana generally
refers to the place value position of any digit in a given
number. However, in the above verse, it is to be taken to
refer to the number of given digits which are sought to be
permuted. Given n distinct digits, the verse states that the
count of numbers which can be formed using all the digits
is the product of all the numbers from 1 to #. In modern
mathematics, this permutation is usually represented by the
notation "P,. Using the factorial notation (n!) to represent
the product of the first  integers, the rule given in the verse
can be represented mathematically as follows:

"P,=n!l=1X2X-Xn. (1)

We can prove the rationale for this rule by arguing in the
following manner.* Given a single digit, it is obvious that

4 Based on Ganesa’s argument in his Buddhivildsint, expanded here
for greater clarity. See Apte (1937).
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only one number can be formed from it. Given two digits,
two numbers can be formed by interchanging the position of
the digits.” When we have three digits, the third digit can be
placed in three places (i.e. the units, tens, or hundreds place),
while the first two digits occupy the other two positions.
However, as the first two digits can be ordered in 2 = 2!
ways, the count of numbers which can be formed with three
digits equals 2! X 3 = 3! = 6. Given four digits, the fourth
digit can be placed in four different positions. However, as
the other three digits can be ordered in 3! ways, we obtain
3! x4 = 4! =24 possible numbers which can be formed
from the given four digits. Continuing in like manner, given
n digits, we can form (n — 1)! X n = n! different numbers.

In the course of commenting upon the above verse,
Muni$vara also discusses the construction of a prastara, as
well as the uddista and nasta processes. In the coming sec-
tions, we present Muni§vara’s discussion by quoting relevant
verses from his commentary and attempt to explain their
significance. Muni$vara commences his discussion with a
brief description of how a prastara is to be constructed with
a set of given digits. This is explained in the next section.

3 Constructing the prastara
3.1 What is a prastara?

Before entering into the mathematical aspects of construct-
ing a prastara, we would like to briefly discuss the etymo-
logical derivation of the word prasiara, which will help us
to appreciate how meaningfully the technical term has been
coined to subtly indicate the process involved. The word
prastara stems from the verbal root %] which has different
shades of meaning such as, to spread, strew, cover, expand
and so on. In the texts dealing with grammar, the verb is
defined as:

(@f: IS TR )
%m@mfﬂ

By adding a prefix and a suffix to this verb we get the word
prastara:

T+ 3] + 9] = TR: |

It is essentially a technical term (paribhdsa) that is used to
refer to the process of listing out all the possible variations
that one can have with a given set of variables. Some pos-
sible variables can be:

5 That is, the second digit can be placed either to the left or to the
right of the first digit, to generate two different numbers.
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* Syllables (guru, laghu, etc.)
* Musical notes (sa, ri, ga, ma, etc.)
+ Digits (1, 2, 3, 4, etc.)

Thus, naturally, we find the word prastara appearing in
texts dealing with prosody, music, dance, and mathematics.
Though primarily employed to refer to the process of gen-
erating the variations (karana-vyutpatti), it can also be used
to refer to the patterns that are generated (karma-vyutpatti).

Historically, Bharata’s Natyasastra (a treatise on per-
forming arts) is one of the earliest extant texts in which we
encounter the term prastara. The term is also employed
in the Vrttaratnakara, a text on prosody written by
Kedarabhatta (14th century CE), as well as the Sangita-
ratnakara, a text dealing with musicology, authored by
Sarngadeva (13th century CE). In the Lilgvatr, Bhaskara
employs the term sankhyavibheda to refer to the total num-
ber of possible variations, which is equivalent to the number
of rows in the prastara.

3.2 Algorithm for constructing a prastara

The Nisrstarthadiitt, elaborating upon Bhaskara’s rule given
in Sect. 2, shows how to systematically list the various per-
mutations of a given set of digits. The text gives the follow-
ing general rule for the construction of a prastara:

2RI 9 Hio 9d faeston |
JUrE R Q8 shATeaad w110

nyasedagryadadho miile
maulau piirvam vilaksanam |
yathordhvam puratah pirvam
kramadityasame krame |l

Below the higher [order entity] as per the original
sequence, place the immediately preceding [entity]
which is different [from those appearing to the right]
in the immediately preceding row.” To the front of
that (i.e., to the right of it) write down the [pattern]
as above. Before (i.c., to the left) to that, place the
[remaining] digits in increasing order. This is the pro-
cedure in the case of distinct entities.

6 The verse can be understood in the following manner: [HdTX
IRATT SHAT. SR: eT: a5 (*gmhmgﬂwu AT AT,
[ ) ) 13 g e P 120
Tl [T EQT‘I' Bl [qm | [ﬁ\:] AT |

HH (STRAHTT. FHT H) (W] |

7 The prev10us row Wthh forms the basis (miila) for the construction
of the next row.

The Nisrstarthaditt further clarifies the algorithm through
the following one and half verses:®

uddistankan kramannyasya
sthapyah piirvah paradadhah |
sa cedupari tatpurvah
purastiuparivartinah |
uddistankakramat prsthe
Sesah prastara idrsah |

Having placed the intended digits in order, [in order
to get the next pattern] place the previous digit below
the next one. If it is lying in front (i.e., rightwards),
then the previous to that [has to be placed]. Next to
that, place those digits which are in the above/previous
pattern. Towards the left/back, place all the remaining
digits in the intended order. Thus is how the prastara
[is generated].

All the patterns formed by permuting a given set of dis-
tinct digits can be enumerated in the form of an array. The
above verses present a systematic method of enumeration
of all the sequences of a given set of digits. The procedure
outlined here, which in effect is a sorting algorithm which
reverses the starting pattern, can be summarised in the fol-
lowing manner:

1. Consider a set of n distinct digits (ankas), in a given
sequence, denoted by a;, a,, ... a,, where n < 10. Alter-
nately, consider a n-digit number a, a, ... a, with distinct
digits, where also n < 10. Though not stated explicitly in
the verse, for convenience, we may refer to this original
or starting sequence as the miila-parnkti.’

2. For generating all possible patterns of the above set of
digits in successive rows, start scanning the mila-pankti
from the left. Moving left to right, compare each con-
secutive pair of digits a, and a,. If ¢ > p, then place a,_,
below a,.If a,_, already appears to the right of a,, then
place the immediately preceding digit a,_, below a,. If
that also appears to the right, then consider a,_3 and so
on. This is indicated by the word vilaksanam in the first
verse. The same thing is stated more clearly in the next
verse by the phrase sa cedupari tatpirvah.

8 Here, Munisvara appears to have been inspired by similar verses
(62-63) in the Sangita-ratnakara, appearing in the Gramamiirchana-
kramatanaprakarana, which is the fourth section of the first chapter
called the Svargatidhyaya. It appears that Muni$vara has modified
these verses suitably to address a problem involving digits rather than
musical notes. See Shastri (1940, p. 130).

® The cue for coining this word has been taken from other verses in
the Nisrstarthadiiti. See for instance the verses quoted in Sect. 5.
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a a; as
a ap as
a a3 a
as ap a
a az ap
as a; 4a

(a) (b)

o0 \O 0 W O W
O 00 W o W O
W W O O 0 X

Fig. 1 Enumerating all possible variations of three digits. a The
prastara given by Muni$vara. b A general prastara of three digits.

3. Bring down the digits to the right of a, without mod-
ification. This process is indicated by the phrase
purastiuparivartinah. Whereas the word purah normally
means “in the front”, here it is to be taken in the sense
of “to the right” of @,.

4. To the left, arrange the remaining digits (q;) in
the ascending order of i, indicated by the phrase
uddistankakramat in the verse.

5. Repeat the process until the original order of the digits
is reversed.

The last point in the above algorithm has not been stated
explicitly in either the Nisrstarthaduti or the Sangita-
ratnakara. This is likely because one cannot proceed any
further after obtaining the reverse order. In other words,
we cannot find any consecutive pair of digits a, and a,, as
we scan from the left, where g > p. This is evident in the
last rows of Figs. 1b and 2. However, this point has indeed
been stated explicitly by Narayana Pandita in the Ankapdsa
chapter of his Ganita-kaumudt, which we briefly discuss in
Sect. 3.4.

3.3 Illustration of prastara with an example

Munis$vara illustrates the procedure of constructing a
prastara by solving one of the problems posed by Bhaskara
in the following verse of the Lilavati:

feprera Hareshat

IBRSGR &dIIQ"IGIIGIHI"I |

a?ﬂgﬁmﬁqwll

dvikastakabhyam trinavastakairva
nirantaram dvyadinavavasanaih |

sankhyavibhedah kati sambhavanti
tatsankhyakaikyani prthagvadasu |l

@ Springer

Row Pattern Row Pattern

1 aj) dp asz da 13 a) asz d4 ap
2 a, a; az a4 | 14 as ai as a
3 ay az ax ag | 15 ay as az a
4 asz ady; dp da 16 dyg ap az ap
5 dp adz dy da 17 as dg dp ap
6 as dp dy da 18 a4 az dy ap
7 a) dp d4 as 19 ap asz dg aq
8 dy d) dag as 20 a3z dp dg a)
9 a)p A4 dy as 21 dy d4 asz a
10 a4 a; dy aiz 22 dayg dp az aj
11 dap d4 Ay ajz 23 as d4 dy a)
12 a4 dp dy ajz 24 ay4 asz dpz aj

Fig. 2 A general prastara of four digits.

How many different numbers are possible [to be gener-

ated] with [the digits] two and eight; three, nine and
eight; and [the digits] starting with two and ending with
nine (2 to 9)? Separately, quickly tell the sums of those
[generated] numbers [in each of the above three cases].

The above verse poses three problems: How many
varieties of numbers are possible, and what would be
their total sum, with the digits (i) 2 and 8§, (ii) 3, 9 and
8, and (iii) 2 to 97 As a solution to the second problem,
Muni$vara lists out the various possible patterns as shown
in Fig. 1a. In order to facilitate the readers to have a feel
for the various patterns which emerge as we write out the
prastara, we also list out the pattern in its general form,
denoting the three digits as a;,a, and a3, in Fig. 1b. It
can be observed that the starting pattern gets completely
reversed at the end of the prastara. This method can be
extended to depict permutations involving any number of
digits. For enhanced comprehension, we also depict a gen-
eral prastara constructed employing four digits a,, a,, a,
and a, in Fig. 2.

3.4 Narayana’s algorithm for constructing
a prastara

Narayana Pandita gives the following algorithm for the
construction of a prastara in the Ankapdasa chapter of his
Ganita-kaumudr:
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ZRYCIECIES 37 9 3 3 5 5
A0 2 F SHETE AT T | 7 3 9 353 5
EATSIHTATHE: 3 9 7 5 3 3 5

‘ Hm@:njc[“ %Rl 9 3 7 3 5 5 3
qehshH g ATad Hadehy A1 | 7 9 3 5 3 5 3
FFIRARTATIEE ATHaHM llyoll 9 7 3 5 5 3 3
FRIEIUHIEST ST M=o = |

(a) (b)
laghupirvoddistarka-

nyaso yah sa kramahvayo jiieyah |
nyasya’'lpamadyanmahatah

adhastacchesam yathopari tatha syat 11491l
mitlakramam tadiine yavat kramamutkramam yati |
ankaprastaravidhiscaivam mirtiprabhedanam 150l
sarigamapadhanityesam vinayd nikvananam ca |

It is to be known that arranging the given numbers
(uddistanka) with the small ones at the beginning [of
the sequence] (i.e., in ascending order) is termed as
[milalkrama. Having constructed [the miilakrama, in
order to obtain the successive rows of the prastara, as
we start scanning each row from the left], when we
first encounter an element which is of higher order
(mahat) [than the preceding one], place right below
that (adhastat) the element that is preceding (alpam)
[immediately or otherwise in the milakramal], such
that the remaining [places to the right of this] would
be filled with the same [numbers/entities] as above.
Towards the left of that (zadiine) [the remaining
entities are to be placed] as per milakrama. [This
operation is to be continued] till the sequence of the
[maulalkrama gets completely reversed. This is the rule
for generating the permutations of numbers. The same
[rule] is applicable for finding the variations in idols as
well as [the svaras] Sa, Ri, Ga, Ma, Pa, Dha, Ni, etc.,
and the musical notes (nikvana) of the Vina.

It may be noted that Narayana’s algorithm explicitly
mentions the last point of the algorithm given by us in
Sect. 3.2, noting that the operation has to be continued
until the starting order is completely reversed. In addition,
a couple of other points are also noteworthy in Narayana’s
exposition of the algorithm. Firstly, he does not explicitly
state the conditional clause corresponding to the second

10 This portion of the verse can be understood as follows
(vigrahavakya): FIIS: TAT W T97 WG =ART:| In the case
of ordinal sets, such as numbers, svaras, etc., deciding on what con-
stitutes laghu is straightforward. Whereas in the case of nominal sets,
such as the set of weapons of Visnu, we may have to assign an order
to the elements of the set for constructing a prastara, since there is no
natural order to them.

' The prose order here is—3I¥ JAAR W AT 3ed
SR T |

Fig. 3 Prastaras generated employing Narayana’s algorithm. a Dis-
tinct digits. b Repeating digits.

point in the algorithm outlined by us in Sect. 3.2. That
is, if ¢ > p in two consecutive digits a, and a,, we place
41> 42 or so on below a, only if they do not appear to
the right of a,, the condition brought out by the phrase
‘sa cedupari tatpurvah’ employed by Muni§vara. How-
ever, this clause can be indirectly inferred by interpreting
Narayana’s verse as in Footnote 11. Secondly, Narayana
clearly states that the given elements must be initially
arranged in an ascending sequence, called krama, prior to
the construction of the prastara.'?

We shall briefly demonstrate the construction of a
prastara using Narayana’s algorithm with two exam-
ples—one with distinct digits (7, 3 and 9), and the other
with repeating digits (5, 3, 5 and 3). As per the prescription
of Narayana, we would have to first arrange these digits in
ascending order as 3, 7, 9 and 3, 3, 5, 5 respectively. These
two sequences would form the first rows of their respective
prastaras. The construction of the rest of the prastara would
then continue as outlined by us in the algorithm given in
Sect. 3.2.13 The generated prastaras are showin in Fig. 3.

3.5 Remarks

This concludes the discussion on the construction of a
prastara. Next, in principle, we should move on to the dis-
cussion of the other two pratyayas, namely, uddista and
nasta. However, these two processes cannot be explained
without the construction of a table called the khanda-meru.
Hence, following in the footsteps on Muni$vara, we too shall
first describe the procedure for constructing a khanda-meru
in the next section.

12 Commencing the operation after arranging the numbers in ascend-
ing order is particularly convenient in constructing a prastara with
repeating elements, as shown in Fig. 3b.

13 In fact, once we start with numbers in the ascending order, the sec-
ond step of the algorithm can also be stated and executed in a simpler
manner making use of this natural sequence.
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4 Constructing the khandameru
4.1 The need for the khandameru

Before getting into the verse given by Muni§vara, which
explains the need for the construction of the khandameru, we
briefly explain the formation of the word meru and its signifi-
cance in the present context. The word meru is formed by
adding a suffix to the verbal root (—gﬁ?{ T&99Y), which can
have different meanings such as, to arrange, scatter or throw.
Technically speaking, its formation is explained as follows:

i +3=5%: (suffix prescribed by the siztra U= 5z

Essentially the word meru refers to a certain arrangement
of objects in a structured manner, though the objects them-
selves may be widely varying. In the study of prosody, the
term refers to the arrangement of groups of laghu and guru
syllables. In fact, in the Chandas-sastra, the term meru
refers to the specific arrangement of binomial coefficients,
more popularly known today as the Pascal’s triangle. In the
study of ankapdsa, which is the topic of discussion of this
paper, the word meru refers to a certain kind of arrangement
of numbers involving factorials of integers and their mul-
tiples. In order to distinguish this meru from the one used
in the study of prosody, this meru is generally referred to as
the khandameru.'*

As we saw earlier, a prastara is essentially the sequen-
tial layout of various possible patterns in the form of rows.
The technical terms nasta and uddista refer to the processes
of finding out the pattern, given a row number, and vice
versa respectively. As will be evident soon, in order to carry
out either process, the khandameru is an extremely useful
tool—particularly for beginners. With sufficient practice,
one could perhaps dispense away with the construction of
the khandameru, and execute the process mentally, at least
for lower orders of the prastara. Outlining the purpose of
the khandameru, Muni$vara states:

gy TEIfs=® 75y ghs®: |

tacchuddhyartham nastoddistasiicako merusca
abhiyuktairuktah |

In order to verify it, the meru, the indicator of nasta
and uddista, has been given by [earlier] scholars.

In this succinct half verse cited by Muni$vara, two pur-
poses are laid out for the construction of the khandameru:

4 The word meru is employed in the spiritual tradition as well.
There, it refers to a three-dimensional representation of what is
known as the Sri-cakra, which is essentially an arrangement of geo-
metrical patterns.

@ Springer

1. Executing the process of nasta and uddista.
2. Verifying the correctness of the prastara that has been
laid down.

The earlier purpose is indicated by the word siicaka, whereas
the latter is indicated by the word suddhyartham. With the
above background in mind, the method to construct the
khandameru is described in the following section.

4.2 The algorithm for constructing
the khandameru

The Nisrstarthaditt gives the following rule for constructing
a khandameru:

TOTSTHARISTRT TShIhISHT 3T |
RS g foads Wy = |l
Aggraey: 9! fa=nfeufomma: |

istankamitakosthadya
panktirvyekadika adhah |
adyapanktyadikosthe tu
likhedekam paresu kham |
sankhyankdastadadhah panktau
dvitryadigunitanadhah |

The first row would have cells equal to the number of
desired digits. The rows below would have cells lesser
than that by one, [two], etc. Write down [the number]
‘one’ in the first cell of the first row, and zeros in others
[to the right of it]. In the row below that, write down the
factorials (sankhyankah) of the digits [starting from one].
Their multiples (twice, thrice and so forth) should be
written down [further in the corresponding cells] below.

Before we address the mathematical aspects of the above
verse, we would like to briefly comment upon a gram-
matical issue. In the third line of the verse cited above,
Muni$vara employs the term sankhyankah to refer to a fac-
torial. This is perhaps a truncated form of the expressions
sankhyavibhedankah and sankhyavibhedah employed by
Bhaskara. Thus, the term sankhyankah can be understood as
a madhyama-pada-lopi-samasa, just as the word tribhajya is
more often than not written simply as #rijya for convenience.
Alternatively, the compound sarnkhyankah can be understood
to have been coined in the following manner:

Rlee: / &l g IR 3= g =
Aghgr 1

15 The formation of compounds by swapping the sequence of the
words that constitute the compound is grammatically permitted by the
following siitra of Panini: JSTG=dTSy 9= (2.2.31). Thus, we have the
examples ST ST IsTerd: and T 3T I,
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With the given digits, by mutually interchanging their
positions, the number that is obtained [is sankhyarnkal.

This way of explaining the formation of the compound has
the advantage of preserving the meanings of the words arnka
and sankhya as digit and number respectively, the senses
in which they are generally employed, though there is no
steadfast rule.

With regards to its mathematical content, the above verse
describes the construction of a khandameru in its most gen-
eral form through the use of the word istanka or “the desired
number of digits”. If n be the desired number of digits, the
verse states that the first row of the khandameru should have
n cells, of which, the first cell is to be filled with the number
1 and the rest of the n — 1 cells are to be filled with the num-
ber 0. The second row contains n — 1 cells, which are filled
with the factorials of the numbers 1 to n — 1. In the succeed-
ing rows, the successive multiples (twice, thrice, etc.) of the
factorials are placed. The general khandameru thus formed
is depicted in Fig. 4a. A sample khandameru of nine digits
is depicted in Fig. 4b.

The khandameru is critical to the uddista and nasta pro-
cesses and the entire rationale for these procedures, involv-
ing the factorial representation of integers, is explained by
Sridharan et al. (2010). In the coming sections, we shall out-
line only the procedure for the uddista and nasta processes,
involving the application of the khandameru, as described
in the Nisrstarthaditr.

5 Uddista process

The word uddista means “indicated”. The uddista process
enables one to directly determine the row number of a given
or an intended pattern in a prastara which was constructed
using the procedure described in Sect. 3.2. Thus, this process
allows one to avoid the laborious process of generating the
entire prastara. Muni$vara explains the procedure using the
following verses:

SO GIET STATE! A |
qHHATATS TAG[: IEB-ATSFHRl Had |
A FITF A e I I |
IV TTsgl Sro=a ga shard |
FITHSEIT T g TeEvsTaed |

istankasammitan lostan
adyapanktau nyasedbudhah |
mitlakramantyad yatsankhyah
uddistontyo 'nkako bhavet |l
tatsankhye kosthake lostam
ksipedantyam punah punah |
ubhayatrapi labdho ko
lopaniya iti kramat |l

10| o 0 |- 0
1l o2 | 3 (n—1)!
2.21| 2.3 2-(n — 1)
3.3 3.(n—1)!
(n—1)-(n— 1)
(@)
1lololo|o] o 0 0 0
12| 6 |[24]120| 720 | 5040 | 40320
4| 12 | 48 | 240 | 1440 | 10080 | 80640
18 | 72 | 360 | 2160 | 15120 | 120960
96 | 480 | 2880 | 20160 | 161280
600 | 3600 | 25200 | 201600
4320 | 30240 | 241920
35280 | 282240
322560
(b)

Fig. 4 The khandameru. a The general khandameru for n distinct
digits. b The khandameru for nine distinct digits.

lostakosthankayoge syat
sankhyoddistaprabodhakyt |
The intelligent ones'® must place clay pellets (losta),
equal to the number of desired digits [that are con-
sidered for permutation], in the first row [of the
khandameru]. Considering the last digit of the
intended/given (uddista) pattern, whatever is its rank
in the original sequence from the end, in the cell hav-
ing that count (tatsankhye kosthake) [from the top],
place the clay pellet. The digit for which the number/
cell has been found should be erased from both [the
original sequence and the given sequence]. [The pro-
cess has to be repeated] again and again taking the
[new] last digit [until all the digits are exhausted]. The
sum of the numbers in the cells having clay pellets
gives the row number of the intended pattern.

The above verses explain the procedure of employing the
khandameru in order to obtain the position of the intended
pattern in the prastara. The algorithm works as follows:

16 For translation, we have considered the word budhah as
Jjatyekavacanam (collective singular).
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1. Given a pattern with » digits, firstly construct an appro-
priately sized khandameru. The number of cells in the
first row would be equal to the number of digits 7.

2. Place one clay pellet in each cell of the first row
(istankasammitan lostan adyapanktau nyaset).

3. Consider the last digit of the intended pattern and
determine its position in the mitla-pankti from the right
(reverse order). Let this position be m.

4. Move the clay pellet in the nth column of the
khandameru to the mth row.

5. Erase the digit from the intended sequence as well as the
miila-pankti.

6. Now, consider the new last (n — 1)th digit in the intended
sequence and repeat the above procedure.

7. The sum of the numbers in the cells containing clay pel-
lets at the end of the procedure will give the row number
of the intended pattern in the prastara.

We illustrate the above algorithm with the following
example.

5.1 Example

Find the row number corresponding to the pattern a; a, a; a,,
given the original sequence (mila-pankti) is a; a, as a,.

To determine the serial number of the intended sequence
in the prastara constructed using the method described in
Sect. 3.2, we employ the algorithm described above in the
following manner:

1. First, we construct a khandameru as described in
Sect. 4.2. As the intended pattern contains four digits,
the first row of the khandameru will contain four cells
as shown in Fig. 5a, with one clay pellet in each cell of
the first row.

2. Now, the last digit of the intended sequence is a,. The
position of a, in the miila-pankti from the right is 3.
Thus, in the fourth column of the khandameru, we place
the clay pellet in the third row, in the cell containing the
number 12, as shown in Fig. 5b.

3. Next, erasing a, from the miila-pankti as well as the
intended sequence, we obtain the new mila-pankti
a, a; a, and the new intended sequence a, a, a;. Now,
we note that a; is the last (3rd) digit in the intended
sequence and the second digit from the right in the miila-
pankti. Thus, in the third column of the khandameru,
we place the clay pellet in the second row, in the cell
containing the number 2, as shown in Fig. 5b.

4. The new miila-pankti and intended sequence are a; a, and
a, a, respectively. The last (2nd) digit a, in the intended
sequence is in the first position from the right in the miila-
pankti. Hence, in the second column of the khandameru,

@ Springer

le | Oe | Oo | Oe le | 0s | O] O
11216 1 | 20| 6
4 |12 4 | 120
18 18
(@) (b)

Fig. 5 Application of khandameru in the uddista process. a Starting
khandameru with clay pellets in the first row. b Final khandameru
with clay pellets in the appropriate rows.

we leave the clay pellet as it is in the first row in the cell
containing the number 0, as shown in Fig. 5b.

5. The new miila-pankti and intended sequence are a, and
a, respectively. There is nothing to be done at this stage.
The final clay pellet will remain as it is in the first row
of the first column of the khandameru, containing the
number 1, as shown in Fig. 5b.

6. Adding all the numbers in the cells containing the
clay pellets, we obtain the row number of the intended
sequence in the prastara as 12+2+0+1=15. It is
easily verified from Fig. 2 that the intended sequence
a, a, as a, is indeed in the 15th row in the constructed
prastara.

6 Nasta process

The nasta process is the inverse of the uddista process. The
word nasta literally means “annihilated” or “lost”. This pro-
cess helps to quickly determine the pattern associated with a
given row number of the prastara. The Nisrstarthaduti gives
the following procedure for this exercise:

IR T ST WA

ARG hISH: |

~ ~

T PIEHS: H0T I
RERGE R Sl
T[T T RUTHAMHI =T |
H TR IO JIH:

TF s ifearsd e |0

prste naste nastasankhya bhavedyaih
mitlaikankenanvitaih kosthakankaih |
ankesvetan losthakan sthapayitva
lostadantyat kostake 'dhah kramena |l
losto yatsankhye sti mulakramantyat
tatsankhyo yah sthapyatamipsitantyat |
sa prakpanktau lopaniyah sudhibhih
evam bhityo bhipsito yam kramah syat |l
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When the lost [pattern corresponding to the given
row number] is asked [to be found], then by com-
bining whichever cell-numbers (i.e., numbers in the
cells) along with [the number] one in the top row
(miilaikanka), the [row] number corresponding to
the lost pattern (nasta-sankhya) is obtained, place
clay pellets (losta) on [those] numbers/cells [in the
khandameru]. After that, starting from the last pellet
[among those], in whichever row downwards [from the
top row] the pellet is found, at that row-count what-
ever digit is found in the mila-pankti from the last,
that would be placed in the last position of the desired
[pattern]. That [digit] has to be erased from the miila-
pankti. Again (bhityah), [the process is] repeated [until
the first pellet is reached]. The pattern [obtained] would
be that one which was desired.

The word nastasankhya that we find right at the begin-
ning of the verses quoted above needs some explanation.
This is a compound word (samasta-pada) that can be com-
pounded in many ways:

ST 91 gl AT = TEgT |

T A TAT: T = A=A |

T Hg[l = T=HgG[T |

Of the three derivations given, the third is the most suit-
able in this context, with a slight emendation for the sake
of greater clarity. The meaning obtained from the first deri-
vation is not relevant in this context, as there is no num-
ber which is lost here. The second derivation (which is a
bahuvrihi compound) is also not meaningful, as we are not
referring to any third party here, who has lost or forgotten a
number (say the registration number). The third derivation is
close to the meaning that is intended in the present context.
The intended meaning becomes quite clear by emending the
third derivation by supplying a word:

T [hA] Hg[l = =Hg[ |
The [row] number corresponding'” to the lost [pattern
or kramal].

The aim of the nasta process is to determine the sequence
in which the elements (digits here) are arranged in the
desired row number. In fact, both the desired row number
and the digits that constitute that row are already known.
Only the pattern (krama) is lost. Hence, for greater clarity,
the derivation of the compound nastasarnkhya in this context
may be stated as:

17 The sixth case usually denotes a relation. Here the relation is
one of one-to-one correspondence between the row number and the
sequence or pattern (krama).

RISl = A=A |

The above derivation may technically be referred to as
madhyama-pada-lopi-samasa.

We now move on to explain the procedure of employing
the khandameru to obtain the pattern (with n digits) cor-
responding to a desired row number m in the prastara. The
algorithm works as follows:

1. First, construct a khandameru as described in Sect. 4.2.
The number of cells in the first row would be equal to
the number of digits 7.

2. Through careful inspection, select one number from
each column of the khandameru, including the number
1 from the first column, such that their sum equals the
desired row number m.'® Place clay pellets in the cor-
responding cells of the khandameru by dropping them
down, wherever required, from their original position in
the cells of the first row.

3. Letr,r,,...,r,correspond to the row numbers contain-
ing the clay pellets in each column, from the first to the
last.

4. Scan the mila-pankti from the right and determine the
r,th digit. This will correspond to the nth (last) digit of
the pattern in the mth row.

5. Delete this digit from the mila-pankti and scan the mod-
ified mitla-pankti from the right and determine the r,_;th
digit. This will correspond to the (n — 1)th (penultimate)
digit of the pattern in the mth row.

6. Repeat the process to determine the entire pattern.

The above algorithm is best understood with the help of the
following example.

6.1 Example

Determine the lost pattern of the 17th row of a prastara con-
structed using four digits, with the mila-pankti a; a, a, a,.

The above problem can be solved by employing the given
algorithm in the following manner:

1. First, we construct a khandameru as described in
Sect. 4.2. This is shown in Fig. 6a.

2. To determine the pattern in the 17th row of the prastara
we should pick one number from each column such that

18 The appropriate numbers can be quickly identified by starting with
the largest number (say k,,) lesser than the desired row number m in
the last (nth) column of the khandameru. The next number (k,_;) can
be identified by selecting the largest number lesser than m — k,, in the
(n — 1)th column of the khandameru. The third number (k,_,) can be
idenitified by selecting the largest number lesser than m —k, — k,_,
in the (n — 2)th column of the khandameru. This process must be
repeated to obtain one number from each column, such that their sum
equals m.
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le | Oe | 0o | Qe le | Oe | O 0
1 2 6 1 2 6
4 |12 4o | 120
18 18
(a) (b)

Fig. 6 Application of khandameru in the nasta process. a Starting
khandameru with clay pellets in the first row. b Final khandameru
with clay pellets in the appropriate rows

their total is 17. Thus, the unique combination we obtain
is1+0+4+12=17.

3. The rows in which the above numbers occur are given
byr,=1,r,=1,r;=3andr, =3.

4. Scanning the mitla-pankti from the right, we determine
the digit at the r,th position. This corresponds to a,, the
third digit from the right. Thus, a, is the fourth (last)
digit in the 17th row of the prastara.

5. Eliminate a, from the mila-pankti. The new mila-pankti
will be a; a; a,. Scanning the new miila-pankti from the
right, determine the digit in the r5th position. This corre-
sponds to a,, the third digit from the right. Thus, g, is the
third (penultimate) digit in the 17th row of the prastara.

6. Eliminate a, from the mila-pankti. The new mila-pankti
will be a5 a,. Scanning the new miila-pankti from the
right, determine the digit in the r,th position. This cor-
responds to ay, the first digit from the right. Thus, a, is
the second digit in the 17th row of the prastara.

7. Eliminate a, from the miila-parnkti. The new miila-pankti
will be a;. As the only remaining digit, a; will corre-
spond to the first digit in the 17th row of the prastara.

8. Thus, the pattern in the 17th row of the prastara is
asa, a; a,, as verifiable from Fig. 2.

7 Discussion

Pandit Sudhakara DvivedT has been extremely generous in
his praise for Munis§vara’s Nisrstarthadiiti, employing the
epithet uttamottama to describe it as the best among the
excellent commentaries on Bhaskara’s Lilavat.' A study
of Muni$vara’s commentary on the Ankapasa chapter of
the Lilavati does no harm to the veracity of this claim. In
his commentary, Muni$vara lucidly explains the rationale
for the rules of permutation given by Bhaskara. Notwith-
standing Bhaskara’s discussion of permutations mainly in
the context of sets of numbers, Munis$vara, following in
the footsteps of Narayana Pandita, brings in combinatorial

19 See Dvivedi (1933, p. 91).
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techniques developed in the context of prosody and music—
such as the construction of a prastara, and the uddista
and nasta processes—and discusses their application in
the numerical context. To this end, he presents a number
of verses which discuss these processes in a detailed and
unambiguous fashion. In addition, he works out examples to
facilitate the understanding of the processes. As a net result,
the Nisrstarthadiiti serves as an important text to understand
the development of combinatorial techniques in the Indian
historical context. In light of the importance of this text, we
intend to bring out further studies of this text in the future.
For instance, Muni$vara also discusses the construction of a
prastara with a set of digits containing repetitions (i.e., the
set may contain more than one instance of one or more dig-
its). We hope to discuss this interesting topic in an upcoming

paper.
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