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Abstract

A network computational model for a 3D ceramic structure is developed. The model is applied to study the impact of geo-
metric and material parameters of structure on the liquid metal flow through random porous ceramic medium in pressure
infiltration processes. The characteristic geometric features of the ceramic structure favorable for liquid metal flow during the
infiltration process are determined. The method of structural approximation and constructive homogenization are applied,
and the discrete stationary Stokes equations on random graphs are considered. This approach gives a robust algorithm to
determine the macroscopic permeability K of interpenetrating phases. The dependencies of K on the distribution of connec-
tions (windows) between the cells (inclusions) are derived. The numerical simulations demonstrate that the permeability
K does not depend on the scaled distribution sizes of windows. This implies that K is proportional to the mean value of the
window areas. The considered model takes into account a random complex structure of 3D ceramic. Hence, it complements

the previous study on the local transport properties of tubes (windows) connecting the cells.

Keywords Pressure infiltration - Random network - Permeability of porous medium - Liquid metal flow

1 Introduction

Metal matrix composites (MMCs) based on light metal
alloys (i.e., Al, Mg) usually consist of a reinforcing phase
in the form of particles [1] or short fibers [2]. This kind of
widely known materials is obtained, in particular, by the
stir casting method. A new solution in the area of MMCs is
materials with percolating metallic and ceramic phases (i.e.,
IPCs—interpenetrating phase composites), widely described
by Kota et al. [3]. Currently, IPCs are usually fabricated by
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pressure infiltration methods (e.g., centrifugal infiltration
[4], or gas pressures’ infiltration [5]). The ceramic phase in
the form of porous skeletons has significant potential for the
next-generation engineering applications [3]. The reinforc-
ing elements of IPCs form a spatially ordered and random
ceramic skeleton with complex topological and geometric
features. Porous ceramics, also called cellular ceramics, are
a relatively new and prospective material due to their special
properties [6], such as low relative weight, high hardness,
high temperature resistance, and specific damage mecha-
nism (microcracks’ propagation). These properties affect
the energy absorption and dispersion capacity, which can be
increased using foam materials with an open-cell structure.
Porous ceramic skeletons, nowadays, have many applications
as final products (i.e., filters used for thermal gas separa-
tion) or lightweight structural components. As opposed to
the conventional dense counterparts, this kind of material
can be infiltrated through an elastomer [7] or metal alloy [4,
8] to form functional composites in which each phase forms
a fully interconnected network. Their design focuses on
obtaining much higher physico-mechanical properties com-
pared to unreinforced materials (i.e., metals, polymers), as
well as classic composites reinforced with particles or fibers.
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The porous ceramic structure, the reinforcement phase, is
important in their construction.

Both Colombo et al. [9] and Studart et al. [10] showed
that advances in manufacturing methods now offer the pos-
sibility to fabricate cellular ceramics with a wide range of
morphology and properties. To obtain the expected charac-
teristics, the development of a specific structure with con-
trolled volume fraction, size, type, and geometry of pores is
required [11]. It should be noted that the density, porosity,
absorbability, and permeability of porous ceramic skeletons
are the key macroscopic parameters influencing the effi-
ciency of the infiltration process. These averaged character-
istics and physical properties of alumina skeletons were esti-
mated in the previous experimental works [4, 12, 13]. Based
on the obtained results, both theoretical and experimental, it
was noted that besides the above parameters, the geometric
properties of the structure strongly impact the success or
failure of the infiltration process (Fig. 1). This structural
problem requires a new subtle and advanced model taking
into account the random distributions of components (cells
or chamber) connected by microtubules to find the proper

Fig. 1 Skeleton structure in var-
ious scales. Overlapping cells
bounded by ceramic spheres are
connected by windows (throats),
as shown by dark spots. A
viscous fluid occupies the cells
and windows. Morphology of
Al,05 ceramic preforms (skel-
etons) and effect of infiltration
with liquid Al alloy, SEM: a
and b Al,O; (R)—obtained by
replacement of porous polymer
matrix with total porosity at a
level of 84%; ¢ microstructure
of Al/Al,O; composite; d and e
Al,05 (S) prepared by sintering
of ceramic powder with total
porosity at a level of 50%; f
microstructure of Al/Al,O5 (S)
composite with blocked infiltra-
tion. The units are shown on the
right side at the bottom strip of
each picture. The unit segment
equals to: a 1 mm, b 500 pm =
0.5mm, ¢ 1 mm,d 1 mm, e 500
pm = 0.5 mm, f 2 mm
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key parameters and to determine their impact on infiltration
quantitatively.

Following this task, we consider a class of IPCs gener-
ated by a regular structure resembling the hexagonal close-
packed (hcp) lattice [14]. At the same time, the cells are
chaotically connected by windows. A connected set of cells
can be considered as a curvilinear channel, but only locally.
The channels branch out and form a complex network. Vari-
ous mathematical models and methods related to injection
were developed for fluid through a curvilinear channel. A
perturbation method was applied in [15] to curvilinear 3D
channels. Multilayer modeling of lubricated contacts was
developed in [16]. Optimization of flow in complex chan-
nels was discussed in [17] These models are based on the
analytical-numerical solution to PDE and the estimation of
the local flow in an element of the porous medium.

We are interested in IPCs, which can be considered ran-
dom porous media of cells connected by channels when a
representative volume element with the corresponding com-
plex geometry is simulated, and its macroscopic properties
are estimated. Therefore, infiltration can be studied in the
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framework of the theory of homogenization [18] and its con-
structive applications to fluids [19], in particular, to filtration
through porous media [20]. Extensions to high-frequency
flow can be found in [21] and long-wave asymptotics in [22].
Non-Newtonian fluids in porous media were discussed by
Farina et al. [23], and the advanced numeric computations
were presented by Adler et al. [24]. The permeability of
fractures, fracture networks, and fractured porous media was
systematically investigated by Mourzenko et al. [25], includ-
ing the continuous percolation described in [26]. Moreover,
the classic percolation theory was systematically applied by
Hunt et al. [27] to describe the percolation theory for flow
in porous media.

In the present paper, we develop two mathematical
approaches based on graph theory, which were applied
separately to porous media and composites in the previous
works. One of the first random network model of porous
media was proposed in [28] where a series of several unit
cells connected in parallel was considered. The flow prob-
lem through each unit cell was reduced to determining the
flow in a tube. The porous medium was modeled by a net-
work of cells connected through windows, and it is approxi-
mated to be a network of tubes. The network skeleton was
simulated by randomly removing several windows in [29].
Further investigations led to the DeProF hybrid mechanistic-
stochastic model for two-phase flow in porous media sum-
marized in [30] and discussed in [31] for metal filtration,
in [32] for carbonate rock, and in [33] for two-phase flow.
The discussed random network model is used in the oil and
gas industry to determine the permeability of porous media.
This model is similar to the infiltration problem of IPCs. The
outlined works primarily emphasize using a single pore flow
as a building block for studying macroscopic flow.

As demonstrated in [34], accurate estimation of macro-
scopic permeability in a random structure requires careful
investigation. In this regard, the computational theory of
random homogenization outlined in [35] proves valuable.
The corresponding graph model relies on the variational
method of structural approximation [36], and asymptotic
investigations [37]. The random graph simulations were
performed in [38]. The structural approximation stands out
among numeric approximations because of the following
features. A discrete network and its elements (vertices and
edges) correspond to the geometry of the porous medium
and the expected domains of higher intensity flow.

In the present paper, we develop the structural approxi-
mation to investigate the impact of geometrical parameters
(porosity, pore size, window size, etc.) on the transport
properties of porous ceramics. The considered random Voro-
noi tessellations are tailored to meet the processes in IPCs
and differ from the classic study [39]. The main simulated
parameter is the macroscopic permeability K. The impact
of the IPC structures is systematically investigated on the

principal component of K. The study follows the discrete
homogenization procedure and determines the macroscopic
properties of IPCs. This is of great importance in the case
of gas infiltration technology, where the use of low gas pres-
sure acting on the liquid metal does not damage the brittle
ceramic structure.

2 Geometry

We now outline the representative volume element (RVE)
conception of the considered media. According to the theory
of homogenization, the effective permeability of the medium
can be appropriately determined through a periodic cell
problem with a given pressure jump per cell Q [18, 40]. The
term “cell” means the rectangular cuboid Q in the homog-
enization theory. In the present paper, we use the term cell
for a sphere and the term sample for the cuboid Q containing
a set of spheres following the terminology of IPCs.

We shall follow the lines of linear [40] and nonlinear ran-
dom composites [41] and develop the corresponding theory
of infiltration of statistically homogeneous samples. RVE
has to satisfy the conditions expressed by the representative-
ness in a statistical context. A random composite is a statis-
tically homogeneous medium invariant under translations
in space. A lattice group generated by three fundamental
translation vectors is assigned to any fixed random statisti-
cally homogeneous composite. Therefore, an RVE exists that
represents random non-periodic statistically homogeneous
composites. A constructive method to determine RVE for
dispersed composites is outlined in [42] for conductive com-
posites and in [35] for suspensions. It is based on the struc-
tural sums and advanced simulations of samples to fulfill the
condition of statistical homogeneity rigorously.

Consider 27 equal spheres, a fragment of the famous hcp
lattice [14], displayed in Fig. 2a. All the geometrical and
physical scales are dimensionless. The spheres are located
inthe cuboid{(x,y,z) : =1 <x,y < 1,-2 < z < 2}. We have

three layers by 7 spheres on the planes z = 0, 12\/g and two
layers by 3 spheres on the planes z = i\@ . The centers of

7 spheres on the level z=0 are

(0,0,0),(x1,0,0), (_ ,_?,0). The coordinates of other

centers are obtained by replacing the third coordinate by

z=+24/2. The centers of triples spheres on the level

{0y, (o ey T ison

venient to numerate the centers x;=(x,y;,z),
i=1,2,...,27, for instance, as in Fig. 2b.
The radius of spheres is equal to - Then, every triple of

V3

overlapping spheres does not have an empty space between

@ Springer
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Fig.2 a RVE containing 27
overlapping spherical elements.
b An incomplete Delaunay
graph corresponding to the
structure a with the enumerated
vertices

Fig.3 Two neighbor spheres overlapping over the circle. The disk D
(yellow) is the joint boundary of two cells, each of them a part of the
corresponding ball. The window W between the cell, a part of D, is
shown by dark yellow

them. Every pair of neighbor spheres overlaps over a circle
of radius % Each circle bounds a disk. This disk D con-

24/3

tains a smaller disk W called window and is considered the
joint boundary of two new cells obtained from the consid-
ered spheres by deleting the corresponding spherical caps;
see Fig. 3. In particular, D may coincide with W.

It is assumed that the structures considered in Fig. 1 are
represented by a set of non-overlapping cells displayed in
Fig. 2. Every cell is a part of the corresponding ball. It is
bounded partially by the sphere and by the disks D. This
construction repeats the Voronoi diagram [43] for the set of
centers of spheres. The cells form the Voronoi partition of
space. Only 27 finite cells of this partition are considered.
A window may be located on the joint disk of two neighbor-
ing cells.

We now model the considered structure by a graph. The
graph (V, E) consists of the vertices V connected by the edges

@ Springer

E. It is assumed that the set V coincides with the set of centers
of all 27 spheres. Two vertices are connected by an edge if a
window is assigned between two corresponding cells. There-
fore, the graph (V, E) corresponds to a structure of connected
or disconnected cells. Following analogous two-dimensional
investigations [38], we call (V, E) by the incomplete Delau-
nay graph. The graph (V, E) is called the complete Delaunay
graph if a window is assigned to every pair of neighbor cells.
An example of the graph (V, E) is displayed in Figs. 2b and 4.

Let Q2 denote the union of all the cells. The two-dimensional
boundary 0Q2 (skeleton) of the spatial domain Q consists of the
outer boundary of all the spheres and the disks D, which do
not contain windows, i.e., D is a partition. Moreover, if a disk
D contains a window W of disk form, the ring D\ W belongs
to 0Q. It is worth noting that the domain Q is not necessarily
connected.

3 Method of structural approximation

The continuum model of infiltration can be based on the
Stokes equations. Though infiltration is a dynamic process
with the front of infiltration, the macroscopic permeability of
RVE can be considered the critical infiltration parameter.

Consider a viscous fluid of the constant viscosity y in the
domain Q. Let x = (x, y, z) denote the spatial coordinate, v(X)
the velocity, and p(x) the pressure. Using the standard designa-
tion for the gradient operator V, one can write the stationary
Stokes equations in the form

uVv=Vp, V.v=0 in Q. D

Let S* and S~ denote the top and bottom parts of the surface
0Q. For instance, S* can be defined as the part of 0Q visible
from the top of the RVE displayed in Fig. 2. Therefore, 0Q
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Fig.4 The standard plane
graph isomorphic to the graph
displayed in Fig. 2b. The con-
sidered graph is connected. An
incomplete Delaunay graph may
be disconnected
27

is decomposed on S*, S~ and the lateral part and the interior
partitions S, i.e.,0Q = ST UST US.

Let the averaged pressure gradient be given along the
z-axis. The boundary conditions for the symmetric sample
Q can replace the periodicity conditions. The normalized
pressure p(x) can be fixed in the top and bottom faces of
QO equal to 1 and 0, respectively. The velocity v(x, y, z) is a
triply periodic function vanishing on the boundary 0Q. The
corresponding boundary and periodicity conditions keep
their form after the transition to the discrete problem for a
graph. Therefore, we have the following boundary condition
on the normalized pressure

px)=1, xest; px)=0, xeS§ . 2)

The velocity satisfies the non-slipping boundary condition

vx)=0, x€ES. 3)

In the considered case, the periodic problem is reduced
to the boundary value problem (1)—(3). This is the classic
boundary value problem for the Stokes equation [44]. Let us
know its solution. Then, the permeability of the medium K
occupying the domain Q in the z-direction is defined by the
volume integral [24]

_ M

z Ap sz dX, (4)

where v, is the z-component of v, Ap is the difference of
pressures equal to 1, and / is the thickness of the bed equal
to 4 in our case.

Consider a class of media represented by domains Q. Let
Q" be the maximally possible domain with all the win-
dows having the maximally possible area of windows. This
medium has the maximal permeability denoted by K™*.
We will use the dimensionless permeability K respective to

K™; more precisely, the normalized permeability is intro-

duced as

Jov. dx

/_Qmax v;nax X

&)

We now proceed to pass to a discrete model of permeability
based on the structural approximation. The method of struc-
tural approximation is similar to a finite-element method but
closely related to the structure of the medium. For instance,
in the considered case, the element is a cell, and the mesh
is represented by the Delaunay graph introduced in the
previous section. The method has been applied to various
mechanical problems. A rigorous justification of the method
was established in [37] by asymptotic methods and in [36]
by a variational method.

Following the method of structural approximation,
we introduce the pressure p; averaged over the ith cell
(i=1,2,...,27). The Delaunay graph (V, E) determines the
structure and represents the domain  with windows. The
boundary conditions (2) become

p;=1 for i=14,15,...20; p,=0, for i=21,22,...27,

(6)
where the vertices’ numeration shown in Figs. 2b and 4 is
used. The pressure p is represented by the values p; satisfy-
ing the discrete Laplace equation [45]

1 .
pizgzpj, i=1,2,...,13. (7)

Uj~i

Here, the relation j ~ i means that the vertices i and j are
connected; d; stands for the degree of the ith vertex, i.e., the
number of edges connecting the ith vertex with others. If
d; = 0, the vertex i is isolated and excluded from the system
of equations (7).

@ Springer
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The linear algebraic system (7) has a unique solution [45].
Let the values p; be calculated. The velocity vector v, is
determined on every edge connecting the vertices i and j
with the coordinates x; and x;, respectively, by the formula

Kedge X, —X;
(Pj -p)

‘71 = - —_—
H |Xj_xi|,

i,j=12,..,27 8)

Here, K4, denotes the permeability of an edge. In the the-
ory of graphs, K4, is usually proportional to the inverse
value of |x; — x,|. In the considered case, all the edges have
the same length. Hence, K., is a constant for all edges, not
impacting the dimensionless macroscopic permeability. The
ultimate respective permeability is calculated employing the

z-components of v,

K=—g 2 v ©

0 (ijeE

The sum is taken over all the edges of graph (V, E). The
normalization constant K, is calculated in the next section.

4 Implementation of algorithm
4.1 General

The method of structural approximation yields the algo-
rithm summarized in the previous section for a fixed graph
(V, E). The algorithm was implemented with the package
Mathematica®, which contains the built-in operator Solve
applied to eq. (7) and others on the graph characteristics
such as adjacency matrix and vertex degree. In the devel-
oped model of random media, the set of vertices V is fixed;
the coordinates of V are written at the beginning of Sect. 2.
The edges E are randomly generated. The main key of imple-
mentation is the procedure of random simulation of edges
representing windows.

Fig.5 The standard plane graph
(V, E™) of the pressure values
at vertices

0.
b o

0.
O =

@ Springer

4.2 Equal windows

Consider the complete Delaunay graph (V, E™*). Applica-
tion of the algorithm yields the pressure distribution shown
in Fig. 5. This result easily follows from the symmetry of the
graph (V, E™) and the symmetric boundary conditions for
pressure. The pressure changes with the five layers from the
top to the bottom of RVE as p = 1,0.75,0.5,0.25, 0.

The z-component of the velocity on edges is calculated
by (8). It is the same on every edge and equal to
Vi

. = —%0.25. The number of edges connecting four dif-

ferent layers is equal to 36. Then, the formula (9) yields the
dimensionless macroscopic permeability K'** = %. This
0
9K,

edge

equation determines the normalization constant K, =

Therefore, the dimensionless permeability K = K(V, E) for
a graph (V, E) is normalized in such a way that the maximal
possible permeability for the complete Delaunay graph holds
K(V,E™) = 1and the permeability K = K(V, E) is defined,
respectively, to this maximal value. The normalized z-com-
ponent of the velocity is calculated by the following formula
from (8):

i —Z%;

]
v, = =(p; = Pi)m,
J 1

i,j=12,...,27, (10
where X; = (;,;, z;) denotes the spatial coordinate of the ith
center. The normalized permeability is found by the normal-
ized equation (9)

K=- Z Vi, )

()EE

The established normalization clarifies the algorithm to
determine K = K(V, E) in the deterministic statement for
each fixed graph (V, E).

We are now ready to precisely introduce the random sim-
ulation of graphs with the fixed vertices V and the randomly
selected edges E. Introduce the adjacency matrix A™#* of the
complete Delaunay graph (V, E™*). The element of this
matrix ag"‘”‘ (i,j=1,2,...,27) is equal to 1 if the vertices i



Archives of Civil and Mechanical Engineering (2024) 24:188

Page70f13 188

and j are connected and equal to O otherwise. Consider now
a random set E defined by the probability of connection P,
i.e., P expresses the probability of a window between two
neighbor cells. Let an edge be deleted with the probability
(1 — P) from E™®*. As aresult, we get a set of edges E, hence
a new graph (V, E). This random process is implemented by
100 computer experiments. Actually, we have the set of
graphs (V,E(P)) (s=1,2,...,100) simulated 100 times
with the fixed P. The probability P =0.025n
(n=1,2,...,40) is taken in simulations. It is convenient to
work with the adjacency matrix A of the Delaunay graph
(V, E) where the element of this matrix has the form
a; = ag“‘”‘Xij. Here, the random variables Xl_-/- take the value
1 with the probability P and 0 with the probability (1 — P).
The value X;; is simulated independently for every pair (i, )
with i > j and X]l = Xl] The diagonal elements vanish,
a; = 0. In the extreme cases, we get the complete Delaunay
graph (V,E (1)) = (V, E™) and the degenerate graph with
isolated vertices (V, E (0)) = (V, ) for any realization s.
Here, @ stands for the empty set.

Figures 2b and 4 display a randomly generated connected
graph for P = 0.7. Figure 6 displays two disconnected graphs
for P = 0.3. The left graph (a) contains a path connecting
the top vertex 14 with the bottom vertex 21. Hence, this
graph has a positive permeability, though it includes isolated
vertices 17, 18, ... (dead flow regions). The permeability of
the right graph (b) vanishes, since the top and bottom points
are not connected.

@
17 18 20 22 24 26
a) o

The permeability of graphs (V, E (P)) can be expressed
in the graph’s percolation chains and isolated components.
We say that a graph (V,E,(P)) is permeable if a chain
exists connecting a top point (p = 1) with a bottom point
(p = 0). Figure 7 displays the dependence of the statistical

1.0:—----------------------:-;-.1.—:“"
L o4 *

0.8; /.

0.2; /
:AAAx?_._A‘:.:_‘A_‘i_AJ_14‘_4Lp
L 0.2 0.4 0.6 0.8 1.0

Fig.7 The statistical frequency of permeable graphs v on the prob-
ability P. Data are shown by points; the function (12) by solid (green)
line

5 25
? ()
7 \
Q;X\;
AN
g\
‘ 12 24
21
P <02/2’0'\o 026
3
A 27
23 (6]
@
3
25 ©
g 16
o
18 8 )/0/
(o3 © Q@
\6
o
19 14 9 2 4 15 17 20
b) e} e o o o o

Fig.6 Two plane graphs a and b generated by the same code with P = 0.3. The vertex 15 from the top and the vertex 21 from the bottom dis-
played in Fig. 2b are connected in the left graph by the path (14, 9, 8, 1, 11, 21). The top and bottom layers are not connected in the right graph
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Fig.8 Distribution of perme- 70t P=045
ability of 100 graphs for a fixed 80+t P=0.4 60F -
P. The normalized permeability
K lies on the horizontal axis and 60 S0¢
its frequency v on the vertical 40 ¢
axis 40 + 30 ¢
20 ¢
20+
I o
0 : 0
0.1 0.2 0.3 0.4 01 02 03 04 05 06
60 F P=05 P=0.55
40 ¢
50
40F 30¢
30 H 20 1
20
10
0 0
01 02 03 04 05 06 07 0.2 0.4 0.6 0.8
50
P=0.6 50 P=0.65
40} Wl
30 30}
20 1 20+t
s 10}
0 0
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
40
p=07 35} T  P=075
30l 30
— 25}
20} 20¢
15¢
10} 10¢
5 - —I—\
0 : 0 .
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 1.0
40+ ] P=08 a0l P=09 [ |
30}
30
20 20l
10} 10}
0 . 0 == L L
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
frequency of permeable graphs v on the probability P. The 1 1 3-5.66P )
value v shows the share of permeable graphs in 100 ran- v(P) = 5 \/—/0 exp(—1°)ds (12)
T

domly simulated graphs with a fixed P. The solid (green)

graphics of the error-type function
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fits the discrete data.
The implemented algorithm yields the statistical esti-
mations of the permeability of graphs (V, E,(P)) and its
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Table 1 The statistical data of P E[K] DIK]

permeability K = K(V, E(P))

averaged over 100 numerical 0.40 0.029572 0.088991

:fae;‘i‘;i‘l‘és[ggf;‘lﬁ‘g‘;al 045 0104312 0.164493

standard deviation D[K] of K for 0.50  0.135862  0.194654

a fixed P 0.55 0.223127 0.214618
0.60 0.349568 0.242041
0.65 0.420890  0.253500
0.70 0.560500  0.198916
0.75 0.630944  0.188600
0.80  0.707188 0.185678
0.85 0.797430  0.116747
0.90 0.854727 0.112784

— Smb— ———— Fa——

P R S—" - P

N
0.2 0.4 0.6 0.8 1.0

Fig.9 The dependence of the averaged permeability from Table 1 on
the window probability P. The linear function (13) fits the points on
the interval (0.4, 1)

dependencies on P. The results of simulations are presented
in Figs. 8 and 9. We are interested in the frequency values
of K denoted below as vg. The frequency distributions of K
for P =0.4,0.45,0.5, ...,0.9 are selected in the histograms
of Fig. 8. The permeability K strongly vanishes except for a
few statistical realizations for P < 0.4, i.e., the frequency vy
is maximal for K near zero. At the same time, the maximal
frequency v distances from 1 for large P > 0.75. It is worth
noting that all the considered frequency distributions include
the local peak at the zero frequency. The second peak is
located a little bit left to P. For instance, the histogram

P = 0.65 has the peak vy = 53 at the interval 0.4 < K < 0.6.
The second peak vy = 24 is achieved at 0 < K < 0.2. The
vanishing frequency vy is not shown for K > K_.(P), where
K_(P) denotes the maximal permeability with the positive
frequency. For instance, K.(0.4) = 0.4, K.(0.45) = 0.6 etc.

The frequencies v in Fig. 7 and v, in Fig. 8 have different
meanings. The value v characterizes the share of connected
graphs, v the permeability. Both frequencies are considered
as functions on the probability P.

The following linear function fits the points on the inter-
val (0.4, 1) from Table 1:

K = -0.677027 4+ 1.71024P. (13)

One can observe an excellent agreement of the line (13) with
the point data.

4.3 Random size windows

In the present section, we modify the algorithm and the cor-
responding implementation to the case of different areas of
windows. The modification consists in the introduction of
the mutually independent random variables S;; uniformly dis-
tributed on the interval (¢,,,, 1). The variable S; establishes
the respective size of the window along the edges connecting
the vertices i and j. The formula for the permeability (11) is
modified by the introduction of multipliers

K== S, (14)

()EE

It is worth noting that the discrete random variable X
takes two values: 0 and 1. The value X;; = 0 blocks the flow
between the cells i and j. The continuous random variable S;;
does not vanish for g,,;, > 0. It scales the velocity between
the cells.

The computations were performed for g,,;, = 0.2. The
statistical estimations of the permeability for fixed P are
presented in histograms selected in Figs. 10 and 11. The
main features of these histograms are similar to the case of
equal windows, including two peak plots.

The comparison of the fixed and random sizes window is
given in Fig. 12. The following linear function fits the points
on the interval (0.3, 1) from Table 2:

K = —0.339873 4+ 0.948525P. (15)

It is worth noting that Eqgs. (13) multiplied by 0.6 and (15)
give almost the same results. This observation allows us to
conjecture that the permeability does not depend on the dis-
tribution sizes of windows and can be estimated by its mean
value only. Here, 0.6 is the mean value of the random vari-
able uniformly distributed in the interval (0.2, 1).
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5 Discussion and conclusion

A novel network computational model for a 3D ceramic
structure is developed. The characteristic geometric features
of the ceramic structure favorable for liquid metal flow dur-
ing the infiltration process are determined. We combine two
previously developed approaches, random network model

@ Springer

0.35 0.40 0.45 0.50 0.55 0.60

[29, 30], and structural approximation [36, 37]. More pre-
cisely, we apply the structural approximation and construc-
tive homogenization method to the discrete stationary Stokes
equations on random networks. Such an approach gives a
robust algorithm to determine the macroscopic permeabil-
ity K of IPCs. Besides the standard study of connectivity
of random networks, the dependencies of K on random
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Fig. 11 Continuation of Fig. 10 40
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Table 2 The statistical data of I3 EIK] DIK] connections between the cells are derived; see Figs. 8 and
permeabilit'y K averaged over 10. These histograms, including two observed peaks, can be
100 numerical experiments with 030 0,004340 ~ 0.024931  useful in technological study, since the preliminary selection

the random size of the window,

the empirical mean value E[K], 0.35 0.009022 0.037091
and the standard deviation D[K] 040 0.009961 0.038996
of K for a fixed P 0.45 0.058510 0.090892
0.50 0.103848 0.121527
0.55 0.137360 0.139141
0.60 0.210660 0.142230
0.65 0.286792 0.119846
0.70 0.341205 0.125487
0.75 0.372791 0.117989
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0.95 0.559472 0.034625
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Fig. 12 The dependence of the averaged permeability from Table 2
on the window probability P. The linear function (15) fitting the
points on the interval (0.3, 1) is shown in orange. The function (13)
multiplied by 0.6 is shown in blue

of porous preforms intended to produce IPC composites can
be optimized for the low-pressure infiltration processes. The
numerical simulations demonstrate that the permeability K
does not depend on the scaled distribution sizes of windows;
see Figs. 9 and 12. This yields a simple estimation of K by
its mean value.

The present work complements and extends the previ-
ous research outlined in the Introduction, which concen-
trated on the local transport properties of tubes connecting
the cells. For instance, the formula (35) from [32] shows
that the permeability K is proportional to & = % where d
denotes the diameter of window. The average over all the
windows is used in the above equation. The formula (35)
from [32] does not contain a network parameter; its ran-
domness is expressed only by the coefficient A. This is a
typical result of the simplified homogenization methodol-
ogy when the main attention is paid to the local field, not
to high-order averaging. In the present approach, we esti-
mate the local field, so that the coefficient % is proportional
to the window area, i.e., h; = (d?). At the same time, we
derive the dependence of K on the statistical parameters
of networks. A similar investigation in the theory of dis-
persed composites by asymptotic [46] and Schwarz’s [34]
methods establishes a weak dependence on the macro-
scopic properties of local fields and a strong dependence
on the geometric structure of composite. Maybe, /; should
be replaced by A. This implies the change of the uniform
distribution used in Sect. 4.3. Maybe, the coefficient &
should be calculated by more complicated expressions
derived in [15] and others. Anyway, the previous local
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estimations can be combined with the developed network
model to determine the permeability K for complex net-
works and complex shapes of local connections (tubes).

In the present paper, performing Monte Carlo simulations
involved running thousands of computational experiments.
The simulations were executed on a standard laptop to gen-
erate the results within minutes. This advantage of structural
approximation over other locally effective numerical meth-
ods lies in its ability to enable a more efficient discretiza-
tion approach. By concentrating on the key points of the
physical process rather than relying on total discretization,
structural approximation yields fast estimation of the macro-
scopic properties of complex random structures. Moreover,
the proper application of constructive homogenization [34]
prevents systematic errors arising during locally used effec-
tive medium approximations.

The discussion concerns the normalized permeability K
calculated for dimensionless geometric structures. To apply
the results to the dimensional ceramic foams, one has to
multiply K by the corresponding value of dimension m?.
Based on experimental studies, it has been shown that the
total porosity of the composites decreases with an increase
in the window diameter d in the ceramic cell, and thus, the
degree of infiltration process increases [12]. The experimen-
tal part of the study, complemented by simulations carried
out in the present paper, will be continued and reported in a
separate article devoted to technological applications.
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