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Abstract
In this work, a constitutive model is developed by incorporating precipitation strengthening into a dislocation-density-based 
crystal plasticity (CP) model to simulate the mechanical properties of 2024 aluminium alloy (AA). The proposed model 
considers the contributions of solid solution strengthening and strengthening from dislocation–precipitate interactions into 
the total slip resistance along with the forest hardening due to dislocation–dislocation interactions. A term accounting for 
the multiplication of dislocations due to their interactions with the non-shearable precipitates in the alloy is incorporated 
in the hardening law. The developed precipitation strengthening-based CP model is implemented into the crystal plastic-
ity finite element method (CPFEM) for simulating the macroscopic mechanical behavior of AA2024-T3 alloy for uniaxial 
tension over various strain rates. The macroscopic response of the polycrystal representative volume element (RVE) used 
for simulations is computed using computational homogenization. The effect of meshing resolution on the RVE response 
is studied using four different mesh discretizations. Predictions of the macroscopic behavior by the developed model are in 
good agreement with the experimental findings. Additionally, the contribution of model parameters to the total uncertainty 
of the predicted stress has been assessed by conducting a sensitivity analysis. A parametric analysis with different precipitate 
radii and volume fractions has been done for finding the effect of precipitates on the macroscopic and localized deformation.

Keywords  Precipitation hardening · Dislocations · Representative volume element · AA2024-T3 · Crystal plasticity

1  Introduction

Aluminium alloys (AA) have found widespread application 
in the aerospace and automotive sectors owing to their high 
strength-to-weight ratios along with other favorable proper-
ties [1]. The strength of these alloys derives from the precip-
itates that are intentionally grown by a proper heat treatment 
process within the aluminium (Al) matrix [2]. Such alumin-
ium alloys are capable of competing with heavy materials 
like iron and steel owing to their use in many lightweight 

and structural applications. AA2024 is an aluminium-cop-
per-magnesium (Al-Cu-Mg) alloy with attractive properties 
for example high strength, damage tolerance and fracture 
toughness [1]. In T3 and T4 temper conditions, the sheets of 
AA2024 alloy are generally used for making aircraft wings 
and fuselage structures [3].

The high strength of these alloys arises from the hin-
drance to the motion of dislocations resulting from interac-
tions of dislocations and precipitates. Based upon the size 
of the precipitates, the dislocations can interact with them in 
two ways: (a) either they can shear or cut through the precip-
itates or (b) they can bypass the precipitates to form Orowan 
loops around them [4]. Sehitoglu et al. [5] observed that the 
Guinier–Preston (GP) zones coherent with the aluminium 
matrix raise its yield strength whereas the strain hardening 
behavior is not much affected. Whereas, the non-shearable 
�′ and � precipitates obstruct the movement of dislocations, 
hence, resulting in an increased work hardening. Similarly, 
Esin et al. [6] found that the precipitates in AA2024 alloy 
are formed by the nucleation out of Cu and Mg solutes as 
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particles of size ranging from nm-� m during the heat treat-
ment process. For Al-Cu-Mg alloys, only the precipitates of 
S ( Al2CuMg) phase are expected to be formed at the equilib-
rium state if 1.5 < Cu/Mg < 4. However, S ( Al2CuMg) phase 
precipitates along with � ( Al2Cu) phase should be formed 
at the equilibrium state for the alloys with 4 < Cu/Mg < 8. 
In another study, García-Hernández et al. [7] reported that 
for AA2024 alloy, increased hardening is favored by small 
size, uniform spatial distribution and high number density of 
non-shearable S precipitates which provides effective loca-
tions for dislocation accumulation and trapping. Therefore, 
the S phase (non-shearable) precipitates are responsible for 
strengthening of the AA2024 alloys whose composition gen-
erally have Cu-Mg content in the ratio of 1.5 < Cu/Mg < 4.

Crystal plasticity (CP) models are used for polycrystalline 
materials to study their deformation behavior by accounting 
for the underlying physical mechanisms which derive the 
constitutive response at the single crystal (or grain) level. 
The morphological properties of the material are also explic-
itly included in the CPFE model, allowing accurate predic-
tions at both microscopic and macroscopic levels. Precipi-
tation hardening effects have been incorporated into crystal 
plasticity frameworks by researchers in an effort to predict 
the deformation behavior of aluminium alloys. Sehitoglu 
et al. [5] updated the visco-plastic self-consistent (VPSC) 
model of Lebensohn and Tomé [8] by incorporating a new 
hardening formulation used by Acharya et. al [9] to study 
the response of pure aluminium and precipitate-hardenable 
Al-Cu alloy. The evolutionary equation for dislocation den-
sity was adjusted by incorporating the effect of precipitate 
spacing on the alloy’s hardening behavior. Additionally, to 
consider the precipitate effect on anisotropy, a weighting 
function dependent on the orientation of grain, its morphol-
ogy and the orientation of precipitates was incorporated into 
the hardening formulation. The experimental stress–strain 
behavior and precipitate effect on plastic anisotropy [10] 
were reasonably captured by their model. However, they 
did not demonstrate that their model could be used for a 
strain rate-based deformation study of Al-Cu alloy. In 
another work, Bhattacharyya et al. [11] used the framework 
of the elastic-plastic self-consistent (EPSC) single crystal 
model of Turner and Tome [12] to incorporate a hardening 
formulation for simulating the kinematic hardening effect 
on back-stress and anisotropy induced by precipitates for 
AA7085 alloy. However, they employed simplifications to 
obtain strain relaxation within the precipitate phase, elas-
tic properties and morphology of the precipitates. Anjabin 
et al. [13] adopted the resistance due to precipitates from 
Myhr et al. [14] and Goutterbroze et al. [15] into crystal 
plasticity mechanics to analyse how precipitates influence 
the mechanical behavior of an Al-Mg-Si alloy. They con-
sidered the additional contributions to slip resistance due to 
precipitates and solutes for calculating the critical resolved 

shear stress. Further, they also modified the standard disloca-
tion evolution model of Kocks-Mecking-Estrin (KME) [16, 
17] to consider the dependency of flow stress on precipita-
tion strengthening. An additional term i.e. geometric stor-
age distance was incorporated into the dislocation evolution 
equation which depends on the weighting function similar 
to Sehitoglu et al. [5], for considering the impact of non-
shearable precipitates on the plastic anisotropy. However, 
important aspects like precipitate anisotropy or crystallo-
graphic texture were neglected.

Homogenization techniques in conjunction with CP mod-
els are effective for connecting the macroscopic response of 
the material to its microstructural state. Li et al. [18] mod-
eled the precipitation strengthening with the yield model 
approach of Esmaeili et al. [19] and the interactions between 
the constituent phases of individual crystals were modelled 
using the mean-field homogenization approach of Molinari 
et al. [20]. It was validated for AA6060 alloy to study its 
mechanical response and precipitate anisotropy. Recently, 
Li et al. [21] followed the research of Bardel et al. [22] for 
modeling the strengthening due to dislocation-precipitate 
interactions and adopted the solid solution strengthening 
from Myhr et al. [14]. Additionally, they used the same 
elastic-viscoplastic (mean-field) homogenization scheme 
of Li et al. [18] to predict the deformation of AA6061 alloy. 
These studies, however, are limited to the application of 
mean-field homogenization techniques, and the capabilities 
of their models are not evaluated for the loading conditions 
at different strain rates.

The majority of studies on the prediction of AA2024 alloy 
deformation behavior rely on constitutive models that are phe-
nomenological and do not account for the real microscopic 
mechanisms causing plastic deformation. On the other hand, 
physics-based constitutive models considering the actual 
mechanisms responsible for deformation are more reliable 
for achieving correct predictions. As a result, the material 
behavior can be more accurately predicted using CP models. 
Employing the flow rule of power law form [23], Li et al. [24, 
25] simulated the AA2024 alloy’s nano-indentation with the 
phenomenological CP model. Efthymiadis et al. [26], in a 
similar way, examined the AA2024 alloy’s cyclic deforma-
tion using the same CP model aside from the incorporation 
of back-stress into the flow rule. These investigations, how-
ever, did not take into account periodic boundary conditions. 
Toursangsaraki et al. [27] also employed the phenomenologi-
cal CP model to investigate the tensile deformation and high 
cycle fatigue of laser-peened AA2024-T351 alloy. In another 
study, Aghabalaeivahid et al. [28] investigated the influence 
of constituent phases on AA2024 alloy’s tensile deformation 
using the phenomenological model of crystal plasticity with 
the flow rule of power law form and secant-hardening rule 
[29]. However, they used uniform displacement boundary con-
ditions for the simulations. For AA2024 alloy, the literature on 
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CP modeling-based examinations of its deformation is also 
restricted to phenomenological constitutive descriptions and 
uniform displacement boundary conditions. In the literature, 
the study on the deformation behavior of AA2024 alloy with 
a dislocation density-based CP model incorporating precipita-
tion strengthening is not available.

Therefore, the approach of this work is to propose a disloca-
tion density-based model of crystal plasticity by considering 
the precipitation strengthening to predict the tensile deforma-
tion behavior of AA2024-T3 alloy. This model defines the 
slip resistance and hardening formulations accounting for the 
effect of precipitates on the strength and hardening rate of the 
alloy, respectively. The main objectives of this work are: (i) to 
propose a dislocation density-based CP model by incorporat-
ing the precipitate strengthening. As a result, the mechanical 
response of single grain is described by the developed consti-
tutive model, and the macroscopic deformation response is 
obtained using a computational homogenization method based 
on the representative volume element (RVE) that depicts the 
synthetic microstructure of polycrystalline materials. The 
developed computational procedure is verified with the experi-
mental results of the AA2024-T3 alloy for different strain rates. 
Additionally, (ii) a mesh sensitivity study with four different 
meshing resolutions is conducted to investigate their influence 
on RVE behavior. (iii) Further, the uncertainty contributed 
by the CP parameters to the mechanical response from the 
CP simulations is quantified by sensitivity analysis. (iv) An 
exploratory study is also carried out to examine the response 
of the alloy for the distribution and size of the precipitates.

The following is the outline for this paper: Sect.  2 
explains the constitutive model incorporating the effect of 
precipitates in the crystal plasticity framework. Section 3 
briefs the periodic boundary conditions and computational 
homogenization employed to compute the RVE’s macro-
scopic response. Section 4 discusses the details of RVE 
used for performing CP simulations. Section 5 describes 
the calibration of the model parameters and validation of 
simulation findings against the experimental data. A sen-
sitivity analysis detailing the extent to which variations in 
the model parameters contributed to the overall uncertainty 
in the predicted stress is also provided. Additionally, this 
section discusses the deformation behavior of material for 
variation in precipitate size and volume fraction followed by 
the conclusions in Sect. 6.

2 � Bridging the precipitation strengthening 
with CP constitutive model

2.1 � CP model for single crystal

A CP model based on dislocation density is used here as a 
foundation to implement the effect of precipitates into the 

constitutive law of a single crystal. In the following subsec-
tions, the deformation kinetics of a single crystal incorporating 
the solid solution and precipitation strengthening is presented 
followed by the substructure evolution part of the CP model. 
The details on the kinematics and kinetics employed for the 
single crystal deformation are described in Appendix A.1 and 
A.2 respectively.

2.2 � Kinetics

On a slip system � , the rate of plastic shearing is defined as 
[30]:

where the symbol 𝛾̇0 stands in for the reference slip rate. F0 
stands for the Helmholtz free energy of activation, kB rep-
resents the Boltzmann constant and � is the temperature. 𝜏 
denotes the strength which is overcome by the dislocations 
without any aid of thermal activation and 𝜏o is its value at 0 
K. At temperatures � and 0 K, the shear moduli of material 
are denoted by � and �0 respectively. The resolved shear 
stress is denoted by �� and ��

a
 represents the athermal slip 

resistance. ⟨⟩ represents the Macaulay bracket such that 
⟨x⟩(∶= [�x� + x]∕2) . The energy-barrier profile associated 
with dislocation-obstacle interactions is determined by the 
parameters p and q.

By incorporating the solid solution and precipitation 
strengthening contributions, the total athermal slip resist-
ance is expressed as:

where ��
d
 is the hardening contribution from dislocation-

dislocation interactions, ��
ss

 denotes the contribution of solid 
solution strengthening and ��

p
 is the precipitation strengthen-

ing arising from dislocation-precipitate interactions.
The contribution due to dislocation-dislocation interactions 

is expressed by the Taylor law of hardening [30–32] as,

where the statistical coefficient � accounts for the irregular-
ity in the spatial distribution of dislocation densities and b 
denotes the magnitude of the Burgers vector. The interaction 
matrix h�� captures the rate at which the slip resistance of 
system � increases as a result of shearing on system � . In the 
current work, the following simple form of h�� is adopted.

(1)𝛾̇𝛼 = 𝛾̇0exp

[
−

F0

kB𝜃

{
1 −

⟨|𝜏𝛼| − 𝜏𝛼
a

𝜏o
𝜇

𝜇0

⟩p}q]
sgn(𝜏𝛼)

(2)0 ≤ p ≤ 1 and 0 ≤ q ≤ 2

(3)��
a
= ��

d
+ ��
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+ ��

p

(4)��
d
= ��b

√√√√ N∑
�=1

h���
�

T
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where �1 and �2 represent the interaction coefficients and 
��� signifies the Kronecker delta.

Due to the solutes present in the aluminium matrix, the 
solid solution strengthening contribution is expressed in 
terms of concentrations of the solutes [14]:

where for the ith solute, Ci denotes its concentration and ki 
is the corresponding scaling factor. Here, only the primary 
solutes Cu and Mg are considered and their concentrations 
used corresponding to the experimental data [33] are 4.3 
wt% and 1.5 wt% respectively.

The strengthening due to dislocation-precipitate interac-
tions results from the reduction in dislocation mean-free path 
owing to the presence of precipitates in the alloy. Depending 
upon the precipitate size, the dislocations can interact with 
the precipitates in two ways: either the dislocations can shear 
the precipitates or bypass them. The current model employs 
the approach of Khan et. al [34] for modeling the strengthen-
ing contribution from the S phase rod-shaped, non-shearable 
precipitates in AA2024 alloy. This strengthening based on 
the mechanism of Orowan looping due to the rod-shaped, 
non-shearable S phase precipitates is expressed as:

where rp is the average radius of non-shearable S phase pre-
cipitates and fp is the precipitate volume fraction. The cal-
culation of dislocation line tension requires an inner cutoff 
radius which is denoted by r0.

2.3 � Substructure evolution

During plastic deformation, to obtain an accurate material 
response, it is important to propose the appropriate equa-
tions for the dislocation substructure’s evolution. At a mate-
rial point, the total dislocation density affects the evolution 
of the athermal slip resistance. The total statistically stored 
dislocation density ��

T
 is divided into edge ��

e
 and screw ��

s
 

components.

At room temperature and on a macroscopic scale, two physi-
cal processes i.e. storage and recovery control the evolution 
of dislocation densities. These processes rely on the disloca-
tions moving slowly through the crystal. The storage process 
results from the multiplication of dislocations from discrete 
sources like the Frank-Read source. Whereas, the recovery 

(5)h�� = �1 + (1 − �2)�
��

(6)��
ss
=
∑
i

kiC
2

3

i

(7)��
p
=
0.075�b

rp
ln

(
2.632rp

r0

)(√
fp + 1.84fp + 1.84f

3

2

p

)

(8)��
T
= ��

e
+ ��

s

process is associated with the annihilation from the edge dis-
locations with opposite polarity, and the annihilation from 
the cross slip of screw dislocations. The S phase non-shear-
able precipitates in AA2024 alloy obstructing dislocation 
movement will lead to the dislocation accumulation around 
the precipitates in the form of Orowan loops. Therefore, to 
account for these accumulations of dislocations due to the 
reduction in dislocation mean-free path and its effect on the 
hardening rate, the dislocation density evolution equations 
are formulated by including a new term based on research by 
Bardel et. al [35]. On a slip system � , the evolutionary equa-
tions for edge and screw components of dislocation density 
are defined as:

where Ce is the contribution of edge dislocation segments to 
the total slip rate and Cs is the contribution of screw disloca-
tion segments. The dimensionless proportionality constants 
Ke and Ks control the dislocation mobility. de and ds are the 
maximum distances for mutual annihilation to take place 
between anti-parallel edge and screw components and thus 
are linked with the dislocation recovery processes. Addi-
tionally, the term � in the above equations denotes the stor-
age efficiency for trapped dislocations such that 0 ≤ � ≤ 1 . 
For the current work, the value of � is taken as unity [35]. 
The above CP model is implemented through a subroutine 
UMAT in ABAQUS and the time integration procedure used 
for the same is mentioned in Appendix A.3.

3 � Computational homogenization

In polycrystalline materials, every (macroscopic) material 
point is made up of several grains or single crystals with 
various shapes and orientations. Therefore, the overall 
response of the material point is determined by the sum of 
the responses of the individual single crystals comprising it. 
The polycrystalline or macroscopic response is computed 
from the single crystal (or microscopic) response through 
homogenization techniques. In computational homogeniza-
tion, the boundary value problem at the microscopic level is 
numerically solved and the macroscopic fields are computed 
by volume averaging the microscopic fields [36–38]. The 
basis for computational homogenization in this study is the 
numerical solution of the following governing equation with 
a crystal plasticity finite element (FE) model.

(9)𝜌̇𝛼
e
=
Ce

b

[
Ke

√√√√ N∑
𝛽=1

𝜌
𝛽

T
+

𝜙
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√
fp

2𝜋
− 2de𝜌

𝛼
e

]
|𝛾̇𝛼|

(10)

𝜌̇𝛼
s
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b
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T
+

𝜙
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√
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2𝜋
− 𝜌𝛼
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{
Ks𝜋d

2
s
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𝛽=1

𝜌
𝛽

T
+ 2ds

}]
|𝛾̇𝛼|
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By volume averaging, the stress at a macroscopic material 
point is computed as follows:

where N represents the total number of integration points. 
The volume connected with the jth quadrature point is 
denoted by Vj which corresponds to the product of the 
weight of the corresponding point within the element and 
the volume of that element.

3.1 � Periodic boundary conditions

Even under uniform macroscopic external force, an aniso-
tropic material may nonetheless experience non-uniform 
deformation. Application of periodic boundary conditions 
in place of uniform displacement or force boundary condi-
tions can result in more accurate estimations of the effec-
tive behavior of RVE, as demonstrated by previous studies 
[39–41]. Therefore, in the current work, periodic boundary 
conditions are employed for the RVE. Under the periodic 
boundary conditions, it is assumed that the entire RVE 
deforms like a jigsaw puzzle and it is periodically trans-
lated along the three coordinate axes to fill the full space. To 
apply the periodic boundary conditions in the finite element 
simulations, the displacement of every pair of parallel and 
opposite cube faces is connected by multipoint constraints 
[36–38]. Appendix A.4 describes the periodicity boundary 
condition to be satisfied by the cubic RVE.

In practice, for two parallel and opposite surfaces of RVE, 
the displacement fields are subtracted from each other to 
apply the multiple-point kinematic constraints.

For the cubic RVE, the displacement of N+
k

 node on the 
surface S+ is shown here by the symbol u(N+

k
) and the dis-

placement of its matching N−
k

 node located on the parallel 
opposite surface S− is represented by u(N−

k
) . The vector Lk 

represents the length along the axis xk . A master node Mk 
is defined for each set of opposing faces of the RVE, and 
its displacement is indicated by the notation u(Mk) . In this 
work, the implementation of periodic boundary conditions 
is done through a Python script which first identifies the cor-
responding nodes on a pair of parallel opposite surfaces and 
then using Eq. (13) their degrees of freedom are constrained. 
A detailed description of the constraint equations used for 
applying periodic boundary conditions may be found in the 
reference [42].

(11)∇ ⋅ � = 0

(12)� =
1

V ∫ �dV =

∑N

j=1
�jVj

∑N

j=1
Vj

(13)u(N+
k
) − u(N−

k
) = (F − I)Lk = u(Mk)(k = 1, 2, 3)

4 � Model implementation

The AA2024-T3 aluminium alloy has been used to apply the 
constitutive relations. Since experimental data at the various 
deformation rates is available for AA2024-T3 alloy, we have 
opted to simulate its behavior with the proposed CP model. 
Additionally, applications pertaining to the aerospace and 
automotive industries need a good understanding of its defor-
mation behavior.

4.1 � Simulation details

The truncated octahedron-based RVE, which employs a 
truncated octahedron to represent the shape of a grain, can 
more realistically depict the microstructure of polycrystalline 
materials [43]. However, when compared to the other RVE 
models, its computing time is unnecessarily high [37]. This 
investigation is therefore carried out using the grain-based 
RVE model which discretizes every single grain into several 
cubic elements.

The precipitation strengthening-based CP model has been 
implemented through a UMAT subroutine in ABAQUS using 
C3D8R (Three-dimensional eight-noded element with reduced 
integration) elements. Recent research has demonstrated that 
the local micromechanical fields, especially those near the 
grain boundaries are affected by the type of element employed 
in CPFE investigations [44, 45]. They have concluded that 
in comparison to linear tetrahedral and quadratic hexahedral 
elements, the quadratic tetrahedral and linear hexahedral ele-
ments are more accurate. A synthetic RVE with 200 grains, 
having random orientations and discretized by hexahedral 
finite elements, has been generated through open-source 
software Neper [46] to represent the alloy’s microstructure. 
Former investigations have reported that to obtain the homog-
enized results, an RVE of 200 grains is adequate [47]. Every 
grain is sub-discretized into multiple elements (Fig. 1(a)) and 
the different colors therein stand for the different grain orien-
tations. In nature, the grains are equiaxed and have random 
orientations as described by the pole figure (Fig. 1(b)). The 
open-source package ATEX [48] has been used to plot the pole 
figure. In Neper, the grains are generated through tessellation 
with a normal distribution of grain size (Fig. 1(c))) having a 
mean value of 19 � m. The Gmsh package has been used to 
mesh them into hexahedral finite elements. The references [46, 
49] provide detailed information regarding the creation and 
meshing of polycrystals using Neper.
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5 � Results and discussions

Results from an investigation of tensile deformation in 
AA2024-T3 aluminium alloy are reported in this section. 
The stress–strain responses attained in experiments [33] 
have been simulated through the proposed model of crys-
tal plasticity. Additionally, the deformation behavior of the 
alloy has been investigated for the variations in volume frac-
tion and size of precipitates.

5.1 � Material parameters identification

The material parameters have been identified by calibrat-
ing the macroscopic response of the CP model with the 
experimental curves. The parameters of the flow and hard-
ening laws of the proposed CP model were adjusted to fit 

the macroscopic response curves of AA2024-T3 alloy over 
the different strain rates. The set of parameters used by Ha 
et. al [50] for pure aluminium was taken as an initial set to 
start the fitting procedure. The parameters Ce and Cs were 
set equal to 0.5 by assuming an equal slip contribution from 
the edge and screw dislocations. Additionally, the value of 
parameter ds was taken as five times of de , i.e. ds = 5de and 
Ks was set as twice of Ke , i.e. Ks = 2Ke [31, 51].

To determine the material parameters, initially, a para-
metric study was done to find the effect of every CP model 
parameter on the predicted response curve. A rise in the 
yield stress was observed by increasing the value of flow 
parameters F0 , 𝜏0 , p, and decreasing the value of param-
eter q. Similarly by increasing the value of scaling factors 
kCu and kMg corresponding to the concentrations of Cu and 
Mg in the solid solution, an increase in the yield stress was 

Fig. 1   a RVE of 200 grains and discretized by 403 elements, b a pole figure corresponding to orientations of grains and c a normal distribution 
assumed for grain size to generate the RVE
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found. Further, by increasing the hardening parameters Ke 
and de , an increase in the hardening rate and saturation stress 
was noted. After identifying these model parameters which 
significantly affect the flow stress and hardening rate, their 
values were adjusted through multiple simulations to match 
the experimental curves. Table 1 contains the values of CP 
model parameters determined from the simulation-based fit-
ting of the experimental curves of alloy AA2024-T3. The 
values of parameters kCu and kMg have been identified from 
the simulations. For Al-Cu-Mg alloys, the value of the inner 

cut-off radius, r0 , has been taken from the reference [52]. 
Additionally, the range for the precipitate radius and volume 
fraction for performing the CP simulations has been decided 
from the references [18, 52].

RVEs with four different mesh resolutions of 203 , 303 , 
403 and 503 comprising of a total of 8000, 27000, 64000 and 
125000 finite elements respectively as shown in Fig. 2, were 
created with 200 grains and all the RVEs had the same set of 
orientations. Using the identified CP model parameters listed 
in Table 1, the simulations under a 10% uniaxial tensile 
strain at 0.001 and 10 s−1 were performed to determine the 
effect of the meshing resolution. The corresponding curves 
of the stress–strain responses of the RVEs with different 
mesh resolutions are shown in Fig. 3(a) and 3(b). It is evi-
dent from the plot that the difference between the responses 
of meshing resolutions of 403 and 503 is very small, hence, 
the mesh resolution of 403 was chosen for the simulations 
to reduce the computational cost. Further, Fig. 3(c) and (d) 
depicts the equivalent plastic strain plots for RVEs with 203 
and 503 elements respectively, simulated at 0.001 s−1 . The 
latter has a more diffusive nature of the shear bands and this 
results in the slightly lower stress level shown in Fig. 3(a).

CP simulations were performed at various strain rates 
under uniaxial tension for AA2024-T3 alloy with the RVE 
of 200 grains having random orientations and discretized by 
a regular mesh of 403 . The CP simulation curves, as seen in 
Fig. 4, match the experimental ones [33] previously reported 
for the same alloy. The slope of the strain hardening portion 

Table 1   Identified CP model parameters

Parameter Magnitude Parameter Magnitude

𝛾̇
0 1.73 × 106 s−1 de 0.07 nm
F
0

185 kJ ds 0.35 nm
𝜏o 65 MPa � 25 GPa
p 0.28 �

0
28 GPa

q 1.16 �
1

1.5
Ke 22.9 × 10−3 �

2
1.2

Ks 45.8 × 10−3 � 0.3
Ce 0.5 b 0.286 nm
Cs 0.5 r

0
0.572 nm

kCu 17.5 MPa/Wt%
2

3
rp 1.78 nm

kMg 8.0 MPa/Wt%
2

3
fp 0.5 %

� 1

Fig. 2   RVEs with 200 grains 
having mesh discretizations of 
a 203 , b 303 , c 403 and d 503 
C3D8R elements
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of the simulated curves is almost similar to the experimental 
curves at all the strain rates. At higher strain rates of 10 and 
100 s−1 (Fig. 4(c) and (d)), higher yield stress as compared to 
0.001 and 0.01 s−1 (Fig. 4(a) and (b)) has been well predicted 
by the CP model. It is clear from Fig. 4(a) to (d), that the 
material’s ability to withstand strain does not diminish as the 
strain rate rises. The comparatively modest and almost linear 
strain rate sensitivity as observed in experimental results has 
been successfully captured by the CP model.

5.2 � Sensitivity analysis

The model parameters for AA2024-T3 alloy are calibrated 
against macroscopic experimental data for its uniaxial ten-
sion over various strain rates. Sensitivity analysis has been 
performed through the FOSM (First Order Second Moment) 
technique [53] to quantify uncertainty in the mechanical 
response from CP simulations. Let �(y) represent the output 
from the CPFE simulations having a scalar value, which is 
taken as the macroscopic stress (obtained from computational 
homogenization of the RVE response) in the loading direction 
for this analysis. Here, the CP model parameters are contained 

in the vector y . The mean of �(y) , i.e. 𝜙̄ , is determined via the 
FOSM technique as:

where the mean value of y is denoted by ȳ and V� i.e. the 
variance of �(y) is given by:

where the ∇(⋅) operator denotes the scalar’s gradient with 
respect to y and S denotes the covariance matrix of y . If the 
CP parameters, represented by y , are independent of one 
another, S will change into a diagonal matrix in which the 
variance of individual CP parameters is represented by the 
diagonal elements. This allows us to determine how much 
uncertainty is added by an individual CP parameter to the 
overall uncertainty of �(y) , denoted by V�.

(14)𝜙̄ = 𝜙(ȳ)

(15)V𝜙 = ∇𝜙T (ȳ)S∇𝜙(ȳ)

(16)
c
𝜙

i
=

[|||
𝜕𝜙(y)

𝜕yi

|||y=ȳ
]2
Vyi

V𝜙

× 100%

Fig. 3   Stress–strain response curves at strain rates of a 0.001 s−1 , b 10 s−1 and c,d distributions of maximum principal strain at 0.001 s−1 for 
RVEs with different mesh resolutions
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where c�
i
 is the ith CP parameter’s variance contribution to 

�(y) and Vyi
 is the ith CP parameter’s variance.

Using the results of the CPFE simulation, a central differ-
ence approach is employed to numerically obtain the gradi-
ent terms as:

where � is the perturbation in yi such that 0 < 𝜖 ≤ 1 and 
the ith column of the identity matrix, which has the same 
number of rows and columns as vector y , is denoted by ei . 
� is taken to be 0.1 in the current work. Therefore, V� and 
c
�

i
 are determined according to Eqs. (15) and (16) utilizing 

the ȳ vector, ∇𝜙(ȳ) vector and the S matrix from the CPFE 
simulations.

As discussed in Sect. 5.1, the parameters of the flow and 
hardening rules affect the yield stress and hardening por-
tion’s slope of the predicted curve. Therefore, seven flow 
and hardening parameters were chosen to perform the sen-
sitivity analysis for gaining a clear understanding of their 

(17)
||||
𝜕𝜙(y)

𝜕yi

||||y=ȳ
≈

𝜙(ȳ + 𝜖ȳiei) − 𝜙(ȳ − 𝜖ȳiei)

2𝜖ȳi

contribution to the overall uncertainty in the macroscopic 
predicted stress. A 10% perturbation was made to each of the 
six material parameters (i.e. � is taken to be 0.1). The sensi-
tivity analysis has been performed for 10% uniaxial tension 
at 0.001 s−1 . Figure 5 illustrates the individual contribution 
of parameters to the variance, or overall uncertainty, of the 
predicted stress at various points along the curve. Along 
the stress–strain curve, it is clear that the CP parameters 
have an unequal contribution to the overall uncertainty of 
the predicted stress. The parameters 𝛾̇0 and de have a negli-
gible contribution to the overall uncertainty of stress. Fig-
ure 5(a) marks the points of interest on the response curve 
for estimating the contribution of parameters individu-
ally to the overall uncertainty of the predicted stress. The 
flow rule parameter q determines the form of the energy-
barrier profile resulting from dislocation-obstacle interac-
tions. Since near the yielding, a higher slip resistance due 
to dislocation-obstacle interactions is expected, therefore a 
higher contribution of parameter q to the total uncertainty is 
observed before and at the yield point as clear from Fig. 5(b) 
and (c). After the yield point, the hardening portion of the 

Fig. 4   Comparison of CP model predictions with the experimental results [33] over various strain rates
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curve is controlled by the interactions between dislocations 
resulting in the hardening of the material. The parameter 
Ke is associated with edge dislocation density’s evolution 

and controls the mobility of dislocations. The contribution 
of Ke to the total uncertainty started rising (Fig. 5(d) and 
(e)) till it comes closer to the contribution of q as visible in 

Fig. 5   Percentage of the overall uncertainty in the predicted stress that is caused by the CP model parameters with a the points of interest and 
b–h the corresponding loading points shown in the inset
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Fig. 5(f). Thereafter, the contribution of the parameter Ke 
dominates the other parameters, as visible in Fig. 5(g), and 
(h), which can be attributed to the linearly increasing rate of 
strain hardening as visible from the rising slope of the curve 
along these points.

5.3 � Effect of radius and volume fraction 
of precipitates

Simulations have been performed for uniaxial tension of 
10% along the x-axis at 0.001 s−1 to demonstrate the mod-
el’s ability in capturing the effect of precipitate radius and 
volume fraction on local and macroscopic deformation. 
In Fig. 6, the macroscopic curves of stress–strain and slip 
resistance for different radii and volume fractions of precipi-
tates are plotted.

To find the effect of precipitates on dislocation move-
ment, the dislocation density’s evolution is investigated for 
three different volume fractions of precipitates i.e. 0.5%, 

1% and 2% at 1.78 nm average precipitate radius. Mechan-
ical response of the RVE is predicted in the next set of 
simulations by considering three different precipitate radii 
i.e. 1.78 nm, 3.5 nm and 5 nm for 0.5% precipitate volume 
fraction. The contours of edge dislocation densities on the 
slip system ( ̄1 1 1) [1 1 0] for different volume fractions 
and radii are shown in Fig. 7. At higher precipitate volume 
fractions (Fig. 7(a) to (c)) and lower radii (Fig. 7(d) to 
(f)), there is an increase in the magnitude of the disloca-
tion densities. This is also consistent with the physical 
phenomenon happening at the microstructure level. The 
S phase non-shearable precipitates result in the formation 
of Orowan loops around them [34], which increases the 
dislocations and resulting an increase in the slip resist-
ance (Fig. 6(c) and (d)). This results in increased flow 
stress needed to propagate the slip which has also been 
well captured by the proposed CP model in terms of raised 
yield stress as evident from macroscopic response curves 
in Fig. 6(a) and (b).

Fig. 6   Influence of precipitate a, c volume fraction and b, d radius on the macroscopic a, b stress and c, d slip resistance
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6 � Conclusions

To take into consideration precipitation strengthening in alu-
minium alloys, a new CP model has been proposed in the 
current work for usage within a finite element framework. 
The precipitation strengthening is taken into account by 
means of a precipitate-dislocation yield model and computa-
tional homogenization is employed for computing AA2024-
T3 alloy’s macroscopic response. The framework can be 
simply extended to other aluminium alloys that have similar 
non-shearable rod-shaped precipitates. A UMAT subroutine 
is written in FORTRAN to incorporate the proposed CP 

model in the commercial FE package ABAQUS. Addition-
ally, a sensitivity analysis for assessing the contribution of 
model parameters to the overall uncertainty of the predicted 
stress has been performed. A parametric analysis with differ-
ent precipitate radii and volume fractions was conducted to 
examine their effect on the localized and macroscopic defor-
mation. The important findings of the current study include:

•	 The proposed microstructure-based CP model is effi-
cient in predicting the AA2024-T3 alloy’s macroscopic 
behavior at various strain rates with only one set of 
model parameters. The RVE’s macroscopic mechanical 

Fig. 7   Contour plots of edge dislocation densities for precipitate volume fractions and radii on slip system ( ̄1 1 1) [1 1 0]
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response is examined for the influence of meshing resolu-
tion by considering four different mesh discretizations, 
based upon which the effective meshing size for the RVE 
has been used for the simulations.

•	 From the parametric study it is observed for the simulated 
curves that: (i) the strain rate dependency is captured by 
the flow parameters F0 , p, and q, while (ii) the parameters 
Ke and de affect the hardening rate and influence the curve 
shape between the yield and saturation stress points.

•	 Further, the uncertainty in the predicted stress has also 
been quantified by performing a sensitivity analysis for 
the CP model parameters. Consistent with the physics of 
deformation, it has been found that the individual contri-
bution of CP model parameters to the overall uncertainty 
of predicted stress varies with the location of the point 
being investigated on the curve.

•	 To illustrate the strength of the proposed model, a para-
metric analysis has been conducted by varying the pre-
cipitate radius and volume fraction. For the higher vol-
ume fractions, a notable increase in both yield stress and 
slip resistance has been observed, whereas, they lower 
down for the higher precipitate radii.

An effort has been made to show the proposed model’s 
strength and applicability, even though only a small para-
metric study has been attempted. For future investigations 
on precipitation-hardenable aluminium alloys, the proposed 
model provides a reliable physics-based basis.

Appendix

A.1 Kinematics

The deformation gradient, F is split into two parts as follows 
[29, 31, 54]:

where the respective elastic and plastic components of F 
are denoted by Fe and Fp such that detFe > 0 and detFp = 1 . 
Using Eq. (A.1), the velocity gradient tensor L is decom-
posed as:

where the elastic component is denoted by Le = ḞeFe−1 and 
�L
p
= ḞpFp−1 is the plastic component in B̃ which is linked to 

𝛾̇𝛼 i.e. the rate of slip.

The subsequent development of the constitutive model 
and time-integration will be pertinent to the stress-free 

(A.1)F = FeFp

(A.2)L = ḞF−1 = ḞeFe−1 + FeḞpFp−1Fe−1

(A.3)�L
p
=
∑
𝛼

𝛾̇𝛼m𝛼
0
⊗ n𝛼

0

intermediate configuration whose non-uniqueness in the 
single crystal plasticity model is constitutively described by 
Eq. (A.3). m�

0
 and n�

0
 , in the reference configuration, are the 

unit vectors of a slip system � denoting the slip direction and 
plane normal respectively [29, 32]. These unit vectors in the 
current configuration are obtained by the following equation.

The unit vectors m�
0
 and n�

0
 are assumed orthogonal to each 

other. {111} ⟨110⟩ slip systems are favorable for the slip in  
face-centered cubic (FCC) materials. In configuration B̃ , the 
elastic Green-Lagrange strain Ee is written as:

where the identity tensor is denoted by I which is of second-
order. In B̃ , the second Piola-Kirchhoff stress Te relates to 
the Cauchy stress � by the following equation.

In the intermediate configuration B̃ , a hyperelastic con-
stitutive law is applied for defining the single crystal’s 
stress–strain response. Using the Helmholtz potential energy 
of the lattice per unit volume � , the total stress–strain rela-
tionship is given below.

Differentiation of Eq. (A.7) with respect to Ee gives a fourth-
order tensor �.

The elastic deformation range in most of the crystalline 
materials, in comparison to the plastic strains, is infinitesi-
mal. Thus, � is approximated by anisotropic elasticity tensor 
ℂ of the fourth-order to get the final constitutive law from 
Eq. (A.7).

A.2 Kinetics

At a given temperature � and shear stress ��
th

 , 𝛾̇𝛼 is deter-
mined from the rate at which the lattice resistance is over-
come by the dislocations. A dislocation starting its motion 
from the metastable equilibrium position towards another 
stable equilibrium configuration has to overcome the ener-
getic path between the two configurations which is indicated 
by the activation energy or Gibbs free energy barrier i.e., 
ΔG . At a given temperature � , the probability of energy 

(A.4)m� = Fem�
0

and n� = n�
0
Fe−1

(A.5)Ee =
1

2
(FeTFe − I)

(A.6)Te = (detFe)Fe−1
�Fe−T

(A.7)Te =
��

�Ee

(A.8)
�Te

�Ee =
�2�

�Ee2
= �

(A.9)Te = ℂ ∶ Ee
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fluctuation allowing the dislocations to overcome this energy 
barrier is given in terms of the Boltzmann constant kB from 
the theory of kinetics [55].

The slip (or plastic strain) rate arising due to the release 
of dislocations facing similar energy path barriers, at any 
instant, is given by:

where the symbol 𝛾̇0 denotes the slip rate’s reference value. 
Using the expression proposed by Kocks et al. [30], the acti-
vation energy ΔG is expressed in terms of the Helmholtz free 
energy of activation, F0 , and the strength, 𝜏 , that dislocations 
must overcome without any aid of thermal activation.

Approximating the strength 𝜏 by the product of 𝜏o and �
�0

 i.e. 
the lattice friction stress at 0 K and shear moduli ratio 
respectively, the plastic shear strain rate becomes,

where at temperatures � and 0 K, the shear moduli of mate-
rial are denoted by � and �0 respectively. For only thermally 
and stress-activated lattice resistance, ��

th
 , i.e. the driving 

stress for activation energy in the above equation can be 
written in terms of the resolved shear stress �� and the ather-
mal slip resistance ��

a
,

so that the final expression of the flow rate becomes,

where �� is defined as below.

A.3 Time integration procedure

At time tn , for the given state variables i.e. Fp
n
 , Te

n
 , ��

e,n
 , ��

s,n
 , 

the corresponding updated state variables at the time tn+1 
are found with an estimate of Fn+1 over the time increment 

(A.10)P�
�
= exp

(
−
ΔG

kB�

)

(A.11)𝛾̇𝛼 = 𝛾̇0P
𝛼
𝜃
= 𝛾̇0exp

(
−
ΔG

kB𝜃

)

(A.12)ΔG = F0

[
1 −

(
𝜏𝛼
th

𝜏

)p]q

(A.13)𝛾̇𝛼 = 𝛾̇0exp

{
−

F0

kB𝜃

[
1 −

(
𝜏𝛼
th

𝜏o
𝜇

𝜇0

)p]q}

(A.14)��
th
= �� − ��

a

(A.15)

𝛾̇𝛼 = 𝛾̇0exp

[
−

F0

kB𝜃

{
1 −

⟨|𝜏𝛼| − 𝜏𝛼
a

𝜏o
𝜇

𝜇0

⟩p}q]
sgn(𝜏𝛼)

(A.16)𝜏𝛼 = FeTFeTe ∶ m𝛼
0
⊗ n𝛼

0

Δt = tn+1 − tn . Integrating the equation Ḟp = �L
p
Fp by the 

exponential operator, we get:

Using the above with equation F = FeFp , we get

where Fe,tr

n+1
= Fn+1F

p−1
n

 denotes the trial elastic deformation 
gradient tensor. The updated tensor of elastic strain can be 
obtained from the following.

Substituting the equations (A.17), (A.18) and (A.19) in the 
equation Te = ℂ ∶ Ee and neglecting the higher-order terms, 
the stress update is obtained as:

where the terms Te,tr and C� are given by

For the evolutionary equations of dislocation densities, the 
application of the Euler backward method yields the follow-
ing equations.

The equations (A.20), (A.23) and (A.24) form a set of alge-
braic equations in state variables Te

n+1
 , ��

e,n+1
 and ��

s,n+1
 which 

are solved with Newton–Raphson method using a single iter-
ative procedure. Recasting the above system of equations 
into the system of residuals yields

Linearisation of equation (A.25) gives

(A.17)F
p

n+1
= exp

[
ΔtL̃

p

n+1

]
Fp
n

(A.18)Fe
n+1

= F
e,tr

n+1
exp

[
−ΔtL̃

p

n+1

]

(A.19)Ee
n+1

=
1

2
(FeT

n+1
Fe
n
− I)

(A.20)Te
n+1

= Te,tr −

N∑
𝛼=1

Δt𝛾̇𝛼C𝛼

(A.21)Te,tr = ℂ
[
Ee
n+1

]

(A.22)C𝛼 =
1

2
ℂ ∶

[
Ee
n+1

(
m𝛼

0
⊗ n𝛼

0

)
+
(
m𝛼

0
⊗ n𝛼

0

)T
Ee
n+1

]
.

(A.23)𝜌𝛼
e,n+1

= 𝜌𝛼
e,n

+ Δt𝜌̇𝛼
e,n+1

(A.24)𝜌𝛼
s,n+1

= 𝜌𝛼
s,n

+ Δt𝜌̇𝛼
s,n+1

(A.25)
⎡⎢⎢⎣

rTe

r𝜌𝛼
e

r𝜌𝛼
s

⎤
⎥⎥⎦
=

⎡⎢⎢⎢⎢⎣

Te
n+1

−
�
Te,tr −

∑N

𝛼=1
Δt𝛾̇𝛼C𝛼

�

𝜌𝛼
e,n+1

−
�
𝜌𝛼
e,n

+ Δt𝜌̇𝛼
e,n+1

�

𝜌𝛼
s,n+1

−
�
𝜌𝛼
s,n

+ Δt𝜌̇𝛼
s,n+1

�

⎤⎥⎥⎥⎥⎦
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The solution variables at (i + 1)th iteration of the iterative 
procedure are updated as

For a time instant tn+1 , the above iterative procedure con-
tinues until the convergence of the solution is achieved i.e. 
Equation (A.26) is satisfied within the necessary tolerance. 
The incremental vector’s norm is employed as the basis for 
the stopping criterion in this work:

where S denotes the slip resistance and the defined tolerance 
for controlling the accuracy of the aforementioned conver-
gence criterion is e = 0.1 . Whereas, to maintain the stability 
of the criterion, a maximum allowable tolerance emax = 1.0 
is used in this work.

Since there is no guarantee of plastic incompressibility, the 
state variables are updated using the plastic deformation gradi-
ent normalized as below.

At last, the updated Cauchy stress �n+1 is calculated as

A.4 Periodic boundary conditions

The RVE’s deformation is mapped through a homogenized 
deformation gradient F by:

where the position vectors x and y stand for the original 
and current configurations of a material point respectively. 
The fluctuation field brought on by the heterogeneous micro-
structure is represented by w̃ . Differentiating Eq. (A.33) par-
tially w.r.t x,

(A.26)

⎡⎢⎢⎢⎢⎣

�rTe

�Te

�rTe

��
�
e

�rTe

��
�
s

�r��e

�Te

�r��e

��
�
e

�r��e

��
�
s

�r��s

�Te

�r��s

��
�
e

�r��s

��
�
s

⎤⎥⎥⎥⎥⎦

(i)

n+1

⎡⎢⎢⎣

�Te

���
e

���
s

⎤⎥⎥⎦

(i+1)

(n+1)

= −

⎡⎢⎢⎣

rTe

r��
e

r��
s

⎤⎥⎥⎦

(i)

(n+1)

(A.27)T
e(i+1)

n+1
← Te(i)

n
+ �T

e(i+1)

n+1

(A.28)�
�(i+1)

e,n+1
← ��(i)

e,n
+ ��

�(i+1)

e,n+1

(A.29)�
�(i+1)

s,n+1
← ��(i)

s,n
+ ��

�(i+1)

s,n+1

(A.30)‖𝛿Te(i+1)

n+1
‖ + ‖𝛿S𝛼(i+1)

n+1
‖ < e

(A.31)F
p

n+1
←

[
det

(
F
p

n+1

)] −1

3 F
p

n+1

(A.32)�n+1 = (detFe)
−1

n+1
Fe
n+1

Te
n+1

FeT

n+1
.

(A.33)y = Fx + w̃

and using the definition F =
�y

�x
 , we get:

where F̃ is the fluctuating deformation gradient. The dis-
placement field u can also be split into homogenized and 
fluctuating parts i.e. u and ũ.

By volume averaging F , the homogenized deformation gra-
dient, denoted by F , is determined as below.

Substitution of F from Eq. (A.35) yields,

or

This implies

where n+ and n− denote the normals outward to the oppos-
ing surfaces ( �S+ and �S− ). Therefore, according to Eq. 
(A.40), when w̃+

= w̃
− , the periodicity boundary condition 

is achieved.
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