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Abstract
With the rapid development of high-speed railway, the seismic running safety problem of high-speed train passing on bridge 
is becoming increasingly prominent. Since different wheel–rail contact states including uplifting, climbing up, detachment, 
recontact and derailment have been introduced into the simulation of train–bridge coupled (TBC) system, there are many 
problems arising for the mainstream derailment index in evaluating seismic running safety and stochastic analysis of train. 
To this end, a seismic running safety assessment for stochastic response of TBC system was first proposed in this paper. In 
this system, a detailed wheel–rail contact model was built to calculate the time-varying contact point and the contact force, 
which can be applied to simulate the detachment and recontact between the wheel flange and rail. Meanwhile, a stochastic 
analysis framework for derailment of the TBC system is developed. The stochastic vibration of a high-speed train travers-
ing a multi-span prestressed simply supported box-girder bridge under earthquake with random magnitude was studied. 
In addition, an improved train running safety index, lateral wheel–rail relative displacement, was proposed and compared 
with the derailment factor and the offload factor to verify its feasibility. It shows an intuitive result as a derailment index in 
a stochastic train running safety analysis under earthquake. Furthermore, the lateral wheel–rail relative displacement and 
pertinent derailment probability were significantly affected by the intensity of the earthquake. The methodology herein can 
be helpful in seismic running safety assessment of high-speed train.

Keywords Train–bridge coupled (TBC) · Derailment · Earthquake · Running safety assessment · Stochastic vibration

1 Introduction

In 2021s, total mileage of China’s high-speed railway (HSR) 
network is expected to exceed 37,900 km [1]. In the network, 
bridges account for a high proportion of HSR line, hence 
the possibility of train passing a bridge is unprecedentedly 
high when an earthquake occurs. The earthquake will seri-
ously affect the safe operation of train and could cause train 
derailment or overturning even if the bridge is not seriously 
damaged. The derailment accidents caused by Niigata 
Chuetsu earthquake (magnitude 6.8, 2004 Oct. 23, Japan) 
[2], Jiashian earthquake (magnitude 6.4, 2010 Mar. 04, Tai-
wan) [3] and Kumamoto earthquake (magnitude 6.2, 2016 
Apr. 14, Japan) [4] are typical cases, as shown in Fig. 1.

Although the reasons affecting train running safety under 
earthquake may be varied and complex, many studies have 
already considered this issue. Xia et al. [5] analysed the train 
operation safety over multi-span continuous girder bridge 
with different train speed under non-uniform seismic exci-
tation. Besides, they proposed the speed thresholds of train 
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operation safety under earthquakes of various intensities. Jin 
et al. [6] found the effect of vertical ground motion will likely 
increase the earthquake-induced derailment chance on simply 
supported bridges, and they showed that the vertical ground 
motion component is necessary to include in an earthquake-
induced derailment analysis. Furthermore, they proposed a 
probabilistic approach based on fragility analysis and devel-
oped derailment fragility curves as the probabilistic assessment 
of vehicle derailment in a performance-based manner [7]. Not 
only the seismic ground motion, but also the wheel–rail contact 
model is an important factor to determine train running safety. 
Ju [8, 9] developed a simple-model moving wheel–rail contact 
element to simulate the sticking, sliding and separation modes 
of the wheel–rail contact. Moreover, based on the developed 
wheel–rail contact model, the influences of rail irregularity, 
bridge parameters, train speed and soil liquefaction on train 
running safety over a bridge under earthquake were studied 
[10]. Likewise, Zeng and Dimitrakopoulos [4, 11] proposed a 
wheel–rail contact simulation model to calculate the contact 
point and direction of the contact force on a practical nonlinear 
profiles of wheel and rail and determine the wheel–rail contact 
state according to a linear complementarity approach and an 
offline contact searching approach. Nevertheless, the accuracy 
of the existing TBC system simulating train running safety 
during earthquake is far from enough.

Stochastic analysis of train running safety is necessary 
due to the randomness of external excitations and system 
parameters [12, 13]. Previously, the stochastic analysis 
related to train running safety is relatively few and most of 
them focus on the dynamic response of train and bridge, 
such as displacement and acceleration, rather than a specific 
train running safety index. Zhang et al. [14] and Zeng et al. 
[15] conducted stochastic analysis of a train traversing dif-
ferent bridge subjected to travelling seismic wave and track 
irregularity by the pseudo-excitation method. Mao et al. 
[16] established a dynamic reliability evaluation method for 
three-dimensional TBC system subjected to random system 
parameters and Xu [17] obtained the response results of a 
system under earthquake and track random irregularities by 
probability density evolution method. Subsequently, Liu 
et al. applied Karhunen–Loéve expansion combine with the 
point estimate method (PEM) [18] or the new point estimate 
method (NPEM) [19] to simulate random rail irregularities 
and calculated the system dynamic response subjected to 
multiple random parameters [20]. In summary, the difficulty 
of train running safety stochastic analysis is no longer the 
random analysis method but the lack of an intuitive train 
running safety index.

If the earthquake-induced derailment of train can be 
accurately described, the reliability of train running safety 

Fig. 1  Derailment of HSR trains on bridges due to earthquakes: Niigata Chuetsu earthquake in Japan (a) [2], Jiashian earthquake in Taiwan (b) 
[3] and Kumamoto earthquake in Japan (c) [4]

Table 1  The existing derailment indexes and the corresponding criterions

Criterion Index Publications

Evaluation criterion of wheel–rail force Derailment factor [3]
Offload factor [21]
Lateral contact force [22]
Offline lookup table of wheel–rail contact [11]

Intensity index of seismic motion Spectral intensity [7]
Response of rail surface [23]

Evaluation criterion of wheel–rail contact geometry Wheel uplift [24]
Lateral displacement of wheel [25]
Separation time index [26]
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analysis will be dramatically improved. Therefore, a simple 
and precise derailment index is the foundation for the TBC 
system simulation. As observed in Table 1, various derail-
ment indexes are proposed for different applications. How-
ever, the inherent limitations of these train running safety 
indexes are gradually revealed since the different wheel–rail 
contact states are introduced into the simulation model. For 
instance, detachment and recontact between wheel and rail 
occurs frequently due to the seismic loads, when a train is 
running over a bridge during an earthquake. Specially, when 
the wheel–rail detachment occurs, the wheel–rail force dis-
appears and the corresponding derailment factor and offload 
factor are therefore incalculable, but the possibility of derail-
ment is relatively high. Consequently, a continuous and lim-
ited derailment index is necessary for the stochastic analysis 
of the system.

In this paper, a detailed wheel–rail contact model con-
sidering the dynamic interaction between wheel flange and 
rail was adopted. Besides, the lateral wheel–rail relative 
displacement (LWRRD) was first proposed to evaluate the 
seismic train running safety. On this basis, the comparison 
among the derailment factor, offload factor and LWRRD was 
carried out. Furthermore, a stochastic analysis model with 
the random seismic magnitude was developed to evaluate 
the train operation safety based on the PEM, and the extreme 
results of LWRRD were predicted at the end. The stochastic 
analysis of TBC system proposed herein is enlightening for 
seismic running safety assessment with various wheel–rail 
contact states.

The rest of this paper is organised as follows. First, the 
model and methodology of seismic running safety assess-
ment for train–bridge coupled (TBC) system was presented 
in Sect. 2. Second, the proposed derailment indexes are 
described in detail in Sect. 3. Subsequently, some com-
parisons about different derailment indexes and wheel–rail 
contact models, and the results of LWRRD of a stochastic 
analysis model were obtained in Sect. 4. Finally, the conclu-
sions are drawn in Sect. 5.

2  Simulation model

In this paper, the TBC system subjected to uniform seismic 
excitations was established based on the bridge seismic the-
ory [27] and the TBC theory [28] (Fig. 2). A system consist-
ing of a series of train vehicles, ballastless track slab mod-
els with three layers of elastic point-support and a bridge 
finite element model was established. Besides, a detailed 
model was built for solving the spatial wheel–rail contact 
under earthquake. The program of seismic running safety 
assessment was compiled and verified based on the com-
mercial mathematical software MATLAB, and the equation 
of motion (EOM) of TBC system under seismic excitations 
were solved by implicit integral method [29]. In addition, the 
PEM was used to calculate the stochastic seismic running 
safety reliability assessment.

2.1  Solution of system matrices

According to D'Alembert’s principle, the dynamic equation 
of the system can be transformed into an equivalent static 
equilibrium equation, expressed as

where f � = ∫
(

−�u��
)

dv, f c = ∫
(

−cu�
)

dv ; u , fe , f� , fc , F , 
p(t) and G are the displacement vector, the elastic force, the 
inertia force, the damping force, the friction force, the load-
ing, and the gravity, respectively.

By multiplying variation of displacement �u on both sides 
of Eq. (1), the energy equation of the system at specific time 
t can be derived as

with

(1)f e = f � + f c − Fsign(u) + p(t) + G

(2)

�Ue = −∫ ��T��′′ dv − ∫ ��Tc�′dv − ��T�sign(�)+

��T�(t) + ��T�

Fig. 2  Schematic diagram of TBC model
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where Ue means the elastic strain energy of the system; U� 
means the work of inertia force; Uc represents the work of 
damping force; VF represents the work of friction; Vp means 
the work of loading; Vg means the gravitational potential 
energy.

(3)

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

U� = ∫
�T���� dv

Uc = ∫
�Tc��dv

VF = �T�sign(�)

Vp = −�T�(t)

Vg = −�T�

,

The total potential energy of the system, Πd , satisfies 
Πd = Ue + U� + Uc + VF + Vp + Vg . Based on energy vari-
ational method, it can be concluded that [30]

where �� is a variational operator for the displacement or 
strain of the system and pi represents the generalised dis-
placement of the system.

The stiffness matrix, mass matrix, damping matrix and 
load matrix of motion equations of entire system can be 
generated by Eq. (4) [31, 32].

(4)��Πd =

N
∑

i=1

�Πd

�pi
�pi = 0 (i = 1, 2,… , n),

Fig. 3  Schematic diagram of train model: side view (a), top view (b) and rear view (c)
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2.2  Model of train

First and foremost, it can be assumed that the car-body, 
bogies and wheelsets of the HSR train are rigid bodies 
assembly with elastic suspension device in operation safety 
analysis during earthquake [19]. Second, the train is com-
posed of four-axle motor cars and trailers in a certain forma-
tion, which connected in series by couplers. Each vehicle has 
one car-body with six DOFs, two bogies with six DOFs each 
and four wheelsets with five DOFs each, whose schematic 
diagram is shown in Fig. 3. In addition, the specific symbols 
of basic motions are shown in Table 2. Accordingly, the 
DOF symbols of train vibration can be expressed as

with

where the subscript c, t1 and t2 denote car-body, front bogie 
and rear bogie, respectively. The subscript v means the vth 
vehicle and the subscript wi means the ith wheelset of the 
vehicle, which is nv in total.

Appendix 1 gives the details of mass matrices and stiff-
ness matrices of the train vehicle model and the main param-
eters of the train are listed in Appendix 2. Further, the damp-
ing matrix �vv of the train system has a stiffness matrix form 
similar to like Eq. (53), which can be obtained only by dis-
placing damping coefficient c with stiffness coefficient k.

2.3  Model of track slab and bridge

In 2018s, almost 90% of HSR bridges are simply support 
box-girder bridges in China [4]. Consequently, a prestressed 
HSR two-way simply supported box-girder with concrete 
piers (bridge) and the China railway track system type II 
ballastless track slab were adopted in this paper, as reference 
in Fig. 4. The track-bridge system was modelled according 
to finite element method. Specifically, each bridge unit was 
simulated with beam element, plate element and shell ele-
ment, and the rail was consisted of a series of beam elements 

(5)
�

v
=
{(

�
c,v,�t1,v,�t2,v,�w1,v,�w2,v,�w3,v,�w4,v

)

v

|1 ≤ v ≤ n
v
v, n

v
∈ Z

}

,

(6)
{

�i,v =
(

xi,v, yi,v, zi,v,𝜙i,v,𝜓i,v,𝜑i,v

)

, i ⊆ (c, t1, t2)

�j,v =
(

xj,v, yj,v, zj,v,𝜙j,v,𝜓j,v

)

, j ⊆ (w1,w2,w3,w4)

[33–35]. Besides, the seismic excitations were directly be 
forced at supporting nodes in the bottom of the bridge piers 
and their effect on bridge was reflected by influence matrix 
[36].

Liu et al. [20] compared the influence of Rayleigh damp-
ing model and Caughey damping model on the stochastic 
analysis, and indicated that Rayleigh damping model has 
enough accuracy to show the dissipation of the system. 
Accordingly, damping matrix �bb herein satisfies Ray-
leigh type to avoid the excessive calculation, which can be 
expressed as follows:

where �i means first-order natural frequency of the bridge, 
�j means the maximum excitation frequency induced by 
track irregularities, and �b represents the damping ratio of 
the bridge.

The first four vibration modes of the bridge have been 
drawn in Fig. 5. Besides, the main parameters of the bridge 
and the track slab are listed in Appendix 2. In addition, the 
interactive stiffness matrices and damping matrices of rail 
and bridge satisfy

2.4  Model of wheel–rail contact

See Table 3.

2.4.1  Wheel–rail contact geometry

The wheel–rail contact model in this paper was established 
based on two assumptions. First, the wheel–rail contact sat-
isfies knife-edge contact constraints (Fig. 6b), which means 
only single point contact is considered [11, 37, 38]. Second, 
the spatial geometric contour of wheel flange is simulated 
by two circular arcs and there is a specific angle between 
them (Fig. 6d). Consequently, the spatial geometric relation-
ship of wheel–rail contact can be identified according to the 
assumptions, and the schematic diagram is shown in Fig. 6a.

(7)�bb =
2�i�j�b

�i + �j

�bb +
2�b

�i + �j

�bb,

(8)�br = ��
br
,�br = ��

br
.

Table 2  DOFs of the train Vehicle components DOFs
Longitudinal Lateral Vertical Roll Pitch Yaw

Car-body xc yc zc �c �c �c

Front bogie xt1 yt1 zt1 �t1 �t1 �t1

Rear bogie xt2 yt2 zt2 �t2 �t2 �t2

Wheelsets (i = 1 ~ 4) xwi ywi zwi �wi - �wi
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Fig. 4  Schematic diagrams of track slab and bridge model: side view (a) and rear view (b)
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The coordinate of wheel–rail contact point in the absolute 
coordinate system can be depicted as follows [28, 30]:

with
(9)

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

xCR = xB + lxRw tan �R

yCR = yB −
Rw

1 − l2
x

�

l2
x
ly tan �R + lz

�

1 − l2
x

�

1 + tan2 �R
�

�

zCR = zB −
Rw

1 − l2
x

�

l2
x
ly tan �R − ly

�

1 − l2
x

�

1 + tan2 �R
�

�

,

(10)

⎧

⎪

⎨

⎪

⎩

xB = dwlx

yB = dwly + Yw

zB = dwlz

where �R means the contact angle of right wheel tread. lx , 
ly and lz are the direction cosines of the x-axis, y-axis and 
z-axis, respectively. xB , yB and zB represent the coordinates 
of the wheel rolling circle centre, respectively.

2.4.2  Wheel–rail normal force

Due to the knife-edge contact constraints assumption, the 
wheel–rail normal force can be directly solved by the Hertz 
nonlinear elastic contact theory [28], where the time-varying 
function of wheel–rail normal force can be expressed as

(11)

⎧

⎪

⎨

⎪

⎩

lx = − cos�w sin�w

ly = cos�w cos�w

lz = sin�w

.

Fig. 5  Vibration modes of 
bridge: first mode of the bridge 
(a); second mode of the bridge 
(b); third mode of the bridge 
(c); fourth mode of the bridge 
(d)

Table 3  Notations for the 
parameters in the wheel–rail 
contact model (variable means 
it changes in each time step)

Notations Definition Unit Value

Rw Rolling radius of wheel m 0.46
dw Abscissa of wheel rolling circle in wheelset coordinate system m Variable
�Z(t) Normal wheel–rail compression displacement m Variable
G Wheel–rail contact constant (m∕N)2∕3 4.221e-08
Er Elastic modulus of rail N/m 2.1e11
�r Poisson’s ratio of rail ─ 0.3
C11 Creepage coefficient ─ Variable
C22 Creepage coefficient ─ Variable
C23 Creepage coefficient ─ Variable
C33 Creepage coefficient ─ Variable
N Normal force of the wheel–rail contact ellipse N Variable
rw Radius of the cross-section profile of the wheel tread m 0.5
rr Radius of cross-section profile of rail head m 0.3
f Coefficient of friction ─ 0.25
m Coefficient ─ Variable
n Coefficient ─ Variable
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A simplified simulation model (Fig. 6d) was adopted to 
deduce the wheel–rail normal compression displacement 
�ZLj(t) and �ZRj(t) . The wheel–rail normal compression can 
be deduced from the wheel–rail vertical relative displace-
ment based on spatial geometric relationship. Therefore, 
the normal compression displacement of left and right 
wheel–rail contact points satisfies

with

(12)N(t) =
[

1

G
�Z(t)

]3∕2

.

(13)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝛿ZLj(t) = (R1 − ZcL) cos𝜙wi − Zwj(t) − b0 cos𝜙wi + Zrou + Zrail, 0 < DrwiL < R1 sin 𝜃R1R2

𝛿ZRj(t) = (R1 − ZcR) cos𝜙wi − Zwj(t) + b0 cos𝜙wi + Zrou + Zrail, 0 < DrwiR < R1 sin 𝜃R1R2

𝛿ZLj(t) = (R1 − ZcL) cos𝜙wi − Zwj(t) − b0 cos𝜙wi + Zrou + Zrail, R1 < DrwiL < (R1 + R2) sin 𝜃R1R2

𝛿ZRj(t) = (R1 − ZcR) cos𝜙wi − Zwj(t) + b0 cos𝜙wi + Zrou + Zrail, R1 < DrwiR < (R1 + R2) sin 𝜃R1R2

.

(14)

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

ZcL =

�

R2
1
− DrwiL∕(cos𝜙wi cos𝜓wi), 0 <DrwiL < R�

ZcR =

�

R2
1
− DrwiR∕(cos𝜙wi cos𝜓wi), 0 <DrwiR < R�

1

ZcL =

�

R2
2
−
�

R�
2
+ R�

1
− DrwiL∕(cos𝜙wi cos𝜓wi)

�2
,R�

1
<DrwiL < R�

1
+ R�

ZcR =

�

R2
2
−
�

R�
2
+ R�

1
− DrwiR∕(cos𝜙wi cos𝜓wi)

�2
,R�

1
<DrwiR < R�

1
+ R�

.

where R′

1
 and R′

2
 satisfies

In particular, the wheel–rail normal force N(t) equals to 
zero and the wheel–rail detachment occurs, when the normal 
compression deformation between wheel and rail 𝛿Z(t) < 0.

(15)

{

R�
1
= R1 cos�wi cos�wi

R�
2
= R2 cos�wi cos�wi

.

Fig. 6  Schematic diagram of wheel–rail contact model: spatial wheel–rail relationship (a); wheel–rail knife-edge contact constrains (b);  LMa 
wheel profile (unit: mm, c); the simulation mode of  LMa wheel (d); and three different wheel–rail states (e–g)
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2.4.3  Wheel–rail creep force

The wheel–rail creep force was formulated according to 
Kalker linear rolling contact theory [28]. The longitudinal 
wheel–rail creep force Fx , lateral creep force Fy , and rotating 
creep moment Mz within the linear range can be expressed as

where �x , �y , and �� are the longitudinal creep rate, lateral 
creep rate and rotating creep rate, respectively. In wheel–rail 
contact spot coordinate, the longitudinal creep rate �x , lateral 
creep rate �y and rotating creep rate �� are defined as [28]

where vw is the wheelset speed in the absolute coordinate 
system. vwx , vwy , and Ωwz are the speed of contact ellipse on 
the wheel along x-axis, y-axis and around z-axis, respec-
tively. vrx , vry , and Ωrz are the speed of contact ellipse on the 
rail along x-axis, y-axis and around z-axis, respectively. In 
addition, fij represents the creep coefficient, which can be 
accurately calculated according to Ref. [39]:

where Cij are the Kalker’s creep and spin coefficients, 
which depends on the ratios of the semi-axil lengths of the 
wheel–rail contact ellipse a and b. Furthermore, a and b can 
be obtained by inducting parameters ae and be as

where ae and be can be expressed as

(16)

⎧

⎪

⎨

⎪

⎩

Fx = −f11�x

Fy = −f22�y − f23��

Mz = f23�y − f33��

.

(17)

⎧

⎪

⎨

⎪

⎩

�x =
vwx−vrx

vw

�y =
vwy−vry

vw

�� =
Ωwz−Ωrz

vw

.

(18)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

f11 = 0.5Er(1 + �r)
−1(ab)C11

f22 = 0.5Er(1 + �r)
−1(ab)C22

f23 = 0.5Er(1 + �r)
−1(ab)3∕2C23

f33 = 0.5Er(1 + �r)
−1(ab)2C33

,

(19)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

a = ae
�

NRw

�1∕3

b = be
�

NRw

�1∕3

ab = aebe
�

NRw

�2∕3

,

where � satisfies

where m and n are coefficients which can be obtained by 
looking up table in Ref. [28].

The seismic wheel–rail contact is complicate and far from 
the small creep rate and small rotating creep conditions, 
hence the nonlinear Shen–Hedrick–Euristic creep model 
[40] is necessary to be adopted. Accordingly, a creep cor-
rection factor � and expressed as

where F′ and F can be written as

Henceforth, the longitudinal creep force F′
x
 , lateral creep 

force F′
y
 and rotating creep moment M′

z
 are corrected as

2.5  EOM under uniform earthquake excitations

In the system, the seismic loads were treated as the external 
excitations and the acceleration of earthquake was input in 
each bridge pier uniformly. Thus, the EOM of the system 
was partitioned as supporting nodes block matrix (sup-
porting nodes) and other structures block matrix (structure 

(20)

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

ae = 0.1506m
�

𝜌

Rw

�1∕3

× 10−3

be = 0.1506n
�

𝜌

Rw

�1∕3

× 10−3
,𝜌∕Rw ≤ 2

ae = 0.1506n
�

𝜌

Rw

�1∕3

× 10−3

be = 0.1506m
�

𝜌

Rw

�1∕3

× 10−3
,𝜌∕Rw > 2.

(21)
1

�
=

1

4

[

1

Rw

+

(

1

rw
+

1

rr

)]

.

(22)� =
F�

F
,

(23)F =
√

F2
x
+ F2

y

(24)F� =

⎧

⎪

⎨

⎪

⎩

fN

�

F

fN
−

1

3

�

F

fN

�2

+
1

27

�

F

fN

�3
�

, (F ≤ 3fN)

fN, (F > 3fN)

.

(25)

⎧

⎪

⎨

⎪

⎩

F�
x
= �Fx

F�
y
= �Fy

M�
z
= �Mz

.
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nodes) in the absolute coordinate system, which can be 
expressed as follows:

where {Xb} means the enforced displacements of the sup-
porting nodes; {Xs} represents the displacements of struc-
ture nodes; {�ss} , {�ss} and {�ss} are mass matrix, damping 
matrix and stiffness matrix of the structure nodes, respec-
tively; {�bb} , {�bb} and {�bb} are mass matrix, damping 
matrix and stiffness matrix of the supporting nodes, respec-
tively; {�sb} , {�bs} , {�sb} , {�bs} , {�sb} and {�bs} denote 
the coupling mass matrices, the coupling damping matrices 
and the coupling stiffness matrices of the supporting nodes 
and the structure nodes; {fb} is the force of the supporting 
nodes subject to the ground.

Considering 
{

X
��

b

}

= {x
��

g
(t)} and the influence matrix 

[�] = −
[

�ss

]−1[
�sb

]

 , Eq. (26) can be rewritten as

where t denote time; x��

g
(t) means the earthquake acceleration 

of ith support node in a direction, which is a time-varying 
function.

2.6  Model of rail irregularity

The track irregularities appreciably affect the lateral vibra-
tion and the short-wavelength irregularities will activate a 
high-frequency vibration in the vertical direction [41]. Thus, 
the influence of primary rail irregularity on train dynamic 
response should be considered. The rail irregularity in the 
TBC system is generated by the harmonic synthesis method 

(26)

[

�
ss

�
sb

�
bs

�
bb

]{

X
��
s

X
��
b

}

+

[

�
ss

�
sb

�
bs

�
bb

]{

X
�
s

X
�
b

}

+

[

�
ss

�
sb

�
bs

�
bb

]{

X
s

X
b

}

=

{

0

f
b

}

.

(27)

[

�ss

]{

Y ��
r

}

+
[

�ss

]{

Y �
r

}

+
[

�ss

]{

Yr
}

= −
[

�ss

]

[�]{x��
g
(t)}.

[42] combined with German low-orbit interference power 
spectral density (PSD) [43], which can be expressed as

where Sv , Sa , and Sg are the irregularity PSD function 
of vertical rail profile, rail alignment and gauge distance 
[

m2∕(rad∕m)
]

 , respectively; Sc is the PSD function of rail 
cross-level irregularity 

[

1∕(rad∕m)
]

 ; Av , Aa , and Ag represent 
the roughness coefficients; Ωc , Ωr and Ωs mean the trunca-
tion frequency; b denotes the half distance between two sides 
of rail. The detailed parameters of the irregularity PSD func-
tion are shown in Fig. 7. The vertical rail profile irregularity 
of left rail rZL and right rail rZR , and alignment irregularity 
of left rail rYL and right rail rYR can be expressed as [19]

(28)

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Sv(Ω) =
AvΩ

2
c

�

Ω2 + Ω2
r

��

Ω2 + Ω2
c

�

Sa(Ω) =
AaΩ

2
c

�

Ω2 + Ω2
r

��

Ω2 + Ω2
c

�

Sc(Ω) =
Avb

−2Ω2
c
Ω

�

Ω2 + Ω2
r

��

Ω2 + Ω2
c

��

Ω2 + Ω2
s

�

Sg(Ω) =
AgΩ

2
c
Ω2

�

Ω2 + Ω2
r

��

Ω2 + Ω2
c

��

Ω2 + Ω2
s

� ,

Fig. 7  Graph of rail irregularity PSD function

Table 4  Parameters of German low-orbit interference PSD of rail 
irregularity (all data refer to [28])

Ωc/
(rad/m)

Ωr/
(rad/m)

Ωs/
(rad/m)

Aa/(m2 
rad/m)

Av/(m2 
rad/m)

Ag/(m2 
rad/m)

0.8246 0.0206 0.438 2.119 ×  10–7 4.032 ×  10–7 5.32 ×  10–7

Fig. 8  Graph of earthquake PSD function
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where rv represents the vertical rail profile irregularity, ra 
represents the rail cross-level irregularity, rcr represents the 
rail alignment irregularity and rg represents the rail-distance 
irregularity, respectively (see Table 4).

2.7  Model of earthquake

Clough–Penzien PSD functions were adopted to simulate the 
seismic wave sample, in the form of [15, 44]

where �gy and �gz denote the predominant frequency of the 
bridge site; �fy and �fz mean the damping ratios of the bridge 
site; �fy , �fz , �fy and �fz denote the parameters of the filter; 
S0y and S0z represent the spectral intensity factor. In addi-
tion, �gy = �gz , �fy = �gy , �fz = �gz , �fy = 0.1�gy ∼ 0.2�gy , 
�fz = 0.1�gz ∼ 0.2�gz and S0z = 0.218S0y . The other param-
eters of the PSD functions are listed in Table 10 (see Fig. 8).

Seismic wave has obvious non-stationarity of intensity; 
hence, seismic acceleration wave is described as a product 
of a stationary zero mean filtered wave and a deterministic 
envelope function in engineering application [43], i.e.

with

2.8  Stochastic method and random variable

The PEM proposed by Rosenblueth provides a practical 
solution to reduce computation cost in stochastic analysis 
[45, 46]. Afterwards, the PEM is greatly improved and 
becomes one of the mainstream estimation methods [18–20]. 
Therefore, the PEM can be adopted in the TBC system, 
which is organised as follows.

First, the seismic magnitude-frequency statistics is 
assumed to satisfy the truncated Gutenberg–Richter (G–R) 

(29)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

rZL(x) = rv(x) + rg(x)b + rcr(x)

rZR(x) = rv(x) − rg(x)b + rcr(x)

rYL(x) = ra(x) + rv(x)∕2

rYR(x) = ra(x) − rv(x)∕2,

(30)

Sayay(�) =
�4
gy
+ 4�2

gy
�2
gy
�2

(

�2
gy
− �2

)2

+ 4�2
gy
�2
gy
�2

�4

(

�2 − �2
fy

)2

+ 4�2
fy
�2
fy
�2

S0y

(31)

Sazaz(�) =
�4
gz
+ 4�2

gz
�2
gz
�2

(

�2
gz
− �2

)2

+ 4�2
gz
�2
gz
�2

�4

(

�2 − �2
fz

)2

+ 4�2
fz
�2
fz
�2

S0z,

(32)x��
g
(t) = D(t)X��

g
(t)

(33)D(t) = 12.21 × (e−0.4t − e−0.5t)

distribution [47, 48], as shown in Eq. (34). Subsequently, the 
distribution of random variable was transformed to a stand-
ard normal distribution based on Nataf transformation [49]. 
The density function of truncated G–R model and the rela-
tion between the seismic peak ground acceleration (PGA) 
and the magnitude of the seismic ground motion attenuation 
model employed herein can be formulated as Eqs. (34) and 
(36), respectively:

(34)
f
(

mj

)

= I[m0,Mu]
(y) ⋅ t exp

[

−t
(

mj − m0

)]

∕
{

1 − exp
[

−t
(

Mu − m0

)]}

(35)I[m0,Mu]
(y) =

⎧

⎪

⎨

⎪

⎩

0 if y ≤ m0

1 if m0 ≤ y ≤ Mu

0 if Mu ≤ y

(36)lg aE = A + Bmj + C lg
(

R + DeEmj

)

,

Table 5  Coefficients of elliptical attenuation relationship relation of 
a
E
 for Chinese mainland (all data refer to [50])

Region A B C D E

Xinjiang Region
 Major axis 3.403 0.472 – 2.389 1.772 0.424
 Minor axis 2.610 0.463 – 2.118 0.825 0.465

Qingzang Region
 Major axis 3.807 0.411 – 2.416 2.647 0.366
 Minor axis 2.457 0.388 – 1.854 0.612 0.457

Eastern Active Region
 Major axis 3.533 0.432 – 2.315 2.088 0.399
 Minor axis 2.753 0.418 – 2.004 0.944 0.447

Moderate Seismic Region
 Major axis 3.706 0.298 – 2.079 2.802 0.295
 Minor axis 2.690 0.321 – 1.723 1.295 0.331

Table 6  Abscissas and weights for Gaussian–Hermite integration 
with r = 9 (all data refer to [19])

Point xGH,l �GH,l

1 – 3.19099 3.9607 ×  10–5

2 – 2.26658 4.9436 ×  10–3

3 – 1.46855 0.0884745
4 – 0.723551 0.432652
5 0 0.720235
6 0.723551 0.432652
7 1.46855 0.0884745
8 2.26658 4.9436 ×  10–3

9 3.19099 3.9607 ×  10–5



 Archives of Civil and Mechanical Engineering (2022) 22:180

1 3

180 Page 12 of 24

where t = bln10; aE represents the seismic PGA of perti-
nent magnitude; mj means the random seismic magnitude, 
respectively; m0 and Mu are the lower and upper limits of 
seismic magnitude; R denotes the epicentral distance and 
maintains a constant value of 27 (km); A, B, C, D and E 
are all regression coefficients of the elliptical attenuation 
relationship, which are listed in Table 5. The coefficients of 
Eastern Active Region are used in this paper.

In this paper, the random variable can be expressed as 
follows:

where Xi means the random variable after Nataf transforma-
tion; Φ(⋅) means the standard normal cumulative distribution 
function (CDF) and F−1(⋅) means the inverse function of 
CDF of random variable; Yi represents the gauss point of 
standard Gaussian distribution.

Second, the number of Gauss point r needs to be con-
firmed. Afterwards, each estimate point 

√

2xGH,i should be 
substituted into the Eq. (37) as Yi, and then the calculated 
Xi ought to be incorporated into the TBC system as param-
eters. Afterwards, the time-history response h

(

Xi, t
)

 can be 
obtained.

Third, the actual time-history response moments (mean 
value �(t) and qth (q = 2,3,4) order centre moment Mq(t) ) of 
each time point can be calculated by substituting the h

(

Xi, t
)

 
into Eqs. (38) and (39), as

where r is the number of estimate point (r = 9 here), which 
means only 9 times of calculations are needed for one ran-
dom variable; wGH,i and wGH,j are the weights of Gauss-
ian–Hermite estimate point, which are listed in Table 6.

Fourth, statistics required for reliability analysis can 
be obtained according to the probability density functions 
(PDFs) of results. Furthermore, the PDF can be obtained 
based on all the origin moments (origin moments and centre 
moment can be transformed to each other) calculated by the 
PEM [51], which can be organised as follows:

(37)Xi = F−1
(

Φ
(

Yi
))

,

(38)�(t) ≈

r
�

i=1

wGH,i
√

�
h
�

Xi, t
�

(39)Mq(t) ≈

r
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√

�

�

h
�

Xi, t
�

− �(t)
�q
,

(40)
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⋮
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⎥

⎥

⎦

,

where a and b are the upper and lower bounds of the random 
variable, respectively, and �n means the n-order of origin 
moment.

After the coefficients an are calculated, the best square 
approximation of the PDF can be described as

where the polynomial basis �(x) = span{1, x1, x2,⋯ , xn} . 
Specially, the order n is recommended to be 4 or 5.

3  Derailment index

It is impractical to simulate a realistic derailment of train 
passing the bridge in a numerical simulation at present due 
to the complex wheel–rail interaction calculation. As a com-
promise, some derailment indexes (Table 1) are used to eval-
uate the operation safety performance of the train in form 
of a threshold. In this paper, the LWRRD was compared 
with the derailment factor and the offload factor to verify its 
feasibility and show advantages in the stochastic analysis.

(41)Sn(x) = a0�0(x) + a1�1(x) +⋯ + an�n(x)

Fig. 9  Schematic diagram of wheel–rail interaction: force condition 
of wheel–rail contact (a) and three different wheel–rail contact states 
(b–d)
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3.1  Derailment factor

The derailment factor was first proposed by Nadal to 
describe the danger of derailment in 1896 [4], which is 
still the most commonly use parameter at present (2021). 
In detail, the derailment factor is defined as the quotient of 
the lateral component divided by the vertical component of 
the wheel–rail force according to force condition of a wheel 
(Fig. 9a), which can be described as follows:

where T and N are tangential force and normal force of 
wheel–rail contact point respectively; Q and P are the lateral 
and vertical components of wheel–rail force F respectively; 
θ is the angle between tangential force T and the horizontal 
plane.

It is considered that the wheel–rail climbing up (Fig. 9d) 
occurs when the derailment factor exceeds the threshold 
and the wheel–rail climbing up state is the derailment 
state. In the simulation, lateral and vertical components 
of wheel–rail force are calculated in each time step, so the 
time-history curve of derailment factor can be obtained. In 
practice, impact and vibration between wheel and rail occur 
frequently under earthquake, which causes the derailment 
factor to oscillate dramatically. Consequently, the derailment 
factor curve is discontinuous and the results are invalid due 
to the wheel–rail detachment. In addition, the specifica-
tion standards for derailment prevention in various regions/
nations are listed in Table 7. Although these standards are all 
ill-considered for a seismic derailment analysis, the Chinese 
standard was adopted in this paper.

3.2  Offload factor

When the vertical wheel–rail force is small, the lateral 
wheel–rail force is always small accordingly during train 
running. Therefore, it is difficult to obtain an accurate derail-
ment factor due to the calculation error, especially when the 
vertical wheel–rail force is close to zero. Instead, offload 
factor is another derailment index to make up for the defi-
ciency of derailment factor according to wheel unloading. 
Therefore, the offload factor and the derailment factor are 
frequently used together to evaluate the train operation safety 
[11, 21]. The offload factor is defined as the ratio of wheel 
unloading to average loading of single wheel, namely ΔF∕F . 

(42)
Q

P
=

N sin � − T cos �

N cos � + T sin �
,

The wheel unloading ΔF and the average loading F can be 
expressed as follows:

where FL
s
 and FR

s
 represent the wheel–rail vertical force of 

left and right wheels, respectively; Fi
s
 means either FL

s
 or FR

s
 , 

which depends on the wheel discussed.
However, if the offload factor exceeds the recommended 

limit instantaneously, it will not endanger the normal opera-
tion of the train. Specifically, the over-limit offload factor 
is primarily due to the instantaneous wheel load mutation 
caused by short wave track irregularity, concavity of rail 
joint, and turnout, which rarely lead to train derailment. 
More importantly, the offload factor remains unchanged 
when the wheel detaches, which does not help to distinguish 
the recontact and the detach-induced derailment. Hence, the 
offload factor is unsuitable as a seismic derailment index.

3.3  LWRRD

Previously, wheel uplift and lateral displacement of wheel 
are commonly used together as the evaluation criterion of 
wheel–rail contact geometry because the geometric bound-
ary of wheel flange is ignored in simulation. These indexes 
directly show the geometric state of wheel and rail, and 
have an intuitive performance in evaluating the derailment 
of wheel. However, the earthquake-induced detachment and 
recontact of wheel and rail can lead to the wheel uplift fluc-
tuation, so wheel uplift cannot be limited by a threshold. 
Besides, the lateral displacement of wheel is geometrically 
independent of the wheel uplift, which is impractical for 
wheel derailment. On balance, an improved lateral displace-
ment index, LWRRD, was used in this paper.

The lateral wheel–rail relative displacement DLrwi and 
DRrwi can be expressed as

(43)ΔF = F − Fi
s

(44)F =
(

FL
s
+ FR

s

)

∕2,

(45)

{

DrwiL = Dwi − DrL − DrouL − Cwr × cos�wi × cos�wi

DrwiR = Dwi − DrR − DrouR − Cwr∕ cos�wi × cos�wi

, �wi ≥ 0

(46)

{

DrwiL = Dwi − DrL − DrouL − Cwr∕ cos𝜙wi × cos𝜓wi

DrwiR = Dwi − DrR − DrouR − Cwr × cos𝜙wi × cos𝜓wi

, 𝜙wi < 0

Table 7  Specification standards 
for derailment prevention in 
various regions/nations (all data 
refer to [3])

Regions/nations Western Europe Japan North America China

Derailment prevention Q/P < 0.8 Q/P < 0.8 Q/P < 1.0 Q/P < 1.0 (allowable)
Q/P < 1.2 (danger)
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where Dwi means the displacement of the ith wheelset; DrL 
and DrR represent the displacement of the rail under the cor-
responding wheel; DrouL and DrouR denote the primary rail 
irregularity under the corresponding wheel; Cwr is the clear-
ance between the wheel flange and the initial contact point 
in the wheelset coordinate system.

In addition, the Chinese  LMA wheel is adopted herein, 
and the profile of  LMA wheel is shown as Fig. 6c. Accord-
ing to geometric of the wheel profile, it is considered that 
the train derails when the wheel–rail climbing up occurs 
(Fig. 9d), namely LWRRD equals to 20 mm [22].

(47)

{

DrwiL

(

DrwiL < 0
)

= 0

DrwiR

(

DrwiR < 0
)

= 0
.

4  Illustrative examples

First, an ICE-3 train was applied herein and the main 
parameters of train are listed in Table 8 (Sect. 2.2). Second, 
a multi-span 32-m prestressed HSR two-way, simply sup-
ported box-girder bridge (type II bridge site, Fig. 4) was 
established based on Sect. 2.3. Besides, the main parameters 
of track slab and bridge are listed in Table 9. Third, the pri-
mary rail irregularity was considered and German low-orbit 
interference PSD functions were adopted (Sect. 2.4). Moreo-
ver, the same rail irregularity was used in the simulations. 
Fourth, Clough–Penzien PSD functions of earthquake were 
adopted to generate a set of three-dimensional seismic wave 
samples (Fig. 10) with a series of PGAs (Sect. 2.8) inputted 
to the supporting nodes. In addition, the train maintains a 
constant speed throughout its operation on the bridge.

Fig. 10  The three-dimensional seismic acceleration time-histories and pertinent Fourier spectra of the three components
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4.1  Validation of the TBC system under earthquake

In this section, a comparison between the simulated model 
and the experiment using a full-scale half-vehicle with a real 
bogie in Ref. [22, 52] was made to verify the feasibility of 
the TBC system.

The schematic diagram of the simulated model and the 
experiment equipment is shown in Fig. 11a, b, respectively. 
In the experiment, a full-scale half-vehicle set on a real track 
is subjected to sinusoidal wave excitations [22, 52]. The 
results of wheel–rail vertical force under two different sinu-
soidal wave excitations are presented in Fig. 11c, d. It can 
be observed that the wheel–rail vertical force time-history 
curves of the simulated model and the experiment results 
are very close in trend and in amplitude. In addition, the 
wheel–rail detachment interval (normal force equal to zero) 
in the simulation is also consistent with that in the experi-
ment. Therefore, it can be considered that the established 
simulation model can simulate dynamic response of train 
and wheel–rail relationship under earthquake correctly.

4.2  Comparison with the wheel–rail tight contact 
model

The proposed wheel–rail contact model (Sect. 2.4) was 
compared with a more conventional wheel–rail tight contact 

model [53] in this section. In the wheel–rail tight contact 
model, it was assumed that the wheel is always contact with 
the rail throughout whole process. Meanwhile, the simplified 
flange contact model and knife-edge-shaped rail (Fig. 12b) 
were adopted. Besides, the rail irregularity was treated as the 
constraints of wheel–rail model and wheel–rail forces are not 
involved in load matrix. Hence, the wheel–rail forces can be 
calculated according to the result of each time step, and the 
formulas are as follows.

where i and j mean the ith wheelset and the jth bogie of 
the train vehicle, respectively; herein i = 1 − 4 and j = i∕2 , 
where ⋅ means the round up operator. Jcx and �c are the 
moment of inertia of the car-body in the x direction. Simi-
larly, Jtjx and �tj are the moment of inertia of the jth bogie 
in the x direction.

A train with two motor vehicles and six trailer vehicles 
running over a three-span bridge at a constant speed of 

(48)
Fwi = McZ′′

c ∕4 + (−1)j+1Jcy�′′
c ∕4Lc +MtjZ′′

tj ∕2

+ (−1)j+1Jtjy�′′tj ∕2Lbw +MwiZ′′
wi −Wi

(49)FwiL = Fwi − Jcx�
��
c
∕b0∕8 − Jtjx�

��
tj
∕b0∕4

(50)FwiR = Fwi + Jcx�
��
c
∕b0∕8 + Jtjx�

��
tj
∕b0∕4

Fig. 11  The simulated model of the vibration test (a), front view of vibration test rig (b) [22, 52], and the comparison results of vertical wheel 
force under two sinusoidal wave excitations (0.8 Hz 105 mm and 0.5 Hz 320 mm, c, d)
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Fig. 12  The comparison of time-history response results of the TBC 
system between the proposed wheel–rail contact model and the 
wheel–rail tight contact model under earthquake: the schematic dia-
gram of TBC model and the simplified flange contact model (a, b); 

the lateral and vertical displacement of 1st span midpoint (c, d); the 
lateral and vertical displacement (e, f) and acceleration (g, h) of 1st 
car-body; lateral displacement of wheelset 1 (i) and normal contact 
force of wheel 1 (left wheel of wheelset 1, j)
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250 km/h (69.44 m/s) is considered in this section (Fig. 12a). 
Besides, three-dimensional seismic wave was loaded exactly 
at the instant when the train arrived the bridge. The longi-
tudinal, lateral and vertical components of the seismic wave 
act along the longitudinal, lateral and vertical directions of 
the bridge in the system, respectively. In addition, the PGAs 
of the longitudinal, lateral and vertical seismic wave compo-
nents are 0.41 g, 0.41 g and 0.17 g, respectively.

Some observation results have been summarised accord-
ing to Fig. 12. First, the bridge response histories of two 
wheel–rail contact models are identical in both lateral and 

vertical directions (Fig. 12c, d). Obviously, the two con-
tact models nearly have no difference in the bridge response 
under earthquake. Second, in the tight contact model, an 
unreal oscillation takes place in the interval (1, 2), which 
does not exist in the proposed contact model (Fig. 12e, g, h 
and j). Third, in the proposed contact model, there is signifi-
cant fluctuation in the interval (3, 4) due to the increasing 
seismic load (Fig. 12g, i). In contrast, this phenomenon is 
inconspicuous in tight contact model. Lastly, the vertical 
acceleration of 1st car-body and normal contact force of 
wheel 1 are close overall except for the oscillation in the 

Fig. 13  Schematic diagram of TBC model (a), the lateral and vertical acceleration of 1st car-body (b, c) and the comparison among the derail-
ment factor (d), offload faction (e) and LWRRD (f) of the simulation results
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tight contact model but the response of the tight contact 
model shows a lower change frequency. In summary, the 
proposed wheel–rail contact model could have a better per-
formance in car-body and wheel time-history response under 
earthquake compared with the tight contact model.

4.3  Comparison among the three running safety 
criterions

A preliminary study on the derailment indexes of train 
passing the bridge under earthquake was conducted in this 
section. In this study, the train consists of only one motor 
vehicle running at a constant speed of 250 km/h (69.44 m/s) 
and bridge is a five-span prestressed HSR bridge (Fig. 13a). 
Similarly, seismic wave was loaded exactly at the instant 
when the train arrived the bridge. In addition, the PGAs 
of the longitudinal, lateral and vertical seismic wave com-
ponents are, respectively, 0.41 g, 0.41 g and 0.41 g in this 
section for generating a more significant result [6]. Figure 13 
illustrates the lateral and vertical responses of the train and 
the time-history curves of the derailment factor, the offload 
factor and the LWRRD in the simulation. In addition, the 
part of the offload factor curve (Fig. 13e) above zero is more 
important; hence, the offload factor curves are not displayed 
wholly.

As depicted in Fig. 13, the lateral and vertical accelera-
tions of 1st car-body show that the vibration of the train 
enhances sharply at about t = 2.5 s under seismic effect. 
Accordingly, the significant rise interval of the curves of the 
derailment factor is identical for the detachment interval, the 
offload factor and the LWRRD. Besides, it can be concluded 
that the derailment factor curve loses many intervals due 
to the wheel–rail detachment, which is actually important 
for evaluating derailment. For the offload factor curve, the 
offload factor is the most conservative, which is equal to 
one during wheel detaching. It fails after wheel–rail detach-
ing and can hardly be used in seismic stochastic analysis. 
In contrast, the LWRRD curve is continuous and fluctuates 
obviously in Fig. 13. As a result of the simulation, a reduced 
safety threshold can be proposed in this section, which is 
R1 + R2 = 10mm . In fact, the derailment factor and offload 
factor are also pointed out to be over-conservative in the 
seismic running safety assessment in other Refs. [4, 11].

4.4  LWRRD under random seismic magnitude

It is assumed that the seismic magnitude follows the trun-
cated G–R distribution [47, 48, 54] and only strong earth-
quake (magnitude equal or greater than six) is considered. 
Besides, the upper magnitude limit ( Mu ) is defined as nine 
degree, thus the magnitude interval could cover the whole 
range of strong earthquake. Furthermore, the seismic ground 
motion attenuation model in Ref. [50] is adopted to calculate 

the relationship between the PGA and earthquake magni-
tude. In addition, the parameters and formulas of the trun-
cated G–R relation and the seismic ground motion attenua-
tion model are shown in Sect. 2.8.

In this model, the train consists of four vehicles with 
motor cars in front and rear, with two trailer cars in the mid-
dle, and the bridge is a three-span prestressed HSR bridge 
(Fig. 14a). Similarly, the seismic waves were input to the 
system exactly at the moment when the train entered the 
bridge at a constant speed of 250 km/h (69.44 m/s). The 
seismic wave sample is the same as Fig. 10, and the input 
seismic waves are generated by changing the PGA propor-
tionally. Thus, the LWRRD of the system can be obtained 
according to the PEM and the results are shown as follows.

According to the probability theory, the reliability pre-
diction of the train response and the LWRRD could be 
determined, and the results are provided in Fig. 14, which 
can evaluate the derailment of the TBC system from the 
perspective of probability. On this basis, it can be seen that 
the LWRRD reliability curves share the same general trend 
with the lateral and vertical acceleration of the 1st car-
body. Moreover, the results indicate that the train is at risk 
of derailment from 2.5 to 3 s, and the probability of derail-
ment increases significantly with the seismic magnitude and 
the duration of earthquake. In summary, the LWRRD can 
accurately evaluate the train derailment, and this reliability 
analysis is intuitive and feasible for the train running safety.

5  Conclusion

This study presented a three-dimensional TBC system with 
a detailed wheel–rail contact model which can simulate the 
detachment and recontact between the wheel flange and rail. 
In order to make up for the deficiencies of existing derail-
ment indexes in a stochastic analysis under earthquake, 
the LWRRD was used to evaluate train running safety and 
compared with the derailment factor and the offload factor 
to verify its feasibility and show advantages in stochastic 
analysis. Besides, the operation safety of a high-speed train 
traversing a multi-span prestressed simply supported box-
girder bridge excited by earthquake with random magnitude 
is studied. In summary, the main conclusions are as follows:

(1) The simulated TBC model captures the wheel–rail 
contact phenomena (flange contact, single detachment, 
double detachment, climbing up, recontact and derail-
ment) correctly and is verified feasible by comparing 
with existing experiments.

(2) Compared with the wheel–rail tight contact model, the 
proposed wheel–rail contact model is more sensitive 
and realistic for the TBC system under seismic effect, 
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Fig. 14  Schematic diagram of TBC model (a), the acceleration mean 
value and Std.D of 1st car-body in the lateral and vertical direction 
(b, c), the lateral and vertical acceleration reliability curves of 1st car-

body (d, e), the LWRRD reliability curves of wheel 1 and wheel 2 
(left and right wheel of wheelset 1, f, g) and partially enlarged draw-
ing from f and g (h, i)
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and the simulated response becomes stable in a shorter 
time.

(3) The LWRRD presents the same regulation with the 
derailment factor and offload factor, but the derailment 
factor and offload factor cannot evaluate the wheel 
derailment when the wheel detaches and are more con-
servative than the LWRRD. In addition, the LWRRD is 
intuitive and continuous as a derailment index. It shows 
a significant risk interval (about 2.7–2.9 s herein), 
which is blank for the derailment factor and flat for the 
offload factor.

(4) The reliability assessment for train running safety pro-
posed in this paper is feasible with the random seismic 
magnitude, and the risk of wheel derailment is evalu-
ated correctly by combining LWRRD with the PEM. 
Besides, the upper limit of the LWRRD and the derail-
ment probability are significantly affected by the inten-
sity of the earthquake.

In the future, the developed simulation model in this 
paper will be employed for the further studies to investigate 
the train running safety assessment under near-fault earth-
quake in contrast to a TBC scale model experiment.

Appendix 1

The train mass matrix can be described as

with

(51)�vv = diag
[

�v1 �v2 ⋯ �v(nv−1) �vnv

]

,

(52)
⎧

⎪

⎨

⎪

⎩

�vi = diag
��

�c,i �t1,i �t2,i �w1,i �w2,i �w3,i �w4,i

��
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�
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�
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�

mx,k,my,k,mz,k, J𝜙,k, J𝜓 ,k

�

, k ⊆ (w1,w2,w3,w4)

,

where ‘diag’ represents the matrix is diagonal with other 
elements being equal to zero, the submatrix �vi means the 
mass of the ith vehicle, �j,i represents the mass of car-body, 
front bogie or rear bogie of the ith vehicle, and �k,i denotes 
the mass of kth wheelset of the ith vehicle.

The train stiffness matrix is

where the submatrix �vi means the stiffness of each carriage, 
which has form of

where the submatrix �ci is

The submatrix �tji , (l ≤ j ≤ 2, j ∈ Z) is

The submatrix �wji(l ≤ j ≤ 4, j ∈ Z) is
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The submatrix �ctji , (l ≤ j ≤ 2, j ∈ Z) is

The submatrix �tjwki(l ≤ i ≤ 8, l ≤ j ≤ 2, l ≤ k ≤ 4, i, j,

k ∈ Z) is
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Appendix 2

See Tables 8, 9 and 10.

Table 8  Parameters of tractor 
and trailer (partial data refer to 
[19])

Notation Unit Tractor/trailer Notation Unit Tractor/trailer

 mc kg 4.8 ×  104/4.4 ×  104 k2x N/m 0.24 ×  106/0.28 ×  106

 mt kg 3.2 ×  103/2.4 ×  103 k2y N/m 0.4 ×  106/0.3 ×  106

 mw kg 2.4 ×  104/2.4 ×  104 k2z N/m 0.48 ×  106/0.56 ×  106

 Waxle kg 1.60 ×  104/1.46 ×  104 c1x N/(m/s) 5.0 ×  104/5.0 ×  104

  fc1 Hz 0.78/0.84 c1y N/(m/s) 5.0 ×  104/5.0 ×  104

  fc2 Hz 1.09/1.06 c1z N/(m/s) 3.0 ×  104/3.0 ×  104

 k1x N/m 9.0 ×  106/1.5 ×  107 c2x N/(m/s) 6.0 ×  104/12 ×  104

 k1y N/m 1.04 ×  106/0.7 ×  106 c2y N/(m/s) 6.0 ×  104/6.0 ×  104

 k1z N/m 3.0 ×  106/5.0 ×  106 c2z N/(m/s) 3.0 ×  104/2.5 ×  104
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