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Abstract

In this article, the nonlinear free and forced vibration analysis of multi-scale hybrid nano-composites (multi-scale HNC)
annular plate (multi-scale HNCAP) under hygro-thermal environment and subjected to mechanical loading is presented. The
material of matrix composite is enhanced by either carbon fibers (CF) or carbon nanotubes (CNTs) at the small or macro-
scale. The multi-scale laminated annular plate’s displacement fields are determined using third-order shear deformation theory
(third-order SDT) and nonlinearity of vibration behavior of this structure is taken into account considering Von Karman
nonlinear shell model. Energy method known as Hamilton principle is applied to create the motion equations governed to
the multi-scale HNCAP, while they are solved using generalized differential quadrature method (GDQM) as well as multi-
ple scale method. The results created from finite-element simulation illustrates a close agreement with the semi-numerical
method results. Ultimately, the research’s outcomes reveal that increasing value of the moisture change (AH) and orientation
angle parameter (), and the rigidity of the boundary conditions lead to an increase in the structure’s frequency. Besides,
whenever the values of the nonlinear parameter (y) are positive or negative, the dynamic behavior of the plate tends to have
hardening or softening behaviors, respectively. Also, there are not any effects from y parameter on the maximum amplitudes
of resonant vibration of the multi-scale HNCAP. Last but not least, by decreasing the structure’s flexibility, the plate can be
susceptible to have unstable responses.
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Thickness, annular plate’s
outer and inner radius,
respectively

Fiber and nanocomposite
matrix, respectively
Density, Young’s modules,
Poisson’s ratio, and shear
parameter (Kirchhoff mod-
ules), respectively

Volume fractions of fiber and
matrix, respectively

Indicate the length, thick-
ness, diameter, Younge’s
modules, and volume frac-
tion of carbon nanotubes,
respectively.

Effective volume fraction
and weight fraction of the
CNTs, respectively

Layer number and CNTs’
volume fraction

Thermal expansion coef-
ficients of the multi-scale
hybrid nanocomposite
Thermal expansion coef-
ficient of the nanocomposite
matrix

Moisture coefficients of

the multi-scale hybrid
nanocomposite

Moisture coefficients of the
matrix

Young’s modules of CNT,
shear modules, and mass
density, respectively
Displacement fields of an
annular plate

Mid-surface’s displacements
in orientations of Z and R, as
well as rotations of the trans-
verse normal in the orienta-
tion of 6, respectively
Normal strains in R and 0
directions, respectively
Shear strain in the RZ plane
Plate’s strain energy, kinetic
energy, the work which is
done by thermal loading, and
work due to damping energy,
respectively

Damping parameter

qdynamic and F

I

l
ORR> O and TRz

N and NT
AT and AH
Q;;» O;and6
W, O

WNL, ONL

P,,P,andy

Q, oand e
Tyand T,

Aand A

Wy

a and

1 Introduction

Dynamical force and force,
respectively

Mass inertias

Normal stress in R and 6
directions, and shear stress in
the RZ plane, respectively
Applied forces imposed by
variation of moisture and
temperature

Temperature and moisture
changes, respectively.
Stiffness elements, stiffness
elements relates to orienta-
tion angle, and the orienta-
tion angle, respectively
Linear non-dimensional
linear natural frequencies,
respectively

Nonlinear non-dimensional
nonlinear natural frequen-
cies, respectively

The linear part of the fre-
quency, nonlinear part (order
one) of the frequency, and
nonlinear part (order two) of
the frequency, respectively
Dimensionless deflection
Excitation frequency, detun-
ing parameter, and perturba-
tion parameter, respectively
Excitation terms

The weak form of the exter-
nal force

Unknown complex conju-
gate and complex functions,
respectively

Amplitude ratio

Primary resonance
Amplitude and phase,
respectively

Magnification factor

To achieve desired thermo-mechanical properties, car-
bon and its derivatives are accounted as the best choices
to reinforce engineering structures. Choosing the scale of
reinforcement widely depends on the purpose of the engi-
neer. Some composites are consisted of a matrix and macro-
scale reinforcement such as carbon fibers (CF) oriented in
specific directions to enrich the mechanical performance of
the structure. The reinforcement scale highly depends on
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the aim of the structure which is to be used. Recently, it
is revealed that composites enriched by multi-scale HNC
are much more beneficial in real engineering applications.
Thereby, the dynamics of the composites enhanced by multi-
scale HNC is a significant area of research. Chakrapani et al.
[1] developed a nonlinear forced vibration model for fiber-
reinforced composites with varying fiber orientations and
laminated sequences. Furthermore, they conducted experi-
mental research to confirm the numerical results’ accuracy.
In another investigation, buckling along with the post-
buckling behavior of the fiber-reinforced beam located in a
hygro-thermal environment has been scrutinized via Reddy’s
model by Emam and Eltaher [2].

On the other hand, enhancing composite properties using
nano-scaled fibers instead of macro-sized ones reveals con-
siderable boosting in the mechanics of structures. However,
many scientists are focusing on the CNT-reinforced struc-
tures. For instance, an FE model is applied by Maghamika
and Jam [3] to analyze CNTR circular and annular plate’s
buckling relied on third-order SDT. They claimed that, in
their method, the critical buckling load is less than those
calculated based on the classical method, owing to the result
of taking into consideration shear strain terms. Vibration
study of continuously graded thick CNTR annular plate
relying on an elastic foundation utilizing elasticity model
is conducted by Tahouneh and Yas [4]. For solving the
governing equations, they used a solution method known
as differential quadrature method (DQM) in their research
paper. As another study, Tahouneh and Jam [5] investigated
natural frequencies of continuously graded CNTR annular
plate relying on an elastic medium which CNTs are changed
along with the plate’s thickness. In both papers reported
above, to estimate the composite annular plate’s elastic
properties, Eshelby—Mori—Tanaka micro-scaled mechanics
is applied. Using variational DQM to solve the equations
governed to this problem, which is extended based on the
first-order shear deformation theory (FSDT), Ansari et al.
[6] conducted buckling and vibration characteristics of func-
tionally graded CNT-reinforced annular sector plate covered
by an elastic foundation under thermal loading.

In the field of the nonlinear statics as well as dynamics
of a circular annular plate, Keleshteri et al. [7] analyzed
major bending responses of an functionally graded (FG)
annular plate which is enhanced through employing CNTs
and surrounded by an elastic foundation. They believed that
in their mathematical approach, the applied von Karman and
shear deformation models result in better accuracy. Further-
more, to solve equations obtained via energy methods, they
employed the GDQM along with Newton—Raphson algo-
rithm. Their emphasized outcome is that thickness and the
value fraction of CNT may play a prominent role when it
comes to annular disk’s nonlinear frequency. Ansari and
Torabi [8] analyzed nonlinear forced and free dynamics of

an FG disk using the von Kdrméan method as well as thin
SDT. They emphasized mainly on the modified GDQ model
to solve the FG disk’s governing equation and reported a
structure’s large-amplitude vibration. Keleshteri et al. [9,
10] conducted a study on the post-buckling of the FG-
CNT-reinforced circular sector plate with consideration of
a piezoelectric layer utilizing GDQM, Von Karman nonlin-
earity, and FSDT. By taking into account the same process,
Keleshtary et al. [11] investigated the FG-CNT-reinforced
circular plate’s significant amplitude performance covered
by piezoelectric layer and placed on an elastic medium. Tor-
abi and Ansari [12] reported large-amplitude analysis of the
FG-CNT-reinforced circular plate. Ansari et al. [13] reported
a mathematical model for the investigation of the nonlin-
ear dynamic responses of the compositional disk, which
is rested on an elastic medium. The composite disk which
they modeled is a CNT-reinforced FG annular plate. They
employed the thick von Karman model and SDT for con-
sidering the nonlinearity. Gholami et al. [14] presented the
nonlinear static behavior of a graphene platelet-reinforced
annular plate under a dynamically load and the structure is
covered with the Winkler—Pasternak media. They applied
Newton—Raphson algorithm and a modified GDQ method
to access the nonlinear bending behavior of the graphene
reinforced disk.

Recently, in the field of stability analysis of the struc-
tures, in Ref [15] is presented the stability of a micro-sized
beam with the aid of generalized thermoelasticity theory.
Shaterzadeh et al. [16] studied nonlinear thermal buckling
stability of imperfect FG shells. This structure was covered
by a nonlinear elastic medium. Moreover, nonlinear forced
vibrations of a micro-scaled beam employing analytical and
numerical models were scrutinized by Ref. [17]. Besides,
Truong-Thi et al. [18] studied stability analyses of CNT-rein-
forced plates with the aid of cell-based smoothed discrete
shear gap method. In this work, they found that boundary
condition, nanotube volume fraction, different distribution of
carbon nanotubes, and plates’ width-to-thickness ratio have
an important role in the buckling and vibrational character-
istics of a CNT-reinforced plate.

According to the best scientific reports, large-amplitude
behavior of the multi-scale HNCAP exposed to the hygro-
thermal loadings is not explored, yet. In our work, the prop-
erties of multi-size levels of HNCAP are calculated upon
the Halpin—Tsai model integrated with a micromechanical
model. The motion equations are created using third-order
SDT and geometrical Von-Karman nonlinearity. Based on
PM and GDQM, the equations of motion are solved. The
results created from finite-element simulation illustrates a
close agreement with our semi-numerical method results.
Ultimately, the outcomes demonstrate that some prominent
physical and geometrical elements play a vital influence on
the nonlinear dynamics of the multi-scale HNCAP.
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2 Formulations and models
2.1 The problem

Figure 1 illustrates an HNCAP with a thickness of &, the
outer radius b, and the inner radius a. on what has already
been mentioned in this paper, CFs and CNTs are employed
as macro-scale and nano-scale reinforcement, respectively.
3D coordinates of annular plate are presented as, R, 8, and
7 that show the radial, circumferential, and thickness direc-
tions, respectively.

2.2 The homogenization procedure of multi-scale
HNCAP

Two key stages are involved in the homogenization method
according to the micromechanical theory as well as the

N

FG-X

Halpin—Tsai method. At the first stage, composite’s effec-
tive has to be calculated, that is [19, 20]

E, = VFEfl + VNCMENCM (1a)
1 1 Vem

_—= — - V.V

F NCM FYNCM
En E, E

phreNen | RE, 5 P NCM (1b)

Ef, EM
VFEI;2 + VyemENM
1 _ Ve Vneum (o)
= AF NCM C

p = Ver" + Vyeu" ™M (1d)

FG-A4 FG-V

Carbon Fiber

MSH composite -

Fig.1 Schematic view of the multi-scale HNCAP under hygro-thermal loading, related parameters, and coordination
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vip = V" + VeV ™M (le)

The adding result of the carbon fiber’s volume fraction
indicated by Vi and the nanocomposite matrix’s volume
fraction shown by V¢, is should be equal to 1 [20], namely:

VF + VNCM =1 (2)

At the second stage, nanocomposite’s effective proper-
ties can be calculated employing the developed Halpin—Tsai
micromechanics model demonstrated as below [20]:

ENCM _ pM F < 1+ zﬁddVCNT) 3 ( 1+ 23N /dND) gy Venr >]

8 - ﬁddVCNT g 1- ﬁdIVCNT
3
in which g, and g, are given by [20]:
CNT / EM ) ( dCNT / 4tCNT)
dl = CNT/EM) + (ICNT /2(CNT)
CNT / EM ) ( dCNT / 4tCNT) (4)

dd = CNT JEM) 4 (dONT /2CNT)’

The CNTSs’ volume fraction may be computed due to its
weight fraction (Wyp) written as follows [20]:

WCNT
pCNT )(1 _ WCNT)

*
VCNT

&)

Went + (

where one pattern distributed uniformly along with three FG
models has been taken into account based in Fig. 2 and sub-
sequent relations. In the mentioned models, CNTs are dis-
tributed along the multi-scale HNCAP’s thickness. FG-UD
is an isotropic homogeneous plate that CNTs are regularly
distributed. FG-X shows that CNTs weight fraction changes
from layer to layer along the thickness. As shown in FG-X
weight fraction in the midplane is the lowest and increases
from the mid layer to the top and bottom layers. FG-A shows
an asymmetrical CNTs in which weight fraction increases
from top surface to the bottom surface. In contrast to FG-A,
according to FG-V, weight fraction of CNT decreases from
top surface to the bottom surface. The function of distribu-
tion can be written as below [21]:

Venr = 4V5 |§) FG-X
CNT CNT

25
VCNT=V;;NT<1+ p )FG v

2,
CNT<1 : > FG - A

VCNT = V¢
Vent = Vinr FG - UD,

(6)

Fig.2 Meshed FE annular plate model

where fj = (% + ZLN, - ﬁ)hj = 1,2,...,N,. Based on the pre-

viously mentioned note, the total adding results of V,,; and
Venr as the two nanocomposite matrix’s components should
be equal to 1 [20]:

The corresponding nanocomposite matrix’s shear mod-
ules, mass density, and Poisson’s ratio may be obtained using
the following relations [20]:

GNCM ENCM

"~ 2(1+ M) (8a)
PN = Vonrp ™ + Vi (8b)
VNCM — VM (8C)

Furthermore, the expansion factors of the multi-scale HNC
are obtained by employing a couple of equations as below [22]:

V,E | + Ve ENMaNM
oy = n o (9a)
E| V, + ENOMy,

ay =1+ Vf)Vfa';Z + (1 + Vnew) Vnem@nem — Vi1 (9b)
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where aNM represents the nanocomposite matrix’s thermal

expansion factor which can be calculated based on equation
written as below [23]:

1 VentEN'a N + V, E, a,, (1 = Ny
NCM = 5 -
2\ VewER + VB, (10)
+( +v)a,V, + (1 + vy o

Since all water contents can be absorbed by the matrix
due to its absorption property, it is fully revealed that
the moisture impact on the composites’ fiber or CNTs is
neglectable. Thereby, the composite’s moisture factors can
be calculated as [19]:
ENCMBMY, o+, BV

V,E, | + ENOMV, (g (11)

By = (1 + vwen) VemB” = vizBi

B =

2.3 Kinematic relations

The classical plate theory and first-order shear deforma-
tion theory (FSDT) are the simplest equivalent single layer
theories [24]. The third-order SDT represents the kinematics
more realistically and does not require to correction factor
that the FSDT requires. The third-order SDT is based on a
displacement field that includes the cubic term in the thick-
ness coordinate (z); hence, the transverse shear strain and
hence stress are represented as quadratic through the plate
thickness and also satisfy the stress-free conditions on the
bounding planes (top and bottom surfaces) of the plate. In
spite of relatively more complex algebraic equations and
computational effort compared to the classical and FSDT
theories, the third-order SDT yields results that are close to
3D elasticity solutions. There are some articles that incor-
porate the third-order plate theory to obtain more accurate
results [25]. Due to the third-order SDT, the fields of dis-
placement can be reported as [7]:

oR oR
12)

UR,z,t) = u(R, 1) + <¢>(R, n+ oWR,2) ) (z—c,2) - P L)

VIR, z,t) =0

@ Springer

W(R,z,t) = w(R, 1)

where U, V, and W are the total displacements in the (R,
z) coordinates. In Eq. (12), u, v, and w are displacements
of a point on the midplane. Also, ¥, and v, are rotations of

transverse normal on the midplane. Also, ¢, = % In this

.
research, the cylindrical coordinate system (R, 6, 7) and axial
symmetry in loading and geometry are taken into account.
Also, it is assumed that the structure is an ideal annular
plate that does not have any imperfection. Therefore, the
geometrical nonlinearity of von Karman model and the cor-
responding strain components includinge pg, €4, and yp, may

be shown as:

0 * P
€RR 615R KRR 5 KRR 5| &R
— ES Kk
Epp (= 680 +23 Koo (+2794 Kgg T2 Kpp
* *%
YRz YRz Krz Krz Krz
(13)
where Eq. (13) is shown as:
( A 2
0 du 4 1(ow %
5181? & 13 (aR ) Krr R
4 589 =X [‘_; .3 Kgg ¢ = 1_§¢ ,
yRZ @ 0_W KRZ _(b
J U oz ' R 9z
P _ A Pw 0
K* 0 K C1<0R2 + aR)
ISxR 0 51: ¢y [ ow
0 (T, (o =1 R(G o)
w) [Pa(Eee)) ) |- )
(14)

2.4 Obtaining the governing equations using
energy methods

The presented research extracts the governing equations
employing the energy method know as Hamilton’s principle:

1, .
/ (6T = 6U + 6W, + 6W, + 6D)dt = 0. (15)
al

The equation shown below reveals the elements involved
in the procedure of extracting the aforementioned annular
plate’s strain energy:
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[ [ ONgx  Ngo P
- — réu
OR R
OMgr My 0Pgr €
R % ~ " S5 T 5P
| 2l +< OR R OR R o
SU = 3 / 0;0e;dV = / - (QRZ - 3CISRZ) dR (16)
4 R
1 c O*Prg 1 0Py + <aQRZ 3¢ aSRZ)
1 -5 -0
+J "R R oR oR OR ) ) S
w
2 (N 22)
[ " aR( RROR
The moment and the force can be obtained as: T(2) T, AT
. — 0
UTR'{H(Z)}_{HO}+{AH}’ (21a)
{Ngrs Mg P} = /O-RR{17Z7Z3}dZ (17a)
z
1 k4
3 LTR:{T(Z)}:< AT(5+5)+TO
{Noos Mag: Poo } = / o4 {1.2.2°}dz (17b) H) AH(L+3) +Hy (21b)
Z
z (1 z
T(2) AT<1_COSE(§+Z)>+TO
2 : =
{QRZ,SRZ}=/6RZ{LZ ydz (17¢) STR'{H@} ‘ At (1-cos2(1+)) + 8,
z 2\2 " &
Since, in this study, we have work induced by the external (21c)

energy, the former can be calculated as [19]:

R2
aow ow ,
5W, = [——N’W]dR
! / ox Ox (%)
Rl
where N8 are written as [19]:
N™8 = NT 4 NH 19)
NT and N are written as [19]:
h/2 _
N = [ @+ B (700 - Ty (200)
—h/2
h2 N
N = / (O115)1 + Q126y) (H(2) — Hy)dz (20b)
—n/2

It can be mentioned that three various patterns are taken
into consideration for the moisture and temperature changes
along the thickness, namely, sinusoidal temperature rise
(STR), linear one (LTR), and uniform one (UTR), which
can be described as follows [22]:

The work variation induced by the external loads should
be obtained as:

R,
oW, = / GaynamicOWAR, (22a)
R,
where ggyamic can be defined as follows:
Qaynamic = F cos (). (22b)

The applied work due to the damping can be presented
as below:

b
5D=/ca—wéwdR,
ot

a

(23)

where C presents damping coefficient. Since the dynamics
of the structure is analyzed, we have kinetic energy which
can be obtained using Eq. (24a). Moreover, its variation can

be obtained using Eq. (24b):

@ Springer
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1 [(oUN? | (oW N* | [0V 2.5 Governing equations
T=[1 (—) +<—) +( ) dRdZ
/ 27 [ ot o ot (24a)
A The corresponding stress—strain equation of the orthotropic
composites would be shown as [26]:
b
oU d6U | 9V oV oW dsW
5T = [ 4 ovov oW ]dR 24
/a ot ot | ot ot ot ot (240)
_ 1,24 162¢+I b, Pw\\s, [y Pu_ 0, (v P 5
— - ¥ u I L S bl
. 0%r o TN %2 T orar Yoz o " '\ oroaR T a2
0? 3 0*
o= [ clzﬁ—“ re, 22 o S g 0P RN Per
4 or? o 5 + ORo?? 0RO1? swad _1 Iw s
¢ e ¢ . ow 2 0¢ , otw  or
ORI 0RO 1\ 0ro2 " oR?or2
[ , S —
where {1} = /2 pNM{zibdz, i= 0,1, ..., 6 represent iner- Orr 01 Qi 0 || exe
2 j—
tias of the mass. Substituting Egs. (24c), (23), (22a), (18), S0 (=| Q12 O O [§ €00 (> @27
and (16) into Eq. (15), the Euler-Lagrange relations of Rz 0 0 QOss |7z
multi-scale HNCAP can be defined as below:
with
ou: MNew _ Noo _ I Ou o’ _()3w ¢ Vo) 4 22 ‘4 ny
TR TR T 0gp Thgp Tab (3R0t2+ﬁ > Q=0 cos 0 +20;,cos” sin” 0 + O, sin” 00,
(25a) = 0y, (cos* @ +sin* 0) + (0O, + Qy;) cos® Osin* @
Swec 0*Pgg B c_laPee 4 00k, _3e OSg. + i( a_w) 622 = Q,,cos* 0 +20,, cos? 0 sin’ 0 + Q,, sin* 0
“I9R2 "R R T oR aR OR\OR) 5 0 cos?o
ow Au P |
G dynamic + C_ - (NT +NH) > = G355 28)
aR ORot . . .
P P o P where 6 is the orientation angle and [26, 27]:
+ely——— —cil + 22 ) 4,22,
ORoO?? OROr2  OR%0r? or? 0, = E _ vk 0 E,, 0n=C
(25b) - Varviy| PT- Varvip| 27 7= Via2Vai > ¥
S OMppg 0Prr Mgy ¢ 3 )
¢: R _"9rR T R + EPM) = Op, + 3¢Sk, Finally, inserting Eq. (27) in Egs. (17a—17¢) and past-
2u % Pw % ing it in Egs. 25a-25c, and governing equations of multi-
=1 B + Izﬁ —cily <m + 02 ) scale HNCAP can be obtained using the following standard
Pu pEp ey P equations:
_6113__C114_+C%I6 _+ . 2 2 >
or? or o> ORor? su-da Fu p T Tb Pw), , Pwow
(25¢) nore T PGR T PN Gr2 T GRS 'OR2 9R

The BCs extracted from energy methods can be indicated
as:
ou=0o0r Npgnp =0
0Pgg Py

€ —C— +QRZ 3¢) Sk

5w =0 or R 'R ng = 0.
N 2 g g2 W N
RRR T9or T UPOR OR

8¢p=0or [Mgg — ¢|Prg|ng =0
(26)
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Apou  Bindp Dici (¢ 0w
+ g2 (8, 2
{ R 0R R OR R JdR  OR?
_[Anou  Buop Dnci (94 Pw +E<0_W>2
R OR R OR R JdR  OR? 2 OR
Ay | By Dypei (¢ 1ow
{ TR ? Tk \RTRox

0%u 2*¢ ¢
=, = +1,— — L ¢ +
Yo T o < o aRarz

(30a)
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u 03(,‘1) 03¢ o*w
lgre T EnGRs ~One <a7 oK
ow ¢

3 2.0\ 2
+D”()_W()_W +D11<0_W>

dR3 OR oR?
+e Dy 0%u + Eyd*p  Gpe (3¢ L oW
"\ R oR2 " R 0R? R \or? aR3

c 2 0? 0° 3 2
_J{D12M+E12 ¢ G121<_¢+0_W>+D 0_wd_w}

R OR? OR? OR? ' OR? '26R? 0R
_aDPnou Endd Gne (04 ow
R R OR R OR R OR  OR2
99
+ (Ass — 3¢, Css) = ﬁ =3¢, (Css — 3¢ Ess)
o, Pw Pudw o oudw (30b)
OR "oR20R " "' OR oR?
w P 09 Pw
¢ ow o 0%w OR 0R? ' 3R OR?
n3mor + 11@@‘D1101 3 ) N2
Fwow (0w
ot (o)
az_w(a_w)z (6_w)262_w+ﬂ%0_w
" oR? OR/) OR>" R OROR
LA dw Budbow B ow
R 0R2 R OR OR R 6R2
Dy (0pow |, d*w . ow d*w ow NN T
Bty usviagn iaa e +C— - (N" + N")y—
R <aR or TP ore T 2R grz ) T Qasmamie T Co5 = VoR2
03u ’p L, [ PP o*w 0w
=cl +cl —cil +—= —
SoRoz " "oror  VC\oRo T oR?0r2 ) T 0 o
5 {B” i’; +Cy ii’ —E ¢, <62‘725 + "3_3> +By, ﬂz“’_w} The terms that are introduced in Eqgs. (30a—30c) can be
oR oR OR® ~ OR OR? IR presented as follows:
+ @@_’_Cu@_@c %_’__W
R OR R OR R oR  0R? 5 —
6.5 4.3 2 1
¢ 0u . ¢ Pw ow 0%w {GlJ’FlJ’EU’DlJ’ClJ’BlJ’AlJ} / {Z 2252525252 1}Qijdz
—c\EnT 0o 6l 5ot oo ) TP o o
oR? oR? oR? aR3 OR 0R? 30d
e [ Prou  Enod G12c 9% (30d)
R &RTR R P aRZ As a result, Egs. (30a-30c) can be formulated as follows
1 op By /0w \2 (for details see ‘Appendix’):
E{B”aRJrC‘ZaR E‘261<aR+aR2)+T<§) } i}
1 ¢ 1ow Lyu(t) + Lipw(t) + Li3p(1) = My, iit) + M (1) + M 39(1)
I—Q{BzzR"'sz——Ezz 1<§+1_?6_R>} (31a)
G 9 2w\ | Duow Ly u(t) 4 Lyyw(t) + Lyyw(t) + Lyyw (1) + Lysp(r) =
R{D120R+E126R G12L1<0R+6R2>+ ) (0R) } 21U(1) 22"() 23"() 24 () 25P(1) G1b)
1 b 1w M, ii(t) + My, vi(t) + My (2) + F cos (£21)
E{DzzR+EzzR 622C1<R ROR>}
— (Ass — 013C55)<¢+ —) +3¢;(—¢;3Ess + C55)(¢ + ’;—Z) L3 u(t) + Lyyw(t) + L3 p(1) = My, ii(t) + My (1) + Mss(fif))-
c
2102 +16¢_IC<62¢+ )
Yo T o Y\ a2 T oRar
92 0% 2 0%
—13C1?? —146‘1? +16<a[2;/R + ﬁ)C%

(30c)
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3 Solution procedure
3.1 GDQM

A range of numerical methods has been presented for solving
the differential equations including FEM [23], Ritz method
[28], deep collocation method [29], etc. In the current paper,
we used the differential quadrature method (DQM), which
has been presented by Bellman et al. [30, 31], and Grid
points’ numbers are involved in this solution approach. The
importance of choosing the most proper grid-points’ num-
bers is revealed in scholars’ research papers. For instance,
Shu [32] has reported an effective method for obtaining the
weighting factors for a grid-points’ infinite number called
generalized differential quadrature method (GDQM). The
domain decomposition model has been utilized by Shu and
Richards [33] to be implemented in multi-domain equations.
Estimation of the rth derivative of f(x) can be expressed as
[34, 35]:

0 (x)
OR"

n

= > g fR), (32)

X=Xp j:1

where g can be formulated as follows [36]:

M _

L AR jand j,i=1,2,...,
S T R-r)M() TN "

i == 2 G J=1
i#jj=1
(33)
with
M(R) =[] (R-R). (34)

J#ij=1

The weighting factors are obtained via relations explained
below when it comes to higher order derivatives:

(r=1)
(=1 (1) _ 8jj

ij ij (Rz _ R])

g =rlg

i 2<r<n-1,j#i

and j,i=12,..,ng"
n
=— 2 gf.jr)l <r<n-1land ji=12,..,n
ijg=1 (35)

This study, however, chooses a grid-points’ non-uniform
set which is written as below:

— i —1
Rj=b 0 1=cos Y ) p 4 +a j=12,3, ... ,Nj.
2 v -1)

(36)

@ Springer

3.2 Multiple scales method

To determine the dynamic response of the system via mul-
tiple scales method, before solving the governing equation,
displacement components are presented in the following
standard form to separate time and space variables:

u(R, 1) = u(R)e"',  w(R,1) = wRE', . (R,1) = $,(R)e".

(37

Now, by substituting Eq. (37) into Eqgs. (30a-30c) and

using Eq. (32) for solving the unknown functions u(f), and

¢,(¢) in terms of w(#), the nonlinear differential equation of
annular plate can be extracted as:

W(t) + CW(t) + Pyw(t) + Pow(t) + yw (1) = F(1) cos (Q1),
(38)

where:

My, + My + Mo,

Lo, 39)

Subsequently, the linear annular plate oscillation can be
defined as:

o, = 1/P,, (40)

and w; = w; b* 2—”’, where the initial boundary conditions

can be identified as:

W < ¥, O

=0.
h  dt @D

t=0

By replacing w(t) in Eq. (38) with g(¢), and by consider-
ing F(f) and C equal to zero, one has the following equation:

d2
%ﬁ” +P {g0+¢gn) =0, 42)
in which
Y
(= P (43)

By implementing the homotopy perturbation method, the
solution for Eq. (42) can be given as:

d’g(t)

—a + o0 +E{ (P - 0y )20 + PLLS D} =0,

(44)

where & € [0, 1] is an integrated variable. When & =0,
Eq. (44) will be representing linear differential relation
which is shown as:

d’g(0)

w @3, 8(1) = 0. “43)

Above
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8(1) = go(D) + £g (1) + E2g, (1) + -+ (46)

It should be the following.
Substituting Eq. (45) into Eq. (46), we get:

10 dgo(0)
0 . 0 2 _ w 0
5 : dtz + CONLgO(l‘) - 0’ gOlr:O - Zy d[ 0 = O,
(47a)
d’g,(0)
& s = T on 0+ {(Pr— oy, )20 + Pigy(0} =0

_w dg1(t)
> 81limo = n dt

=0 B
(47b)

Hence, computing Eq. (47a) results in:
w w
8o(t) = o cos (a)NLt), a=z. (48)

Utilizing Eqs. (47b) and (48), the following expression
can be achieved as shown below:

d281 ®

+Pig(0)+ (P1 -l + %azé’Pl )a cos (wy 1)

dr?
+ %Pla‘%é’ cos (Sa)NLt) =0.
(49)
Hence, elimination of g,(¢) yields the equation:
3
Py -y + ZGZCP1 =0, (50)

in which the nonlinear form of the frequency of the multi-
scale HNCAP can be formulated as:

N = <\/1+?—1a2C>a)L, (51)

oW
where A* = e

oy, = w4/ 1+ %hzgm&. (52)

3.3 Primary resonance

In the presented case, it is guessed that w; is near to Q.
Therefore, an element of ¢ is presented for demonstrating
the closeness of Q to w,, as:

Q =w,+ce. (53)

To study the oscillations and bifurcations of the nonlin-
ear plate, the multi-scale method is presented to investigate
the nonlinear vibration characteristics of the nanocompos-
ite circular plate. The estimated solutions of Eq. (38) are
determined as:

w=wy(To. T1, Ty, ...) + ewy (T, Ty, Ty, ...) + 2w,y (T, Ty, T, .,
(54)

where T,=t and T, =¢t. The excitation in variations of 7
and 7', is explained as:

F(t) = egcos (wOTO + 0T, ) (55)

Then, the derivatives can be obtained using ¢ as a
parameter:

d
a =D0+£Dl, (563)
d2

37 = D5 +26DyD, + (D} +2DD, ), (56b)

_ 9 _ 9 _ R .
where D, = i D, = i and DyD| = TeaT Substitut-
ing Egs. (54-56a) into Eq. (38) and equating the factors of
€ equal to 0 yields the following differential relations:

e Dgwo +pwy =0 (57a)

g D(Z)Wl +pw; =—2DyDywy — 2CDyw,

- )/W(3] - aCOS (a)OTO + UTl), (57b)

The solution of Eq. (57a) may be suggested as:

WO(TO, T,,T,, ) = A(Tl) exp (iTO) +Z(T1) exp (—iTO).

(58)
The governing equations for A are gained by demanding

w; in the periodic form in 7}, and deriving secular parameters
which are factors of e¥™®70 the equation can be obtained as:

2iwy(A + CA) + 3yA%A — %Z] exp (—ioT;) =0, (59)
where

1 .
A= Saexp @ip). (60)

Inserting Eq. (60) to Eq. (59) and separating imaginary
and real parts enable us to have the following relations:

o =—Ca+ %wio sin () (61a)
;37 3,1 q
=-— -— 0).

apf Swoa + 2oy cos (0) (61b)

In the above equation, § = o7, — . Now, by consider-
ing steady-state condition (a’ = 0, and ' = 0) and squar-
ing, then combining the above relations, one can result in
determining frequency relation as follows [37]:

@ Springer



4 Page120f25

Archives of Civil and Mechanical Engineering (2021) 21:4

37 5) 7
c—->—a*) +C*|a* = . 62
[( 8 wy ) 4ar; ©2)

Substituting Eqs. (61a—61b) for steady-state condition
to Eq. (62) and inserting it to Eq. (60) and substituting
this result into Eqs. (58) and (54), one may obtain the first
approximation:

w = acos (wy! + ot — 0) + O(e). (63)

For obtaining the stability/instability responses of the
system and using Eq. (62), we present magnification factor
that can be expressed as:

1 2w0\/<a - 2Loﬂ) +C? (642)
8 w,
dm d*m
— =0, 0 64b
dQ dQ? (64b)

According to Eq. (53), o can be achieved. By substitut-
ing o in Eq. (64a), the maximum value of the magnification
factor could be found using Eq. (64b), so:

i0((37/0{2 - 8Q + Swo) (3ayd—a — 4)

32 dQ
2 I 2y2\ da _
+ (C +(Q—wy —3ya?) )dQ =0. 65)

. d
The above relation can be solved for é as:

da 8a(3ya® — 8Q + 8wy)
W 27200 - 96(Q - wy)ya? + 64(C2+ (@ - ay)”)
(66)
This derivative vanishes (and so does %’) when:
8(Q — w,
(3va® - 8Q+8w)) =0 = a, = % (67)
Y

By considering L _ (), the values of the critical points €,
and €, can be obtained [38]. By considering the denomina-
tor of Eq. (66) equal to zero, the instability responses of the
system (£2; and €,) can be achieved. Therefore:

27770t~ 96(Q - @y )ya + 64(C* + (@ - )" ) = 0.
(68)
And finally have:

1
Q.5 = 5 (8 + 670 - Voria = 64C2). (69)
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4 Numerical results and discussion

In this research, famous reinforcement called multi-scale
HNC is employed to enhance the annular plate dynamics.
The thermo-mechanical properties of epoxy and a reinforce-
ment are shown in Table 1 [22].

4.1 Validation

To evaluate the reliability of the proposed method, the cir-
cular plate’s dimensionless natural frequency acquired in
this paper is compared with results provided by Ref. [39] in
Table 2. As can be seen in a broad range of CNT distribu-
tion pattern, and Wy, there is a good agreement between
the results. Regarding the table, this research anticipates the
vibration characteristics of the circular plate very similar and
close to the results given in Ref. [39]. It should be mentioned
that the model described in Ref. [39] is a linear model, but
the current research is a nonlinear model of Ref. [39] as well
as considering viscoelastic foundation. As can be seen, the
discrepancy between the two results is less than 1.5% that is
acceptable for verification. Also, in Ref. [39], the influences
of hygro-thermal loading, viscoelastic, and c; parameters
are ignored.

For another verification for this work, according to
Table 3, it is revealed that the proposed modeling can pro-
vide good agreement with Ref. [13] where the influences
of thermal loading and viscoelastic parameters are ignored.

4.2 Finite-element modeling

For further validation and shape mode analysis of the multi-
scale HNCAP, finite-element analyses have been presented
with the aid of ABAQUS, where solid element C3D8R
with 8-node, reduced integration, and hourglass control is
employed to create the mesh for the shell model. Besides,
the perfect bonding between neighboring layers has been
considered. Figure 2 presents the model after meshing. In
addition, boundary conditions are applied to the nodes at
the inner and outer edges of the multi-scale HNCAP. It is
well known that if we want to have an accurate FE model,
we should pay attention to the mesh convergence [40]. For
this reason, the number of elements is increased as long
as the natural frequency of the structure does not have any
noticeable change and the optimum number of elements is
selected. According to Fig. 3, such a convergence criterion is
met when there are more than 40,000 elements in the mesh.
A validation study between our numerical results and finite-
element outcomes is presented in Table 4. As it can be seen,
the maximum relative discrepancies between our numerical
results and the FEM results are less than 4%. In addition,
with respect to Table 4, one can see that the best pattern in
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Table 1 Material properties of the current structure [1]

a.

04

F

12
[Gpal
8.96

G

Ef,
[Gpal
23.1

EF

Carbon fiber

[x107° /K]

10.08

[x107° /K]
-0.54

[ke/m?]
1750

[Gpa]

0.2

233.05
Em

Epoxy matrix

[x107° /K]

45

[ke/m’]
1200
pCNT

[Gpa]
3.51

0.34

dCN T tCNT

ICNT

aCNT

CNT
12

_ (CNT
- G13

CNT
12

G

CNT _ yCNT
22 _E33

E

F
Ell

Carbon nanotube

[nm]
0.34

[nm]
14

[pum]
25

[Tpa] [Tpa] [kg/m’] [x107° /K]
1.9445 1350 3.4584

7.0800

[Tpa]

0.175

5.6466

Table2 Comparison of non-dimensional natural frequency
(52 = wb*\/p/E) of the multi-scale HNCAP versus CNT pattern
with b/a=4, h/b=0.2, 0=r /4, and c=0

CNT distribu- ~ Weyr

tion
0.02 0.08
Presented Ref. [2] Presented Ref. [2]
study study
FG-X 2.69874563 2.7059 3.41917452 3.4195
FG-V 2.75698752 2.7869  3.40056987 3.4018
FG-A 2.81569854 2.8217  3.45852365 3.4589
FG-UD 2.79562369 2.8089  3.44395698 3.4439

Table3 Comparison of fundamental natural frequencies (Hz) of
an isotropic annular plate based on the HSDT (p = 7800kg/m?3,
E=2.1x10"Pa,v=03,b=3m,a=1m, and h=a/10)

Clamped—
clamped

Clamped-simply  Simply-simply

Present study 238.059865874  182.6796325698 115.4179635486
Ref. [3] 238.049 182.684 115.417

the frequency issue of the structure is pattern 2, and the more
rigid the structure is, the more boosted the frequency of the
multi-scale HNC annular plate. Also, with the aid of the FE
model, the first four mode shapes of a multi-scale HNCAP
for b/a=35 are shown in Fig. 4.

4.3 Parametric results

The impacts of various factors (including CNT’s distri-
bution patterns, the plate’s geometrical ratios, the CNT’s
weight fraction, carbon fibers’ volume fraction, viscoelastic-
ity factor, and gradient of temperature) on the multi-sized
HNCAP’s frequency characteristics are investigated.

Figure 5 provides a relevant result where, for the method
of GDQ, an adequate grid points’ number is essential to
achieve precise outcomes.

For diverse boundary conditions and a range of materi-
als, the convergence analysis is carried out. As a general-
ized result, it is obvious that the structure with clamped-
free (CF) BCs is more flexible than the structure with
clamped—clamped (CC) BCs, resulting in a lower nonlin-
ear frequency. Besides, in accordance with Fig. 5, the grid
points’ optimum number for the structure with clamped-free
(CF) BCs is obtained as 12, while, for an annular plate with
clamped—-clamped, clamped—simply, and simply—simply
BCs, this number is six. By having detailed attention to
Fig. 5, it is clear that a decrease of the rigidity of the circular
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Fig.3 Convergence study for the FE multi-scale HNCAP model for
the first and second modes

plate leads to the limitation of an increase in grid points

number so as to retain convergence in the GDQ method.
As it can be seen in Fig. 6, the highest and lowest val-

ues of the nonlinear frequency correspond to the structures

Table 4 Validation of numerical results with finite-element outcomes

which are made by FG-A and FG-X. Generally, each
increase in amplitude ratio (A*) will be a reason for boost-
ing the nonlinear reinforced annular plate’s frequency and
this is a fact for all FG patterns.

The main reflection from Fig. 7 is that by encountering
the composite annular plate with the sinusoidal and uniform
temperature patterns, we can see the highest and the lowest
nonlinear frequency, respectively.

Figure 8 gives an investigation about the impact of
changes in moisture (AH) on the frequency ratio of the cir-
cular annular plate for C-S, S-S, C-F, and C—C boundary
conditions. For each BCs and all amounts of the A element,
a direct relationship exists between the frequency ratio of the
annular plate and AH, which means that raising the amount
of the AH element results in improving the frequency ratio
of the multi-scale HNCAP-reinforced annular plate. By hav-
ing an exact glance at Fig. 8, one may find an applicable out-
come which is that the impact of AH factor on the structure’s
nonlinear dynamics for simple—simple (S—S) BCs is by far
more significant than for the cases of other BCs. Another
interesting result is that AH parameter does not affect the
frequency ratio when the clamped—simply boundary condi-
tions are considered.

Figure 9 illustrates the impacts of varying fibers’ orienta-
tion angle (fparameter) on the nonlinear frequency charac-
teristics of the circular plate for boundary conditions of C-F,
C-C, S-S, and C-S. The prominent result which is coming
up from this fig is that for each value of A" factor and all
BCs, through rising the 8 parameter, the annular plate’s non-
linear frequency declines and this matter is more substantial
at higher values of the deflection and for C-F BCs. It is not
remarkable by maintaining that at the larger amount of the
A" factor one can observe the influence of 6 factor on the
structure’s nonlinear dynamics, particularly in the case of
clamped-free (CF) BCs. The other obtained result is that by
changes in the condition of the annular plate from C-F to
C-C, structure’s frequency raises owing to a decrease in the
structure’s flexibility.

Numerical result FEM result

Numerical result FEM result

Numerical result FEM result Numerical result FEM result

for pattern 1 for pattern 1~ for pattern 2 for pattern 2 for pattern 3 for pattern 3 for pattern 4 for pattern 4
FG-A
C-C 7.36E+05 7.13E+05 7.38E+05 7.83E+05 7.34E+05 7.11E+05 7.36E+05 7.12E+05
C-S 5.87E+05 5.69E+05 5.89E+05 4.65E+05 5.86E+05 5.68E+05 5.87E+05 5.68E+05
FG-X
C-C 7.48E+05 7.17E+05 7.50E+05 7.27E+05 747E+05 7.17E+05 5.97E+05 5.73E+05
C-S 597E+05 5.72E+05 5.99E+05 5.81E+05 5.96E+05 5.72E+05 7.48E+05 7.18E+05

Refs. [13, 22, 39]
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Fig.4 The first four mode Mode b/a=5 b/a=3
shapes for multi-scale HNCAP number

with h=a/10, O =m/4,

Wenr=0.02, Vp=0.2, FG-X, Mode 1 527.277

483.338
and=AT, 439.398

961.41S
881.297
801.179
721.061
640,943
560.825
480.707
400.590 .
320472
240.354
160.236
80.118
0.000

Mode 2 524.676 952.459
480.953 873.087
437.230 793.716
393.507 714.344
349.784 634.973

555.601
476.229
396.858
317.486
238.115
158.743

79.372

0.000

Mode 3 599.796
549.813 30466
499.830 821.881
449.847 739.693
399.864 657.505
349.881 575.317
299.898 493.129
249.915 410.941
199.932 328.752
149.949 246.564
99,966 164.376

49.983 82.188
0.000 0.000
@
Mode 4 647.777 1037.530
593.795 951.069
539.814
485.832
431.851
377.870
323.888
269.907
215.926
161.944
107.963
53.981
0.000
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Fig.5 Convergence of the current structure for various boundary conditions with bla=4, h/b=0.1, FG-X, T;=273 [K], T,=300 [K],
WCNT =0, Vp=0, ©6=mn/4, UTR, and =1

Fig.6 The impact of CNT distribution on the nonlinear non-dimen- Fig.7 The impact of temperature change pattern on the nonlin-
sional frequency of the simply supported multi-scale HNCAP with ear non-dimensional frequency of the simply supported multi-scale
bla=4, hlb=03, T;=273 [K], T,=300 [K], O=n/4, Wcyr=0.02, HNCAP with bla=4, h/b=0.1, FG-X, T;=273 [K], T,=300 [K],
Ve=0.2, and f=1 O=n/4, Wenp=0.02, Vg=0.2, and f=1
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Fig.8 The impact of different moisture on the non-dimensional natural frequency ratio of the multi-scale HNCAP for various boundary condi-
tions with bla=4, h/b=0.3, T;=273 [K], T,=300 [K], FG-X, STR, 6=m/4, and =1

Comprehensive research is reported in Fig. 10 for
investigation of the impacts of conditions at the edges and
increasing temperature of the environment on the nonlinear
dynamics of the nanocomposite-reinforced annular plate. If
one pays attention to Fig. 10, one can see that boosting the
temperature makes a decrease in the annular plate’s nonlin-
ear frequency and this matter is true for each A”, It is also
true that temperature of the thermal environment negatively
affects the frequency of the plate, but we should consider
that this impact is more remarkable in a structure with the
simply—simply boundary conditions.

Figures 11, 12, 13, and 14 are consistent with the lit-
erature which shows influences of nonlinear parameter (y)

and increasing value of excitation frequency on the nonlin-
ear amplitude responses of the multi-scale HNC-reinforced
annular plate for various boundary conditions. Based on
Figs. 11, 12, 13, and 14, it may be observed that for all BCs,
when the value of the y parameter is positive or negative,
the dynamic behavior of the plate tends to have a harden-
ing or softening behaviors, respectively. It is well known
that the y is the parameter of the cubic nonlinearity; when
this parameter is zero, there is not hardening or softening
behavior for the plate, because this behavior appears in the
nonlinear plates. Moreover, by rising the positive or nega-
tive amounts of the y parameter, the hardening or softening
behaviors of the multi-scale HNC-reinforced annular plate
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Fig.9 The impact of different orientation angle on the non-dimensional natural frequency ratio of the system for various boundary conditions
with bla=4, h/b=0.3, T;=273 [K], T,=300 [K], FG-X, 6 =n/4, Wx7=0.02, Vz=0.2, and f=1

are intensified. According to Figs. 11 and 12, for C-C along
with C-S boundary conditions, no effects from y parameter
on the maximum amplitudes of resonant vibration of the
multi-scale HNC-reinforced annular plate. In contrast, by
having detailed attention to Figs. 13 and 14, one can find that
for S-S and C-F boundary conditions, there is an impres-
sive influence of the nonlinearity parameter on the backbone
curve, and especially on the frequency—amplitude responses
of the multi-scale HNC-reinforced annular plate could be
seen. By comparing Figs. 11 and 12 with Figs. 13 and 14,

@ Springer

one can find an applicable result, which is that when the
structure’s rigidity decreases by shifting the boundary con-
ditions from C—C to C-F ones, the effect of y parameter on
the hardening or softening behaviors of the plate is intensi-
fied. In addition to the results mentioned above, as the main
point which comes from Figs. 11, 12, 13, and 14, one can
see that for C—C and C-S boundary conditions, the unsta-
ble responses appear in the backbone curve of the nonlin-
ear model; however, in the cases of S-S and C-F boundary
conditions, the backbone curve of the plate corresponds to
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Fig. 10 The impact of boundary condition and applied temperature of the top surface on the nonlinear non-dimensional natural frequency of the
system for various boundary conditions with b/a=4, FG-X, h/b=0.3, O =n/4, Wy7=0.02, Vp=0.2, and =1

Fig. 11 Variation of the ampli-
tude response with respect to
the excitation frequency for dif-
ferent values of the y of multi-
scale HNCAP and clamped—
clamped boundary conditions
with bla=4, h/b=0.3, T;=273
[K], T,=300 [K], STR, O =n/4,
Wenr=0.02, V=02, p=1, and
q=0.3
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Fig. 12 Variation of the
amplitude response with respect
to the excitation frequency

for different values of the y

of multi-scale HNCAP and
clamped-simply boundary con-
ditions with bla=4, h/b=0.3,
T;=273 [K], T,=300 [K], STR,
O=n/4, Wenp=0.02, Vg=0.2,
p=1,and q=0.3

Fig. 13 Variation of the ampli-
tude response with respect to
the excitation frequency for
different values of the y of
multi-scale HNCAP and sim-
ply—simply boundary conditions
with b/la=4, h/b=0.3, T;=273
[K], T,=300 [K], STR, 6 =n/4,
Wenr=0.02, V=02, p=1, and
q=0.3

stable conditions. Another important result is that for C-C
and C-S boundary conditions, by increasing the value of the
nonlinearity parameter, the unstable range at the backbone
curve of the plate increases. It can be concluded from these
figures that by decreasing the structure’s flexibility, the plate

Amplitude

Amplitude

Yy =-08

o

(9
T

e
wn

y=—0,4 y:o Y=0;4 y=018

can be susceptible to having unstable responses.

@ Springer

Figures 15, 16, 17, and 18 present the impact of eternal
force (4 parameter) and increasing the value of excitation
frequency on the nonlinear amplitude responses of the multi-
scale HNC-reinforced annular plate for C—C, C-S, S-S, and
C-F boundary conditions.
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Fig. 14 Variation of the
amplitude response with respect
to the excitation frequency

for different values of the y

of multi-scale HNCAP and
clamped-free boundary condi-
tions with b/la=4, h/b=0.3,
T;=273 [K], T,=300 [K], STR,
O=n/4, Wenp=0.02, Vg=0.2,
p=1,and q=0.3

Fig. 15 Variation of the ampli-
tude response with respect to
the excitation frequency for
different values of the external
force and clamped—clamped
boundary conditions with
bla=4, h/b=0.3, ;=273 [K],
T,=300 [K], STR, 6=m/4,
Wenr=0.02, Vg=0.2, p=1, and
y=0.5
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=
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Taking a brief glance at Figs. 15, 16, 17, and 18, itis  of the backbone curve shifts to the side of the larger value
obvious that increasing the ¢ parameter gives rise to getting  of the extension frequency. With respect to Figs. 15 and
better hardening behavior and boosts the pick amplitudes 16, an increase of the number of external forces results in
at the backbone curves of the nonlinear plate. In other  widening the insatiable area at the backbone curves of the
words, when the external force increases, the frequency nonlinear disks.
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Fig. 16 Variation of the ampli-
tude response with respect to
the excitation frequency for
different values of the external
force and clamped-simply
boundary conditions with
bla=4, h/b=0.3, T;=273 [K],
T,=300 [K], STR, O=n/4,
Wenr=0.02, Vg=0.2, p=1, and
y=0.5

Fig. 17 Variation of the ampli-
tude response with respect to
the excitation frequency for
different values of the external
force and simply—simply bound-
ary conditions with b/la=4,
hb=0.3, T;=273 [K], T,=300
[K], STR, 6 =n/4, Wcnr=0.02,
Vg=0.2,p=1,andy =0.5

5 Conclusion
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Amplitude

Amplitude

the multi-scale HNCAP. The strain—displacement relation
of the current system was obtained via the third-order SDT
In this paper, we studied the nonlinear free and forced vibra- ~ and with the aid of Von Karman nonlinear shell theory. The
tional characteristics of the multi-scale HNCAP under the ~ minimum potential energy method was employed to estab-
hygro-thermal environment. Also, a modified Halpin—Tsai  lish the governing equations of motion, which were solved
model was presented to predict the effective properties of ~ With the aid of GDQM and PM. The results created from
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different values of the external
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finite-element simulation illustrate a close agreement with
our semi-numerical method results. The numerical results
revealed that:

e The best FG distribution for obtaining the highest non-
linear dynamic response of a multi-scale HNC reinforced
annular plat was FG-A.

e The effect of T, parameter on the nonlinear frequency of
the structure with the S—S boundary conditions was much
more significant than of other BCs. The lowest effect of
T, parameter was seen for the structure with C-F bound-
ary conditions.

e Increasing value of the AH parameter leads to improve-
ment in the frequency ratio of the multi-scale HNCAP-
reinforced annular plate.

e AH parameter has no effect on the frequency ratio when
the clamped-simply boundary conditions are considered.

e  When the rigidity of the structure decreases by changing
the boundary conditions from C—C to C-F ones, the effect
of y parameter on the hardening or softening behaviors
of the plate is intensified.
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