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Abstract
For permanent magnet synchronous motors (PMSMs) without sufficient design optimization, it is necessary to inject 
current harmonics to suppress torque ripple. Due to the influence of magnetic saturation, the current harmonics for 
torque ripple suppression changes with the electrical loads. Based on an existing analytical torque model of a PMSM 
considering spatial harmonics and magnetic saturation, this paper established a torque harmonic coupling model 
through a Taylor expansion and a harmonic balance method. Then, based on the torque harmonic coupling model, 
current harmonic selection for torque ripple minimization was proposed. The validity of the torque harmonic coupling 
model and current harmonic selection was verified by a finite element analysis (FEA) and experiments on a laboratory 
PMSM drive system.
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List of symbols
id, iq  dq-Axis currents
�  Electrical rotor position
V
�
  Row vector that consists of 

trigonometric functions
X(id, iq)  Row vector that consists of 

trigonometric functions
Pt  Parameter matrix
Te  Electromagnetic torque
Tcog  Cogging torque
Te,0  Average torque
Te,12c, Te,6c, Te,6s, Te,12s  Harmonic amplitudes of the 

torque
Et  Column vector that con-

sists of the torque harmonic 
amplitude

Etd,Etq  Column vectors that consist 
of torque coefficient har-
monic amplitudes

(id0, iq0)  Current base point of a first-
order Taylor expansion

id,0, iq,0  DC components of the dq-
axis currents

id,12c, id,6c, id,6s, id,12s  Harmonic amplitudes of the 
d-axis current

iq,12c, iq,6c, iq,6s, iq,12s  Harmonic amplitudes of the 
q-axis current

e
td,0, etd,12c, etd,6c, etd,6s, etd,12s  Average and harmonic 

amplitudes of the torque 
coefficients

Ftd, Ftq  Coupling matrices between 
the torque and current 
harmonics

E
′

t
  Column vector obtained by 

removing the middle element 
from Et

F
′

td
, F

′

tq
  Matrices obtained by remov-

ing the middle row and mid-
dle column from Ftd, Ftq

1 Introduction

PMSMs exhibit high power density, wide speed range and 
high efficiency. Therefore, they have been employed in a 
variety of applications [1–4], such as industrial drives, elec-
tric vehicles, wind turbines, aerospace and marine uses. The 
output torque fluctuates with time, which is called torque 
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ripple. The torque ripple of PMSMs can result in vibration 
and noise [5]. Therefore, it should be suppressed, especially 
in high-performance motion control applications.

Torque ripple is induced from many sources, such as flux 
linkage harmonics, cogging torque and current harmonics. 
There are two methods to suppress the torque ripple from 
flux linkage harmonics and cogging, i.e., motor design opti-
mization [6–10] and current harmonic injection [11]. As for 
motor design optimization, it includes skewing of the rotor 
magnets and skewing slots, etc. Such methods reduce the 
power density of PMSMs. At the same time, they increase 
the motor manufacturing cost. Regarding current harmonic 
injection, it has been gradually used in industry. For cur-
rent harmonic injection, some researchers have explored the 
speed ripple as the feedback signal [12–14]. Others have 
explored the PMSM model considering spatial harmonics. 
FEA data have been used by more and more researchers to 
describe the harmonics of PMSMs [15–18]. Meanwhile, the 
consistency between FEA data and the actual motor data has 
been verified. The inductance harmonics and flux linkage 
harmonics obtained from the FEA can be used to describe 
the link between the current harmonics and the torque rip-
ple. Then the appropriate current harmonics are selected 
to suppress the torque ripple. By considering the induct-
ance harmonics, a torque ripple function was established in 
[19–21]. However, the effect of magnetic saturation on the 
inductances was not considered. The torque ripple model 
was simplified by ignoring some of the minor components 
in [22], where the flux linkage was obtained by a voltage 
equation. The accuracy of the flux linkage obtained from 
voltage integration is affected by two factors, the high-pass 
filter and the voltage distortion caused by the inverter. In 
[23], the torque was described by a 2-D Fourier series and 
polynomial. In [24, 25], the torque was reconstructed by 
polynomials and Fourier series, and the analytical torque 
model was verified by experiments.

Based on a torque model considering spatial harmonics, 
current harmonics can be selected to suppress torque ripple. 
Torque ripple was minimized by fluctuating torque angle in 
[19, 21], and the current amplitude was fluctuated in [26]. In 
[20, 22], the q-axis current was fluctuated to suppress torque 
ripple, since the torque is more dependent on the q-axis than 
the d-axis current. However, it did not directly obtain the 
current harmonics and it was adjusted by a PI feedback con-
troller. A genetic approach was used to select the optimal 
current harmonics for torque ripple minimization in [27]. 
A torque harmonic coupling model was established in [28]. 
However, it was not suitable for heavy loads.

In previous studies, the torque of PMSMs was described 
with flux linkage data, apparent inductance data and cog-
ging torque data. Due to the high magnetic saturation of 

PMSMs, apparent inductances are not enough to describe 
the saturation of the motor. This paper mainly considered the 
effect of magnetic saturation, established a torque harmonic 
coupling model and selected current harmonics for torque 
ripple suppression.

2  Analytical torque model based on FEA

For automotive interior PMSMs, magnetic saturation is seri-
ous, and the amplitude and phase of the torque ripple change 
with the electrical loads. Therefore, an accurate PMSM model 
considering spatial harmonics and magnetic saturation is 
needed. In addition, the utilized analytical torque model [24] 
is expressed as follows:

where V
�
=
[
cos(6N2�),⋯ , cos(6�), 1, sin(6�),⋯ , sin(6N2�)

]
 , 

X(id, iq) =
[
1 id iq i2

d
idiq ⋯ i

N1

q

]T
 . id, iq are the dq-axis 

currents, and � is the electrical rotor position. 6N2 is the 
highest order of the Fourier series expansion. The value of 
N2 depends on the degree of the torque distortion. N1 denotes 
the highest order of the polynomial. Pt is the parameter 
matrix.

In [24], Fourier and Taylor series, expansions were uti-
lized to find an analytical approximation of the flux linkage 
data from an FEA. Then an analytical approximation of 
the torque was derived through the mathematical relation-
ship between the torque and flux linkage. However, the flux 
linkage model was not considered in the paper. Therefore, 
Fourier and Taylor expansions could be utilized to directly 
find an analytical approximation of the torque data from 
the FEA.

Figure 1a shows an FEA model of the studied PMSM. 
Table 1 shows the parameters of the PMSM. In Eq. (1), a Tay-
lor series expansion was used to describe the saturated surface 
in Fig. 1b and a Fourier expansion was utilized to describe the 
spatial harmonics, such as the cogging torque in Fig. 1c. The 
analytical torque model has been verified by FEA and experi-
ments in [24]. In addition, the analytical torque model showed 
high accuracy.

3  Torque harmonic coupling model

The analytical torque model describes the effects of magnetic 
saturation and spatial harmonics. To select current harmon-
ics for torque ripple minimization, and to simplify the torque 
function, a plane was created near the current set (id0, iq0) 
in Fig. 1b. The first-order Taylor of the torque function was 
expanded as follows:

(1)Te(id, iq, �) = V
�
PtX(id, iq),
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(2)

Te(id, iq, �) =Te(id0, iq0, �) +
�Te(id, iq, �)

�id

|||||id=id0
iq=iq0

(id − id0)

+
�Te(id, iq, �)

�iq

|||||id=id0
iq=iq0

(iq − iq0),

where Te(id0, iq0, �) is the torque at the current (id0, iq0) . 
(id − id0) and (iq − iq0) are the incremental currents. 
�Te(id, iq, �)

/
�id and �Te(id, iq, �)

/
�iq are the torque coef-

ficients, where id,0, iq,0 were chosen based on the maximum 
torque per ampere (MTPA) rule.

Torque under sinusoidal current excitation and torque coef-
ficients were obtained through an analytical torque model, and 
the detailed equations can be derived as follows:

Et, Etd , and Etq are the column vectors, which are com-
posed of harmonic amplitudes. The torque coefficients are 
derivatives of the torque function with respect to currents. 
Similar to the definition of incremental inductances, torque 
coefficients describe the effect of incremental currents on 
the torque. In terms of high-saturated motors, derivatives 
such as the incremental inductances and torque coefficients 
are more accurate in describing the effects of incremental 
currents on the flux linkages and torque, respectively.

PMSMs are three-phase balanced and of half-wave sym-
metry. Therefore, there are only the 6kth torque harmon-
ics. Figure 2 shows the spatial harmonics of the torque and 
torque coefficients under different loads. It can be seen that 
the 12th harmonic dominates the torque harmonic compo-
nents. The amplitude of the torque ripple is 1.8 N·m when 
the average torque is 10 N·m. The amplitude of the torque 
ripple increases to 3.2 N·m when the average torque is 
50 N·m. The q-axis torque coefficient decreases from 0.24 
to 0.21 N·m/A when the average torque increases from 10 to 
50 N·m. This indicates that the PMSM is highly saturated.

Substituting Eq. (3) into Eq. (2), there is:

(3)

Te(id0, iq0, �) = V
�
PtX(id0, iq0) = V

�
Et;

�Te(id, iq, �)

�id

|||||id=id0
iq=iq0

= V
�
Pt

�X(id, iq)

�id

|||||id=id0
iq=iq0

= V
�
Etd;

�Te(id, iq, �)

�iq

|||||id=id0
iq=iq0

= V
�
Pt

�X(id, iq)

�iq

|||||id=id0
iq=iq0

= V
�
Etq.

(4)
V
�
[Te,12c, Te,6c, Te,0, Te,6s, Te,12s]

T

= V
�
Et + V

�
Etd(id − id0) + V

�
Etq(iq − iq0).

Fig. 1  Diagrams showing: a mesh plot of the tested motor in an FEA; 
b saturated surface of the torque with dq-axis currents when � = 0◦ ; c 
cogging torque

Table 1  Parameters of a PMSM

Parameters Values Parameters Values

Maximum power 60 kW Outer diameter of stator 180 mm
Rated torque 50 N·m Inner diameter of stator 105 mm
Rated speed 6000 rpm Outer diameter of rotor 103.6 mm
DC-link voltage 336 V Inner diameter of rotor 50 mm
Pole numbers 6 Phase numbers 3
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Since the 6th and 12th harmonics of the torque and torque 
coefficients dominate the harmonic components, the har-
monic components above the 12th are ignored here. There-
fore, V

�
= [cos(12�), cos(6�), 1, sin(6�), sin(12�)] . Similarly, 

the dq-axis currents can be expressed as below:

When the base point (id0, iq0) of the first-order Tay-
lor expansion is the same as the current set (id,0, iq,0) , i.e., 
id0 = id,0;iq0 = iq,0 , substituting Eq. (5) into Eq. (4) yields:

Assuming Etd = [etd,12c, etd,6c, etd,0, etd,6s, etd,12s]
T , and 

based on the double angle formula and the harmonic balance 
method, the harmonics above 12th order were ignored:

where Ftd is the coupling matrix,

The main diagonal elements in Ftd mean that id,0 gener-
ates Te,0 , and id,6c generates Te,6c . The harmonic amplitudes of 
the torque coefficients constitute the non-diagonal elements 

(5)id(�) = V
�

⎡
⎢⎢⎢⎢⎢⎣

id,12c
id,6c
id,0
id,6s
id,12s

⎤
⎥⎥⎥⎥⎥⎦

, iq(�) = V
�

⎡
⎢⎢⎢⎢⎢⎣

iq,12c
iq,6c
iq,0
iq,6s
iq,12s

⎤
⎥⎥⎥⎥⎥⎦

.

(6)

V
�

⎡
⎢⎢⎢⎢⎢⎣

Te,12c
Te,6c
Te,0
Te,6s
Te,12s

⎤
⎥⎥⎥⎥⎥⎦

= V
�
Et + V

�
EtdV�

⎡
⎢⎢⎢⎢⎢⎣

id,12c
id,6c
0

id,6s
id,12s

⎤
⎥⎥⎥⎥⎥⎦

+ V
�
EtqV�

⎡
⎢⎢⎢⎢⎢⎣

iq,12c
iq,6c
0

iq,6s
iq,12s

⎤
⎥⎥⎥⎥⎥⎦

.

(7)

V
�
E
td
V
�

[
i
d,12c, id,6c, 0, id,6s, id,12s

]T

=

[
e
td,0 +

2∑
m=1

(
e
td,6mc cos(6m�) + e

td,6ms sin(6m�)
)]

×

[
2∑

n=1

(
i
d,6nc cos(6n�) + i

d,6ns sin(6n�)
)]

= V
�
F
td

[
i
d,12c, id,6c, 0, id,6s, id,12s

]T
,

Ftd =

⎡⎢⎢⎢⎢⎢⎣

etd,0 0.5etd,6c etd,12c −0.5etd,6s 0

0.5etd,6c etd,0 + 0.5etd,12c etd,6c 0.5etd,12s 0.5etd,6s
0.5etd,12c 0.5etd,6c etd,0 0.5etd,6s 0.5etd,12s
−0.5etd,6s 0.5etd,12s etd,6s etd,0 − 0.5etd,12c 0.5etd,6c

0 0.5etd,6s etd,12s 0.5etd,6c etd,0

⎤⎥⎥⎥⎥⎥⎦

.

Fig. 2  Spatial harmonics of the torque and torque coefficients under 
different loads: a average torque is 10 N·m, id0 = −6A , iq0 = 40A ; b 
average torque is 25 N·m, id0 = −28A , iq0 = 96A ; c average torque is 
50 N·m, id0 = −82A , iq0 = 193A

▸
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in Ftd . The non-diagonal elements mean that id,0 generates 
torque harmonics and that id,6c generates not only Te,0 , but also 
Te,6s, Te,12c, Te,12s.

Therefore, the torque harmonic coupling model was 
obtained as follows:

where Ftq is the coupling matrix, which is similar to Ftd . 
Equation (8) shows that both the d-axis and the q-axis cur-
rent harmonics generate torque harmonics. The torque har-
monic coupling model illustrates the explicit relationship 
between the current harmonics and the torque harmonics.

4  Current harmonic selection for torque 
ripple suppression

For the given current harmonics, the torque harmonics 
can be calculated through Eq. (8). Conversely, the current 
harmonics can be calculated for given torque harmonics. 
Assigning Te,12c, Te,6c, Te,6s and Te,12s zero in Eq. (8):

where E′

t
 is the column vector obtained by removing the 

middle element from Et . F
′

td
,F

′

tq
 are the matrices obtained 

by removing the middle row and the middle column from 
Ftd,Ftq . Four equations are not enough to solve eight varia-
bles. Thus, there are countless current harmonic selection 
schemes for torque ripple suppression. Since current har-
monics increase the iron loss, to suppress the torque ripple, 
the current harmonics need to be efficient. The torque is 
more dependent on the q-axis than the d-axis current (i.e., 
|||
𝜕Te

𝜕id

||| <
||||
𝜕Te

𝜕iq

|||| ). Therefore, an efficient method for current har-

(8)

⎡
⎢⎢⎢⎢⎢⎣

Te,12c
Te,6c
Te,0
Te,6s
Te,12s

⎤
⎥⎥⎥⎥⎥⎦

= Et + Ftd

⎡
⎢⎢⎢⎢⎢⎣

id,12c
id,6c
0

id,6s
id,12s

⎤
⎥⎥⎥⎥⎥⎦

+ Ftq

⎡
⎢⎢⎢⎢⎢⎣

iq,12c
iq,6c
0

iq,6s
iq,12s

⎤
⎥⎥⎥⎥⎥⎦

,

(9)

⎡⎢⎢⎢⎣

Te,12c
Te,6c
Te,6s
Te,12s

⎤⎥⎥⎥⎦
= E

�

t
+ F

�

td

⎡⎢⎢⎢⎣

id,12c
id,6c
id,6s
id,12s

⎤⎥⎥⎥⎦
+ F

�

tq

⎡⎢⎢⎢⎣

iq,12c
iq,6c
iq,6s
iq,12s

⎤⎥⎥⎥⎦
= 0,

monic selection was to assign the d-axis current harmonics 
to zero:

Table 2 shows the current harmonics under different loads 
calculated from Eq. (10). The current harmonics for torque 
ripple suppression change with the loads. When the load 
becomes larger, the torque ripple becomes larger and the 
q-axis torque coefficient becomes smaller. Correspondingly, 
the current harmonic amplitude for torque ripple suppres-
sion becomes larger. When the electrical load is 10 N·m, 
iq,12s dominates. However, when the load is 50 N·m, iq,12c 
dominates.

5  FEA and experimental verification

5.1  FEA verification

To verify the accuracy of the torque harmonic coupling 
model and the effectiveness of the current harmonic selec-
tion, the currents with and without harmonics shown in 
Table 2 were used as excitations in the FEA. Figure 3 shows 
a torque comparison. Results show that the 12th torque rip-
ples were suppressed by more than 95% through the current 
harmonic injection.

To study the effect of current harmonics on system effi-
ciency, the iron loss was analyzed in an FEA. Table 3 shows 
a comparison of the average iron losses. The iron loss is 
related to the working frequency. In this simulation, the 
speed in the FEA was set to 2000 rpm. The data show that 
the iron loss increased by no more than 5% with the injection 
of current harmonics.

5.2  Experimental verification

The current harmonic selection was tested by experiments 
on a laboratory PMSM drive system, which is shown in 
Fig. 4. The test bench consists of several parts, including 
the tested motor, high-precision servo motor, reducer, flex-
ible coupling and high-precision torque sensor. The peak 
torque of the servo motor is 5 N·m. The servo motor is 
integrated with a reducer. The reduction ratio is 1:5, which 
can increase the loading torque to 25 N·m. The torque sen-
sor has a measuring range of 0–100 N·m and a resolution 
of 0.05 N·m. Waveforms of phase current with and without 
harmonics were compared, as well as waveforms of the 
torque sensor.

(10)

⎡
⎢⎢⎢⎣

id,12c
id,6c
id,6s
id,12s

⎤
⎥⎥⎥⎦
= 0;

⎡
⎢⎢⎢⎣

iq,12c
iq,6c
iq,6s
iq,12s

⎤
⎥⎥⎥⎦
= −

�
F

�

tq

�−1

E
�

t
.

Table 2  q-Axis current harmonics selection

Electri-
cal load 
(N·m)

Current set (id0, iq0) 6th harmonics 
(iq,6c, iq,6s)

12th 
harmonics 
(iq,12c, iq,12s)

10 (−6A, 40A) (0.0A, 0.1A) (−1.3A, 7.3A)

25 (−28A, 96A) (0.0A,−0.4A) (−9.2A, 3.8A)

50 (−82A, 193A) (−0.2A, 0.1A) (−15.0A, 0.5A)
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Limited by the bandwidth and tracking static error 
of the PI controller, a multi-synchronous coordinate 
algorithm was used for current harmonic injection. The 
higher the speed, the more noise it brings during torque 
ripple measurements. Therefore, experiments were com-
pleted at 300 rpm. This paper mainly verifies the torque 
ripple suppression effect of current harmonic selection. 
As a result, the control algorithm has not been described 
here.

Figures 5, 6 and 7 show the effects of torque ripple 
suppression by injecting the desired current harmonics 
under different loads. Limited by the loading torque of 
the servo motor, the current harmonic injection under 
a heavy load (Te = 50N ⋅ m) could not be implemented. 
Experiments of current harmonic injection under a 
medium load (Te = 17N ⋅ m) were introduced. Vibration 
of the mechanical system results in the noise of torque 
measurement at different frequencies. However, only the 
motor produces torque ripple of specific frequencies. 
Therefore, the torque data were decomposed in the fre-
quency domain. The 12th torque ripples were reduced 
by 78.3%, 60.8% and 67.4%. The average torque meas-
ured was less than that in the FEA due to the presence of 
unmolded mechanical losses. The obtained experimental 
results show a larger torque ripple than the FEA results. Fig. 3  Comparison of torques with and without current harmonics in an FEA 

and their FFT analyses: a average torque is 10 N·m, id0 = −6A, iq0 = 40A ; 
b average torque is 25  N·m, id0 = −28A,  iq0 = 96A ; c average torque is 
50 N·m, id0 = −82A, iq0 = 193A

Table 3  Comparison of average iron losses

Electrical 
load (N·m)

Current set Sinusoidal 
current (W)

Current with 
harmonics 
(W)

10 id0 = −6A, iq0 = 40A 56.62 59.39
25 id0 = −28A, iq0 = 96A 59.08 60.48
50 id0 = −82A, iq0 = 193A 61.87 62.93

Fig. 4  Experimental platform
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Firstly, the current harmonic injections in the experiments 
were not accurately achieved. For example, as shown in 
Fig. 5a, undesired current harmonics occurred during 
motor current control. Secondly, the vibration caused by 
inconsistent concentricity brought errors to the measure-
ments. Flexible couplings resulted in resonance in the 
mechanical system, which also generated measurement 
errors.

6  Conclusion

This paper established a torque harmonic coupling model 
and accomplished a current harmonic selection method-
ology for torque ripple suppression. To verify the model, 
a torque comparison was accomplished with and without 
current harmonics through an FEA and experiments. The 

FEA results show that the torque ripple was suppressed to a 
great extent. Experimental results show that the 12th torque 
harmonic, the main torque harmonic component, was sup-
pressed by more than 60% through an injection of current 
harmonics, which verifies the accuracy of the torque har-
monic coupling model and the effectiveness of the current 
harmonic selection.

The torque harmonic coupling model describes the cou-
pling relationship between the current harmonics and the 
torque harmonics. In addition to the model, current harmonic 
selection provided the basis for the active torque ripple sup-
pression of PMSMs. When compared with previous studies on 
torque ripple suppression, magnetic saturation was fully taken 
into consideration. However, temperature affects the magnetic 
permeability of the motor. Therefore, the effect of temperature 
change on the torque harmonic coupling model requires more 
research.

Fig. 5  Experimental comparisons with and without current harmonic 
injection, Te = 10N ⋅ m : a waveforms of the phase current; b wave-
forms of the torque sensor; c FFT analysis of torque sensor wave-
forms

Fig. 6  Experimental comparisons with and without current harmonic 
injection, Te = 17N ⋅ m : a waveforms of the phase current; b wave-
forms of the torque sensor; c FFT analysis of torque sensor wave-
forms
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