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Abstract

A reflexive Banach space with an unconditional basis admits an equivalent 1-
unconditional 2R norm and embeds into a reflexive space with a 1-symmetric 2R
norm. Partial results on 1-symmetric 2R renormings of spaces with a symmetric basis
are obtained.
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1 Introduction

The notions of 2-rotund and weakly 2-rotund norms were introduced by Milman [22]
and are defined as follows.
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Definition 1.1 Let X be a Banach space. We say that anorm || - || on X is 2-rotund (2R)
(resp. weakly 2-rotund (W2R)) if for every (x,) C X such that ||x,|| <1 (n > 1)
and

lim  ||x, + x40l = 2,
m,n— 00

there exists x € X such that x = lim,,_, 5 X, strongly (resp. weakly).

Note that a W2R norm is strictly convex. It follows from a characterization of
reflexivity due to James [17] that if X admits an equivalent W2R norm then X is
reflexive. Héjek and Johanis [15] proved the converse: every reflexive Banach space
admits an equivalent W2R norm. Odell and Schlumprecht [23] proved that every
separable reflexive Banach space X admits an equivalent 2R norm (cf. [13]). However,
it is an open question whether every reflexive Banach space admits an equivalent 2R
norm (cf. [15, p. 72]).

One motivation for the present article is the following result of Figiel and Johnson
which combines Theorem 3.1 and Remark 3.2 of [12]. Only the unconditional case is
stated explicitly in [12], but the argument for the unconditional case also proves the
symmetric case.

Theorem A Let X be a superreflexive Banach space with an unconditional (respec-
tively, symmetric) basis (e, . Then X admits an equivalent uniformly convex norm
for which (e,,);’lo=1 is 1-unconditional (respectively, 1-symmetric).

Enflo [11] showed that a space is superreflexive if and only if it admits an equivalent
uniformly convex norm. By the theorem of Odell and Schlumprecht above a separable
space is reflexive if and only if it admits an equivalent 2 R norm. Therefore it is natural
to ask whether the analogue of Theorem A holds for 2R renormings of separable
reflexive spaces.

In Sect. 3 we prove the analogous result in the unconditional case: a reflexive space
with an unconditional basis admits a 1-unconditional 2R norm. For the symmetric
case, however, we have only partial results. In particular, the following question is
open.

Question 1.2 Let X be a reflexive Banach space with a symmetric basis (ey);2 ;. Does
X admit an equivalent 2R norm for which (e,); | is 1-symmetric?

We show that the answer is positive if the lower Boyd index px of X satisfies
px > 1. We also prove that if X is a reflexive space with an unconditional basis then
X is isomorphic to a 1-complemented subspace of a space with a 2R norm and a
1-symmetric basis. This is a refinement of a theorem of Szankowski [24]. A similar
argument proves that the non-superreflexive space with a symmetric basis which does
not contain ¢g or £, constructed in [12] and the space with a unique symmetric basic
sequence (not equivalent to the unit vector basis of ¢y or £,,) constructed by Altshuler
[1] both admit an equivalent 2R norm for which the basis is 1-symmetric.

A second motivation is the open question whether nonseparable reflexive spaces
admit a 2R norm. To attack this problem it is natural to examine specific classes of
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nonseparable reflexive spaces for potential counterexamples or positive results. In [9]
partial positive results were obtained for nonseparable generalized Baernstein spaces.
Another natural class to examine is the class of spaces with an uncountable symmetric
basis.

Question 1.3 Suppose X is a reflexive space with an uncountable symmetric basis
(ey)yer. Does X admit an equivalent (not necessarily 1-symmetric) 2R norm?

A positive answer to Quesion 1.2 would imply a positive answer to Question 1.3.
In fact, it would imply that X admits a 1-symmetric 2R norm.

In the final section we show that Loo[0, 1] admits an equivalent rearrangement-
invariant norm which restricts to a W2 R norm on every reflexive subspace.

Finally, let us mention that related results are proved in [14, 16]. In [14] it is
proved that a uniformly smooth (resp. uniformly convex) space with a Schauder basis
admits a uniformly smooth (resp. uniformly convex) renorming for which the basis
is monotone, while in [16] the spaces with a symmetric basis which admit equivalent
symmetric norms that are Gateaux differentiable or uniformly rotund in every direction
are characterized.

2 Preliminary results

We shall use the following characterization of 2-rotundity (see e.g., [8, I1.6.4] or [15]):
[ - 1lis a 2R norm on X if for all (x,);° ; C X such that

m [l 4 %012 = 2(xm 1 + 1%, 151 = 0, @2.1)
JhHn—> 00

m,n

there exists x € X such that x = lim,,_, 5 x,, strongly.
Day [7] introduced the norm || - [|pay on ¢q defined by

o 1/2
(@n)S ) lIDay = (Z 4‘”a:2) :

n=1
where (aj)?le is the non-increasing rearrangement of (|an|)fl°=1. Let (Y, | -] be a
reflexive Banach space with normalized basis (e,)3° ;. We define an equivalent norm
on Y thus:

We will use the following result of Héjek and Johanis. It is a consequence of
Theorem 3 and Corollary 4 of [15] and the reflexivity of Y. (Here || 22‘;1 anenlloo =
sup,>1 la,| as usual.)

5 1/2

@) ey | 2.2)

00
E anén

n=1

00
E anén
n=1
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Theorem B Suppose (y,);2; C Y satisfies

im_[lyn + ymll* = 2(yull* + lymlI*)] = 0. 2.3)

m

Then there exists y € Y such that
Yo — Yy weakly asn — 00

and
lim [y, — ylloo = 0.
n—>00

For K > 1, a basis (e,);2 | is K-unconditional if

<K

o0
Z +a,e,
n=1

00
E anén
n=1

o0

for all scalars (ay), -, and all choices of signs. The basis is K -symmetric if

<K

00
Z :I:ag(n)en
n=1

)
E dapépn
n=1

for all scalars (a,)52 , all choices of signs, and all permutations o : N — N.

We refer the reader to [20] for other unexplained Banach space notation and
terminology.

3 1-Unconditional bases

Theorem 3.1 Suppose that X has an unconditional basis. Then X admits an equivalent
1-unconditional norm || - || such that if (x,)°2 , C X is relatively weakly compact and
satisifies (2.1), then (x,) converges strongly. In particular, if X is reflexive, then || - ||
is 2R and 1-unconditional.

Proof The proof closely follows [23, Main Theorem]. So it suffices to indicate how to
adapt [23, Main Theorem] to produce a 1-unconditional basis as well as a 2R norm.

Let (en);2 | be a semi-normalized unconditional basis for X and let || - || denote
any equivalent norm on X which is strictly convex and for which (e,);2, is 1-
unconditional. To see that such a norm exists, let | - | be any equivalent norm on

X. Let
o 172
+ (Z 2_4”61,2,) ,

n=1

= sup

00
E Aapép
n=1

o0
Z +a,e,
n=1
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where the supremum is taken over all choices of signs. Then || - || is strictly convex and
(en)y2; is a l-unconditional basis for (X, || - ||). For x € X, following [23, p. 148],
define an equivalent norm || - ||, thus:

Iyl == Hyllx +ylI+Mliylx =yl (v € X).
Then [23, Lemma 2.1]
20yl < Iyl = @+ 2{x DIy (3.1

Let C be the countable vector space over QQ defined by
C = {Zanen: (an) € coo,an € Q,n > 1} .

Let us say that c = > ape, € C andd = Y bye, € C are absolutely equivalent if
la,| = |by| for all n > 1. Note that absolute equivalence is an equivalence relation on
C and that the equivalence classes are finite. Let A be the collection of equivalence
classes. Forall A € A and for all absolutely equivalent y, z € C, by 1 unconditionality

of || - || and absolute equivalence of y and z, we have
> Uylle =Y _Ayle +yll + Iyl = yI)
ceA ceA
= "(llizlle +zll + lizlle = z1) (.2)
ceA
=" llzll.
ceEA

Choose ps > 0 (A € A)suchthat )", 4 pa(1 + > .4 licll) < oo. Define a norm
Il -l on X as follows:

el =D pa ) lxlle.

Ae A ceA
It follows from (3.1) that || - || is an equivalent norm. Note that || - || is strictly convex
since || - [lo = 2| - || which is strictly convex. Suppose y,z € C are absolutely

equivalent. Then (3.2) implies that

Iyl =" pad_lIvlle= D" paY_lzle = llzll.

AeA ceA AeA ceA
Since C is dense in X, it follows that (e,,) is a 1-unconditional basis for (X, || - ). The
proof of [23, Main Theorem], especially Lemmas 2.2(a), 2.3(a), and 2.4, now shows
that || - || a7 is 2R. O
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Remark 3.2 We are unable to adapt the proof of Theorem 3.1 to the case of a symmetric
basis. The natural approach would be to say that vectors from C are equivalent if their
coefficient sequences are permuted. However, in this case the equivalence classes are
infinite, so the proof does not go through.

Lindenstrauss [19] proved that every space X with an unconditional basis is isomor-
phic to a complemented subspace of a space Y with a symmetric basis. Subsequently,
Szankowski [24] proved that if X is reflexive then Y can be chosen to be reflexive and
Davis [5] proved that if X is superreflexive then Y can be chosen to be superreflexive.
Davis’s method also proves the reflexive case. As an application of Theorem 3.1 we
use Davis’s method to prove the following refinement of Szankowski’s result.

Theorem 3.3 Suppose that X is reflexive and has an unconditional basis. Then X is
isomorphic to a 1-complemented subspace of a space with a 1-symmetric basis and a
2R norm. Moreover, that subspace has a 1-unconditional basis.

We recall the presentation of Davis’s approach in [20, p. 125]. Let (E, || - ||) and
(F, |l - 1) be two Banach sequence spaces such that (en);'f;1 is a 1-symmetric basis for
both E and F. We assume also that | x||g < ||x||r for all x € F and that

lim I3 eille

oo | Y7 eillr

For each m > 1, define a 1-symmetric norm || - ||, on E as follows:
12, 1
Ixllm = inf § AIylIE + 1217 =;y+mz,y€E,zeF .
Then [20, p. 125]
1
H—1IIXI|m < llxlle < 2mllx|l, (x € E). (3.3)

Hence || - ||, is equivalent to || - || .

Now suppose that X is a Banach space with a normalized 1-unconditional basis
() o= For every strictly increasing sequence (m,l)C><J | such that Z _1 1/m, < oo,
we define the space Y := Y(E, F, X, (mn)n 1) to be the collection of all x € E for
which

o0
> 1%l o

n=1

< 00. 3.4)
X

lxlly :==

Then (e,) is a 1-symmetric basis for Y. (The condition Z —1 1/my, < oo guarantees
that F embeds continuously into Y and, in particular, that (en)C>o 1 € Y [20, p. 126].)

Theorem C [20, Prop. 3.b.4] For every E,F and X as above there exists an
increasing sequence of numbers (m,);> | with Youoy1/m, < 0o such that Y =
Y(E,F,X, (mn)n=1) contains a complemented subspace isomorphic to X.
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The following lemma generalizes [20, Lemma 3.b.11].
Lemma 3.4 Suppose that E = coand Y -, 1/m, < oo. Let

dn+1
u, = E ciei (m=>1)
i=qn+1

be a normalized block basis (with respect to (e;)52 ) in Y (co, F, X, (my)52 ) such
o

thatlim; _, oo ¢; = 0. Then some subsequence of (u,),- | is equivalent to a block basis
of (fu)pe,in X.

Proof Fix N > 1 and n > 1. It follows from (3.3) that

N N N
D Nl < (Zmi) lunllE = (Zmi) max{|ci|: gn + 1 <i < guy1}-
i=1

i=1 i=1

Since lim;_,», ¢; = 0, we can inductively define an increasing sequence of natural
numbers 1 = N; < N» < --- and a subsequence (unk),fil such that forall k > 1
Nk 00
—k—1
D lun | filx A D [ unll fillx <2757
i=1 m; Ni1+1

It follows that the block basis (uy, )72, C Y is equivalent to the block basis

Ni+1

D | £ C X
i=Np+1 m;

O

The next lemma is more general than is needed for the proof of Theorem 3.3, but we
believe that the additional generality may be of independent interest.

e’}
n=1

Lemma 3.5 Suppose that E = co and X is reflexive. If )
Y(co., F, X, (my,);2 ) is reflexive.

1/m, < oo then

Proof Since Y has a symmetric (hence unconditional) basis it follows from a result
of James [18] that Y is reflexive unless Y contains a subspace isomorphic to ¢y or
£1. We use the fact that every (infinite-dimensional) subspace of Y contains a further
subspace isomorphic to a subspace of X or to a subspace of E (see [20, p. 127]). Since
every subspace of £1 contains a further subspace isomorphic to £, and since neither
co nor X contain a subspace isomorphic to {1, it follows that ¥ does not contain
a subspace isomorphic to £1. Suppose, to obtain a contradiction, that ¥ contains a
sequence equivalent to the unit vector basis of c¢p. Since the unit vector basis of cq
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is weakly null, a standard gliding hump argument shows that (e,,);2 ; admits a block
basis

equivalent to the unit vector basis of ¢g. By the proof of [20, Lemma 3.b.3],

max
n>1

— OO as m — OQ.

n
D e
i=1

m

So, using (3.4), | Y7, eilly — oo as n — oo. It follows from the uncondition-
ality of (e,);2 ; and the fact that sup,>1 |l Z?:l ujlly < oo that lim; . c¢c; = 0.
By Lemma 3.4, some subsequence of (un);’f’:l is equivalent to a block basis of

(fn);2; C X. Hence ¢ is isomorphic to a subspace of X, which contradicts the

reflexivity of X. O

Remark 3.6 Reflexivity of Y (co, £1, X, (2")32 ;) was proved in [12] using results from
[6].

Proof (Proof of Theorem 3.3) By Theorem 3.1, X has an equivalent 2R norm || - || x
for which (f,,)52 | is a 1-unconditional basis. Let Y := Y (co, F, X, (m,,)i"zl) be as in
Theorem C. We equip Y with the equivalent norm defined by (2.2).

Suppose (yn);'f;] satisfies (2.3). Since Y is reflexive, by Theorem B there exists
y € Y such that y, — y weakly and ||y, — y|lco — 0 as n — oo. Moreover, (2.3)
implies that

m [y + Y lF = 201yall3 + lym13)1 = 0. (3.5)
m,n— 00

Letx, = Y 2 [|ynllm; fi (n > 1). By definition of || - |y, |xxllx = Ilynlly. Moreover,
by 1-unconditionality of the basis (f,);° | of X,

lxn + xellx =

D ynllm; + 15ellm) fi

i=1

X

=

o0

> Ny + yillm; £

i=1 X
= llyn + yilly.

Hence (3.5) implies that

JJim [+ x5 = 2005 + 1501 = 0.

W Birkhauser
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Since || - [|x is 2R, it follows that (x,)52 ; is a Cauchy sequence in X. Hence, given
& > 0, there exists N; > 1 such that

> &
o Il fi] <7 =1
i=Nj+1 X
Hence
> £
Do =yl fi| <5 k=), (3.6)
i=Nj+1 X
Recall that, by (3.3), || - || 1s equivalent to || - || for all m > 1. Since lim;,— o0 ||y —

o
n=1

Yoo = 0, it follows that (y,
there exists No > 1 such that

is a Cauchy sequence in || - ||, for all m > 1. Hence

Ny
> Uy = yllm, fi

i=1

<

% (. k> Ny). 3.7)

X

Combining (3.6) and (3.7), we have ||y, — yklly < ¢ forall n, k > N;. So (Yn)Zi1 is
a Cauchy sequence in Y and hence lim,, .« ||yn — ylly = 0.

The proof of Theorem C shows that X is isomorphic to the closed linear span Z of
disjointly supported constant coefficient vectors in Y. Hence Z has a 1-unconditional
basis and is the range of an averaging projection on Y. So Z is 1-complemented in Y.

(]

Let T be the space introduced in [12] (the dual of the space that does not contain cg
or £, constructed by Tsirelson [4]). It was proved in [12] that Y (co, £1, T, (2");’;1)
does not contain a subspace isomorphic to ¢ or £,.

Let dy,,1 be the Lorentz sequence space corresponding to the weight sequence
w = (1/n). The norm in d,, 1 is given by

X x
a,

n
n=1

)
E anén
n=1

It was proved by Altshuler [1] that Y (c, dy,1, T, (2");2 ;) has a unique symmetric
basic sequence which, moreover, is not equivalent to the unit vector basis of cg or £,.
The proof of Theorem 3.3 also establishes the following result.

Theorem 3.7 The spaces Y (co, £1, T, (2" ) of [12] and Y (co, dw,1, T, (212 ) of
[1] both have equivalent 2R norms with a 1-symmetric basis.

) Birkhauser
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4 1-Symmetric bases

In this section (X, || - ||) denotes a reflexive Banach space with a symmetric basis
(en),?;l-

Let us recall the definition of the lower Boyd index [3] px of X (cf. [21, p. 130]).
For m € N, the linear operator D,,: X — X is defined by

oo 00 nm
Dy, Z apep | = Z an Z €j
n=1 n=1 j:(n—l)m+l

The lower Boyd index pyx is defined by

logm . logm

px = sup “.1)
m

P m ————.
>2 log [ Dyl m—oolog || Dy |l

The following main result of this section is an immediate consequence of
Theorem 4.7 proved below.

Theorem 4.1 Suppose that X is a reflexive Banach space with a symmetric basis such
that px > 1. Then X admits a 1-symmetric 2R norm.

[21, Prop. 2.b.7], which characterizes when px > 1, yields a geometrical formulation
of Theorem 4.1.

Corollary 4.2 Suppose that X is a reflexive Banach space with a symmetric basis which
does not admit uniformly isomorphic copies of £] spanned by disjointly supported
vectors with the same distribution. Then X admits a 1-symmetric 2R norm.

For x = Zil x(i)e; € X, define the formal series
o 1 n
Xi= Z} (; ;f(i)) en.
n= i=

We prove the following lemma for the sake of completeness. More general results in
the setting of rearrangement-invariant function spaces rather than symmetric sequence
spaces are proved in [2, Theorem 5.15].

Lemma 4.3 Suppose that px > 1. Then there exists a constant ¢ > 0 such that

%] < elxll (x € X).
Proof We may assume that (e,)5 | is a 1-symmetric basis of X. Let 1 < p < py.
It follows from (4.1) that there exists A > 0 such that || D,,|| < Am'/? for all m >
1. Consider x = Z;’lozl x(n)e, € X, where (x(n));’f’:1 is a nonnegative decreasing

sequence. Define f: (0, c0) — (0,00) by f(¢t) = x(n) forn > landn—1 <t <n.

W Birkhauser
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Then

[os] 1 1 / o0
=) (/0 f(tn)dt) en =/0 (; f(tn)e,,) dt

n=1

Hence

dt

1 o
7= )X same,
0 n=1
o0
<> 2
m=1

Y @ nen
n=1

(by 1-unconditionality)

o

27" Dy ()l

m=1

WK

< ) 27"(A2"P) x|
m=1
_ A
= o=
O

Henceforth, we suppose that px > 1, and, using Theorem 3.1, that || - || is 2R, and
that (e,);° ; is a symmetric 1-unconditional basis for || - ||. Suppose that (e, )72, is
K -symmetric for || - ||. Define a quasi-norm || - || as follows:

el = (IR + 1) 1ay) '/ (x = x(n)e, € X) )

n=1

Lemma4.4 || - || is a 1-symmetric equivalent norm on X.
Proof Clearly, || - || is a 1-symmetric quasi-norm since X depends only on (x* ()52,
and || - [Ipay is 1-symmetric. For x € X,
1 1|
~ Il =— X%x(men
n=

IA

ix*(n)en
n=1

) Birkhauser
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(since (e,)52 | is a K-symmetric basis)
< [IZll

(since x*(n) < rll iy x*(i) and (e,)S2 , is a 1-unconditional basis)

< cllx]l.
Since || - [Ipay is equivalent to || - ||co, it follows that || - || and || - || are equivalent
quasi-norms. It remains to prove that || - || is in fact a norm, i.e., that || - || satisfies the

triangle inequality. It suffices to show that x > ||x]| satisfies the triangle inequality.
Let x, y € X. Note that

G+ 00 <Tn) +50) (1 eN). 4.3)

o]

Since (ey), 2 is a 1-unconditional basis, it follows that

Ix + vl < IX+ 31 < 11X+ 191 (4.4)
Hence x + ||X]| and || - || are equivalent norms on X.
O

For x € X and N, M € N, define

M
X - l[N,M] = Z x(n)e,,.
n=N
Lemma4.5 Forx,y e Xand N € N,
X Iv.oo)ll = 17 - Iiv.oo) Il < cllx = Il

Proof (4.3) yields

IX - Inoo)ll < 1Y Iiv,oo)ll + 116 = ¥) - 1in,00) Il

Hence
1% Iiv,o0 l = 11V Iiv,oo |l S 1Gx = 3) - Linv,oo) |l < 1Gx = W) < cllx = yll.
Interchanging x and y gives the result. O

Lemma 4.6 Supposethatx € X, y, € X(n > 1), |[yall = 8 > 0,1lim,_ o0 | Ynllco =0
and min(supp(y,)) — oo. Then, forall N > 1,

hnrggéf x4+ yu) - Loyl = ra

W Birkhauser
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Proof Let o > 0. Choose N; € N so that x” := x 1y, n,] satisfies || x —x'|| < «. Then,
for all sufficiently large n, we have

min(supp(y,)) > Ni > max(supp(x’).
Hence, for all sufficiently large n and for alli > 1,
"+ y) @) = yy (D).

So for all N > 1 and for all sufficiently large n,

o
167+ v Iy ool = | Y yiG)e:
i=N+1

\

= Nllynlloo

o0
D e
i=1

1
Z & Iynll = Nllyalleo

)
E — Nllynlloo-

v

Hence, by Lemma 4.5, for all N > 1 and for all sufficiently large n,

1+ ) - Iivoo Il = 17 4 ¥0) - Iiv,oo)ll — cllx — x|

8
— — Nllynlleo = car.

>
- K

Since lim,,— || Vn]loo = 0 and @ > O is arbitrary the result follows. O

Theorem 4.7 || - || is a 1-symmetric 2R equivalent norm on X.

Proof Let us summarize the relevant progress we have made so far in this section. We
used Theorem 3.1 to equip X with an equivalent 2R norm ||- || thatis 1-unconditional but
not necessarily 1-symmetric (see the paragraph before Lemma 4.4). We then defined
the equivalent norm || - ||, which we have shown in Lemma 4.4 to be 1-symmetric. It
remains to prove that it is 2R. Suppose (x,);° | C X satisfies

im  [lx, + X l* = 200101 + Il 1)1 = 0. (4.5)
m,n— 00

By Theorem B, (x,,)72 | converges weakly tosome x € X andlim,,—, oo [ X4 —X[lcc = 0.
Let x, = x + y, and suppose that (y,)52 ; does not converge to zero in norm. Since
lim, o0 [|Ynllec = 0, a gliding hump and an approximation argument show, after
passing to a subsequence and relabelling, that without loss of generality each y,
has finite support, that (y, 20=1 is a block basis with respect to (en)zil, and hence
min(supp(y,)) — 0o asn — 0o, and that | y,|| > § > 0 (n > 1).

) Birkhauser
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It follows from (4.5) and the definition of || - || in (4.2) that

. — 2 ~ 2 —2
lim_lx, + X1 = 201X 17 + 1% 17) = 0.
m,n— 00

Note that [|(xy + xm)|| < [I5, + %mll by (4.4). Hence

. ~ =2 —~02 —2
lim  |[xXn + X 17 = 201X 17 + 1% [17) = 0.
m,n— 00

Since || - || is a 2R equivalent norm on X, it follows that ()f,])zo:] converges strongly
in X. By Lemma 4.6, forall N > 1,

8

minf |5, - 1.0y | = liminf [|(X + ) - Lyl = —,
m— 00 K

m— o0

which contradicts the fact that (x,)2 , is a Cauchy sequence in X. O

5 Symmetric renormings of £, and L

A symmetric renorming of £, [16] is an equivalent norm || - || on £+, such that

@)zl = l(ao@m)uzi Il ((@n)yZ; € €oo)

for all permutations o of N. It was proved in [16, Proposition 5] that for every sym-
metric renorming || - ||, (¢co, || - ||) contains a subspace isometric to (€oo, || - [loo)-
For the sake of completeness we include an elementary proof that avoids uncountable
cardinals.

Theorem 5.1 Let || - || be a 1-symmetric norm on Loo. Then there exists a subspace
Y of Uso, || - ||) that is isometrically isomorphic to (£, || - |l00). In fact, there exists
o > 0 such that, forally € Y, ||yl = ¢l ¥llco-

Proof Let || -| be a I-symmetric norm on £,.. We let 2N denote the set of even positive
integers and £, (2N) the subspace of £, comprising all x with supp(x) = {i € N :
x(i) # 0} C 2N. We will first show that || - || restricted on £ (2N) is 1-suppression
unconditional, i.e., for every x, y € €oo(2N) such that, for alli € N, x(i) = y(i) or
y(i) = 0, we have ||x|| > ||y||. We verify this on the dense linear subspace of £, (2N)
consisting of all x that have the form

n
X = ZaiXAia
i=1

W Birkhauser



2-Rotund norms... Page150f17 74

where n € N, ay, ..., a, are (not necessarily different) scalars, and Ay, ..., A, are
disjoint (finite or infinite) subsets of 2N. By symmetry, it suffices to show that, letting

n—1
y= Z ai XA;»
i=1

lIxll = llyll. Fix an infinite § C N\ 2N. For each N € N, choose disjoint subsets
A,ll, ...,A,]f of § that are equinumerous to A,, and, for 1 < j < N, let xlj\, =

Y +anx ,i- By symmetry, ||x,{, I = llx|l, and thus letting

1
J
yN=ﬁj§_1xN

we have ||x|| > |lyn]|. At the same time, ||yy — ¥|lco — 0, and thus by equivalence
lyn — ylIl = 0, which yields [lx|| = [[y]|.

By scaling and symmetry, we may assume that, for all n € N, ||e,|| = 1 and thus,
by 1-suppression unconditionality, for all x € €5, (2N), ||x|| > ||x| 0. Put

a =sup{[lx]: x € Lo 2N), [Ix[loo = 1}.

Then there exists xg € £o0(2N) such that ||xollcc = 1 and ||x¢l| = «. Indeed, by
symmetry we can pick disjointly supported vectors (xn);’l"= 1 in €50 (2N) such that, for
alln e N, ||x;llcc = 1 and ||x, || > o — 1/n. This follows from the symmetry of || - ||
and the fact that any bijection between infinite subsets of 2N extends to a permutation
of N. Define xo = Zsozlxn pointwise. Then, ||xg|lcc = 1 and thus ||xp|| < «. By
1-suppression unconditionality, for all n € N, ||xo|| > ||x,|| = o — 1/n. So ||xo| = «.
Pick a disjointly supported sequence (y,);2 | in £00(2N) so that each y, has the same
distribution as xq. Then, for all (a;) € {oo, Zsozl anyn (defined pointwise) satisfies
130 anynll = all(an)lloo- Hence ¥ = {307 | anyn: (an) € €oo} has the required
property. O

On the other hand, by [15, Corollary 4] £,, admits an equivalent norm which
restricts to a W2 R norm on reflexive subspaces. Clearly, every such norm is strictly
convex and hence cannot be symmetric by Theorem 5.1.

Next we consider rearrangement-invariant renormings of Ls,[0, 1]. Curiously, we
reach a rather different conclusion from the case of .

We will apply the following result from [10].

Theorem D [10] There is an equivalent rearrangement-invariant (Orlicz) norm || - ||
on L1[0, 1] satisfying the following restricted uniform convexity condition. Let K C
{x € L1[0, 1]: lIlxll < 1} be weakly compact. Then, given ¢ > 0, there exists § > 0
such that forall x,y € K,

lx +yll >2—=6=llx =yl <e.
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Corollary 5.2 Suppose (y,);2 , is relatively weakly compact in L1[0, 1] and satisfies
lim_[llyn + yml* = 2(ull® + lym )] = 0. (5.1)
m,n—o0

Then (y,,);’l":1 converges in L1[0, 1].

Proof The proof is omitted as it is essentially the same as the proof that a uniformly
convex norm is 2R. O

Theorem 5.3 Let (Y, |-|) be a rearrangement-invariant space on [0, 1]. Then Y admits
an equivalent rearrangement-invariant norm || - || such that if (y,);2 , is relatively
weakly compact in Y and satisfies

Em [lym + yull?> = 20yml* + Iy %1 =0, (5.2)
m,n— o0
then (y,);° | converges weakly in Y. In particular, | - || restricts to a W2R norm on

every reflexive subspace of Y.

Proof Note that Y embeds continuously into L1[0, 1]. Define || - || as follows:

Iyl = Ay + lyIH'? (v e ¥).

Suppose that (y,);2 , satisfies (5.2). Then (y,);2; also satisfies (5.1) and (y,)72
is relatively weakly compact in L{[0, 1]. It follows from Theorem D that (yn)g":1

converges in L1[0, 1], which implies that (y, )52 | has a unique weak cluster point in

Y, ie. that (y,)52 converges weakly in Y. O

Corollary 5.4 L [0, 1] admits an equivalent rearrangement-invariant norm which
restricts to a W2R norm on every reflexive subspace.
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