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Abstract

In this paper, based on the characterization of Carleson measure, we study bounded
difference of composition operators from Bergman spaces with Békollé weight to
Lebesgue spaces over the half-plane. We also obtain a characterization for the Carleson
measure by products of functions.
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Bergman space
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1 Introduction

Let I be the upper half of the complex plane, i.e., 1T = {z € C : Imz > 0},
and dA be the Lebesgue area measure on ITT. Given a positive Lebesgue function
w on the TIT, for 0 < p < oo, the weighted Bergman space A” () is the space of
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holomorphic functions f over ITT with

I fllar ) = (/ If(Z)IPw(Z)dA(Z))p < oo.
I+

Ifw(z) = cu(Imz)* fora > —1, then AP (w) is the standard weighted Bergman space
AP(TTT), where ¢, = W Let S(ITT) be the set of all holomorphic self-maps on
I1". The composition operator C, on A”(w) induced by ¢ € S(IT*) is defined by

Cof =fog, feAP ().

Composition operators on various analytic function spaces have been extensively
studied (see the monographs [4, 17, 21]). One of the most important topics in the study
of composition operators is to characterize properties of the difference of composition
operators, especially the compactness (see [6, 8, 11, 12, 16, 19] and the references
therein). Different from the unit disk case, there exist unbounded composition oper-
ators and there are no compact composition operators on AP(11%) [10, 18]. In [7],
Choe et al. characterized bounded and compact difference of composition operators
on AL (IT1). In [14], Pang and Wang extended the results in [7] to the composition
operators from A} (IT) to Lebesgue spaces L7 (w) forall 0 < p, g < oco. Here, u is
a positive Borel measure on ITT and L9 (u) is the space of all measurable functions
f defined on ITT with “norm”

1 f oo = (/H |f|qdu)" <o

In this paper, we consider the bounded difference of composition operators from A? (w)
into L9 (u) for (I“’m(;)a € By () with pg > 1 and o > —1.
Let po > 1 and 0 > —1. Recall that the class B, () consists of all positive locally

integrable functions w on IT™ satisfying
/ I
_h
fQ wdAqy lew P dAy
le dA, le dA,

sup

where [/ is an interval in R, Q; = I x [0, |{|] (|{| denotes the length of I) is the
Carleson square associated to / and pj, is the conjugate index of py. Since llll?lz‘ <1
for z € Oy, we see that By, (o) C By (B) if =1 < a < B.

In order to state our main results, we introduce more terminology and notation.

Let p be the pseudo-hyperbolic distance on ITT, that is

p(zf)zjﬁ Ctern
z—§&
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Forz € TI,0 < § < 1, Es(z) denotes the pseudo-hyperbolic disk centered at z
with radius 8. That is, Es(z) = (£ € I1T, p(z, &) < 8}. A sequence {z,} C I1T is
called §-separated if {E;s(z,)} are pairwise disjoint, and is called a §-lattice if it is
%-separated and ITT = (o2, Es(z,). A 8-lattice on the upper half plane exists and
can be explicitly constructed by using almost the same argument as that on the unit
disk [21, Lemma 4.8].

The Borel measure p is called an (w, p, g)-Carleson measure if there exists a
constant C > 0 such that for any f € A”(w),

||f||Lq(M) < Clfllar(w)-

Denote
w(Es(z)) w(Es(2)) n
H, =—73 Gous@=—77"= I,
8 w(Es(2)? ws(@) w(Es(2)) €

Our first result gives the characterization of (w, p, g)-Carleson measure.

0@
Imz)“

Theorem 1.1 Let0 < p,q < 00, @ > —1, pg > max{l, p}, Tmo? € Bpo(@) and
be a positive Borel measure on T17.
(D) If0 < p < g < 00, then wu is an (w, p, q)-Carleson measure if and only if

sup Hy, u,5(z) < 00.
zellt

2) If0 < g < p < 00, then the following statements are equivalent.

(a) wisan (w, p, q)-Carleson measure;

(0) {Ho 025 (z0)} € 177 for any 8-lattice {z,} C T+ with 0 < 8 < L;
(©) {Huw,p25(zn)} € 1777 for some §-lattice {z,} C TIT with0 < § < %;
d) Go,us € Lﬁ(a)dA)for some (0 < § < 1.

For ¢, ¥ € S(ITT) and 0 < § < 1, let

0(2) =0y, (2) = p(P(2), ¥(2)), ze™.

The joint pullback measure jiy 4 is defined for any Borel set E C TTT as

Ug,y.q(E) :/ oldu +/ oldpu.
o~ I(E) /N 02))

Based on Theorem 1.1, we characterize the bounded difference of composition
operators from AP (w) to LY ().

Theorem 1.2 Let0 < p,q < o0, a > —1, pg > max{l, p}, <ffn§>)a € Bp,(a) and

be a positive Borel measure on T1'". Suppose that ¢,y € S(ITIT). Then C, — Cy is
bounded from AP (w) to L9 () if and only if |1y y 4 is an (o, p, q)-Carleson measure.

) Birkhauser



56 Page4of26 C.Pangetal.

Let A = %, then ﬁ = ﬁ By Theorem 1.1, we see that the (w, p, ¢)-Carleson
measure depends only on the ratio A = 4. So we introduce the following definition. A
Borel measure p is called an (w, A)-Carleson measure if there exists a constant C > 0

such that forall 0 < p, g < oo with A = % and any f € A”(w),

I f ey < CIfIlarw)-

Finally, we give a characterization for (@, A)-Carleson measure by using products of
functions in A? (w).

Theorem 1.3 Let ¢ > —1, pg > 1, % € Bp,(a) and p be a positive Borel
measure on I17. For any integerk > landi = 1,2, ...k, let

k
qi
0 < pi,gi < o0, k:E —.
1 1 lzl pl

Then u is an (w, A)-Carleson measure if and only if there exists a positive constant C
such that for any f; € APi(w),i=1,2,...,k,

k k
/m [11i@1%dr@ < CTTIA1G o) (1.1
i=1 i=1

The paper is organized as follows. In Sect. 2, we discuss the class B, («) and prove
acollection of preliminary results which will be used. In Sects. 3—-5, we give the proofs
of Theorem 1.1, 1.2 and 1.3 respectively.

Throughout this paper, the notation A < B means that there is a positive constant C
which is independent of z € IT* and f € A”(w) such that A < CB, and the notation
A =~ B means that both A < B and B < A hold.

2 Preliminaries

In this section, we present some results about the class Bj,(«) and the weighted
Bergman spaces A? (w). Some technical lemmas used throughout the paper are proved.

Lemma2.1 [7]Letz € I1T,0 <8 < 1. Thenforall € € Es(z) anda € TIT,
Imé ~ Imz, |z —&| ~2Imz, |z—al~ |§ —al.

For po > 1,0 < § < 1, we say that a weight @ belongs to the C,(5) class if

L0}

P

7
wdA w PdA
sup [Ea(Z) ‘[E‘S(Z) < o0.

cer+ | Es(z) 44 J Es( 94
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Let E be a measurable subset in ITT, denote |E| = f g dA. Then for any Carleson
square Qy,

f A, ~ Q1'% = 112+
(9]

Given a pseudo—hyperbolic disk Es(z). Es(z) is actually a Euclidean disk centered
at x + 1}+§2y with radius %y, where z = x + 1y, x = Rez,y = Imz [7]. Let
7 =x +11+‘Sy and Q(z') = {€ e TIT : |ReE — x| < %Imz/,O < Imé < Imz7'}.
Then, Q(z') is a Carleson square with side length %y. Obviously, Es(z) € Q(z)
and

|Es()| 7= 52)’)2 ( 28 )2
10— (2 T T\ (1 +6)?

That is, |Es(z)| &~ |Q(z")]. The following lemma shows that B, (a) C Cp,(8) for
any 0 <6 < 1.

Lemma22 Leta > —1,0 < 6 < 1. Then Bpy(a) C Cpy(8). Furthermore, if
Q- e B, (@), then w € Cpy(8).

(Imz)"‘
Proof Let w € Bp,(a). Then, by Lemma 2.1,

PO

_n 7y
fEa(Z) wdA fEa(z) w PdA

Jes) dA Jes0)dA

@) GR ”0
~ fEa(Z) (flonz)"‘ dAq(8) fEa(Z) w(Imz)"‘ dAa(®)
|Es(2)] |Es(2)|

_n
<< 1 )1+§g Jow) @44a [ Jow) @ " dAa
(Im2)° 0@ 0@

%
N -fQ(Z') wdAqy fQ(z’)w 70 dA,

Jow) 44« Jow) 44«

The last “~” follows from the fact that fQ(z’) dAy ~ |0(Z)|'"E ~ (Imz)®+2. Thus,
w € Cpy(8) and By (a) C Cp(5).

) Birkhauser
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Suppose > (Imz)” € Bp,(«). Then, we have (I“’nfz)m € Cp,(8). By Lemma 2.1,

2o
Po

%
fEa(Z) wdA fEa(z) ® PdA

sup
zellt fE(g(z) dA fE5(z) dA
0 (©) —ath )
o I e AmDAA®) [ f, o (i)’ R )R aa®
zell+ |Es(2)] |Es(2)]
© \ %
_ o Jo i da® [ fio (i) “da® |
zell+ |Es(2)] |Es(2)] .
Thus, w € Cp, (3). O

Lemma23 Leta > —1, po > 1 and <f3f§)a € By, (@). If& € E5(2), then

w(Es(§)) = w(Es(z)).

Proof Take 0 < 41, 8 < 1. We first show that w(Ejs, (z)) = w(Es,(2)).
Without loss of generality, we assume 6; < §>. Then, Es, (z) C Es,(z). Hence,

w(Es;(2)) = 0(Esy(2)),  |Es (2)] = |Esy(2)].

On the other hand, by Lemma 2.2, w € Cp(32). So

w(Esy(2)) = / wdA

Esy (2)

P
Py 7% Po
5(/ ) ([ o)
Es, (2) Es, (2)
< % A Po
< / ® "MdA (/ dA)
Es (2) Es (2)

) Py

T o\
< / o PdA / wdA / o PdA
Es (2) Es (2) Es (2)

< f wdA = w(Es, (2)).
Es (2)

The first “<” and “<” in the formula above follow from the definition of the class
Cp, (8) and Holder’s inequality respectively. We obtain that w (Es, (2)) ~ w(Es,(2)).

W Birkhauser



Difference of composition operators on the weighted Bergman spaces... Page 7 of 26 56

Since § € Es(z), E1-5(§) C Ei-s 5(2), Ei-s(2) C Ei-s 5(§). Hence,
2 2 2 2

O(Eis 5(6) > 0(Es(€) ~ (s (€)
< 0(Ers 5(2) ~ 0(E5(@) ~ 0(E1s ()
< 0(Ers 5(6)).

Therefore, we have w(Es(£)) ~ w(Es(z)). O

Applying Holder’s inequality, it is easy to verify that By, (a) C By, (@), Cp,(8) C
Cp ®) if po < p1.

In the following, we discuss the properties of functions in A?(w) with (I“’m(;))a
B, (a). These properties are the extension of the corresponding properties of functions
in standard weighted Bergman spaces A% (IT1).

Lemma 2.4 Suppose that0 < p < oo, o > —1, pg > 1 and (I'"m(;))a € Bpy(a). Let f

be any analytic function on 1" and z € TI.
M 1f@* < m fEa(z) | fIPwdA, z € IIT. In particular,

1
P< - P .
[f@I" < 0 (Es@) /n+ | f 1P wdA;
(2) Let0 < 8 < §. For& € Eg(2),

— P<M PowdA
|f(2) = f&)I R o E@) Ea(z)lfl wdA.

Proof. (1) By Holder’s inequality and submean value type inequality with respect to
the Lebesgue measure dA [9, Lemma 3.6], we have

1F@I7 < |£]70 dA

~NEs()| JEs 2

1

1 7 %\ 7%

< [ amreda)” ([ o was)”
|Es(2)] \JEs2) Es(2)

Since % € Bp,(a), it follows from Lemma 2.2 that w € Cp,(5) and hence
, <
(/ w‘ﬁ%A) 0o 1B 2.1)
B (@ (E5(2) 7
Therefore,

1
Fom s — L (/ IflpwdA) "
w(Es(2)m \Es@)

) Birkhauser
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and

1
P P wdA.
| f(2)] R B @) Ew)lfl w

(2) By [7, Lemma 3.2], Holder’s inequality and (2.1), we obtain
P
[f(z) — f(&)]ro

P
SEEOD [ i
|Es(2)| JEsz)

P 1 ’
Po 70 Py P
oz, §) (f |f|pa)dA)]0 / w PodA
|Es(2)] Es(2) E5(2)

LI (/ Iflf’wdA)”’.
w(Es(z)) 0 W E@)

2N
-

A

Thus,

B p < PEE? Pod A
|f(2) = f(®) S o E@) Ew)lfl wdA.

For o > —1, let K, be the reproducing kernel functions of Ai(l’["‘), ie.,

Ky(z,8) = z, £ ellt.

(& — Z)a+2’
The integral operators P, and P, are defined as

£© = [ O
Pt = —L¥ dqa,@. Prro=[ L 4a.0.
o= [ Homue. rro- [ Libue

The following result shows that the class B, (a) plays a special role in the theory of
function spaces.

Theorem 2.5 [13, Theorem 1.3] Let « > —1, p9 > 1 and w be a positive locally
integrable function. The following statements are equivalent:

(1) Py is bounded from LP°(wdA) to LP°(wdA);
(2) P is bounded from LP°(wdA) to LP (wdA);
(3) 29 ¢ Byy(@).

(Imz)*

Note that the class B, () was firstly studied by Békollé and Bonami in the setting
of the unit disk (or the unit ball) [1, 2]. We will see that the class B, («) in the upper
half plane shares similar properties as that in the unit disk [3, 5, 20].

W Birkhauser
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Lemma2.6 Leta > —1,pp > 1,0 < p < ooand(;;% € By, (@). Then,

w(Es(2)

1Ky (z, ) ”AP(w) ~ W.

Proof. By the submean value type inequality [9], we have

|Ka(z, )l =‘

_r
(é _ Z)oz+2
<! / Ly
™ (Im2) T2 Jyo) 1§ — ) t?

1 / XEs(z) (1) A, (n)

— ma)eF? e [ - e
1
B W(P;XE«S(Z))@) 2.2)

It follows from Theorem 2.5 that
2 p Po
1KaG ) P W = | 1Ka( )P0 @)dAE)
yl

/ [(PF 1 0) 1P 0 (€)AAE)

~ (Im Z)PO (a+2)

Po
S W”XES(Z)”LPO(wdA)

_ w(Es(2))
"~ (Img)Po@+2)’

On the other hand, by Lemma 2.1,

w(Es(2)) %/ w(€) dAE)
Es) 1€ —2

(Imz)Po(e+2) — Z|pota+2)

. p
< / |Ka 2, )P0 @dAE) = 1Koz ) 7 1 ).
I+

Therefore, we obtain

w(Es(2)

. p ~
IKa(z, ) ? Tar @) = (Img)Po(eF2)’

The following lemma is a modification of [9, Lemma 4.2].

Lemma2.7 Let0 < 6§ < % ands = 1,2.If {z,} C IV is a §-lattice, then there exists
a positive integer N = N (s, 8) such that no more than N of the balls E5(z,) contain
a common point.

) Birkhauser
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Letr, : [0,1] — [—1, 1] be the Rademacher functions defined as
ra(f) = sgn(sin(2"xt)).

Khinchine’s inequality says that for0 < p < oo, there are constants 0 < A, < B, <
oo such that

m % 1 m m %
Ap (Z|cn|2> < /O 1> ewrn(|’dr < B, (Dcﬁ)
n=1 n=1 n=1

for all natural numbers m and all complex numbers cy, ¢, ..., ¢, [14].

Lemma2.8 Let 0 < p < oo, > —1, po > max{l, p} and W € Bpy(a).
Suppose that 0 < § < 5. Then, for any §-lattice {z,} C TI'" and {c,} € I?,

o0 ro
Ko(zn,2) 7
fi@) =) epra) ——"5 € AP(@) and || fillar@w) S IHenllir,
1Ky (zn, ) ? ||AP(w)

where {r,(t)} are the Rademacher functions.

Proof Since pg > p,

P

£2 o
| Ko (zn, 2)| P
lcnl

M

1fi@)Ih < (

70
n=1 | Ko (zns ) 7 lar(w)
2 |Ka(za, 2]
S ISR
= K ) P 1)
By (2.2), we have
P (Pyf XEs(z) (@)
[ i) < Z|Cn|ho o XEs(n) —7
n=1 (ImZn)oH_z”Koc (zn, ) P ”‘Z(;z(w)
- D (2)
Sy Do —
n=1 (Imzn)oH_ZHKot (Zna ) ”AI’(w)

Therefore,

/m | fi (D) w(z)dA(z)

s » p
<[ (Pt @) eeaac)
I+ e

(Imz) 2 [ Kans ) 7 1o

W Birkhauser
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Po
o0
L XE;s(z,)(2)
— + 8Zn
= | Py <Z|Cn|p0 ) 0 %
n=1 (Imz,)* 2| Ko (2n, -) 7 “AP(w) LP0(wdA)
Po
= £ XE;s(z,)(2)
I leal™ e
n=l Amz) 2 Ka @) P o || o oan
o
£ XEs(zn) (2) ko
=/+ <Z|cn|po 5(zn) — ) w(z)dA(2).
1 A= (Imz,)* 2 Ko (2, ) 7 149 o)
By Lemma 2.7,
o
£ XEs(z)(2) o
(Zlc"|p° - w 2 )
n=1 (Imz,)* 2| Ko (zns ) 7 ”X(;’(a))
ad X (2)
Ej5(zn)(Z
S 2l e —
n=1 (Imz,,) 0@+ K (2, ) P ”Al’(w)
It follows from Lemma 2.6 that
/ | fi(@IPw(z)dA(z)
I+
- XEs(en) (2)
E n
5/ > leul? 0 (@A)
LR (Imz,)Po(@+2) |Ke(zn, )P ”Al’(w)
o0
Imz,)Po@+2)
<D leal” ( ('ﬁz) »(2)dA(2)
= (Imz, ) PO TS (Es5(zu)) JEs(z)
o
= Z lcn|?P < o0.
n=1
Therefore, f; € AP (w) and | fillarw) < IHenllr. m

The following lemma provides an estimate of the difference of our test functions

in terms of the pseudo-hyperbolic distance.

Lemma 2.9 [14,Lemma2.12] Let0 < p < 00, po > 1 and 0 < § < 1, then

Ka(z.8)7 — Ko@) ? | 2 |Ka(@.6)7 | p(E. 1)

forallz,n e IT and & € Es(2).

) Birkhauser



56 Page12o0f26 C.Pangetal.

3 Characterization of (®, p, q)-Carleson measure

In this section, we give the proof of Theorem 1.1. Recall that

Hw,/L,S(Z) = —M(ES(Z))q s Ga),/t,S(Z) = M(EB(Z)) , T € H+.
w(Es(2)? w(Es(z))
Proof of Theorem 1.1 (1) For sufficiency, assume that
sup Hy u.5(z) < oo.
zellt
For any f € AP (w), by Lemma 2.4(1) and Fubini’s theorem,
fn RIGIRIG
</ ( ! |f (@) (z)dA( ))d é)
2w (z z
~ Joe \oEs @) iy a

1
:/m (w(Es(E)) |f(Z)|qXE5($)(Z)w(Z)dA(Z)>dM(§)

XEa(z)(s)
/n+ /n+ w(Ea(é)) w@EIf @) w(z)dA(2)

/m /Em) o (Es(©)) w@E|f(@)9w(z)dA(z)

For & € Es(z), by Lemma 2.3, we have w(Es(§)) & w(Es(z)). Thus

1
/ [fEN1duE) < f / du@)|f (@)1 w(z)dA(z)
n+ m+ JE; (o) @(Es(2))

WE@) L,
= dA
/m () @0 @dA@

_ /H G @I @I @0 @IAR).

It follows from Lemma 2.4 that | f (z)|977 < —qp ||f||A,,(w) Therefore,
w(Es(z)) P

Go,
f |FEIduE) < f Gosd@ y pjash | o))
m 0 w(Es(2) 7

= 1£ 1%t / Hy 1521 £ ()P0 (2)dAR)

< sup H,, [L3(Z)||f||AP(w)
zell+

W Birkhauser



Difference of composition operators on the weighted Bergman spaces... Page 130f26 56

Therefore, u is an (w, p, g)-Carleson measure.
For necessity, assume that u is an (w, p, g)-Carleson measure.
P

Po
For any z € IT*, let f,(§) = —X«G"— Then, || fllarw) = 1. By
|Kg(z,-) P HAP(w)

Lemma 2.6,
q
g (I PO;(OH—Z)
L ©)1 ~ Koz, s
w(Es(z))?
By Lemma 2.1,
(ImZ)PO%(OH-Z)

/ [fzE)1du(E) ~ du(é)
Es(z)

a)(E(g(z))% /Es(z) |§ _ 2|Po%(¢x+2)

q
(ImZ)pO 7 (a+2)

du(§)

%

W(Es ()7 /Em (Imz)P 5@
HEsR)
w(Es(@)7
= Hop.s(2)-

Therefore,

Hopp(2) ~ f £ ()19dnE) < fn REGIRTGRY A

Es(z)

Thus, sup,cq+ He,pu,5(z) < 00.
(2) (a) = (b). Suppose that u is an (w, p, g)-Carleson measure. Let

Po
Ky (zn,2) 7

m b
1Ky (zn, )7 ”Al’(w)

o
fix) = chrn(t)
n=1
be the functions as in Lemma 2.8. Then, f; € A?(w) and || f; | ar ) S I{ca}llir. Thus,

fn A@IAnE) S i) S el

By Khinchine’s inequality and Fubini’s theorem,

Po q
Ky (zn,2) 7 2\ ?

f (Zlcn ] |) du(z)

N2 1Ke(@as ) P larw)

n

1 -
5/ </ |chrn(t) Ka(ZnapZ) |th)dM(Z)
n+ 0 n=1 |

0
|Ky(zn, )7 ”Al’(a))

oo

) Birkhauser
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1
=/ /Ifz(z)lthdu(z)
n+t Jo
1
- / f 1) dr
0 n+

< Ilen s (3.1)

By Lemmas 2.1 and 2.3,

00
Z lcn |qu,/1,,25 (zn)

n=l1
:i g HERG) 8 o Este IO
w(Ezs(zn))P n=1 w(Ea(zn))"

0 20 (a+2)q

1 Imz P
§jcn|q/ < - ) dp(2)
1 E |Z — zal

2(zn) w(Es(zp))?

o0 2 (a+2)\ ¢
XEzs(z)(2) ( Imz »
=/ Z(Icnl e <|__ L ) ) du). (32
n+ n=1 Z

o (Es(z0))7 2l

By Lemmas 2.7 and 2.6, we have

Po
i(lc X E2s(z0) (2) ( Imz, \» @"P\?
|z |

prr S ER LA Et

< (i( jcn] ( Imz, )”p“(““))z)‘%
~ 1 7 _
P A0 ) ANl

PO q

s Koz D7 )72

~ (2 (el B :
= 1Ka(zn, ) P AP (w)

n=1

Integrate both sides of this formula, by (3.1), we get

00 20 (@+2)\ ¢
/ Z(|Cn| XEzz;(Zn)(Z)l < _Imzn ) > 4
m o(Es(zq)) 7 N2~ 2l

n=1

[ele] Po N
|Ke(zn, 2)| P 2
<
N/m(} <|cn| = ) ) du(2)

n=1 | Ky (zpn, ) P ”AP(a))
< e}l -
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Combining with (3.2), we obtain

o
D lenl Ho 25 @n) S Ien}lfy-
n=1

Since {c,} € I? if and only if {|c,|9} € lg, we deduce that

)24

Py
{Hy,u28(2n)} € 19 — 1774,

(b) = (c). It is trivial.

(c) = (d). Suppose that there exists aconstant 0 < § < %suchthat{Hw,ﬂ,zs (zn)} €
IPIT‘I, where {z,} C TIT is a §-lattice.

For z € Es5(z,), we have Es(2) C E2s(z,) and w(Es(z)) ~ w(E25(z,)). Then,

M(Es(@) o 1(E2s(zn))

Guus(@) = w(Es(@) ™~ w(Eaxs(zn))

= Gw,u,,25 (zn).
Thus,

fn . G o (2)| 77 0(2)dA(2)

M2

.
S / 1Gaw,p,28(zn) P4 @ (2)dA(z)
Es(zn)

n=1

_p

> Gw,M,ZB(Zn) P4
q—p
1 o (Es(zy)) P

n

Ny

_p_
Hw,u,Z&(Zn) P=1 < 0.

M

3
I

P
Therefore, G, 5 € L7=9 (wdA).

(d) = (a). Suppose that there exists 0 < 6 < 1 such that G, 4.5 € Lﬁ(a)dA).
For any f € A?(w), by Lemma 2.4(1), Fubini’s theorem, Lemma 2.3 and Holder’s
inequality,

/ | f(2)|7du(z)
l‘[+

1
S M 4 dA d
N/m(w(Ea(z)) Em)'f @ w(&) @)) 11(2)
1
= _— q
/m <w(55(z)) fn A XEa(z>(§)w($)dA(§')> du(z)

1
= —d q dA
/H+ /Ea(é) 0B ) @I O @A)
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1
~ ——d q dA
/m /Em o (Es @) MO OFw)dAE)

M(ES(E)) q

- / G s ) f ()90 (€)AAE)
1'[+

pP—q

=< (/n+ Gw,u,a(é‘)rﬁqw(g)dA(g)> ! </H+ |f(§)|pw($)dA(§)>p

_ q
= 1Guwpal, e 1 Whoe:

which implies that

/n NF@IRE) S

Thus, @ is an (w, p, q)-Carleson measure. O

4 Bounded difference of composition operators

In this section, we give the proof of Theorem 1.2. Recall that for ¢, ¢ € S(IT*) and
0<é§<1,

0(2) =0y y(2) = p(p), ¥ (), Q:={zel":0(z) <4}

For any Borel set E C ITT,

Ug,yp.q(E) :/ oldu +/ oldpu.
o~ I(E) v~1(E)

In the following, we write Ly, y 4 as uq for simplicity.

Proof of Theorem 1.2 For sufficiency, assume that u, is an (w, p, g)-Carleson mea-
sure.
Let0 < § < 1. Forany f € A?(w),

1(Cy = Cy) Fll 0y
= [ i€y~ corsitan

=/Q |f<¢)—f<w)|qdu+/ 1) — FO)1du

nH\Q

[N

§/Q If(fp)—f"(w)l"d/hL/rI+ (ILF @I+ 1f@)17)du

\&25
2

[N
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= 1(f) + 1(f). 4.1)

Forz e T\ Q%, o(2) > % Thus,

24
L(f) < 8_61/ . 1f@I+1fW)Dodu
8
2

5/r[+(|f(<p)|"+lf(¢)|q)0'"du

= /H | f190(odp) 0 o~ + (09dp) o 1]

=/ F19di.
H+

Since pg4 is an (w, p, g)-Carleson measure,

() S 1% - (4.2)

Furthermore, we estimate the first term I(f). By Lemma 2.4(2) and Fubini’s
Theorem,

I(f) = fg 1f @) — F)17d
;

< _o®T 4o (EYdA >d
N/%<w(Ea(<p(z))) Eé((p(z))|f(5)| w(E)dAE) |du(z)

_ o(z) q )
—/1._[+ XQ% (Z)(—a)(Es(QD(Z))) - XEs(o@) NS E)NTw(E)dAE) |du(z)

o(2)?
:/H+ ./H+ Xas ﬂw’l(Ea(S))(Z)mdﬂ(zﬂf@)lqw@)dz‘\@)

f / 9@ o1 ©) 1w E)dAE)
n+Ja, Mo (Es&) @(Es(9(2)))

f / @ o ©) 1 eE)dAE)
n+ l(Eg(s)) w(Es(p(2)))

~ e 74 90 (E)dA(E).
/m RG)) /(/,_I(Ea@)f(z) HEIF©)0E)dAE)

The same estimate holds when the roles of ¢ and ¢ are interchanged. Thus

I(f) Sf M(/ o(z)"du(z)+/ Uq(z)du(z)>dA(§)
m+ w(Es§)) ~1(E5(8)) Y—1(Es(&))

1
= E q dA
/n+ S e BN O o ©dAE)
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= /H Gruy s ) fE) 0 (E)A(E).

If0 < g < p < oo, then by Holder’s inequality,

(/) S ( fn ) Gw,uq,a(s)ﬂpm@)a/&(s)) ’ ( /H +|f(s>|f’w<s)dA<s>>”
p=q

_p P
= (/I:H Gw,uq,é(é)pqw(é)dA($)> ||f||qu(w)~

Therefore, by Theorem 1.1 and (4.2), we have

1) + 1) SN 1

Therefore, C, — Cy is bounded from A?(w) to L9 (1) by (4.1).
If0 < p < g < o0, then

() < /H+ Goug s ENfENw(E)dAE)

=/H+ Gy sENfENTPIfEN 0E)AAE).

By Lemma 2.4(1), we have | f(£)[977 < —L——| F1%s (- Then,
o(Es(§) P

Gy _
1) S /n GowadC) ) erw@da@If1%7,

*w(EsE)' 7
= / Ho ey 51 E) P @AAG) 1,0,
I+

< sup He,ug s 1% -
Eellt

Thus by Theorem 1.1 and (4.2), we have

ICF) + ) S N1 -

Therefore, C, — Cy is bounded from A”(w) to L9 (1) by (4.1).

Therefore, if 14 is an (w, p, q)-Carleson measure, then Cy, — Cy;, is bounded from
AP (w) to L9(u) for0 < p,q < oo.

For necessity, assume that C, — Cy, is bounded from A? (w) to L9 ().

Assume 0 < g < p < oo. Let

o0

fi@) = enralt)

0 .
n=1 | Ko (zn,-)? “Al’(a))

Po
Ko(zn,2) P
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be the functions in Lemma 2.8. Here {z,,} C IT™ is a §-lattice with 0 < § < % Then

fr € AP(w) and || frllar(w) S I{entllir-
For ¢(z) € E»5(z,), by Lemma 2.9, we have

(Ko 92 7 — KaGn W@) P | 2 1Kazn 9(2)) 7 0 (2).

Therefore, by Lemma 2.1,

ro ro
|K(1(Zns §0(Z)) P — Ka(znv I/I(Z)) P |q
Po
Ko (zn, 9(2)) 7 |4
Pog Po
~ (Imzy) 7 “T2(Cp — Cp)(Ka(an. 2) 7).

o(2)? <

Thus, by Lemma 2.6 and Khinchine’s inequality,

> 1

> leal?

L
n=1 @ (E25(z,)) 7 Y9~ (Eas(zn))

:/ ZIanMI(Ez—A(Z"))(;)Gq(z)dM(z)
e w(Es(zn))?

> du(z)

rn(t)

IKa (zn,->7||2,,<w)
> -C )(K (D) ?)
< . 2 12 ‘
me (;w |
— CiKa )|
IR AL
IIK (zn, )” | A7 ()
1
=/ (/H I(Cy —Cw)fz(Z)quu(Z))dt
f ”ft”Ap(w)

o0 P
Cy, — Cy)(Ky(zn,2) P )4
5/liﬁZ|Cn|qX(p*1(E25(z,,))(Z)|( ¢ 1//)( PO(Z 2R du(z)
n=1
| Ke (Zn»')P | 47 (@)
2/ </ |(C¢—Cw)fz(z)|th>du(z)
mn+ 0
< lealll-

The same estimate holds when we replace ¢ by v,

e 1

Z |Cn|q

q / oldu 5 ”{Cn}”?p
n=1 w(E2s(zn))? 7V~ (E2s(zn))
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Since

i lenl? Hos, g 28 (2n) = Z lcnl? M

n=1 n=1 w(EZS(Zn))p

= Z len|! ———5 (f oldp +/ quu>,
w(Exs(zn))? N0~ (E2s(an)) ¥ (Ezs(n)

we have
o0
q
> el Ho g 25 @n) S Ien -

It follows from the arbitrary of {c,} € [? that

P

Py
{Ho, iy 20(zn)) € 14 =177,

By Theorem 1.1, g4 is an (w, p, g)-Carleson measure.
If0 < p <q < oo, by Lemmas 2.1 and 2.9, for £ e 1", 0 < § < 1,z €
¢~ 1(Es(£)), we have

(Cp — Cy) (K€, 2) 7))
— 1Ko (€, 0(2) 7 — Ka(&, ¥r(2)) 7 |9
> 1Ka(E, 0(2)) 7 |90 (2)

1 q q
= — o(2)
(p(z) — &) P @?
o(z)4

- (Img)pTO(a""Z)q ’

Thus

/ (Cp = Cp)(Ka €, D))
H+

> / 1(Cp — Cy) (K (8, z)%))l"du(z)
H(Es(8)

o(2)?
2 / TdM(Z)
¢ (Es®) (Img) » T2

o |
e — o (2)4du(z).
(Imé) 7 @24 Jo1(Es(e)
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The same estimate holds when the roles of ¢ and y are interchanged. So we have
Po
/+ [(Cy — Cy)(Ku(&,2) 7)]?du(z)
I

1
R W (/ o(z)?du(z) +/ 0(z)qdu(z))
(Img) » @D \Jp-1(E;©)) U= 1(Es ()

1q(Es5(§))
N (Im%-)%)(a-'rﬁq '

By Lemma 2.6,

€y = COKal®. ) gy - pg(Es(@)  (img) 721
1Kal&. )7 1%, ~ (dme) F @t w(Es @)/
_ 1g(Es(®)

w(Es (€))7
= Hw,uq,é(s)-

Since Cy — Cy is bounded from A?(w) to L4 (1), we obtain

Po
1(Co = CPKalE. ) P Iy _

Hw,uq,S(é—) S 70 7 ~
”Koz(%_’ ) 4 ”Al’(w)

By Theorem 1.1, 4 is an (w, p, g)-Carleson measure. O

5 Characterization of (@, 1)-Carleson measure

In this section, we give the proof of Theorem 1.3. Some ideas are derived from [15].

Lemma 5.1 Let w be a positive Lebesgue measurable function on T1. For any integer
k>1landi =1,2,...,k, let0 < p;j,qi < o0, fi € APil9i () and ) = DI

i=1p;°
Then ]—[le fi € A%(a)) and

k

k

= I fi ll ai /4 (o) -
1 ;

A% (w) i=1

fi
1

i=
The proof of Lemma 5.1 is similar to the proof of [15, Lemma 3.1], we omit it.

Proof of Theorem 1.3 For necessity, assume that u is an (w, A)-Carleson measure. If
k =1, then it is just the definition of Carleson measure.
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Assume thatk > 2. Leth; € APi/% (w),i =1,2,...,k.ByLemma5.1,[[*_, h; €
A%(a)) and

k

[1n

i=1

k
= 1_[ Whill gpifai (e)-

A%(w) i=1

Since u is an (w, A)-Carleson measure,

/ k
i
m* i=1

k

< [Tl grisai - (5.1)

AYM(w) i=1

du() <

k
[1n
i=1

Let

k k
dup = (]_[ |hi|dﬂ)/<l_[ ”hi”APi/"i(a)))'
i=2 i=2

Then (5.1) is equivalent to
[ @@ < bl
I+

This means that p is an (w, %)-Carleson measure. Thus for any f] € AP (w), we
have

/H A S 1Al

that is

k k

/H A T @R S 0 o [T it 522)

i=2 =2

Let

k
dus = (|f1|"‘ I1 Ihildu> / <||f1 1t ) H Ik ||Ap,/q,(w)>
i=3

Then (5.2) is equivalent to

/I'H lh2(2)|du2(2) S ||h2||Apz/q2(w)-
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This means that u; is an (w, %)-Carleson measure. Thus for any f, € AP?(w), we
have

/H 1R@EGE 115 -

which is the same as

k
fn A@IA@ [T IR S 110 o 2150 H il it -
=3

i=3

Continuing this process, we will eventually get

f ﬂ /i@ dp(z) S ]"[ VAT

For sufficiency. Assume first that A > 1. Let

(Img) @+ /P (E5 (§)) 70
(z — &)C+a)po/pi

fig@) = . i=1,2,.. k.

By Lemma 2.6, f; : € AP (w) and || fi ¢llari(w) S 1,0 = 1,2, ..., k. Thus,

/ H |fie@1%duz) S H i el ) S (5.3)

Since

[ e o = [] 1m0 o Ese) 7

o |z — §|po(2+¢¥)qf/l7i
i=

_ (Img)P R (E5(£))
N |z — E|PoC+a)n

3

we have

L ) (Img)Po+e)r 1
/11+Elﬁ,s(z)|qzdu(z) = o B /m ; _§|po(2+a>xd“(1)
(Img )Po@+ei / _1 o
o (Es@)* JEye) |z — E[poret
N (Img)Po(2+a))»

1
d
w(Es(€))* fEB@) (Imé&)Po2Ha) n
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_ H(Es®)
0 (Es€)

It follows from Theorem 1.1 and (5.3) that u is an (w, A)-Carleson measure.

Next we consider the case 0 < A < 1.

If k = 1, then (1.1) is just the definition of the Carleson measure. Let k > 2 and
assume that the result holds for k — 1. Let

~19i k
o =S =+
pi Pk
Considering the measure
| fi(2)%
duk(z) = ————du(2).
Il fi ”Apk (®)

Then, the condition (1.1) is equivalent to the condition

k—1 k—1
fm H |fi @1 due(2) < H il
1= 1=

By induction, u is an (w, Ax—1)-Carleson measure. Since 0 < Ay_1 < A < 1, by
Theorem 1.1, for any §-lattice {z,,} with0 < § < %

{M}el

 (Es(zp)) -1
Let
fi _ 1
K0 = (z — Zp)Pole+2)/pi”
By Lemma 2.6,
1 fillane o) & @ (Eas@) P
(Imz,,)Po(@+2)/ Pk

Therefore,

ik (E25(zn)) =/ 7 du(@)
Ezs(zn) ”fk”Apk(w)

(Imz,,)Po@+e)ax/ Pk

~ E qk/ Pk / ~ | Po(2+a)qr/ pr dpu(2)
@ (E2s(zn)) Eas(zn) 12— Zn
(Imgz,, )Po@+eai/ p

~ qk/ Pk / P20 (2+a)qr/ pr dpu(2)
@ (E25(z0)) Eas(zy) (IMzy)
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_ u(Exs)
w(Es(2y)) 2/ Pk
So we have
uk(E2s(zn)) M (E25(zn)) _ u(E2s(zn))
w(Ezs(za)1 o (Exs(zp)*-174/ Pk w(Eps(z0))
and
o0 L 00 1. I=Ag—1
Z ( w(E2s(zn)) ) —* Z ( i (Es(zn)) )”kl =%
= \o(Exs(zn)* = \w(Es(zn) ™
) 1=g—1
> Mk(EZB(Zn)) )
= w(Ezs(Zn))”*‘
< 00.
We obtain
{ w(E25(zn)) } e
— = T Y e T
(E2s(zn))*
It follows from Theorem 1.1 that w is an (w, A)-Carleson measure. O
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