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Abstract

We introduce the notion centre of a convex set and study the space of continuous
affine functions on a compact convex set with a centre. We show that these spaces
are precisely the dual of a base normed space in which the underlying base has a
(unique) centre. We also characterize the corresponding base norm space. We obtain
a condition on a compact, balanced, convex subset of a locally convex space, so that
the corresponding space of continuous affine functions on the convex set is an abso-
lute order unit space. Similarly, we characterize a condition on the base with a centre
of a base normed space, so that the latter becomes an absolutely base normed space.

Keywords Lead points of a convex set - Centre of a convex set - Property (S) -
Tracial absolute order unit space - Absolutely central base normed space

Mathematics Subject Classification 46B40 - 46B20

1 Introduction

Let K be a compact, convex subset of a locally convex space X and let Ax(K) denote
the space of real valued, continuous and affine functions defined on K. Then, Ag(K)
is a complete order unit space and the state space of Ag(K) is affinely homeomor-
phic to K. Conversely, if (V, e) is a complete order unit space with its state space
S(V), then V is unitally order isomorphic to Ax(S(V)). The self-adjoint part of an
operator system (that is, a self-adjoint subspace containing identity) in a unital C*
-algebra A is an order unit space. Therefore, the above said discussion describes
Kadison’s functional representation theorem [4].

Communicated by Dirk Werner.

< Anil Kumar Karn
anilkarn @niser.ac.in

School of Mathematical Sciences, National Institute of Science Education and Research

Bhubaneswar, An OCC of Homi Bhabha National Institute, P.O. Jatni, Khurda, Odisha 752050,
India

) Birkhauser


http://orcid.org/0000-0002-6339-4882
http://crossmark.crossref.org/dialog/?doi=10.1007/s43037-022-00222-5&domain=pdf

68 Page20f19 A.K.Karn

Furthermore, if K and L are compact convex sets in suitable locally convex
spaces, then K is affinely homeomorphic to L if and only if Agx(K) is unitally order
isomorphic to Ag(L). In other words, there exists a bijective correspondence between
the class of compact convex sets of locally convex spaces and the class of complete
order unit spaces (see, for example, [1, Theorem II.1.8]).

In this paper, we discuss an intrinsic characterization of compact convex sets
which are affine homeomorphic to balanced, convex, compact sets. We also discuss
the corresponding subclass of complete order unit spaces. We introduce the notion
of a centre of a convex set and prove that a compact convex set K in a locally convex
space X is affine homeomorphic to a balanced, convex, compact set L in another
locally convex space Y if and only if K has a (unique) centre.

Let (VO, VO* ) be the order unit space obtained by adjoining an order unit to
a normed linear space V using a construction due to M. M. Day (see Theorem 2.1).
Then, the corresponding cone yields a natural base B, such that (V©, VO+ BO) is
a base normed space Proposition 2.3. We prove that B" is precisely a base with a
centre (Theorem 4.5).

We also study the properties A(B), the space of continuous affine functions on
a compact convex set B with a centre b, in a locally convex space X. We prove that
A(B) is unitally order isomorphic to (V, e) for some Banach space V (Theorem 3.1).
We also discuss the order unit spaces whose state space have a centre (Theorem 5.6).

In [7], the author discussed an order theoretic generalization of spin factors
obtained by adjoining an order unit to a normed linear space. Let V be a normed
linear space and let (V©, ¢) is the order unit space obtained by adjoining an order
unit to V. He proved that there is a canonical absolute value defined in V) and that
(V©), e) becomes an absolute order unit space if and only if V is strictly convex [7,
Theorem 2.14]. In the present paper, we discuss an absolute value in a base normed
space in which the base has a centre and find a condition under which the space
becomes an absolutely base normed space (Theorem 6.7).

This paper is a part of the ongoing program to study the various aspects of abso-
lutely ordered spaces initiated by the author [S—7]. In [7] we discussed a geometric
aspect of an absolute order unit space. In the present paper, we have discussed a geo-
metric aspect of an absolutely base normed space.

A summary of the paper is as follows.

In Sect. 2, we recall the adjoining of an order unit to a normed linear space and
the notion of lead points of a convex set and introduce the notion of a centre of a
convex set. We study some related properties.

In Sect. 3, we consider the space of continuous affine functions on a compact con-
vex set with a centre and describe its order and norm structures. We prove that this
space can be characterized as one obtained by adjoining an order unit to a Banach
space.

In Sect. 4,we study the norm and order structure of a base norm space in which
the base has a (unique) centre. We produce an example to show that the base of
every base normed space need not have a centre.

In Sect. 5, we consider the order unit spaces having a central state space. We
obtain a characterization for a state to be a centre of the state space. We study the
norm and order structure an order unit space having a central state and prove that
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such a space is precisely obtained by adjoining an order unit to a normed linear
space. Let us recall that such a space becomes an absolute order unit space if the
underlying normed space is strictly convex [7, Theorem 3.14]. We introduce the
Property (S) on a compact, balanced, convex subset of a real locally convex space
and prove that an order unit space having a central state is an absolute order unit
space if and only if the corresponding state space satisfies Property (S).

In Sect. 6, we describe an absolute value on a base normed space in which the
base has a centre. This absolute value arises naturally. We characterize the condition
on the underlying base under which the space becomes an absolutely ordered base
normed space.

2 Centre of a convex set
2.1 Adjoining an order unit to a normed linear space

The following construction has been adopted from [3, 1.6.1] and is apparently due to
M. M. Day.

Theorem 2.1 (M. M. Day) Let (V, || - ||) be a real normed linear space. Consider
VO 1=V x R and define
VOt i={. @) @ vl < al.

Then (VO,VO+) becomes a real ordered space such that VO is proper, generat-
ing and Archimedean. In addition, e = (0,1) € VOt is an order unit for V© so that
(VO e) becomes an order unit space. The corresponding order unit norm is given by

o, Dl = VIl + |l

for all (v,@) € VO. In particular, (V©, e) is isometrically isomorphic to V &, R.
Thus, V, identified with {(v,0) : v € V}, can be identified as a closed subspace of
VO, Furthermore, V©) is complete if and only if so is V.

The following result can proved in a routine way.

Proposition 2.2 Let V be a real normed linear space and consider the correspond-
ing order unit space (V©, e). Then, the dual of (V®, e) is a base normed space iso-
metrically isomorphic to (V*©), S(VO)), where

S(VOY:={(f,1) : fe V and |f|| <1}

is the state space of (V©), e) as well as the base of V*F which determine the dual
norm as the base norm on V*©,

We show that a similar construction is also available on V() itself albeit with a
different norm (and the same order structure).
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Proposition 2.3 Let V be a real normed linear space and consider the correspond-
ing ordered vector space (V©, VO+). Put

BY ={(, 1) : vl <1}

Then BY is a base for VO such that (VO, VO, BOY is a base normed space (which
is denoted by V). The corresponding base norm is given by

l(v, )l g = max{|lv]], ||}

for all (v,a) € VO. In particular, (V"), BY) is isometrically isomorphic to V &, R.
Thus V, identified with {(v,0) : v € V}, can be identified as a closed subspace of
VO, Furthermore, V©) is complete if and only if so is V.

Proof Tt suffices to prove that B" is a base for VO*, such that
co (BYU-BY) = {(x,a) : |Ix]| < 1,|a] < 1}.

Note that B is convex. If (x,a) € VO, then ||x|| < a. Therefore, if (x, @) # (0, 0),
then a > 0. Now, letting x, = alx, we get that (x), 1) € B and (x, @) = a(xy, 1) is a
unique representation. We show that

co (B() U _B()) = {(}C, a) . “X“ S lv |(X| S 1}

Let (x,a)€ co(BYU-BY), say (x,a)=Ai(x;,1)—(1—2A)x,1) for some
X1,%, € V with||x;|| < 1and ||x,|| < 1and A4 € [0, 1]. Then, x = Ax; — (1 — A)x, and
a=A—(1—-21)=24-1. Thus, ||x|| £ 1 and |a| < 1. Conversely, we assume that
x €V and a € R with a # 0 be, such that ||x|| £ 1 and |a| < 1. If ||x|| < ||, then
(a~'x,1) € BV so that (x, @) = a(a~'x, 1) € co (BY U —B"). Therefore, we assume
that |a| < ||x||. Put y = ||x]|~'x. Then, (y,1),(=y,1) € B®. Let 24 = ||x|| + « and
2 = ||x|| — @. Then, A, u € [0, 1]with A + u = ||x||and A — u = a. Thus

AQ, D) = pu(=y, 1) = (A + p)y, A = p) = (x, @)

so that (x, @) € co (BY U —B"). -

In this section, we shall obtain a geometric description of BO). First, we recall the
following notion introduced in [2].

2.2 Lead points of a convex set

Definition 2.4 [2] Let C be a convex subset of a real vector space X with 0 € C.
An element x € C is called a lead point of C, if for any y € C and 4 € [0, 1] with
x = Ay, we have A =1 and y = x. The set of all lead points of C is denoted by
Lead(C).

The following result was essentially proved in [2, Proposition 3.2].
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Lemma 2.5 Let C be a non-empty, radially compact, convex subset of a real vec-
tor space X containing 0. Then, for each x € C with x # 0, there exist a unique
x, € Lead(C) and a unique A € (0, 1], such that x = Ax,. (A non-empty subset S of
X is called radially compact, if for any x € X with x # 0, the set {a € R : ax € S} is
compact inR.)

We extend this result to a simple but interesting characterization of a norm on a
real vector space.

Theorem 2.6 Let C, be a non-empty, radially compact, absolutely convex subset of
a real vector space X. Let X, be the linear span of C so that X, = U’ nC,,.

1. Then for each non-zero x € X,,, there exists a unique ¢ € Lead(C,) and a unique
a > 0, such that x = ac.

2. Let us write r(x) :=a and put r(0) = 0. Then, r : X, — R determines a norm on
X, such that C is the closed unit ball.

Proof (1): Fix x € X;,, x # 0. As C, is absorbing in X)), there exists a non-zero
k € R, such that kx € C,. Since C, is absolutely convex, we may take k > 0. As C,
is radially compact, the set S = {1 € R : Ax € C,} is a compact set in R. In addi-
tion, supS =aqy, >0 with ayx € Cj. Put ayx =c. We show that ¢ € Lead(C)).
By Lemma 2.5, we have ¢ = Ac, for some ¢, € Lead(C,) and 4 € (0, 1], so that
ayA~! € S. As a, = sup S, we get that A = 1 and consequently, ¢ € Lead(C,). Next,
let x = fd for some d € Lead(C,) and § > 0. Then, f~! < @,. In addition, we have
¢ = appd. Thus by the definition of Lead(C), we getc = d and f = a I

(2) We note that r(x) <1 for all x € C, and that r(x) =1 if and only if
x € Lead(Cy). In addition, for x € X;, x # 0 we have r(x) > 0. Let x € X, and @ € R.
Without any loss of generality, we assume that x # 0 and a # 0. Let x = Ac be the
unique representation with ¢ € Lead(C,). Then, r(x) = A. If @ > 0, then ax = aAc.
Thus, by the uniqueness of representation, we get that r(ax) = a4 = ar(x). For
a <0, it suffices to prove that —c € Lead(C,) whenever c € Lead(C,). Let
¢ € Lead(Cy). Then, —c € C, as C, is balanced. Assume that —c = fd for some
d € Lead(C,)). Then ¢ = f(—d) with —d € C,,. Now, by the definition of Lead(C,) we
get —d = c and g = 1. Thus, —c € Lead(C,). Finally, we show that r is sub-additive.
For this, let x,y € X,,. Without any loss of generality, we assume that x # 0 and
y # 0.Let x = ac and y = fid be the unique representations with ¢, d € Lead(C,,) and
a>0, >0. Then, r(x)=a and r(y)=p. Now, x+y=(a+ f)z, where

e=(Zc+Ld) e C, Thus
rx+y)=r((e+p)z) =(a+ pr@@ <a+ f=rx)+rQ).

This completes the proof. O
Remark 2.7 The converse of Theorem 2.6 is evident. Let (V, || - ||) be a normed lin-

ear space. Then, B={v eV : ||v| <1} is a non-empty, radially compact, abso-
lutely convex set in V with Lead(B) = {v € B : ||v|| = 1}.
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2.3 Centre of a convex set

Definition 2.8 Let B be non-empty convex set in a real vector space X. An element
b, € B is said to be a centre of B, if for each b € B, there exists a (unique) b’ € B,
such that by = 3b + 31'.

Note that if C is an absolutely convex set, then O is a centre of C.

Proposition 2.9 Let B be a non-empty convex set in a real vector space X with a
centre by. Put By = B — by and assume that B is radially compact.

1. Then B is balanced and convex.
. If x € Lead(B,)), then —x € Lead(B,).
3. Put K={x+by:x&Lead(By)}. Then, for each b € B with b # b, there
exist a unique pair b,,b, € K with %bl + %bz = b, and % < a <1, such that
b=ab, + (1 —a)b,.

Proof (1). As B is convex, so is By. In addition, 0 € B, for b, € B. Let x € B,,. Then,
x=b— b, for some b € B. As b, is a centre of B, there exists a unique ¥’ € B, such
that $b + 3" = by. Thus, —x = b’ — b, € B,. In addition, for 0 < A < 1, we have
Ax = Ax+ (1 — A)0 € By, so that B is balanced as well.

(2). First observe that —x € B, as B, is balanced. Since x € Lead(B,)), we have
x # 0, so that there exist a unique x; € Lead(B,) and a unique A € (0, 1], such that
—x = Ax,. Then, x = A(—x,). Now, by the definition of a lead point, we get A = 1 and
consequently, —x = x; € Lead(B,).

(3). Let b =x+ b, for some x € B, such that b # b, (or equivalently, x # 0).
Thus, there exist a unique x; € Lead(B;;)) and a unique A € (0, 1], such that x = Ax;.
Put a = 1;—1 Then, % <a <1l For by =x +b, and b, = —x; + b,, we have

3by + 3by = by. By (2), we have by, b, € K. In addition
b=x+by=(—Aby+ib, = (1 - A)(%bl + %bQ) 4 by = aby + (1 — )by,

Next, let b3, b, € K with %b3 + %b4 =b, and f € R with % < f <1 be such that
b= pbs+ (1 — p)b,. Let by = x, + b, for some x, € Lead(B,). Then, b, = —x, + by
and we have

x = pxy + (1 = f)(=xy) = 2 — Dx,.
Now, by the uniqueness of a lead representation, we get x, = x, and
2—1=1=2a-1

so that § = a. O
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Corollary 2.10 Let B be a non-empty convex set in a real vector space X and
assume that b, € B be a centre of B. If By = B — b be radially compact, then b is
the only centre of B.

Proof Let b, € B be another centre of B. Put uy, = b, — b,. Then u, € B;,. We
show that uy, = 0. As b, is a centre of B and b, € B, there exists b} € B, such that
b, = %bo + %b(’). Thus, 2uy = b, — by € B,. Assume that nu, € B, for some n € N.
Then, b, := —nu,+ by, € B as B, is balanced. Thus, there exists ¢ € B, such
that b, = %bz + %c. It follows that (n 4 2)u, = (c — by) € B,. Now, by induction,
nu € By for all n € N. Since By is radially compact, we must have u, = 0. Hence,
b, = by. O

3 Affine functions of a central compact convex set

Let B be a compact and convex set in a real locally convex Hausdorff space X with a
centre b, and consider the compact, balanced, convex set B, = B — b,. Recall that a
function f : B — R is called affine, if

flab; + (1 —a)by) = af (b)) + (1 — a)f (by)
forall b;,b, € Band a € [0, 1]. Let
A(B) = {f : B — R|fis affine and continuous}.
As B is compact and convex, A(B) is an order unit space with the cone
A*(B) = {f € AB) : f(b) > 0 for all b € B}

and the order unit 1 : B — R given by 1(b) = 1 for all b € B. In addition, the order
unit norm is the sup-norm on A(B) as a closed subspace of C(B). (For a detailed dis-
cussion on this topic, please refer to [1, Chapter II.1].)

In this section, we describe the space of real valued, continuous, affine functions
on a central, compact, convex set in a real locally convex Hausdorff space.

Theorem 3.1 Let B be central compact and convex set in a real locally convex
Hausdorff space X with the centre b, and consider the closed subspace

Ay(B) 1= {f € AB) : f(by) =0}

of A(B). Then, A(B) is unitally order isomorphic to the order unit space (Ay(B)", e).
We shall prove this result with the help of the following lemmas.
Lemma3.2 A*(B)={f € AB) : |If —f(P)1ll, <f(by)}

Proof First, we assume that f € AT(B), so that f(b) > 0 for all b € B. Fix b € B
with b # b,. Then, by Proposition 2.9(3), there exist a unique pair b,,b, € K with
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%b, + %bz = b, and a unique @ € R with % < a <1, such that b = ab, + (1 — a)b,.
(Here K = {x+ b, : x € Lead(B;)} and B, = B — b,,.) Thus

() = af (b)) + (1 — a)f (by) < max{f(b,).f(by)}.
Again, as %bl + %bz = b, we have
1 1
(D) + 5f(by) = f(by)
so that

0 <f(b) < max{f(h,).f(by)} < 2f (by).

Thus |[f(b) — f(by)| < f(by) for all b € B. Therefore, ||f — f(by)1]|,, < f(bp).
Conversely, we assume that f € A(B) with ||f — f(by)1||,, < f(by). Then, for each
b € B, we have [f(b) — f(by)| < f(by) or equivalently,

0 < f(0) < max{f(b,),f(by)} < 2f(by).
Thus f € A(B)*. O

Lemma 3.3 Foreach f € A(B), we have
fllee = Ilf = (Bl + [f(Bo)I.

Proof Fix f € A(B). Then, ||, < If - f(b)1ll, + fby)l. Next, as [[f[| o1 = f € A*(B), by
Lemma 3.2, we have

ANl £/) = (f lleo £/l < (fll o %5 (By))
or equivalently, lf = f(bp)lluy < (IIf |0 % (by)). Thus

Vf = f(bp)1ll & + [f (DI
= max{||[f = f(bp) 1l +f () IIf = F(bp)ll —f(By)}
S llo-

Hence [|fllo = IIf =f(bp)1llo + (Do)l O

Proof of Theorem 3.1 For f € A(B), we define 6(f) : B— R given by
0(f)(b) =f(b) — f(by) for all b € B. Then, 6(f) =f — f(by)1 € Ay(B), so that by
Lemma 3.3, we have

10Nl = Ilf =f o)1l < IIf llo-

Thus the map 6 : A(B) — Ay(B) given by 0(f) =f —f(by)1 for all f € A(B) is
a contractive, linear surjective map. We define y : A(B) — A,(B)") given by
x(f) = (0(f),f(by)) for all f € A(B). Then, y is a unital linear surjection. In addition,
by Lemmas 3.2 and 3.3, y is an order isomorphism. O
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Example Fix n € N with n > 2 and consider the compact convex set

S, = {(xi)ef;‘ :x; > 0and in=1}.
i=1

Then B, := co (S, |J —S,) is the closed unit ball of the base normed space #* and is
a compact convex set with the centre 0. We show that A(B,)) is isometrically isomor-
phic to (A(S,)", e). Note that A(S,,) is isometrically isomorphic to £” .

Let f € AyB,). Then, f(—a) =—f(a) for all « € B,. In fact if « € B,, then
—a € B, and we have 0 = %a + %(—a). Thus

0=/(0) = 3@ + 3 (-)

so that f(—a) = —f(a). Put a; = f(e;), where {e¢;} is the standard unit vector basis
of R”. We show that f((x,)) = X, x,f(e,) for every (x;) € B,. Fix (x;) € B,. Then,
Z:.’zl |x;] < 1. Put ¢; = sign(x;) for 1 <i < n. Then, €; = +1 and x; = €|x;| for each
i. In addition, we have ef(e;) = f(e;e;) for each i. Put 4, = |x;| for 1 <i<n and
Ao =1-2"Ix]. Then, A, >0 for 0 <i <n with 3 /4, = 1. Thus as f is affine,
we have

n

Z x,a; = Z |x;|€e.f (e;)
i=1

i=1 =

= Z 1x;1f (e;e)
i=1
=Af0) + Y Af(eie)
i=1

=f(40+ ). Ai€ie)
i=1

=f((x;).

Next, let f € A(B,). Define f,(x) =f(x) —f(0) for all x € B,. Then, f, € Ay(B,).
Thus, for any (x;) € B,,, we have

F((x)) =fo((x;) +£(0)
=Y xfyle) +1(0)
i=1
=Y x(f(e) - F(0) + (0.
i=1

Therefore, f +— (f(e;),....f(e,)) is linear isomorphism from Ay(B,) onto R" and
= (f0),f(e;) —f(0),....f(e,) —f(0)) is linear isomorphism from A(B,) onto
RHH.

) Birkhauser
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D x(fe) —£(0)
i=1

Next, let f € A(B,). Then
Ifllee =sup{lf ()] = (x;) € B,}

= sup { D x(f(e) = £(O0)) +f(0)‘ DY Il < 1}

i=1 i=1
=sup{ + [f(0)] : leilgl}
i=1

=[f(0)] + max{[f(e;) —f(0)] : 1 <i<n}

=f O] + I¢fe)) = £(0), ... f(e,) = f(ODl -
Hence Ay(B,) is isometrically isomorphic to £7 and A(B,) is isometrically iso-
morphic to £ @, R. Since A(S,) is isometrically isomorphic to 7, we get that
A(B,) = A(S,)" as order unit spaces.

4 Base with a centre

Let (V, B) be a base normed space [1, Proposition II.1.12]. Then there exists a unique
strictly positive e € V* with||e|| = 1, such that e(v) = ||v||if and only if v € V*.In par-
ticular, B = {v € V* : e(v) = 1}[10, Lemma 9.3 and Proposition 9.4]. In this section,
we describe the base normed space with a central base.

Theorem 4.1 Let (V, B) be a base normed space. For a fixed b, € B, the following
statements are equivalent:

1. by is a centre of B;
2. Vt={veV:|v-eWbyl <e};
3. B={veV:ie(v)=1and|v—->byl <1}.

We use the following result to prove Theorem 4.1.

Lemma 4.2 Let (V, B) be a base normed space and assume that b, € B is a centre
of B. Then, for eachv € V,we have

IVl = max{|lv — e()byll, le(v)]}.

Proof Since by is the centre of the base B, for each b € B, there exists a (unique)
b' € B, such that b, = %b+ %b’ (Definition 2.8). Let v = Ab, — ub, for some
b,,by, € Band A, y > 0 with A + u = ||v||. Then, e(v) = 4 — y, so that

X Birkhauser
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v —eW)by =Ab; — uby, — (A — pb,

(bt . by - b,
2 2

={aby — uby) = (30}, = by}

Thus ||v — e(Wbg|| < A+ pu = ||v||. Also, we have |e(v)| = |4 — pu| < A+ u which
completes the proof. a

Proof of Theorem 4.1 1. implies 2.: Let us assume that b, is a centre of B. If
v € V*, then e(v) = ||v||. Thus, by Lemma 4.2, ||v — e(v)b,|| < e(v). Now, assume
that ||[v — e(v)by|| < e(v) for some v € V. Find b,,b, € B and 4, u > 0, such that
v —e(W)by = Ab, — ub, and ||v — e(v)by|| = A + p. Then

O0=e(v—e(Wby) =e(Ab; —uby)) = A—u
sothat2A =2u = ||v — e(v)b,|| < e(v). Thus
v=AMb; —by) +e()by = Ab; + /lb’2 + (e(v) —24)b, € V*.

Thus V= {v eV : |lv—eWb,| < e()}.

2. implies 3.: Next we assume that V* = {v eV : ||[v—e()by| < e(v)}. Let
b € B.Then, b € V* and ||b|| = 1 = e(b), so that||b — b,|| < 1.Put u = b — b,,. Then,
e(u) =0, ||u]l <1 and we have b = u + b,,. Conversely, let u € V with e(u) = 0 and
lull <1 and put b =u+ b, Then, e(b) =1 and ||b— e(b)by|| = |lul| < 1 = e(b).
Thus, by the assumption, b € V*, so that ||| = e(b) = 1, that is, b € B. Therefore,
B={veV:ev) =1and|v-b| <1}.

3. implies 1.: Finally, we assume that

B={veV:eWv)=1and|v—by <1}.
Let b € B and consider b’ :=2b, — b. Then, e(b’) = 1 and
b — e(b')by = 2by — b — by = by — b.
As b € B, by the assumption, we have ||b’ — e(b")by|| < 1, so that b’ € B. Thus, b, is

a centre of B. O

Corollary 4.3 Let (V, B) be a base normed space with a centre b, of B. Then, for
eachv € V,we have ||v|| = max{||lv —e(W)by||, |e(v)|}.

Proof If ve Vtu—-V*, then ||v||=|e(v)]. Thus by Lemma 4.2, we get
[Iv|l = max{||v — e()by|l, le(v)|}. Next, let v ¢ V* U —-V*. Then, by Theorem 4.1,

we have |e(v)| < |[v — e()b,||. Put u = ”V‘EEV;ZOH . Then, e(u) = 0 and ||u| = 1, so that
v—e(v)b,

k=u+by,€eB, by Theorem 4.1. Also then, k’'=-u+b, Next, put
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20 =|lv—eWby|| +e(v) and 2u =|v—e®by| —e(v). Then, A, u>0 with
A+ u=||v—e®)by|land A — u = e(v). Thus

Ak — puk! = (A + wu+ (A — Wby = v —e(Wb, + e(V)b, = v.
Now, it follows that
VIl < A4 p = |lv—eMbll

so that ||v|| = max{|[v — e(W)byl|, le(W)|}. O
Corollary 4.4 A centre of B, if it exists, is unique.

Proof Let b, € B be another centre of B. Then, by Theorem 4.1, b; = u; + b, for
some u; € V with e(u;) =0 and ||u,|| < 1. If b, # by, then u; # 0. In which case,

by = —||uy||"'u; + by € B. Since b, is a centre, by Theorem 4.1, we must have
llby — by|| < 1. However, this is not true as ||b, —b;|| =1+ ||#;]| > 1. Hence,
bl = bo. O

Combining Theorem 4.1 and Corollary 4.3, we may deduce the following

Theorem 4.5 A base normed space (V, B) with a centre b, € B is isometrically iso-
morphic to (V(()'),Bg)), where Vo ={v eV :e(v)=0}and

B = {(n,1) : v € Vy with ||v]| < 1}.
Here e is the order unit of V* corresponding to the base B.

Example Consider V, = ¢/(R). Then, B, = {(,) : a; > 0and } a; = 1} is the base
forV,,so that (V,, B,) is a base normed space. For n > 3, B, can not have a centre. To
see this fix by = (a”) € B,,so that 3’ a? = 1.In addition, if &’ = inf{a? : 1 <i<n},

then a?n < % Consider the m-th coordinate vector e,, € V,. Then, e, € B, and we
have
lley = boll, = 1 =%+ 3 a® =2(1 — a?) 22(1 - 1) > 1,
. n
i#m

Thus b, is not a centre of B,,.

5 Order unit spaces with a central state space

We now describe a non-dual version of A(B), where B is a central, compact con-
vex subset of a real locally convex space.
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Proposition 5.1 Let (V, e) be an order unit space and let T € S(V). Then, the fol-
lowing statements are equivalent:

1. tis a centre of S(V);Y4/Para>
2. v L 2t(v)eforeveryv € VT,
3. Vt={veV:|v-tOe|l <t}

In this case, we say that t is a central state.

Proof (1) implies (2): We assume that 7 is a centre of S(V). Letv € V*.If f € S(V),
then by assumption, 27 — f € S(V). Thus, f(2z(v)e —v) = 2z(v) — f(v) > 0 for all
f € S(V),sothatv < 2z(v)e.

(2) implies (1): Now, we assume that v <27(v)e for each v e V*t. Let
f€SV). Put f/ =2t —f. Then, f’ is linear and f’(e) = 1. We show that it
is positive. Let v € V*. Then, by assumption, v <27(v)e. As f >0, we have
) =2t(v) —f(v) = f2r(v)e — v) > 0. Thus, f' € S(V).

(2) implies (3): We again assume that v <2z(v)e for each v € V*. Thus,
if veV*t, then v <2r(v)e, or equivalently, 7(v)e + (v —z(v)e) € V*. There-
fore, ||[v—z()e|| < v(v). Conversely, let vV with |[v—z(v)e| < z(v). Then,
e + (v —t(e) € V*,so that 2t(v)e — v € VY. Thus, vt = (v e vV : |Iv = t(ell < z(v)).

(3) implies (2): Finally we assume that Vt ={ve V : |[v—z()e| < 7(v)}.
Then, for v € V* we have ||[v — t(v)e|| < z(v). Thus, T(v)e + (v — z(v)e) € V*. In
particular, v < 2z(v)e. O

The norm condition on positive elements of V is somewhat minimal as we see
in the next result.

Proposition 5.2 Let (V, e) be an order unit space with a central state T € S(V).
Then, for eachv € V,we have ||v — t(v)e|| < ||v — ael| for alla € R.

Proof Fix a € R. Then
) —a| =f(v—ae)| < |lv—aell

for every f € S(V). By Proposition 5.1, given f € S(V), there exists a unique
f' € S(V),such that f + f' = 2z. Thus

FO) =W S O) —al + ' () — af <2||v - ael|.
Since f —f' = 2(f — 1), we get
v —zme)l = [f» — )| < |lv — ael|
for all f € S(V).Hence, ||v— t(v)e|| < ||v — ae|/for alla € R. O

Proposition 5.3 Ler (V, e) be an order unit space with a central state T € S(V).
Then, for each v € V, we have
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VIl = llv—z(Mell + [z()].

Proof Fix v € V. Then, ||v|| < |[lv—t(W)e| + |t(v)|. In addition, as ||v|]le+v € VT,
by (1), we have

lIdlvile £ v) = z(|[vlle £ v)ell < z(|[vlle = v).
In other words, ||[v — z(v)e|| < ||[v|| £ 7(v), so that||v — z(v)e|| + |z(v)| < ||v]|. Hence,

vl = 1lv = z(Mell + [zW)]. O

Remark 5.4 Let (V, e) be an order unit space with a central state = € S(V). Then, 7 is
unique and we have

L VF={feV :|f-florll <fle)} =1{f+ar:fle)=0and|[f|| <a};
2. SWy={fy+7:f, €V fy(e)=0and ||fy]| < 1};and
3. Foreach f € V*, we have ||f|| = max{||f —f(e)z|, f(e)|}.

Proposition 5.5 Ler (V, e¢) be an order unit space with a central state T € S(V).
Then, the Banach dual of Vy={v €V : ©(v) = 0} is isometrically isomorphic to
Vii={feVv:fle =0}

Proof Consider the mapping y : Vj — (V)" givenby f = f v, Then, y is linear. In
addition, for f € V(’)‘ we have

IFIl =sup{lf(| : v € V with |[v]| <1}
=sup{|f(v —t(v)e)| : v € V with |[[v —z(W)e| + |z(v)| £ 1}
=sup{|f(v)| : v € V,with ||v]| < 1}.

Thus y is an isometry. Furthermore, for f, € (V;)*, we define f: V = R by
JO) =fo(v—z(ve) forall v € V. Then, f € V with x(f) = f,. a

We can summarize the findings of this section in the following.

Theorem 5.6 Let (V, ) be an order unit space with a central state T € S(V). Then,
V/Re is isometrically isomorphic to'V,, :={v € V : ©(v) = 0} and V is unitally and
isometrically order isomorphic to V, @, R via the map v — (v — t(v), T(v)).

5.1 Strict convexity

Definition 5.7 Let B, be a compact, balanced, convex subset of a real, locally con-
vex, Hausdorff space X. We say that B, is said to satisfy Property (S) with respect to
X*, if for each x, € Lead(B,) there exists at most one f € X*, such that

sup{|f(x)| : x € By} =f(x,) = 1.

Remark 5.8 The notion of Property (S) is motivated by the characterization of
strictly convex spaces by M. G. Krein in 1938. However, the same result was also
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proved independently by A. F. Ruston in 1949 [9, Theorem 1]. (Please refer to [8,
5.5.1.1] for a detailed discussion on it.)

Definition 5.9 Let (V, ¢) be an order unit space with a central trace = € S(V). We
say that V is tracial, if S(V),(:=S(V) — ) satisfies Property (S).

Theorem 5.6 can now be restated as follows.

Corollary 5.10 Let V, be a strictly convex real normed linear space and consider
the order unit space V(()°°) obtained by adjoining an order unit to V,, (see, [7, Theo-
rem 2.17]). Then, V(()°°) is precisely a tracial order unit space.

6 Central absolutely base normed space

In [7], we described the absolute value that naturally arises out of the order structure
in VO, We studied the corresponding absolute order unit space and showed that it is
a generalization of a spin factor. In this section, we shall discuss the description of
the canonical absolute value in V) in the context of the corresponding base B®).

Let us recall the notion of absolutely ordered spaces introduced in [6]. (See also,

(51)

Definition 6.1 [6, Definition 3.4] Let (U, U") be a real ordered vector space and let
| -| : U— Ut satisfy the following conditions:

1. |v|=vifveUT;

2. |v|xveUtforally € U,

3. |kv| = |k||v|forally € U and k € R;

4, 1If w,vyweU with |u—v|=u+v and |u—w|=u+w, then
lu—lvEw||=u+|vEwl;

5. Ifu,vandw € Uwith|lu—v|=u+vand0 <w <v,then|u —w| =u+w.

Then (U, U, | - |)is called an absolutely ordered space.

Let (V, B) be a base normed space with a centre b, of B. Consider the set
K={u+b,:ew)=0and||ul| =1} C B. We note that if k € K, then ¥’ € K. In
fact, k' = —u + b, whenever k = u + b,. The following results show that K deter-
mines an absolute value in V.

Lemma 6.2 Let (V, B) be a base normed space with a centre by of B and let b € B

with b # b,. Then, there exist a unique k € K and a unique % < a <1, such that
b=ak+(l-a)k.
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1+[1b=boll

Proof As b € B with b # by, we have 0 < ||b— byl < 1. Put @ = ———=. Then,

l<a<LPutuy= ”z‘iﬂn. Then, e(uy) = 0 with [Jug|| = 1. Thus, k = uy + by € K
—%o
with k" = —u, + b, and we have

ak + (1 — )k = Qa — Duy + by = ||b— byl <ﬂ> + b, =b.
b — byl
Next, let b= pk, + (1 — ﬂ)k’1 for some k; € K and % < fp < 1. Then, there exists
u; € V withe(u;) = Oand ||u, || = 1, such that k; = u; + byand k¥ = —u; + b,. Then,
as above b = (26 — Du, + by, so that Ca — 1)uy = (2 — 1)u,. Since % <a<1and
% < p <1, we have 2a > 1 and 26 > 1. Now, as |[iy|| = 1 = ||u,||, we deduce that
2a — 1 =2p — 1. Thus we have a = f, so that uy = u, O

Theorem 6.3 Let (V, B) be a base normed space with a centre b, of B and let
v € V\Rb,. Then, there exist k € K and a, p € R, such that v = ak + pk’. This rep-
resentation is unique in the following sense: if v = Ak, + ,uk’1 for some k; € K and
A, 1 € R, then eitherky = kwithA=aand u = fork, = k' withA = fand u = a.

Proof First consider v € V*\Rb,. Then, v=|v||b for b:=|v||~'v € B, such
that b # b,. Thus, by Lemma 6.2, there exist a unique k € K and % <oy<1,
such that b = apk + (1 — ay)k’. Therefore, v = ak + pk’, where a = ||v|]|a, and
p = |Ivl[(1 — ag). A similar proof works for v € —VF\Rb,.

Now, let v & V¥ U—V*. Then, |e(v)| < |lv — e()by]l. Put u= ”::ZE:;ZZ”. Then,
e(u) =0 and |lu|| = 1, so that k = u + b, € K with k' = —u + b,. First, we assume
that e(v) > 0. Put 2a = e(v) + ||[v — e(V)by]|| and 2 = e(v) — ||v — e(v)b,||, we have
a>0,p<0witha — f = ||v—eW)bylland @ + f = e(v). Thus

ak + pk' = (a — Pu+ (a + P)by = v — e(v)by + e(v)by = v.

Next, let v = Ak, + ,uk’] for some k; € K and A, € R. Then, e(v) = 1+ pu. Let
ky = u; + b, for some u; € V with e(u;) = 0 and ||u,|| = 1. Then, ¥’ = —u; + b, and
we have v = (4 — p)u, + e(v)b,. Replacing u; by —u,, if required, we get that A > u.
Thus, ||[v — e(W)by|| = A — . Now, it follows that A = @ and 4 = f so that u; = u,and
consequently, k = k.

When e(v) < 0, we interchange a and § and replace k by k'. O

Remark 6.4 Let us call the unique decomposition v = ak + gk’ with k € K and
|a| > |f| as the K-decomposition of v € V\Rb,. Note that for v = Ab,, we have
v =a(k + k') for all k € K, where 2a = A. Thus, given v € V and a decomposition
v = ak + pk’ with |a| > |B|, we obtain |v| = |alk + ||k’ € VT which is uniquely
determined by v. This defines a mapping | - | : V — V*.

Proposition 6.5 Let (V, B) be a base normed space with a centre by of B. Then, the
mapping | - | : V - V7 satisfies the following properties:
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1. v=vifveVt

2. v|xveVtforallv eV,

3. || = |A|vlforallv € Vand 2 € R;

4. If uwv,weV with |lu—vl=u+v and |u—-wl=u+w, then
lu—|pvxw||=u+|vEw|

Proof Let v € V and consider its K-decomposition v = ak + pk’, where k € K
and |a| > |B|. Then, |v| :=|alk+ |BIK'. As k, k' € V*, verification of (1), (2)
and (3) is straightforward. To prove (4), let u,v,w € V with |u —v| =u+v and
|u—w| =u+w. Then, u,v,w € V. ffu—ve Vt,wehaveu+v=|u—v|l=u—v,
so that v = 0. Thus

lu—lvewl=lu—wl=u+w=u+|vxw.

So we may assume that u —v,u —w & V* | J—V*. Then, u # 0, v# 0 and w # 0.
Consider the (unique) K-decomposition u —v = Ak, + u;k; for some k, € K
and |A; > |p;|. Then, [u—v| = [A;]k; + |u; |k]. Since |u—v| =u+v, we get that
u= Ak;andv = —pu,k|. Thus, 4; > 0 and y; < 0. Again, as [u — w| = u +w, we get
that u = A,k, and w = —u,k’, for some k, € K and |4, > |up| with 4, > 0 and p, < 0.
Thus, k; = k, and A, = A,. Therefore

= 1v £ wll = 1Ak, = |y £ K| = Ak, + 1y £ oK, = v wl.
O

Remark 6.6 1t follows from the proof of Proposition 6.5 that |u — v| = u + v if and
only if there exist k € K and positive real numbers a and f, such that u = ak and
v=pkK.

Theorem 6.7 Let (V, B) be a base normed space with a centre by of B. Consider
Vo={veV:ie(w)=0}={v—-eWb, :veV]

Then V,y is closed subspace of V and the following statements are equivalent:

1. K =ext(B);
2. 'V, is strictly convex; and
3. Forallu,v,w € Vtwithlu—v|=u+vand0 <w <vwehave|lu—w|=u+w.

Proof (1) implies (2): First we assume that K = ext(B). Let u,,u, € V, be, such
that u, # u, and ||uy|| = 1 = |lu,|| and assume to the contrary that ||u,|| = 1, where
u, = auy; + (1 —ajuyfor0 < a < 1.Putky = uy + by, ky = u; + byand k, = u,, + by,.
Then, by construction, ky,k;,k, € K and we have k, = ak; + (1 — a)k,. Since
K = Ext(B), we deduce that k, = k; = k,. This leads to a contradiction u, = u;.
Thus, V,, must be strictly convex.

) Birkhauser



68 Page180f19 A.K.Karn

(2) implies (3): Next we assume that Vj, is strictly convex. Consider u,v,w € V*
with [u—v|=u+vand 0 <w<v. If u—v e V*, then v=0, so that w=0 and
we have lu—w|=u+w. If v—u€ V*t, then u=0, so that [u —w|=w=u+w.
Thus, we may assume thatu — v & V* | J —V*. Then, u # 0 and v # 0. We may also
assume that w # 0. Since |u — v| = u + v, following the proof of Proposition 6.5, we
can find k € K and a« > f > 0, such that u = ak and v = Bk’. Since B is a base for
V* and since w € V* with w # 0, there exist a unique b € B and A > 0, such that
w = Ab.By Lemma 6.2, we have b = yk; + (1 — )/)k’1 for some k; € K and% <y<l.
Since k, k, € K, there exist x,x; € V,, with ||x|| = 1 = ||x; ||, such that k = x + b, and
ky = x; + by. Then, k' = —x + by and k; = —x; + by. As w < v we have

Ay, +bg) + (1= 7)(=x; +bg)) < f(=x + by)

so that —(ﬁx+ AQ2y - l)xl) + (- Ab,eV*t. Now, as - <y <1 we have

0 <2y —1 < 1.Thus, by Theorem 4.1, we get

1
2

P—A<P=Q2y—=DA=pxll = Iy = DAx|| < |px+ A2y — Dxy|| < f - 4.

Therefore, we have y =1 and ||fx + Ax,|| = f — A. It follows that b = k,, so that
w = Ak, . Since V,, is strictly convex, we conclude that

15x + Ax, I~ (Bx + Axy) = || Ax, ||_1(—/1x1),

or equivalently, fx + Ax; = —(B — A)x, as ||x|| = ||x,]|. Thus, x;, = —x, so that k, = k’
and w = Ak’. Now

lu—w| = |ak — Ak |ak + Ak = u+w.

(3) implies (1): Finally, we assume that (3) holds. We show that K = ext(B). Let
b € B, such that b ¢ K. Then, there exists x € V,, with ||x|| < 1, such that b = x + b,,.
Asby = %k + %k’ & ext(B), without any loss of generality we may assume that x # 0.
Put x; = ||x||~'x. Then, b, :=x, + b, € B and we have x = ||x||b, + (1 — ||x])b, is a
proper convex combination in B. Thus, b ¢ ext(B). Therefore, ext(B) C K.

Conversely, let k € K and assume that k ¢ ext(B). Then, there are b,c € B and
6 € (0,1), such that k = 6b+ (1 — 6)c. Let x4, v,z € V,, with [[xy]| = 1, ||y]| £ 1 and
llzll <1, such that k = xy, + by, b =y + by and ¢ = z + b,,. Then, x, = 6y + (1 — 6)z.
Now

L= x|l = [I6y + (1 = &)zll < 6bllyll + (A =)llzll <6+ (1 -6)=1

so that ||y|| =1=|z|l. Put u=—xy+ by, v=x,+b, and w=6(y + b,). Then,
u,v,w € V*\{0} with u€ K and v=1u'. Thus, |u—v|=u+v. In addition,
v—w=(1=68)z+by) >0 but lu—w|#u+w for w+# yv for any positive real
number y which contradicts the assumption that the statement (3) holds. Thus,
K C ext(B). This proves (1). O
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Definition 6.8 Let (V, B) be a base normed space with a centre b, of B and assume
that K :={k € B : ||k — by|| = 1} = ext(B). Then, (V, B, by) is said to be a central
base normed space.

Now Theorem 6.7 yields in the following result.

Corollary 6.9 Let (V,B,b,) be a central base normed spaces, so that
Vo ={v eV e =0}is strictly convex and that V is isometrically order isomor-
phic to V(()l) (see, Proposition 2.3).
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