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Abstract

In this article, we introduce the Lipschitz bounded approximation property for oper-
ator ideals. With this notion, we extend the original work of Godefroy and Kalton
and give some partial answers on equivalence between the bounded approximation
property and the Lipschitz bounded approximation property based on an arbitrary
operator ideal. Furthermore, we investigate the three space problem for the preced-
ing bounded approximation properties.
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1 Introduction

In 2003, Godefroy and Kalton [10] gave characterizations of the bounded approxi-
mation property of a Banach space X in terms of Lipschitz maps on X with finite-
dimensional range. More precisely, they proved that a Banach space X has the A
-bounded approximation property if and only if its Lipschitz-free space over X has
the A-bounded approximation property if and only if X has the Lipschitz A-bounded
approximation property, i.e.,
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Idy € {f € Lipy(X,X) : dimf(X) < oo, [[fll;p < 4} (1)

where 7, is the compact-open topology and (Lip,(X, X), || - [I4,) is the Banach space
of all Lipschitz maps f : X - X with f(0) = 0 equipped with the Lipschitz norm

Il - llvip given by

J&) —f»

X,y eX,x;éy}.
[lx = ¥l

IfllLip = sup {
Motivated by this fact, we investigate whether the same type of equivalent state-
ments can be obtained when the bounded approximation property on X is replaced
by the A-bounded approximation property for an arbitrary operator ideal A intro-
duced by Oja in [17]. Recall that in the case when A is the ideal of finite rank opera-
tors, the A-bounded approximation property is the classical bounded approximation
property.

On the other hand, Godefroy and Saphar [11] proved the three space problem for
the bounded approximation property of a pair (X, M) where M is locally complemented
in X. Afterwards, Choi and Kim [6] obtained an analogue for the bounded compact
approximation property under some additional conditions. Our aim is to extend these
concepts in the settings of arbitrary operator ideals and Lipschitz operator ideals.

To continue with, it requires some basic knowledge about the Lipschitz-free space
over a Banach space and about Lipschitz operator ideals, which will be provided in
Sect. 2. In Sect. 3, we mainly prove many equivalences among those bounded approxi-
mation properties naturally defined with respect to operator ideals, partially extending
previous results given by Godefroy and Kalton [10]. Moreover, we prove further results
about inheritance of the approximation properties from a Lipschitz-free space to its own
space provided some additional requirements. It will be provided some supplementary
equivalence results concerning the approximation properties of Lip,(X) which can be
seen as a continuation of the work of Oja [17]. Finally, we present partial answers to
the three space problem for the Lipschitz bounded approximation properties in Sect. 4.
Throughout the paper, we use the standard notation in the Banach space theory.

2 Preliminaries

We assume X and Y always to be real Banach spaces. Let 6, be the evaluation functional
on Lipy(X) := Lipy(X, R) with 6.(f) = f(x). The Lipschitz-free space over X is defined
by

FX) :=span{é,} ey C Lipy(X)*.

Notice that 6y : X — F(X) given by 6y(x) =6, is a non-linear isometry (see,
for instance, [10, Proposition 2.1]). It is well known that the Lipschitz-free space
FX) has the following universal property: For any Banach space Y and any
f € Lipy(X, Y), there exists a unique L, € L(F(X), Y) such that the following dia-
gram commutes:
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f

X—Y

|
a
3(X)

and [|[f |, = Ll [10, 22]. Moreover, the mapping f +— L, is an isometric isomor-
phism from Lip,(X, Y) onto L(F(X), Y). In particular, Lip,(X) is isometrically iso-
morphic to §(X)* and this identification will be used in the sequel without expla-
nation. It is also shown in [10, Lemma 2.2] that for f € Lipy(X, Y), there exists a
unique f € LIFX), F(Y)) with |[f|| = |[fllLi, such that the following diagram
commutes:

X 4)}/
5){ l(sy
(X) —f>§(y

Recall that the map fy : F(X) — X given by x*(fy(n)) = (x*,u) for all
x* € X* € Lipy(X), is a linear quotient map and a left inverse of 6y. One can easily
check that L, = Byf for every f € Lipy(X,Y). For more detailed account on Lip-
schitz-free spaces, we refer to [9, 14, 18, 22].

Recall the definition of Lipschitz operator ideals.

Definition 2.1 We say that a set I in the space of Lipschitz maps is a Lipschitz
operator ideal if for every Banach spaces X and Y, we have the following:

(i) I(X,Y)is alinear subspace of Lip(X, Y).
(i) h()yelIX,Y)forevery h € Lip(X,R)and y € Y.
(iii) For every Banach spaces W and Z, Rfg € I(W, Z) whenever g € Lipy(W, X),
felX,Y)andR € L(Y,Z).

This definition was introduced by Achour et al. [2] and independently by Cabrera-
Padilla et al. [4].

For a (linear) operator ideal A, we will consider the composition Lipschitz opera-
tor ideal

Lip,(X,Y) :={f € Lipy(X.Y) : Ly € AFX), 1)}

For f € Lipy(X, ), let
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slope(f) := {JM txLx, € X,x, ;éxz} cvY.

[lx; = x, |

It is observed in [12, Propositions 2.1, 2.2 and 2.4] that

1. Lips(X,Y)={f € Lip(X,Y) : dimf(X) < oo},
2. Lipi(X,Y) = {f € Lip(X, Y) : slope(f) is relatively compact},
3. Lipy(X,Y) = {f € Lip(X, Y) : slope(f) is relatively weakly compact},

where F, KC and VW denote the operator ideal of all finite rank operators, compact opera-
tors and all weakly compact operators, respectively.
For an operator ideal .A, Banach spaces X, Yand T € A(X, Y), it is clear that

L8y =T = TPyby:

hence L, =Tpfy on $(X) by linearity and continuity of 7. This implies that
A C Lip .
Recall that a Banach space X is said to have the approximation property (AP) if for every

compact subset K of X and every € > 0, there exists a finite rank operator S on X such that
sup,cx [ISx — x|| < g, that is, the identity Id y of X belongs to F(X, X )Tﬂ, where 7. denotes
the compact-open topology on X. For 4 > 1, we say that X has the A-bounded approxima-

tion property (A-BAP) if Id y belongs to {T € F(X,X) : ||T|| < /1}1(. We simply say that
X has the bounded approximation property (BAP) if it has the -BAP for some A > 1. We
refer the reader to [5, 16] for a detailed account on the approximation properties.

In what follows, we introduce the definitions of the variants of the bounded
approximation properties in which we are mainly interested. For simplicity,
given 4> 1 and an operator ideal A, let A*(X,Y) :={T € AX,Y) : ||T|| < A}
and Lipi‘(X, Y) :={f €LipyX.Y) : IIflli, < 4}. By the conjugate operator
T* : Y* - X* corresponding to A we mean an operator 7% € L(Y*, X*) such that
T € AXX.Y), and we write A(Y*,X*) :={T* € L(Y*,X*) : T € AX(X,Y))}. Fol-

lowing [17], a Banach space X has the A-A-bounded approximation property (A-
J-BAP) if Id, € A*(X,X) . We simply say that X has the A-BAP if it has the A-A
-BAP for some A > 1. Also, X* is said to have the A-A-BAP with conjugate operators

if Idy. € Af(X*,X*) " or simply the A-BAP with conjugate operators if it holds for

some A > 1.

Definition 2.2 Let A be an operator ideal and A > 1. A Banach space X is said to
have the Lipschitz A-A-bounded approximation property (Lip-A-A-BAP) if

Idy € Liph (X, X) .

Let us simply say that X has the Lip-A-BAP if it has the Lip-.4-4-BAP for some
A>1
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3 Main results on the Lip-A-BAP

In this section, we concentrate on the implicative relations and characterizations on the
kinds of newly defined approximation properties. To do so, we first introduce a useful
characterization result by arguing that the Lip-A-BAP of a Banach space X is closely
related to the 7 .-approximability of the operator fy : §F(X) — X. More precisely, it turns
out that fi is approximated by Lipschitz maps with respect to ., if and only if it is approx-
imable by bounded linear operators with respect to the same topology. Let us denote by 1y,
the canonical embedding from X* into Lip,(X). Notice thatzy = f; up to isometry.

Theorem 3.1 Let A be an operator ideal. The following statements are equivalent
for a Banach space X.

(a) X has the Lip-A-A-BAP.
(b) By € Liph(FX).X) .
© By e AG0.X)

@ 1y € A0C LipX)

In item (d), the notation w* is used for the weak-star topology on L£(X*, Lip,(X))
with respect to X*®,§(X), where X*® §(X) denotes the projective tensor product
of X* and F(X).

Proof of Theorem 3.1 (c) = (b) follows from the fact that A C Lip 4.
(b) = (a). Let K be a compact subset of X and let € > 0 be given. As 6y(K) is a
compact subset of (X), there exists f € Lipit(%(X),X) such that

€ 2 sup l(Bx =Sl = sup | Bx6x(x) = féx (0| = sup llx = féxOl-

Since féy € Lipf4(X, X), (a) follows.

(a) = (c). As any element y € F(X) can be approximated by a finite combina-
tion of elements in 6(X), it suffices to claim that for a compact set K in X and € > 0,
there exists L, € AXF(X), X) such that Sup,ek IIL6x(x) — x|| < &. Our assumption
implies that there exists f € Lipil(X, X) such that

€ 2 sup [lx = f()|| = sup [[x — Loy (x)|| = sup [|(By — LG
xek xeK xek
Since L e A’l(g(X), X), we complete the proof.

(c)=(d). Let (T,) be anet in A (X), X) such that (T,) converges to fiy in ... For

each u € §(X) and x* € X*, we have that

(u, T, (x")) = (T, () = x*(Bx () = (u, 1x(x")).

From this, we can  deduce that T: converges to 1y in
L(X*,Lipy(X)) = LX*, FX)*) = (X*®,F(X))" in the weak-star topology since (T,)
is bounded.
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(d) = (c). If we take a net (7,) in AXF(X), X) so that (T;) converges to 1y in the
weak-star topology, then as above, we have that

X (T, () = x*(By(w)

for each y € F(X) and x* € X*. It follows that (7,) converges to fy in the weak oper-
ator topology in L(F(X), X). By considering their convex combinations, we see that
Py belongs to the closure in the strong operator topology of ANF(X), X) which coin-
cides with the z,-closure of ANF(X), X). O

Next, we show that the Lip-.A-BAP and the A-BAP are equivalent on a Lipschitz-
free space F(X) over a Banach space X, and observe that the Lip-A-BAP of F(X) is
inherited to X. If we focus on the last assertion on the following theorem, one may
notice that it is a weaker condition of Lip,(X) having the A-A-BAP with conjugate
operators, which will be covered in the paragraph preceding Proposition 3.3.

Theorem 3.2 Let A be an operator ideal. The following statements are equivalent
for a Banach space X.

(a) §(X) has the Lip-A-1-BAP.
(b) §(X) has the A-A-BAP.

(©) &y € Liph(X,§X) . .
(d) Idy5, ) € AX(Lipy(X), Lipy(X)) .

Furthermore, if one of (a)—(d) holds, then X has the Lip-A-1-BAP.
Proof (b) = (a) follows from the fact that .4 C Lip 4.

(a) = (c). Let K be a compact subset of X and let € > 0 be given. By (a), there
exists an f € Lip/,(F(X), F(X)) such that

sup [[6x(x) = fox(O)llgx) < €.
xeK
Since f8y € Lip’,(X, (X)), (¢) follows.
(c) = (b). As in the proof of (a) = (c) in Theorem 3.1, it suffices to consider a set

6x(K) for a compact subset K of X instead of taking an arbitrary compact subset of
FX). Let € > 0 be given. By our assumption, there exists f € Lipf4(X , §(X)) such that

€ 2 sup [|6x(x) = f()lgx) = sup [|0x(x) = Lpox () gx)-
xeK xeK

Since L, € AXF(X), F(X)), we can conclude that F(X) has the A-A-BAP.

(b) & (d) can be proved in an analogous way as in Theorem 3.1.

Finally, suppose that 6y belongs to the 7 -closure of Lipf‘l(X , F(X)). Let K be a com-
pact subset of X and let € > 0 be given. Then there exists f € Lipf4(X , §(X)) such that

€2 Slelll(’ Ilf Cx) — 5)((’0”3()() 2 S:}I(’ | Byf (x) = Pxox | = 516111() | Bxf () — x]|.

Since fyf € Lipi(X, X), we conclude that X has the Lip-4-A-BAP. O
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It is worthwhile to note here that the equivalence between the A-BAP and the
Lip-A-BAP for an arbitrary space is unknown contrary to the result of the case
A = F, as the original equivalence in [10, Theorem 5.3] heavily depends on the
fact that §(E) has the 1-BAP when E is finite-dimensional [10, Proposition 5.1].
Nevertheless, we are still able to observe that the A-BAP and the Lip-A-BAP are
equivalent in some particular cases. To begin with, we recall that a Banach space
X is said to have the isometric lifting property if there exists U € L(X, §(X)) with
[[U]| = 1such that g,U = Id y. It is shown that every separable Banach space has
the isometric lifting property [10, Theorem 3.1].

Proposition 3.1 Let X be a Banach space with the isometric lifting property. Then,
X has the A-A-BAP if X has the Lip-A-A-BAP.

Proof As X has the Lip-A-A-BAP, we have fy € ANFX), X) [ by Theorem 3.1.
Take (T,) C AXF(X), X) so that T, converges to fly in the 7_-topology. Let us denote
by U a norm-one linear operator in £(X, (X)) such that g, U = 1d . Note that T,,U
converges to f,U = Id y in the 7 -topology and that T, U € A*(X, X), as desired.

As already shown in Theorem 3.2, a Banach space X has the Lip-A-A-BAP
whenever §(X) has the property. The following result shows that the inheritance
of A-A-BAP of the Lipschitz free space §(X) to X is also true under some natural
assumption on the given operator ideal A.

Proposition 3.2 Suppose that A is an operator ideal and X is a Banach space sat-
isfying that T** € A(FX)**, F(X)) whenever T € AFX), F(X)). Then X has the A
-A-BAP if F(X) has the A-A-BAP.

Proof We follow the argument used in the proof of [10, Theorem 5.3]. Let £ > 0
and a compact set K C X be given. Let {x,...,x,} be an g,net of K and define
E :=span{x,,...,x,}, where g, = 2 + N7 le. By [10, Proposition 4.7], we can find
a linear operator W : X — &(X)™* with ||W|| = 1 so that ;" Wx = x for every x € X
and W(E) € F(X). Choose T € AX(F(X), F(X)) such that

ITW ) — Wl < €

forevery 1 < j < n. Let us define the map S := *T**W. Since T € A(F(X), F(X)),
we have again that 7** € A(FX)**, F(X)) and hence S € A(X, X). Clearly, ||S|| < 2
and

I1Sx; = 1l = 185 T Wix) — B Wl < ITW () — Wl < g

for every 1 <j < n. It follows that ||Sx — x|| < € for every x € K. Thus, X has the A
-A-BAP. O

In particular, if an operator ideal A satisfies that T** € A(Z**,Z) whenever
T € A(Z,Z) for every Banach space Z, then the assertion follows. Thus we have the
following direct result due to Schauder’s theorem and Gantmacher’s theorem.

) Birkhauser
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Example The assumption in Proposition 3.2 holds for every Banach space X when
A=F, KorW.

Recall that Sinha and Karn introduced a notion of p-compact sets and p-compact
operators in [20], and the concept was extended to the Lipschitz case in [1]. It is known
from [20, Theorem 4.2] that the set IC, (X, ) of p-compact operators becomes an oper-
ator ideal with a specific norm equipped on it. According to [7, Corollary 3.6], an oper-
ator T € L(X,Y) is p-compact if and only if 7** € L(X**, Y**) is p-compact. Moreo-
ver, the operator ideal ICp is regular, thatis, T € ICP(X ,Y) whenever j, T € ICP(X , Y*),
where j, : Y — Y*"is the canonical embedding [19, Theorem 5]. We also remark that
it is clear by definition that a p-compact operator is a compact operator.

On the other hand, it is well known that the set of p-summing operators Hp(X ,Y)
(for its definition, see [8] for instance) is an operator ideal under a specific norm and
every p-summing operator is weakly compact [8, Theorem 2.17]. Moreover, an opera-
torT € L(X,Y)is p-summing if and only if 7** € L(X**, Y**) is p-summing [8, Prop-
osition 2.19]. It is clear by definition that the operator ideal II, is regular. Hence, we
have just obtained the following consequence:

Example The assumption in Proposition 3.2 holds for every Banach space X when
A=, orIl,forl <p < oco.

Next, we would like to discuss the A-BAP on the space Lip,(X), and observe
that this is distinguished from X having the Lip-A-BAP. Recall from [17] that a
Banach space X is strongly extendably locally reflexive if there is A > 1 such that for
all finite-dimensional subspaces E C X** and F C X* and given € > 0, there exists
T e LX*™, X™)with||T|| £ A + € such that

TEYCX, T"X")cX'
and
(Tx™)(x™) = x™(x*) forx™ e Eandx* € F.

One can notice that a consequence from Theorem 3.2 is that if Lipy(X) has the A-A
-BAP with conjugate operators, then &(X) has the A-A-BAP. Let us remark that this
can be also derived from a previously known result [17, Theorem 2.1]. A careful
examination shows that some of assumptions of [17, Lemma 3.3] and [17, Theo-
rem 3.7.(b)] can be formally weakened and yields the following result. Let us write
AMX,Y)={T € L(X,Y) : T* € AX*, Y*)).

Proposition 3.3 Let A be an operator ideal such that A = A“. Suppose A satis-
fies that T** € A(Z**,Z) whenever T € A(Z, Z) for every Banach space Z. Then, the

following are equivalent.

(a) Lipy(X) has the A-BAP with conjugate operators.
(b) BF(X) has the A-BAP and it is strongly extendably locally reflexive.

X Birkhauser
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Proof (a) = (b). From the comment above, it remains to show that (X) is strongly
extendably locally reflexive. Indeed, this follows from the same argument in [17,
Lemma 3.3] as the assumption A C W given there is only used to guarantee
T**(Z**) C Z whenever T € A(Z, Z). Consequently, T***(z***) € Z*** is a weak-star
continuous linear functional on Z**; hence T***(z***) is actually an element of Z* for
every Z*** € Z***. In other words, T***(Z***) C Z*.

(b) = (a). This is a consequence of the proof in [17, Theorem 3.7.(b)], as the
hypothesis T € A(Z,Z) implies T** € A(Z**,Z) may replace the roles of A C W
and the regularity of A. O

If we restrict it to the case A = F, the result of Johnson [13] tells that X* has
the A-BAP if and only if X* has the A-BAP with conjugate operators. Having this in
mind and using the fact that X* is one-complemented in Lip,(X) [15], we obtain the
following remark.

Remark 3.4 Let X be a Banach space.

(a) Lipy(X) has the BAP.
(b) F(X) has the BAP and it is strongly extendably locally reflexive.
(¢) X*has the BAP.

Then, we have (a) < (b) = (c).

We finish the section with a yet another characterization of the Lip-A-BAP on
X and §(X) which extends the idea of Grothendieck’s characterization of the AP in
terms of universal domain and range spaces.

Proposition 3.5 Let A be an operator ideal. Then, the following statements are
equivalent for a Banach space X.

(a) X has the Lip-A-A-BAP.
(b) Ll(X, Y)cC Lipi‘(X, Y) (for every Banach space Y.

(c) Lip(l)(Y, X)C Lipf‘l(Y, X) Cfor every Banach space Y.

Moreover, the following statements are equivalent, and any of the following items
implies the preceding ones.

(iv) §(X) has the Lip-A-A-BAP.
(v) Lip(l)(X ,Y)C LipfA(X ,Y) ‘ for every Banach space Y.

Proof (b) = (a) and (c) = (a) follow directly from the particular case when Y = X.

(a) = (b). Given € >0, a compact set K C X and a Banach space Y, let
TELI(X, Y). As X has the Lip-A-A-BAP, there exists f eLipil(X,X) such
that sup,.g [[f(x) —x|| <e. Then, sup,x [|Tf(x) —Tx|| <& and we have that
Tf € Lip’ (X, Y).

) Birkhauser
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(@) > (c¢). Given € >0, a compact set K CY and a Banach space Y, let
feLip(l)(Y,X). Since f(K) is compact, there is gELipr‘(X,X) such that

sup,ex ll8(f(x)) — f()|| < &. The conclusion follows from gf € LipfA(Y, X).
(e) = (d) is clear since 8y € Lipy(X, F(X)) C Lip} (X, F(X)) ", see Theorem 3.2.
(d) = (e). Given € >0, a compact set K C X and a Banach space Y, let

fe LlpO(X Y). By Theorem 3.2, there exists g € Lip A(X $(X)) such that

sup,ek llg(x) — dx(x)|| < e. Thus the operator L, € LYFX),Y) correspondmg to f

satisfies that sup,cx [|L;8(x) — Ly6x(x)|| < €, and note that L;g € LlpA(X FX)).
Finally, the last statement of Theorem 3.2 gives the rest implication. O

Remark 3.6 1t is not known that whether an analogue of (a) < (c) also holds for
(d) in terms of universal domain spaces. Using a different language, it is unknown
whether (b) and (e) are equivalent for an arbitrary operator ideal A.

4 The three-space problem for the Lip-A-BAP

In this section, we would like to consider the three-space problem for the Lip-A
-BAP. First, we start with the case when a subspace is complemented.

Proposition 4.1 Let X be a Banach space and M be a complemented subspace of
X. If X has the Lip-A-BAP, then so do M and X/M.

Proof Suppose that X has the Lip-A-1-BAP for some 4 > 1. Let (f,) C Lipi(X, X)
such that f, converges to Id y in the 7.-topology. Let K C M be a compact set. Let
P :X — Mand: : M — X be canonical projection and inclusion, respectively. Con-
sider Pf,1 : M — M, which belongs to Lipi{(M M) for some A’ > 1. Take «, such
that sup,cx [|(f, — Id )| < — 7 whenever a > . Thus,

sup [|(Pfyr — idy )Nl < [Pl sup ||(f;, — 1d )0l < &
xeK xeK
for any @ > a; so M has the Lip-A-BAP.
For X/M, note that M is the kernel of a projection Q := Id y — 1P. Note that Q(X)
is a complemented subspace of X; hence Q(X) has the Lip-A-BAP by the above
argument. It follows that X/M has the Lip-A-BAP as it is isomorphic to Q(X). O

On the other hand, the following can be observed easily.

Proposition 4.2 Let X and Y be Banach spaces. If X has the Lip-A-BAP and Y has
the Lip-A-BAP, then X @, Y has the Lip-A-BAP.

As X is isomorphic to M @, X/M for a complemented subspace M C X, we are
able to obtain the converse of the first stability result thanks to Proposition 4.2.

X Birkhauser
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Proposition 4.3 Let X be a Banach space and M be a complemented subspace of
X. If M and XIM both have the Lip-A-BAP, then so does X.

Now, we move on to the case when a subspace is locally complemented in
the whole space. A subspace M of a Banach space X is locally complemented
(or M is an ideal) in X if M* is the kernel of a norm-one projection on X*, or
equivalently, there exists a Hahn—Banach extension operator ¢ : M* — X* such
that c(y*)(y) = y*(y) and |lc(y*)|| = ||y*|| for every y* € M*and y € M.

Theorem 4.1 Let X be a Banach space and M be an ideal of X. Let A be an opera-
tor ideal such that A = A?. If X has the Lip-A-BAP, then

i, € AM(M*, F(M)")
for some A > 1.

Proof By Theorem 3.1, we know that fy, € AA(%(X),X) " for some 1 > 1. Take a net
(T, in .A’l(%(X ), X) so that (7,) converges to fy in the 7.-topology. Denoting by ¢ the
Hahn—Banach extension operator from M* to X*, consider l*T:a P MF - FM)*,
where 1 @ F(M) < F(X) is the inclusion map. It is clear that T c belongs to
ANM*, F(M)*). Note that

(T ;o) (m*)(8y,(m)) = o(m*)(T,(5x(m)))
= o(m")(Bx(6x(m))) = o(m™)(m) = m™(m)

forallm € M and m* € M*. As (M) = span{6, : x € M}and |[:*T c|| < 4, we can
deduce that the net (i*T o) satisfies that

(m* @ u,"'T o) — (m" @ u, fy,)

for all m* € M* and p € F(M). Thus, a standard density argument shows that
(1*T; o) converges to ff;, in the weak-star topology.

Recall from [6] that the dual space X* is said to have the bounded weak-star
_w

density for compact operators (for short, BW*D) if ICl(X*,X*) C ICi X*,X*) for
some A > 1, where ICjV* (X", X™) is the space of compact operators which are weak-
star to weak-star continuous on X* with norm at least A. It is known [6, Proposi-
tion 2.7] that if X* is reflexive or has the BAP, then X* has the BW*D while the
converse is false. In the same paper, it is also observed [6, Theorem 4.2] that for
an ideal M in a Banach space X, if X has the K-BAP and M* has the BW*D, then
M also has the JC-BAP. The following shows that the same result can be obtained
for an ideal M with the isometric lifting property in X when the IC-BAP assump-
tion on X is replaced by the Lip-K-BAP.

For Banach spaces X and Y, recall that (£(X,Y), 7,)* consists of all functionals
fof the form f(T) = )}, y*(Tx,), where (x,) C X, (y¥) C Y*and ), ||lx,[l[ly]l < co.
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Proposition 4.4 Let X be a Banach space and M be an ideal in X with the isomet-
ric lifting property. If X has the Lip-K-BAP and M* has the BW*D, then M has the
KC-BAP.

Proof Thanks to Theorem 4.1, we have that ﬁ;} € IC’I(M*, ™) for some A > 1.
Since M has the isometric lifting property, there exists S € L(M, F(M)) such that
S|l = 1and g,,S = Id ,,. Observe that

w*

Idy, = (ByS)" = "y, € KM+, M*)

w*

As M* has the BW*D, we have that Id;‘l IS ICfV; (M*,M*) for some A’ > 1. Using
the weak-star to weak-star continuity, we can assert that there exists a net (7,) in

IC’V(M, M) such that ¢(T,) converges to ¢(Id,,) for each ¢ € (LM, M), rf)*. By a
convex combination argument, we conclude that Id ;, belongs to kY M, M) ‘ O

On the contrary, we prove in the following theorem that §} lies in the weak-star
closure of A*(X*, F(X)*) provided stronger assumptions on the ideal and again this
is a bit weaker than X having the Lip-A-BAP due to Theorem 3.1. We will see later
in Proposition 4.6 that the Lip-A-BAP may also be derived in some specific case.

Theorem 4.2 Let X be a Banach space and M be a subspace of X such that (M) is
an ideal in F(X). Suppose that A is an operator ideal such that A = A?.If M has the
Lip-A-BAP and F(X)/F (M) has the A-BAP, then

By € AHX*, F(X)")

for some A > 1.

Proof Take (g,) C Lipi\l (M,M) so that g, converges to Id, in the z.-topol-
ogy for some A, >1. Let us consider S, :=og/1* : X* — Lip,(X) where
g, € L(M*,Lipy(M)) is the Lipschitz transpose of g, for each a (see [12]),
1. M — X is the canonical inclusion and ¢ : F(M)* - F(X)* the Hahn—Banach
extension operator. Then

S, € AN X", F(X)*) = AN (X", Lipy(X)).
Let S be a weak-star accumulation point of (S,) in £(X*, Lip,(X)). Note that
(S, X" (m) = 6(gl, (1"x)(m) = o (("x"g,))(m) = (1"x" g, )(m) — x*(m)

for every m € M and x* € X*. Define R(x*) := Sx* — x* for every x* € X*. Then R
maps from X* to F(M)*, where it is known [22, Lemma 2.27] that

IMt={fe Lipy(X) : f(m) = 0 for every m € M }.
Let us denote by j: M)+ — Lip,(X) the canonical embedding. Note that
S —jR € L(X*,Lipy(X)). As a matter of fact,
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Sx* — jRx* = Sx* — j(Sx* — x*) = x*

for every x* € X*. It follows that § — jR = ;.. Recall that S belongs to the weak-star
closure of A*(X*, Lipy(X)).

We claim that jR belongs to the weak-star closure of A*(X*, Lipy(X)) for some
A, > 1. From the assumption that §(X)/& (M) has the A-BAP, we can take

(Qp) C A(FOO/FM), FX)/F(M))

so that Q4 converges to Idy,, in the r-topology for some 4, > 1. Then
Q; € AFM*, FM)*L) and JOR € A% (X*, Lipy(X)). Observe that JO;R = jR in
the weak-star topology in £(X*,Lipy(X)); hence the claim is established. It follows
that fy = S — jR belongs to the weak-star closure of Abtia(x, Lipy(X)).

Remark 4.5 1t is known [21, Theorem 2.3] that if a subspace M of a Banach space X
satisfies that (M) is an ideal in F(X), then M is an ideal in X. Very recently, it has
been discovered in [3] that the converse is also true.

In the similar spirit as in Proposition 4.4, we obtain the following result.

Proposition 4.6 Let X be a Banach space and M be a subspace of X such that
FM) is an ideal of F(X). If M has the Lip-KC-BAP, F(X)/F(M) has the IC-BAP and
X* has the BW™ D, then X has the Lip-K-BAP.

Proof As §(X)/% (M) has the K-BAP, arguing as in Theorem 4.2, we can deduce
that g} belongs to the weak-star closure of K (X*, §(X)*) for some A’ > 1. Since X*
has the BW*D, we can find a net (7,) in IC’V(%(X),X) so that T, converges to fy in
the weak-star topology. Now, Theorem 3.1 completes the proof. O
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