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Abstract

Let £L=—-A+V be a Schrodinger operator, where the nonnegative potential V
belongs to the reverse Holder class B,. By the aid of the subordinative formula,
we estimate the regularities of the fractional heat semigroup, {e~"*"} ., associ-
ated with £. As an application, we obtain the BMOZ-boundedness of the maximal
function, and the Littlewood-Paley g-functions associated with £ via T1 theorem,
respectively.

Keywords Schrodinger operators - Fractional heat semigroups - 71 theorem -
Campanato type space
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1 Introduction

In the research of harmonic analysis and partial differential equations, the maximal
operators and Littlewood—Paley g-functions paly an important role and were investi-
gated by many mathematicians extensively. For any integrable function f on R”, the
Hardy-Littlewood maximal operator is defined as
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M) x) : —SUP@/QV(y)Idy,

where the supremum is taken over all cubes QO C R". For f € BMO(R"), Ben-
nett—-DeVore—Sharpley proved in [1] that M(f) is either infinite or belongs to
BMO(R"). The boundedness result in [1] can be extended to other maximal opera-

tors. For example, let —A be the Laplace operator: 4 = Zl . 0 . Denote by M, and g

the maximal operator and Littlewood—Paley g-function generated by the heat semi-
group {74}, respectively, i.e.,

My(f)x) := sup le” ()

g(Hx) = </ |e_t( A)(i )(x)|2 dr > .
0 t”+1

Due to the mean value on “large” cubes may be infinite, the BMO(R")-boundedness
of M, or g holds if M(f) < oo or g(f) < oo for f € BMO(R").

However, if the Laplacian —4 is replaced by other second-order differential oper-
ators, the situation becomes different. Consider the Schrodinger £ = -4+ V in
R", n > 3, where Vis a nonnegative potential belonging to the reverse Holder class B,
for some g > n/2. Here a nonnegative potential V is said to belong to B, if there exists
C > 0 such that for every ball B,

1/q
1 c
V4(x)dx < — [ V(x)dx.
<|B|/ © > =151/,

In [1], the authors pointed out that for f € BMO(R") a supremum of averages of f
over “large” cubes may be infinite, see [1, page 610]. In 2005, Dziubariski et al. [9]
proved the square functions associated with Schrédinger operators are bounded on
the BMO type space BMO,(R") related with £ which is distinguished from the case
of BMO(R"). See also [13, 18] for similar results in the setting of Heisenberg groups
and stratified Lie groups.

Let H = —A + |x|? be the harmonic oscillator. In [2], Betancor et al. introduced a
T1 criterion for Calderén—Zygmund operators related to H on the BMO type space
BMO(R"). Later, Ma et al. [15] generalized the 7'1 criterion to the case of Campanato
type spaces BMO, -(R") related with £. As applications, the authors in [15] proved that
the maximal operators associated with the heat semigroup {¢~"*},., and with the gen-
eralized Poisson operators { P7 },.,(0 < ¢ < 1), the Littlewood—Paley g-functions given
in terms of the heat and the Poisson semigroups are bounded on BMOZ(IR”).

Notice that for o € (0, 1), the generalized Poisson operator { P{ },. is expressed as

PP(f)(x) = e—z e () —

40 r( ) o 2

Spemally, for o0 =1/2, {Pl/ 2}l>0 is corresponding to the Poisson semigroup

{e7F cih }s0 associated with £. The main purpose of this paper is to derive
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the pointwise estimate and regularity properties of the fractional heat semi-
group {e*"}.0, @ >0, to prove the boundedness of the maximal function
and the Littlewood—Paley g-functions generated by {e™“"}_; on BMO.(R"),
0 <y < min{2a, §y, 1}, via Tl theorem, respectively.

When £ = —A, the kernels of the fractional heat semigroup {e~=4"} _, can be
defined via the Fourier transform, i.e.,

K, () = 2m)" / e de. 3

For £ = —A+V with V > 0, the kernels of fractional heat semigroups {e™"*"},.,,
a € (0, 1), can not be defined via (3). However, for a > 0, the subordinative formula
(cf. [10]) indicates that

K2 (x,y) = / n? ()KL (x, y)ds, @)
0

where 77(-) is a continuous function on (0, co) satisfying (19) below. In [12], the
identity (4) was applied to estimate Kﬁ (50 via the heat kernel Kﬂ( -), see Propo-
sition 2. Specially, for « = 1/2, the estlmates of Kﬂ (-5 +) goes back to those of the
Poisson kernel PE( -), see [5, Lemma 3.9].

We point out that compared with the case of { P } ., some new regularity estimates
should be introduced to prove the BMOZ-boundedness of the maximal function and
Littlewood—Paley g-functions generated by {e~"~"},. . Let E = L*((0, 00), dt). It fol-

lows from (2) and the Minkowski integral inequality that

l+6

PPl < C, / e e () -
0

« 2 dr
/ e w . < ®
0 rre

ensures that the BMOZ -boundedness of the maximal function sup,., |P7f(x)| can be
deduced from that of the heat maximal function sup,., |e~*“f(x)|, see [15, Proposi-
tion 4.7]. However, we can see from the identity (4) that this method is not applica-
ble to the case {e™"*"} ..

In this paper, we get the following results:

The fact that

e In Sect. 3.1, let V, = (9/0x,,0/0x,, ...,0/0x,). By the perturbation theory for
semigroups of operators, we deduce the pointwise estimates and the Holder type
estimates of the kernels:
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VLK (=) - KE (),

| (K e = 3) = KE (e, ),

see Lemmas 8, 10 and Proposition 1, respectively.
e In Sect. 3.2, we use (3) to obtain the corresponding estimates for

KE(3) = K, (6 =),
|72V (K (6 = ) = KE (5, )|
|10 (K, 6 = ) = KE (x|
see Propositions 5-10, respectively.
e In Sect. 4, as applications of the regularity estimates obtained in Sect. 3, we use
the T1 criterion established in [15] to prove the boundedness on Campanato type

spaces BMOZ(IR”), 0 <y <min{2a, ), 1}, of the following maximal operator
and g-functions:

’M,‘Zf () := sup le ™ F ()l
© dr 1/2
15N = ( / |D§;:"(f>(x>|27) ;
0
o dr 1/2
Zaf () 1= < / |D§,,<f)<x)|27> ,
L 0

see Theorems 3-5, respectively, where D‘ftm and 55 . are the operators with the
integral kernels

L.m . mam
Qa’, (x,y) 1=1"0" K(ﬁt(x,y), )
DE (x,y) := 1122V K- (x,y),

respectively.
Notations We will use ¢ and C to denote the positive constants, which are independ-
ent of main parameters and may be different at each occurrence. By B, ~ B,, we
mean that there exists a constant C > 1such thatC~! < B, /B, < C.

2 Preliminaries
2.1 Schrddinger operators and function spaces

In this paper, let 6, =2 —n/q. At first, we list some properties of the potential V
which will be used in the sequel.
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Lemma 1 [16, Lemmal.2]

(i) ForO<r<R< oo,

1 / r\% 1
vy < o &) / Vi)dy.
2 e R/ R? Jpur

(i) /B(x’r) Vy)dy = 1ifr = p(x). r ~ p(x) if and only if ¥*" /B(x’r) V(y)dy ~ 1.

Lemma2 [16, Lemma 1.4]

(i) There exist C > 0 and ky > 1such that for all x,y € R",

Cp)(1 + |x = yI/p()) 7™ < p(y) < Cpx)(1 + |x = yl/ p(x))fe/ T+h0),

In particular, p(y) ~ p(x) if |x — y| < Cp(x).
(ii) There exists l, > 1such that

I
V 0
/ 0 _dy < CZ/ V(y)dygc<1+i> .
BuR) [x =yl R [pwr) p(x)

Lemma 3 [7, Corollary 2.8] For every nonnegative Schwarz function w, there exist
6 > 0and C > 0 such that

S Cri(Vi/p)), t < p(x)?;
/,, t CU(lx }’|/\/;)V()’)dy < { Ct_l(\/;‘/p(x))l", > p(x)Z’

where [ is the constant given in Lemma 2.

It is well known that the classical Hardy space H'(R") can be defined via the
maximal function sup,. |e"C4f(x)| (cf. [17]). In this sense, we can say that the
Hardy space H!(R") is the Hardy space associated with —A. Since 1990s, the the-
ory of Hardy spaces associated with operators on R” has been investigated exten-
sively. In [6], Dziubariski and Zienkiewicz introduced the Hardy space Hz([R{")
related to Schrodinger operators £ and obtained the atomic characterization and
the Riesz transform characterization of HZ(IR”) via local Hardy spaces. By the
aid of Campanato type spaces, the spaces H’Z(R") (0 < p £1) were introduced by
Dziubarski and Zienkiewicz [7]. In recent years, the results of [6, 7] have been
extended to other second-ordered differential operators, and various function
spaces associated to operators have been established. For further information, we
refer the reader to [3, 18-20] and the references therein.

For a Schrodinger operator £, let {e~"*} ., be the heat semigroup generated by
L and denote by KZE(-, -) the integral kernel of e~’*. Because the potential V > 0,
the Feynman-Kac formula implies that
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O S K[L(-xv))) S K[(x - y) = (47Tt)_n/2€_|x_y|2/(4t),
The Hardy type spaces H%.(R"), 0 < p < 1, are defined as follows (cf. [7]):

Definition 1 For 0 < p < 1, the Hardy type space H’;(IR”) is defined as the comple-
tion of the space of compactly supported L'(R")-functions such that the maximal
function

M (D) 2= sup e “(H()]
>0
belongs to L7(R"). The quasi-norm in HZ(IR”) is defined as ”f”HZ =M Oly-

Let f'be a locally integrable function on R” and B = B(x, r) be a ball. Denote by f;
the mean of fon B, i.e., fz = |B|™" [, f(y)dy. Let

) e T < px);
1&V) "{OB, r2 p(x),

where the auxiliary function p(-) is defined as

p(x)::sup{r>0: 12/ V(y)dyél}.
"% JBGy)

Definition 2 Let 0 < y < 1. The Campanato type space BMOQ(R”) is defined as the
set of all locally integrable functions f satisfying

ooy, i= sup { R / ) - £(B. V>|dx} < .

The dual space of H”/ "(RM), 0<y <1, is the Campanato type space
BMO,(R") (cf. [14, Theorem4 5)).

2.2 The T1 criterion on Campanato type spaces

We denote by LZ(R") the set of functions f € IP(R"), 1 < p < co, whose support
supp (f) is a compact subset of R".

Definition 3 Let 0<f<n, 1l <p<g<oo with 1/g=1/p—p/n. Let T be a
bounded linear operator from L”(R") into L?(R") such that

Tf(x) = / K(x, y)f(»dy, f € LL(R") and a.e. x & supp(f).

We shall say that T is a f-Schrodinger—Calderén—Zygmund operator with regularity
exponent 6 > 0 if there exists a constant C > 0 such that
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-N
@ 1K@y < ¢ 1+ =)l forall N > Oand x # y;
|x = y[=? p(x) y 2f
.. -z
(i) |K(x,y) = K(x,2)| + [K(y,x) — K(z,x)| < mehemx_ﬂ > 2y -z

The following T1 type criterions on Campanato type spaces were established
by Ma et al. [15].

Theorem 1 [15, Theorem1.1] Let T be a p-Schriodinger—Calderén—Zygmund opera-

tor, f > 0,0 < f+y <min{l, 6}, with smoothness exponent 6. Then T is a bounded
operator from BMOVL(R") into BMO?H (R™) if and only if there exists a constant C

such that
‘() T1 —(Tlldy<C
|5|1 ﬂ/n | o —( )3| y

for every ball B(x, r), x € R"and 0 < r < p(x)/2.
When y = 0, the authors in [15] also proved
Theorem 2 [15, Theorem1.2] Let T be a p-Schridinger—Calderén—Zygmund opera-

tor, 0 < f < min{1, 6}, with smoothness exponent 6. Then T is a bounded operator
Jfrom BMO(R") into BMO?(R”) if and only if there exists a constant C such that

Og<p(X)>|B|1+ﬂ/n/|T1(y) (T1)ldy < C

for every ball B(x, r), x € R"and 0 < r < p(x)/2.
Lemma 4 [15, Remark 4.1] Theorems 1 and 2 can be also stated in a vector-valued

setting. If Tf takes values in a Banach space B and the absolute values in the condi-
tions are replaced by the norm in B, then both results hold.

3 Regularity estimates
3.1 Regularities of heat kernels
By the fundamental solutions of Schrodinger operators, Dziubarski and Zienkie-

wicz proved that the heat kernel Klﬁ(-, -) satisfies the following estimates, see also

[11].
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Lemma5

(i) ([6, Theorem 2.11]) For any N > Q, there exist constants Cy,c > 0 such that

p(x) p(y)

(i1) (I8, Theorem 4.11]) Assume that 0 < 6 < min{1, é,}. For any N > 0, there
exist constants Cy, ¢ > 0 such that for all |h| < \/E

Kf(x+hy) - KA (x, y)’ < CN( l\/',) ‘"/ze‘clx—ylz/’( \/ Vi >

p(x) p(y)

Lemma 6 [7, Proposition 2.16] There exist constants C, ¢ > 0 such that for x,y € R"

andt > 0,
Vi "
KE(oy) = K x=)| <c< ()) (2,

In [5], under the assumption that V € B,, g > n, Duong et al. obtained the follow-
ing regularity estimate for the kernel K’ E( )

Lemma?7 [5, Lemma 3.8] Suppose thatV € B, for some g > n. For any N > 0, there
exist constants C > 0 and ¢ > 0 such that for all x,y € R"andt > 0,

V KE(x,y)| < CroD/2g=chkyl/t \/' Vi | 6
|V.K*(x,y)| < Ct e < v p(y)) .

By the perturbation theory for semigroups of operators,
t
K(x=y) = Kf(x.y) = / / K, = 0)VWKS (w, y)dwds
0 n

t/2
= / / K,_,(w = )VW)K*(w, y)dwds (7
0 n

t/2
+ / / K,(w — x)VW)KE (w,y)dwds.
0 n

Similar to [7, Proposition 2.16], we can prove the following lemma.

Lemma 8 Suppose that V € B, for some q > n. There exist constants C,c > 0 such
that
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) 2
1t t
V.K(x—y)— VxK,C(x,y) < D2 =y P/t iy < \/— > , ( \/- > )

px) ()
Proof If t > p(y)?, it is easy to see that

AN
VK, (x =) = VK (x, y)| < Ct‘(”+1)/ze‘clx—y|2/f<p_(y)> .

If 1 < p(y)%, by (7), we get

/ / V.K,_(x— w)V(w)Kf(w, y)dwds
0 n

V.K,(x—y) - VK5 (x, y)| -

<I, +1,

where
t/2
I, = / / |V K,_,(x = w)[VW)KE (w, y)dwds;
0 n
t/2
L= / IV K, (x = w)| VDK (w, y)dwds.
0 Rﬂ
For I}, it follows from Lemmas 7 and 3 that
t/2
I = / / IV, K, (x = W) VONKE O, y)dwds
0 [w=yl<lx=y|/2
t/2
+ / / |V K,_y(x = W) VWK (w, y)dwds
0 [w=y|=|x=yl/2
t/2
< Cy+D/2 g=clx=yI*/1 / / V(W)s—nﬂe—fIW—,Vlz/SdeS
0 [w—yl<|x=yl/2

t/2
+ G +D/2 / / V(W)S—H/Ze—dIw—y|2+lx—y|2)/sdwds
0 [w=y[=]x=y|/2

[
t/2 0
< GO D2 el P/t / 15y
o s\ r

Sy
— O /2 el i _
p(y)

Similar to 7, for the term /,, we can obtain
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)
12 < Ct—(n+1)/26—c|x—y|2/t ﬁ )
p(x)

It follows from (i) of Lemma 2 that

ly
Vi1 B VY Ve VL
p(x) Vi PO ) pO) p(y)
where € > 0 is an arbitrary small constant. Hence

)
L < Ct—<n+1>/ze—c|x—y|2/z<ﬁ) _

p(y)

O

Lemma9 [7, Proposition2.17] Let 0 < § < min{1, §,}. For every C' > O there exists
a constant C such that for every z,x,y € R", |y — z| < |x = y|/4,|y — z| £ C'p(x) we
have

s
| (Kf(x, ) — K, (x— y)) - (Kf(x, 2)— K, (x — z)) | < C<%> /2=y P/t

Lemma 10 Suppose that V € B, for some q > n. Let 6, =1 —n/q and 0 < &' <6,
For every C' > 0 there exists a constant C such that for every u,x,y € R",
lul < |x —y|/4,ul < C’'p(x) we have

|(V.KF @) = VoK (e =) = (VoK b ) = VKt u =)

< Ct—(n+1)/26—c|x—y|2/t < M)
h P()

Proof We prove this lemma by the same argument as Lemma 8. It is enough to ver-
ify that

!

‘(Vfo(x, N = VK x =) = (VKA +u,y) = VK (4 u— y))|

5
<C t—(n+1)/266|x—y|2/t<M> ], (9)
‘ p(y)

where ¢ >0 is an arbitrary small constant. In fact, under the condition
lu| < |x—yl|/4, it is easy to see that [x —y| ~ |x +u —y|. We can deduce from
Lemma 7 that

X Birkhauser
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(VKL = VK (x =) = (VKEG+ 103) = VK o+ =)

< |V KE))| + | VK (= )| +

VKL (x + u,y)| + |V.K,(x +u—y)| (10)

< Cr+D/2g=clyP/r,
Then, for §’ € (0, §,), it follows from (9) and (10) that

|(VXKf(x, Y = VK& =) = (VKL +1,y) = VK (x4 u— y))|

5, 9/4 15'/6
<C t—(n+1)/Zee|x—y|2/t<M> {t—(n+1)/2e—c|x—y|2/t} "
p(y)

which gives the desired estimate.

Now we prove (9). Since the case for |u| > p(y) is trivial, we may assume
lu| < p(y). If t < 2|u|?, the required estimate follows from Lemma 8. Hence we con-
sider the case t > 2|u|? only. Recall that for the classical heat kernel K,(-), it holds

’vik,(x)| < /e
A direct computation gives
|V.K,(x +u) — V,K,x)| < Clult™/*, (11
and for |u| < |x|/2,
|V.K,(x + u) — V,K,x)| < Clulr/>emehl /1, (12)
Similar to (8), we split

|(VLKEG3) = VK= 0) = (VoKE G 103) = VoK e+ =) | S0+,

where

t/2
Jy = / / |V.K_w—(x+uw)—V.K,_(w- x)|V(w)Kf(W, y)dwds;
O n

t/2
J, = / |V KW —(x+u)— V. K(w- x)|V(w)Kf_s(w, y)dwds.
0o Jre

For J,, if t < 2p(y)?, using Lemma 3 and (11), we get

) Birkhauser
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t/2
J, < Clult_”/z_lf / V(w)s_”/2e_"ly_wlz/sdwds
O n
50

< C|u|t'”/2_1 ﬁ
P(y)

3
< Crth/2 <M> }
B p(y)

If t > 2p(y)?, applying Lemmas 3 and 5, we have

-N
t/2 N s
J, < Clu|r™/*! / / V(w)s™ 2wl /sl 1 4 i dwds
0 " Q)
()? Ky % 1/2 Ky lo=N
< Clult™?! / 1 i ds +/ 1 i ds
0 s p(y) p(y)? § P(Y)

< Clult_"/2_1

5l
< CFmh/2 < lul >
- p)

where N is chosen large enough satisfying N > [,.
To estimate J,, we use Lemma 5 and write J, < C(J, | +J,, +J,3), Where

N AN
Jry = 1+ 2= / / |VX1<S(W —(x+u)—-V.Kw- x)| V(w)dwds;
’ () 0 R"

A

\/; -N t/2
oy = 1+ = / / |VxKS(w - (x+u)—-V.K(w-— x)|V(w)dwds;
p(y) |u |w—x|<2|u|

|2

\/; -N t/2
Jyy = 14 == / / |V KW= (x4 w) — VK w —x)|V(w)dwds.
’ P(Y) |u |w—x|>2|u|

|2

Notice that p(x + u) ~ p(x) as |u| < p(x). It holds

~ \/; -N |u|2 1 ﬁ 5()
n/2 A L
J2!1 < Ct (1 + p(y) A o p(x) ds
-1 —N+1
<C,—n/z|u|—1<ﬂ>_l MANWEG <u><p_@>>
h () |u| p(y) p(y) p(x)

—N+1 5 5
o2 NG <M> </’_(y)> ,
= ( * p(y)> p(y) p(x)

X Birkhauser
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where in the last inequality we have used the fact that 6, =
and 2, we apply (11) to get

t/2
Jos < Cz—"/2(1 + —> / lul s~V (w)dwds
p(y) [l J w=x|<2lul
l/2 5[)
< Ct—n/2 1+ ﬁ / |u|n—ls—n/2—l <M>
() lul? p(x)
5 -N 5
<crm (1) G (22)
() () p(x)
—N+1
< crotb/zf g 4 ﬁ <M>5l <p_(y)>5°
B p(y) p(y) p(x)

For J, 5, ift < 2p(x)?, it can be deduced from Lemma 3 and (12) that
/2 " /2—1 —clw—x|*/
S <Cte 14+ — / luls™" =" eV (w)dwds
3 P(y) w2 Jw=x|>2u]
-N 5
t t/2 1 \/E 0
<cr"? 1+ — Vi |u|/ = — ) ds
( p(y) e $2\ p(x)
-N 5 5
t 0 0
<1y Y i (1) (22)
p(y) p() p(x)
—N+1 5 5
<oy, Vi (LY (zy”
P(y) P p(x)

2 —n/q. By Lemmas 1

) Birkhauser
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If £ > 2p(x)2, then

p(x)?
J23 S Ct_n/z 1 + - /
’ P()’) w2 J =220l

VK, (w — (x + u)) = V. K,(w — x)|V(w)dwds

n/2 \/; t/2 —n/2-1 —clw—xl /s
+Ct 1+ — luls V(w)dwds
() x)z = x|>2|u|

o\
p
1 7
) < +,,(y)> <p<x>>
t/2 \/_ lo
e e V0 Jul 1 .
T ( * P(Y)> px? S S P(X) *
—N+1 5,
<Cz‘(”“>/2 lul ) 1+ <p—(y)>
- p(y) p(y) p(x)
—N—-1+[,
4 /2 110 |u 1+ ﬁ <@>l°
p(y) p(y) px))
(13)

where in (13) we have used the estimate obtained for # < 2p(x)? and Lemma 3 for
s> p(x)2.
By Lemma 2,

P o 14 82 RN < Ceht PR B
p(x) Vi p() P(y)

where € > 0 is an arbitrary small constant. Choosing N large enough in the estimates
of J, ,J,, and J, 5, we obtain (9) and hence Lemma 10 is proved. O

<Cr (n+1)/2<

We can obtain the following estimates, which generalize [4, Lemmas 3.7 and 3.8].
We also refer to [13, (57)] for the case m = 11in the setting of Heisenberg groups.

Proposition 1

(i) There exist constants C,c > O such that

8 8
t t
KL (x,y) = "O"K,(x = y)| < Cr e/ min (i> <i> :

p(x) p(y)
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(ii) Let 0 <6 < min{l1,8,}. For every C' > 0 there exist constants C and c¢ such
that for every z,x,y € R, |y — z| < |x —y|/4,|y — z| < C’'p(x) we have

| (0 KE e y) = 107K, (x = 3) = ("0 KE (. 2) = 170", (x = 2))|
< C< ly =zl ) e
p(y)

Proof For >0 and meZ,, define Qfm(x, y) = t’”at’”Kf(x, y) and
O, n(x —y) 1=1"9"K (x — y). The proof of (i) is similar to [18, Lemmas 4.10 and
4.11], so we omit the details.

For (ii), by (7), we get

K (x+u—-y)— Kf:(x + u,y)) - (Kt(x —-y) - Kf(x,y))
t/2
/ / _ W=+ w) — K_(w—x) VK (w, y)dwds
t/2
+ / / (K, v = (x + 1) = K,(w = 2)) VODKE (w, y)dwds.
0 n
Similar to [18, Proposition 4.8], we can use a direct calculus to deduce:

(1) If miseven with m > 2, there exists a sequence of coefficients {C,, ;},,522<j<m/2

such that
th (Kx+u—y) —K-(c+u,y) — (K& -y —K-(x,»)}
m/2 ) ) (14)
mtlE v B+ Z( 1+C,,,_1‘,)<Ef3’l +E’3‘2> +E, +Es.

(2) If misodd with m > 3, there exists a sequence of coefficients {C,, ;},,53 2<j<[m/2)
such that

m

md
d m

{(K(x+u—) Kﬁ(x+uy)) (K,(x—y)—Kf(x,y))}

[m/2]
m+1 j ]
= PO (B + Ep) + By — Es + Z( et jo1 F Crei )(Eé,1 +E§,2) (15)

[m/2] dim/2]

d
+ 2Con /2 Gt (Kijpw = (x+w) = K, (W — x))V(w)d[m/z] K, ).

Here in the above (14) and (15),
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m—1
E : =/ t{z ‘1:;—_1<Kl/2(w—x—u)—K,/z(w—x))}V(w)K/z(w y)dw;
R m
E, : =/ (K jyw = x = w)) — K, jp(w — x))V(w)<f"— = 11<,/2(w y)>
Rn
. L dmi
E]3.1 . =/R,,l{lnwc(litm"( [/z(w X — u)—K,/z(w—x))}V(w)<tJ 1;’ /2(w y))dw,

L2
)
Il
S—

d] 1 . d"F
t{ﬂ ldtJ 1( t/z(w—x—u)—K,/z(w—x))}V(w)< jd’"—f r/z(w y))

R»
t/2
/ (t’”—d (KW = x = u) = K,_(w ~ x)) VOnKE(w, y)dwds;
R~

0

t/2
Es : / / (K,w—x—u)— K(wx))V(w)( @Kfs(wy)>dwds

E, :

Below, for the sake of simplicity, we only estimate E,, E,, E5. The estimations for
E,, E]3 " E’ , are similar, and so we omit the details. By the mean value theorem, we
know that there exist constants C, ¢ such that

Clu|t=+V/2, Vx,ueR" te(0,0);

Clu|t= /2 =cl?/t lu| < |x|/2, t> 0.
(16)

|Qt,m('x + u) - Qt,m(x)l S {

We divide Eas E) < E| | + E} 5, where

El,l = t/
lw—x|<2u

E1,2 = t/
|w—x|>2u

If t < 2p(y)?, for E, , By (16), Lemma 3 (i) and Lemma 5, we obtain

Q1 p2na 00 = (4 1)) = Oy 1 (9 = )| VORK G, (0, )

Qi pm1 W= +u)) =0y (W= X)‘V(W) ,/z(w,y)dW-

E,, < Ci'/? / lul D2y ()1 gy
' Iw—x]<2Ju|

1 -n/2 \/; "
|u |t3/2 20

29
_ el (V1 SCI—WZ(MY,
Vi\ PO) ()

Similar to E by (16) again, we get
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E12 < Ctl—n/Z/ |M|t—(n+1)/26—clw—y|2/lV(W)dw
’ Iw—x|22]ul

b
<cpmnlul (V1
- B2\ p(y)

< Ct‘”/2<M>6.
- p(y)

If 1 > 2p(y)?, for E| |, by (16), Lemma 3 (ii) and Lemma 5, we obtain

\/; _N
E, < Ctl_”/z(l + E) / |l =Dy (eI gy
’ p [w—x|<2|u|

_ VAR NAAY
1-n/2 vV L B
= <1+,,(y) e\ o0

—N+1,
L W NV
e — ) [ 1+ — .
= (p(y)) ( +p(y>>

Similar to E, ;, we can also choose N large enough such that

5 —N+i,
E ., < Cr"/? <M> 1 i .
12 =00 o

For E, and Ej, similar to [13, Lemma 10], by Lemma 5 and (16), we can obtain

s
- e lul
|E, + Es| < C.t7"?e1 /’<—> : (17)
P PO
where € > 0 is an arbitrary small constant. Hence Proposition 1 is proved. O

3.2 Fractional heat kernels associated with £

In the following, we will derive some regularity estimates for the fractional heat
kernels related with £. For a € (0, 1), the fractional power of L, denoted by L%, is
defined as

= [ (Vo - fw) S vieP®Y. ()

= T(=a) J, 1+2a

We use the subordinative formula to express the integral kernel K(ﬁ (5 0) of £ as
(cf. [10])
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KZ (x,y) = / nf()KE(x, y)ds,
0

where 77 (-) satisfies

ny(s) = 1/t (s/17%);
n'(s) < t/s' Vs> 0;
*© 19
/ s (s)ds < 00, 7> 0; (19)
0

ny(s) = /s Vs> 17> 0.

L

By the subordinative formula (4) and Lemma 5, Li et al. [12] proved the following
estimates for K‘f’ o).

Proposition 2 [12, Propositions 3.1 and 3.2] Let 0 < a < 1.

(1) Forany N > 0, there exists a constant Cy > 0 such that

CNt - At/ N At/ W
(‘/l‘l/a+ |x_y|)n+2a p(x) P()’) .

(i) Let 0 <6 <min{l,8y}. For any N > 0O, there exists a constant Cy > 0 such
that for all |h| < \/1l/e,

L
K (ey)| <

L L
[KE G+ ) = KE (x3)|

<C < |h| )6 t (1 L Ve \/tl/“>_N
=N At/ (\/tl/a + |x_y|)n+211 P(x P()’)

For the kernels 551(-, -) and Dc’m(-,-),m € Z,,t> 0, defined by (5), the fol-

at
lowing regularity estimates were obtained by Li et al. [12].

Proposition 3 [12, Proposition 3.3] Let 0 < a < 1.

(i) For every N, there is a constant Cy > 0 such that

Cyt . \/1l/a s Ve
(\/tl/a + |x_y|)n+2a P(X) P()’) .

(i) Let 0 < 6 < min{2a, 6y, 1}. For every N > 0, there exists a constant Cy > 0
such that, for all |h| < \/1l/,

DEM(x, y)| <

St
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DE"(x + h,y) — DEM(x, y)’

ot Jt

<y L 6 d |y YO VO B
=N At/ (\/tl/a+|x_y|)n+2a P(x) P()’) .

(iii) There exists a constant Cy > 0 such that

Cy(V1'/2/p(x))°
(1 + Vit/a/p)N

Proposition 4 [12, Propositions 3.6, 3.9 and 3.10] Suppose that and V € B, for
some q > n.

L,m
' /R ) D" (x, y)dy‘ <

(1) Leta €(0,1). For every N, there is a constant Cy, > 0 such that

Cyt . 1/« . 11/« -
(Vil/e + |x — y|)m+2e p(x) p(y) .

(i) Let a € (0,1) and 6, =1 —n/q. For every N > 0, there exists a constant
Cy > 0 such that for all |h| < V1l/«,

L
Dy (x, y)| <

|5§J(x +h,y) - DE (x, y)|

<y L ' ! P LA L B
- \/tl/a (\/tl/a+|x_y|)n+2a P(x) p(y) .

(iii)) Leta € (0,1/2 — n/2q). There exists a constant Cy, > 0 such that

14+2a -N
~ 1/a 1/a
‘/R Dfﬂt(x,y)dy’ < Cymin < VI ) , < VI >

p(x) p(x)

To establish the BMO;—boundedness of operators via T1 type theorem, we
need the following propositions.

Proposition 5 There exists a constant C > 0 such that

—_ 8o
C<|x yl) t‘/— . Vi< ix—yl;
P(x) (lx_y| + tl/a)n+21x

B

\ /e

C ! , Vil > |x—yl.
p(x) (lx - yl + \/tl/a)n+2(t

KE(53) = K, 6= )| <
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Proof By the subordinative formula (4) and Lemma 6, we obtain

KE,(6.3) = Ky (=) < / M@ KEry) = Ky(x = y)|ds
0

b
e K
<C / ny(s) i sT2 e s g,
0 p(x)

On the one hand, letting s = /2y, we can get

K2 (x,y) =K, (x - y)I

b
©
< C/ ! ﬁ 2P s g
Joo st p(x)
(o] 50
< C/ ! V /oy (tl/au)—n/Ze—clx—y|2/(t]/“u)tl/adu
0 (tl/uu)l+a

p(x)
I ©
<C<_V’1/“> /) / 12460 /2 ==y /@ 7w g,
- p(x) 0

Applying the change of variables: |x — y|?/(t'/*u) = r?, we deduce that

K2 (x,y) =K, (x - y)|

b 0 2\ —l=a+8y/2-n/2 2
C<W”"> t—n/(Za)/ <|X—Y| > Rt | Y
0

<
= 2(%) /a2 /a3
o ) .
<cf M e — y|~2a 0= 1=50/Ca) / o7 Ra—bptntl g
p(x) 0
<

5
<‘ /,1/a> O f=6y/Qa)

p(x) |x — y|2a+n—50 :

On the other hand, taking 7 = s/ 1/ we obtain
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%
® s
KE,(6.9) = K, (x = y)| <C / i ST /1) ds
: ’ 0o\ PX)

By
R \/tl/«
<C / <—t T> (/%)™ 2y (z)de
0

p(x)

At/ % o0
C t—n/Za / ’1(11(1_)750/2—}1/2(11_
0

p(x)

——\ %
C( tl/a) e

IA

IA

p(x)

Ifv/t1/* < |x — y|, then

e —y1\* t
K- (x,y) =K, (x—y)| <C
) Ky =) < < o ) "o

<C<|x—y|>5° :
B p(x) (l_x _y| + \/tl/a)2a+n

If V/1'/« > |x — y|, we can see that

\/ﬂ/a>§0 t

p(x) tn/(2a)+l

b
sc( ” tl/d) d :
p(x) (lx_yl + \/tl/a)2a+n

K (5.3) = Ky (=) SC<

O

Let D, () = 1//CDV ¢~=4"(.), Similar to the proof of Proposition 5, by (4)
and Lemma 8, we have

Proposition 6 There exists a constant C > 0 such that

—_ 50
C(lx yl) [,/— . Vies =yl
p(x) (lx_yl + tl/a)n+2a

b

A/ tl/a

cf W ! , Vil/e > |x—yl.
p(x) (lx_yl + \/tl/a)n+2a

DE (x.9) = Dy (v =) <

Let D (-) = m9"e™"4"(.). We have
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Proposition 7 There exists a constant C > 0 such that

— %
C<|x y|> t,/— . Ve ix -yl
p(-x) (|X — yl + ll/a)n+2(1

b

A/tl/a

C< t ) i/— , Vile > |x—yl.
P(x) (lx — yl + tl/a)n+2a

Proof The proposition can be proved by Proposition 1 and (4). Since the argument is
similar to that of Proposition 5, the details is omitted. O

L,m m
DEIGry) = Dl e = )| <

Proposition 8 Ler 0 < 6 < min{2a, §,}. For every C' > O there exists a constant C
such that for every z,x,y € R", |y —z| < |x —y|/4,|y — z| £ C’'p(y) we have

‘ (KE ) = Kagx =) = (KE (5. 2) = Ko (= z))‘

C<|y—z|>5 : ‘
- p(-x) (\/tl/a + |)C _yl)n+201

Proof By the subordinative formula (4), we can use Lemma 9 to deduce

'(Krf,r(x’ V) - Ka,z(x - y)) - <K£Z(X, z) — Ka,t(x — z)>

< / nf@)|(KEGey) = Kow =) = (KE.2) = K (e - 2) [ds
0

o _ )
< C/ ’1;1(8)<—|y Z') sT2e s g,
0 p(x)

On the one hand, taking s = '/*u, we obtain

’ (KE ) = K= ) = (KE (5.9 = K6 =) ‘

0 )
< / Ct (=2l \" 2 ety
o s\ p(x)

. o
<c / t <|y—ZI> (A1)l ey P 0 1 g
0

(tl/“u)1+‘1 p(x)
1 ©
< C< |y — Z|> t—n/(2a)/ e—lx—ylz/(t]/”u)u—l—a—n/Zdu'
- p(x) 0
2
x —
Let l(t ; /a)’|) = r. We can see that
u
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’ (Kf,,(x’ ¥) = Ky (x = y)) - (Kcﬁt(x, 2)— K, (x - z)) ’

o o0 —l—a—n/2
< C |y_Z| t_n/(za)/ e_r |_x—y|2 a—n/ |x_y|2dr
- p(x) 0 ey t/ay?

6
< C< ly =zl > t _
p(x) |x _y|2a+n

. S .
On the other hand, letting e = T, we obtain
t

‘ <K,ﬁ,(x, y) = Kg (x = y)) - (Kﬁ,(x, ) - K, (x— z))‘

® 1 a 1/a Iy—Zl 6—n/2

< [7 e (L) o
6 ©

sc('y ‘Z'> / n*(z) (" Ty 2d
p(x) 0

5
< C< ly — Z|> ey
p(x)

Case 1:\/t'/% < |x — y|. We obtain

‘ <K§f,(x, y) = Kg (x = y)) - (Kf,,(x, ) —K, (x— z))‘

)
< <|y— ZI> t
- p(x) ( t/a + |x_y|)n+2a

Case 2: \/t1/® > |x — y|. We can see that

‘ (Kf,xx, ) = Ko (x = y)) - (Kj,(x, 2) = Ky (x — z))‘

1) )
SC(Iy—d) t <|y—ZI> t .
p(x) tn/(2a)+1 p(-x) (\/tl/a + Ix — yl)n+2a

O

Proposition 9 Ler 0 < 6 < min{2a, §,}. For every C' > O there exists a constant C

such that for every z,x,y € R", |y — z| < |[x —y|/4,|y — z| < C'p(y) we have

’(Df;;"(x, y) =D (x - y)) - (ij;"(x, 2) = Dy (= Z))‘

o
< C<Iy—zl> t .
p(x) (\/tl/a + |x — yl)n+2a
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Proof The proof is similar to that of Proposition 8, so we omit the details. O
Proposition 10 Suppose that V € B, for some g > n. Let 0 < §' <68 :=1-n/q.

For every C' >0 there exists a constant C such that for every z,x,y € R",
ly =2l < lx=yl/4,ly — 2l < C'p(y) we have

’(Bit(x, y) = 5oz,t(x - y)) - <5§J(x, 2) - 5(1’,()6 - Z))‘

C<Iy—ZI> t '
N p(x) (\/tl/a + |x — y|)n+2a

Proof The proof is similar to that of Proposition 8, so we omit the details. O

4 BMO‘L'-boundedness via T1 theorem

4.1 Maximal operators for fractional heat semigroups

Definition 4 Let 0 < y < 1. The Campanato type space BMOyE (R™) is

defined as the set of all locally integrable functions f satisfying

,L>((0,00),dr)

”f”BMOLL""((Ooo)dx) :=;él£n { B[+ /”f(x 1 —f(B, V)”L°°((0 ), dr)dx} < 0.
To prove that M7 is bounded from BMOE([R{”), 0 <y < min{2a, 6, 1}, into itself,
we give a vector-valued interpretation of the operator and apply Lemma 4. Indeed, it
is clear that M%f = |le™£"f|| L=((0.00).dr)- HENCE, it is enough to show that the operator

A(f) 1= {7 f} 5 is bounded from BMOY, into BMOY, L2008y

By the spectral theorem, A is bounded from L*(R") into L?

Lo ((0.00).dny - The
desired result can be then deduced from the following theorem.

Theorem 3 Assume that the potential V € B, withq > n/2. Let x,y,z € R".

(1) Forany N > 0, there exists a constant Cy such that

‘ < lx =yl N lx =yl
Le((O,00)dr) — |x = y|" p(x) p(y)

(i) For|x—y| > 2|y —z| and any 0 < 6 < min{2a, 6}, there exists a constant
C > 0 such that

a,t(x’ y)
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c gL c L
K, (x,y) — K (x,2) K, (3, %) — K, (z,x) (000t
Cly—z|° (20)
~x- y|n+5'

(iii) There exists a constant C such that for every ball B = B(x,r) with
0<r<p/2,

tog <p(X)> |B| /“ I - @ 1)B||L°°<<Ooo>dz) y<C,

and, ify < min{2a, 1, §,} then
OV L [ ey - e
— | = 1(y) - 1 dy<C
< r ) |B| B”e 0 = (e )B”L‘”((O,oo),dt) v S

Proof For (i), from (i) of Proposition 2, we can get

N
4N /a —n/(2a)}<1 s \/1l/a .\ \/tl/a>

K~ (x, | <Cymin{ ——————, ¢
I ,,,,,(x M| <Cy { |x — y|r+2a+2N p(x) ()
If #!/% > |x — y|, then

K ny)| <

x—yl | I« yI)
1
(,/—tl/a)n< o T

-N
. ¢ <1+ Ix -yl N Ix—y|>
lx = y|" p(x) p(y)
IfV'/* < |x — y|, we obtain
-N -N
K- (x y)'< Cyt"™Ne [ \J11/a =yl =yl =l
G T =y a2V x -y N R C))
C tl/a 2a+N _ _ -N
G <1+|x o, b y|>

T |x = yr2eN p(x) 26%)

Cy x —yl |x—y|>‘N
< 1
_Ix—y|”< " p(x) * p(y)

For (ii), from (ii) of Proposition 2, we obtain

o
t1+N/"’ T _
K- (x,y) - K- (x, z)| < Cymin { % t—n/(2a)} ly —zl _
5 f |.X _ yl a+n+2N+ \/m
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If \/#l/a > |x — y|, then

Ky () — Ky (x, z)‘ S

5

c (Iy—2|> < Cly—zl

=y \|x=yl/) 7 |x—y|*

If |x — y| > Vtl/2, we can also get

X — y|2a+2N CIy _ Zl&

ly—z° < P
|x — y|™*

Cl
L L
Ka,t(‘x’ V- Ka,t('x’ Z)| < Ix — y|2a+n+2N+§

The symmetry of the kernel Ké (-, ) gives the conclusion of (ii).
For (iii), letting B = B(x, r) with 0 < r < p(x)/2, the triangle inequality gives

1 . .
< — —1L _ L
L=((00).dn) ~ |B]| /B He 1) —e™ 1(2)

We estimate ||e~"~"1(y) — e"‘cal(z)lle((o’oz)dd,). Because v,z € B, p(y) ~ p(z) ~ p(x).
By Proposition 5, we split|e™“"1(y) — e7“"1(z)| < S, + S,, where

R~

For §,, if [y — w| < V/r!/%, we obtain

2 b
s <c/ Vi ! aw <o Y
U e\ 00 ) iy — e\ P

If |y — w| > V/'/*, we can see that

||e—t£“ l(y) _ (e—zﬁ“ 1)8

dz.
L((0,00),d1)

KE,00w) = K ()|

K‘ﬁt(z, w) — K, (2, w)|dw.

— 60
S, < C/ <|y W|> ! dw
NPT (il fy =y

C 0 |y_ Wlé[)+n—1t
= oo / Virayz 2 Y
0 (ly — Wl + tl/a)n+2a

By
Vil/e I — “n-2
<C / w1 + )™ du
0

p(x)

8y
sc(”l/a> ,

px)

where we have chosen 6, < 2a since 6, =2 —n/q, g > n/2. The proof of the term
S, is similar to that of the term §,, so we omit it. Then we can get
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\/tl/a >50

|e—ma 1(y) — e—t£“1(z)| < C( )

which shows that if V/¢1/¢ < 2r,

B
|e_t£“1(y) _ e_wnl(z)| < C<L> .
p(x)
If V/#'/# > 2r, then |y —z| < 2r < V/t!/«, Hence, Proposition 2 implies that for
0< 6 <0

| 10) - 10| < /

Rn

13 6 6
sc/ ('y_d) ! deC(ly_Z|> §C< - )
R” \tl/a (\/tl/a+ |y_wl)n+2a A/ tl/a \tl/a

2n

KE,00w) = KE (2, w)| dw

Therefore, if V!/¢ > p(x), (21) gives

6
le 2 1(y) — e 1(2)| < c<L> .
p(x)

When 2r < V11/% < p(x), we have |e 2" 1(y) — e £ 1(z)| = I + II + III, where

I1:= /
[w=y|>cp(y)>4]y—z|

Ja:= / ‘(Kit(y, w) = K, (9, w)) - (Ki,(z, W) — K,z w))’dw;
4ly—z|<Iw=y|<cp(y)

III .= /
L [w=y|<4|y—z]|

Notice that the estimate (20) is valid for the classical fractional heat kernel. For I, by
(20), we can get

— |8 8
ISC/ 'y—zlsdwsc<L>.
[w—y|>cp()>4ly—z |W — ¥I"+ p(x)

For II, we apply Proposition 8 and the fact that p(w) ~ p(y) in the region of integra-
tion to deduce that

(KE, 0w = Koyw)) = (KE, @) = Koyew) ’dw;

(KE0om = Koyl) = (KE G = Koo .

6
n<Cly—z fdw <c( L) .
y
4ly—z|<|w—=y|<cp(y) p(w)‘s(\/tl/“ + [w — y|)r+2e p(x)

For 111, since |y — z| < 2r < V1/%, we have |w — y| < C\/l/«. For n — §, > 0, by
Proposition 5, we obtain
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Vil/e " tdw
m<c /
p(x) lw=y|<4|y—z| (\/tl/a + |W _ yl)n+2a
/ tdw
+
|w—z|<5|y—z| (\/[1/0! + |W _ Zl)n+2a
By I n
7/l Sly—zl/ v/« \/fl/a —
<cl ¥ / wldu < o Y -zl
p(x) 0 px) Vil/a
n 2
<— O C<L> _
p(x)%o (V1 ayn=dy — pLX)Pr"% p(x)

Thus, when 2r < Vtl/¢ < p(x),

5
’e—tﬁw 1(y) _ e—tﬁd 1(2)‘ < C<L> .
p(x)

Combining the above estimates, we can get

o
”e—tﬁ” 1) — e 1(2) teemdn = € <$> : (22)

Therefore, it holds
log <@> L / He—fﬁa 1(y) _ (e—tﬁ" I)B
r |B| /5

’ @
< C<L> log <ﬁ> <c,
p(x) r

which is the first conclusion of (iii).
For the second estimate of (iii), take 6 € (y, min{2«, 2 —n/q}). By (22), we

have
o-y
hy<cl-L) <c
L ((0,00),d1) p(x)

d
L((0,00),d1) Y

p(x) "1 —tL" —tLe
<7> W/B”e 10) = (€ Dy

O
4.2 Boundedness of the Littlewood-Paley g-function gf'
Similar to Sect. 4.1, we introduce the following function space:
Definition 5 Let 0 < y < 1. The Campanato type space BMO’. (R™) is

L,L*((0,00),dt/1)
defined as the set of all locally integrable functions f satisfying
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U llgmor i= sup { B[/ /Hf(x 1 —f(B, V)”LZ((Ooo)dt/t)dx} < oo.

L£.L2((0,00).dr) BCR”

The functional calculus and the spectral theorem imply that gf is an isom-
etry on L?>(R"). As before, to get the boundedness of gf on BMOVL(R"),
0 <y < min{2a, §,, 1}, it is sufficient to prove the following result.

Theorem 4 Assume that the potential V € B, with q > n/2. Let x,y,z € R" and
N> 0.

(i) Forany N > 0, there exists a constant Cy such that

C _ _ -N
oG <1+|x N,k y|>
L2000, )  |x —y|" p(x) p(y)

(i) Iflx—=y|>2|y—z|land0 < 6 < min{2a, 6, 1}, there exists a constant C such

[Py

that
Dﬁ,m _ Dﬁ,m D£ m Dﬁ,m
H at ™) @t *x,2) L2((0,00), 7 dry %) = at (@.%) LZ((O,oo)»%)
23
ly—zl° @)
|x _ y|n+5 :

(iii) There exists a constant C such that for every ball B = B(xy,r) with
0<r<p)/2,

p(x) 1 m ym —tL* m ym ,—tL*
1 — | — "o 1(y) — ("0 1 dy < C,
°g< r >|B|/B” re O Dl o) @ S
and, ify < min{2a, 6, 1}, then
p(‘x) ! 1 m am —tL* m m —tL*
/) — - <
< : ) 1B] /B“t A A P

Proof For (i), from Proposition 3, we have

-N

Cm ) 1N/ /) At/ At/

Dal(x,y) < Cymin —— o ! 14—+ ——
: |x — y|r2et p(x) Py
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If v/tl/¢ < |x — y|, we obtain
L,m 2
’Da’f (6 ) * X 2o <lamyl) 12(0,%)
-2
<c /|X—)’|2a t2+2N/a 1 At/ \il/e th
< —— | 1+ + — —
Yoo e yrrtersy P Pk '
t/a

Cyl1
= N< " p(x) p(y)

—2N —v|2a
_ _ C [x=yl
s<1+|x y|+Ix y|> N /
p(x) () lx = y[>" Jo

LetV/t1/¢ /|x — y| = u. We can see that

2
LZ((O,oo),#>

L,
Da’tm(x, V) * XinPagirmyl)

Cy

- <1 Lol |x—y|>‘2”
- px) P = y[*

C — —
< G <1+|x y|+|x yl
lx — y|*" p(x) p(y)

If v/t1/¢ > |x — y|, we can get
2

Dﬁm(x y) X (1120 > | x—y|}

LZ((O,oo)g)

<C <1+ =yl lx_y|>_2N/oo i1y
- P p(Y) e

£

|.X — y|2n+4a+4N

|x_y| . |x_y|>—2N/|x—y|2a ( /tl/a)4a+4N (
0

C _ _ —2N
<G <1+Ix y|+lx yl)

|x — y|?

For (ii), by Proposition 3, we have

p(x) p(y)

Ct

lx =yl

4a+2N
tl Ja >

lx =yl

1
/ u4a+2N—ldu
0

DEM(x,y) — D2 (x,2)

<Cly—z|* /
0

X Birkhauser

L’((O ) _/0 (\/m+ |x — y|)2r+da

(, /tl/a)Za—Zé

ly -z dr
\ i/«

dr.

(\/tl/a + |x _y|)2n+4a
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Let , /tl/"/lx —y =w We obtain

| Dﬁm( ,2) Scly_zl25|x_y|—2n—25/oo ﬂdu
L2<(0 o), & ) o (14 u)2ntia
Cly — 26
L=
“x =y

The symmetry of the kernel Diz;”(-, -) gives the conclusion of (ii).
For (iii), let us fix y,z € B = B(xy,1), 0 < r < p(x,)/2. Similar to Theorem 3, we
must handle

| are =100 = #97e 1)

L2<(0,oo),$)'

We can write

Hz’"am () - """ 1(2)

=M, +M, + M;,

’L’ ((o 00), & )
where

2dr

bl

(2r)
plxg)™
Iu, /
(2r)2“

M, =

P(%)za

/ DEM(x,y) = DEM(x.2) ) dv

2
(pEren - Df;;"(x,a)dx‘ d

2dr

/ (Df;"(x,w—Df;;"(x,z))dx a

Since y,z € B C B(x, p(xy)), it follows that p(y) ~ p(x,) ~ p(z). By Proposition 3
(iii),

26
r)* 11/ 26 (2r)% 1/a 26
MISC/ Ve / p(x)) gsc/ (\/r ) 9:0( r ) .
0 0

(1 + Vil [ p(xg)?N ! p(xp) t p(xg)

Also, by Proposition 3(ii),

26
M, < C/ ly -zl / t ax &
()2 A /tl/a R~ (1 /tl/a + |.X _ yl)n+2a t

® 26 25
< C/ ly —z| dt < C< r > .
o \ \/fl/a t p(xo)

It remains to estimate the term M,. In this case, |y — z| < 2r < V!/¢ < p(x,). Then
we can use the methods in Theorem 3 to obtain

0

L
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PO 2dt
M, = /2 |M2,1 +M,, +M2,3|
(

r)an 7 ’
where
My, = / (D) = D2 =) = (DEM 2 = DI = ) a
[x=y[>cp(n)>4ly—z]

ey (PEr ey = D=3 ) = (D57 2) = D(x = 2) )
Aly—zl<|x=yl<cp(y)

M,y = / (ij,’”(x’ =D = y)> - (Df;;”(x, =D (x— z))dx.
|x—yl<4ly—z|

For M, ,, similar to prove (23), we can also get

Cly —z|°

L.m _ pLm
|DE ey = DEM 2| < P2

ot

which is valid to D”' (). So we obtain

—zl? 8
M, | <C =l ool ).
2,1 n+é8
|x—=y|>cp(y)>4|y—z| IX - y| P(xo)

For M, ,, by Proposition 9 and the fact that p(x) ~ p(y) in the region of integration.

1)
|M2,2|SC|)’_Z|5/ ! deC( 4 > .
aly=zl<leyl<en®) p(x)S (V1@ + |x — y|)r+2a p(xo)

For M, ;, since |y —z| < 2r < V1'/%, we have |x —y| < CV/1'/*. For n — 6, > 0, by
Proposition 7, we obtain

1/ %
a
sl <c( =) (1 rds
p(x()) [x—y|<4|y—z| (\/tl/a + |)C _ yl)n+2u

+ / 1dx
lx—z|<Sly—zl (\/1/@ + |x — z|)n+2e

n %
O 5C<L> .
p(xo)éo(‘ [1/ayn=d, p(xg)

The estimates for M,;i=1,2,3, imply that

plx)%® 26 26
M, < < r > g=C< r > 10g</’(xo)>.
Qe p(xg) t p(xp) r

X Birkhauser
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r\’ p(xg) 172
2(000.4) Sc<p<x0>> (k’g(T)) |

Thus (iii) readily follows. O

Finally, we can get

7 —tL* —tL*
""e™ 1(y) = t"dMe™ 1(2)

4.3 Boundedness of Littlewood-Paley g-function §§

By the I2-boundedness of Riesz transforms VXC_I/ 2, we can see that
IZef17: < € / ( |z1/2“£‘/2e-"“f<x)|2dx> 3
0 R t
Then by the spectral theorem, we know that §f is bounded from L*(R") into L2(R").

Theorem 5 Assume that the potential V € B, with q > n. Let x,y,z € R".

(1) Forany N > 0, there exists a constant Cy such that

C =yl =y
‘ e G (1 Ll y) :
2(05) = lx =yl P )

(i) Let|x—y| > 2|y—z|and 0 < 6 < min{2a, 6, 1}. There exists a constant C

DE (x.y)

such that
”Da,z(x’ y) Da,t(X, 2) 'Ll((o,oo),%)
. 5 ly—zl° .
+||D,,0,x) = D (z,%) L2<(0,°o),g> = =y

(iii) There exists a constant C such that for every ball B = B(xy,r) with
0<r<p/2,

log <@> 1 /”tl/(za)vxe—zc"l(y) _ (tl/(2a)Vx€_t£“1)B
B

dy <C,

r )1B| 1200, %)

and, ify < min{2a, 6, 1} then

) Birkhauser
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Y
<@> i/||t1/(2a)vxe—z£"1(y)_(,1/(2a)vxe—tﬁ“1)3
r |B| B

L2((o,m),%)dy <C.

Proof For (i), from Proposition 4, we have

-N
(14N /a+1/(2a) t"l/@“)}(l .\ \/11/a .\ ,/,1/(1)

~ .
|Da,t('x’ y)| < Cymin { e — y[rr2aran+ 2(0) ()
If /¢ < |x — y|, we obtain
2
12((0.00),2 )

|x—y|2 (242N /a+1/a Ville  AJpl/a - dr
<Cy 1 =
0

+
|)C — y|2n+4a+4N+2 p(X) p(y) t

L
”Da,,(x» Y)* Xyl

p(x) () |x — y|ZnHaataN+2 | |x — | v

1
g 4a+2N+2
. <1 .\ Ix— | .\ |x_y|>—2N CN /I)c—,VI2 \/1l/a o i
- p(x) P(y) lx =" Jo |x =yl t

Let V1'/* /|x — y| = u. We can see that

B B N lx—yf2 aybataN+2 [+ /i1]a -
Vi
sCN<1+|x IS yl> / (V1'% ( t ) dr
0

2
I3 ((0,@,%)

—2N C 1
< <1+ lx =yl + |x—y|> N / yAat2N+L g,
p(x) p(y) lx = yI>" Jo

c _ _ —2N
<G <1 N lx =yl N |x yl) '
|x — y|?" p(x) J26%)

If vt/ > |x — y|, we can get

L
Dy (6, 3) + Xipregismy)

2
12((0.00). %)

<C <1+|x—y|+|X—y|>_2N/oo t—n/a—ldt
=N p(x) ,0()7) [x—y|2*

—2N
< Cy <1+ lx =yl N Ix—y|> ’
|x —y|?" p(x) ()

L
Dy (6, Y) * Xinnespemy)

which proves (i).
For (ii), by Proposition 4, we have

X Birkhauser
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[EAESOEPE)

< /°° Ct ly -zl d
< 1
L2<(0 ), ) 0 (‘/tl/a+|x_y|)2n+4a \/ 1/«

® /71 ay2a-26
< C|y—z|25/ ( ) dr.
0 (\/tl/a + |x _y|)2n+4a
Let V/t1/¢ /|x — y| = u. We obtain
=r 25 meas [t d
D D~ - —y|- S
|PE, . 3) = D (x.2) Lz((o ) S Oy =2 Al
Cly—z*
= |x_y|2n+2§'

The symmetry of the kernel D‘: .(+, ) gives the desired conclusion of (ii).
For (iii), fix y,z€ B = B(xo, r) with 0 < r < p(x,)/2. Similar to Theorem 4, we
need to deal with the term

“tl /Qa) Vxe—ll:“ l(y) _ t] /Qa) Vxe—tﬁ" 1(2)

L2<(0,oo),%)

first. Write

|79V e 1)~ /Oy 1 )| =G, + G, + Gs,

H{awt)

where

*dr

I L
/Rn (Da,,(x, ¥) = DE (x, z))dx =
plx)* ~, ~. 24
4G, = / 2 / (Da,,<x,y)—Da,,<x,z))dx] =
(zr)a n

® =~ dt
G; ::/ / (Df’t(x,y) DL [ z))
p(xo)h n

Since y,z € B C B(x, p(x,)), then p(y) ~ p(x,) ~ p(z). It follows from Proposition 4
(iii) that

Qe e [ Jaa\” 26
G, SC/ (Vfl/"//’(xo))lﬂad?tSC/ ( d > d—t=C< 4 ) :
0

s

(2r)*
0

0 P(x()) t P(x())

Also, we apply Proposition 4 (ii) to deduce that
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26 2

(o]
G, SC/ ly —zl / t &l
pioye \ 1/ R (V11 4 |x — y|)yr+2e t

o 26 268
sc/ byl d—’sc( r ) .
po)2e \ \/tl/a t P(xo)

Then for G,, following the procedure of the treatment for M, in Theorem 4, we

obtain
p(xg)2® 25 26
GZS/ 0 < ! ) g:C( il > 10g<p(x0)>.
e \P) ) 1 p(xp) r

From the above estimates, we can get
) 5 1/2
’ o <C 4 log &0) .
220,000, ) (%) r

Thus (iii) readily follows. O

||t1/(2a) Vxe—tﬁa 1(y) _ tl/(Zot) Vxe—tﬁa 1(Z)
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