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Abstract

Let H,, , be the variable Lorentz—Hardy martingale spaces. In this paper, we give a
new atomic decomposition for these spaces via simple L,-atoms (1 < r < o0). Using
this atomic decomposition, we consider the dual spaces of variable Lorentz-Hardy
spaces H,,, for the case 0 <p() <1, 0<g<1 and 0<p()<2, 1<g<oo
respectively, and prove that they are equivalent to the BMO spaces with variable
exponent. Furthermore, we also obtain several John-Nirenberg theorems based on
the dual results.
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1 Introduction

In this paper, we focus on the dual space of Hardy spaces in martingale setting.
A martingale analogue of H; — BMO duality can be found in [9]. For dyadic mar-
tingales, Herz [13] proved the dual space of Hp (0<p<1).In 1990, Weisz [28]
characterized the dual space of H), (0 < p < 1) for general martingales via atomic
decomposition. Recently, these results were extended to more general cases. Jiao
et al. [14] got the atomic decomposition for martingale Lorentz—Hardy spaces
Hp’q. Later, Jiao et al. [17] extended the atomic decomposition in [14] and inves-
tigated the dual space of H, . Miyamoto et al. [24] studied the atomic decom-
position of martingale Orlicz—Hardy space Hg and proved the dual of it. The
weak type martingale Hardy spaces were also studied by several authors, see for
instance [16, 31].

Recently, motivated by the development of harmonic analysis based on variable
Lebesgue spaces (see e.g. [5] and references therein), people began to study martin-
gales associated with variable exponents. In particular, Aoyama [1] established the
Doob maximal inequality when p(:) is F,-measurable for all n > 0. Shortly later,
Nakai and Sadasue [25] showed that Aoyama’s assumption is not necessary for the
Doob maximal inequality. In [19] (see also [12]), with additional assumption that
F, is atomic c-algebra, Jiao et al. introduced a new condition on p(-) to ensure that
Doob maximal operator is bounded on L, ,(€2). Xie et al. [33] proved several mar-
tingale inequalities in Musielak-Orlicz spaces. Jiao et al. [15] did a systematic study
of variable martingale Lorentz-Hardy spaces H,,,. Actually, the authors in [15]
constructed atomic decomposition for Hardy spaces and gave applications to Fourier
analysis.

In the present paper, we continue to study the variable martingale Lorentz-Hardy
spaces H,,., .. Our first aim is to show the dual space of H,,, ,. The main tool we
use here is atomic decomposition of H,, .. Recall that only co-atoms works for the
atomic decomposition in [15]. As we will see, by Lemma 3.6, we can construct
atomic decomposition via r-atoms (r < co) in the sense of simple atoms (see Theo-
rem 3.5). The proof is given in Sect. 3. In Sect. 4, as applications of this kind of
atomic decomposition, we establish the dual space of H, ., .

Our second objective is to prove John-Nirenberg theorem associated with vari-
able exponent. Consider martingales with respect to a non-decreasing stochastic
basic (F,),»o- Let 7 be the set of all stopping times with respect to (F,,),o. The
well known (classical) John—Nirenberg theorem says that if the the stochastic basis
(F)nso 1s regular, then

BMO, = BMO,, 1<p<c, (1)

where ||f|| MO, = 17l BMO,, defined below. We refer the reader to [9] for the above

fact (1). This result was generalized by Yi et al. [35]: if the stochastic basis is regular
and E is a rearrangement invariant Banach function space (see e.g. [2]), then

BMOg = BMO,, )

where
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NG =) e <oyl

I llsso, = sup
€T
In this paper, we introduce variable Lipschitz space BMOg(a(-)) and show that
(Theorem 5.10)
BMOg(a(-)) = BMO,(a("))

where a(-) satisfies (5). This result is just (2) when a(-) = 0. We also have John-
Nirenberg theorem for generalized BMO martingale spaces associated with vari-
able exponent. Recall that Jiao et al. introduced the generalized BMO martingale
spaces BMOr!q(a) (r,g > 1, a > 0) and proved that BMOr’q(a) is the dual space of
H, (0<p<Tlanda=1/p—1). Jiao et al. [17, Theorem 1.2] obtained that if the
stochastic basis is regular, then

BMO, ,(a) = BMO, ,(a). (€)

The variable exponent version of (3) is presented in Theorem 5.14. The proof is
given in Sect. 5.

Throughout this paper, the integer set and nonnegative integer set are denoted by
Z and N, respectively. We denote by C a positive constant, which can vary from line
to line. The symbol A < B stands for the inequality A < CB. If we write A & B, then
itmean A < B S A.

2 Preliminaries
2.1 Variable Lebesgue spaces L, ,

Let (Q,F,P) be a complete probability space. A measurable function p(:) :
Q — (0, 00) is called a variable exponent. For a measurable set A C Q, we denote

p_(A) :=essinfp(x), p,(A) :=esssupp(x)
x€A XEA

and for convenience
p_=p_(Q), p, :=p Q).

Denote by P(2) the collection of all variable exponents p(-) such that
0 <p_ <p, < oo.The variable Lebesgue space L, ., = L, (€2) is the collection of
all measurable functions f defined on (€2, F, P) such that for some A > 0,

)
p(f/l)=/<m> dP < .
Q A

This becomes a quasi-Banach function space when it is equipped with the
quasi-norm
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IFll,.) :=inf{A >0 : p(f/A) < 1}

Forany f € L, ), we have p(f) < 1if and only if||f]| ., < 1; see [6, Theorem 1.3]. In
the sequel, we always use the symbol

p=min{p_,1}.
Throughout the paper, the variable exponent p’(-) is defined pointwise by

1 1

LI Q.
PO *E

For p(-) € P(Q), it is clear that p'(x) € RU {oo} \ {0} for any x € Q. We present
some basic properties here (see [26]):

Lol 2 0sllfll,, =0 f=0.

2. MNefllyy = lel - Il . for e € C.
3. for0<b§p,wehave

I +8ll%, < 711, + g2, @

Lemma 2.1 ( [5, Corollary 2.28]) Let p(-), q(-), r(-) € P(Q) satisfy
1 1 1

—_— =+ —, Q.

PO g S

Then there exists a constant C such that for all f € Lq(,) and g € Lr(,), we have
fg €L, and
Wgll,y < Cllf Mg 181

Furthermore, we have the following reverse Minkowski inequality. It was stated
without a proof in [34, Remark 2.4] for p, < 1. We give a detailed proof here.

”f”p(-) + ”g”p() <If+ g”p()

Lemma2.2 Let p(-) € P(Q). If p, < 1, we have, for positive functions f,g € L,

Proof Take positive functions f, g € L,,. For arbitrary small positive number € > 0,
set A4, = l.lf”"(‘) — ¢ and 4, = [|gll,, — €. Note that, as mentioned before, p(f) > 1 if
and only if[[f]| ., > 1. Then, by concavity, we have

/ (f(x) +g(x) >”°" P> < ) >P°"
o\ A +4, Af - ,1

px)
/(g(x)> dP > 1,
zf+,1g o \ 7
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which implies
W+ gl > 4+ A4, = Ifll o) + llgll, — 2e.

Taking e — 0, we get the desired result. O

2.2 Variable Lorentz spacesL, , ,

In this section, we recall the definition of Lorentz spaces L,,., ,(€2) with variable expo-
nents p(-) € P(Q) and 0 < g < o is a constant. For more information about general
cases Lp(_)’q(_)(ﬂ), we refer the reader to [21]. Following [21] (see also [36]), we intro-

duce the definition below.

Definition 2.3 Let p(-) € P(Q) and 0 < ¢ £ 0. Then L, ,4(€) is the collection of
all measurable functions f'such that

1/q
0 q dA
= { (fo /lq||)({[f|>,1}||p(,)7) ) q < o,
sup, All x5 a3 o) q =

1L

P()q

is finite.
Next we introduce a closed subspace of Lp(,),oo.

Definition 2.4 Let p(-) € P(Q). We define .Z, ) ,,(€2) as the set of measurable func-
tions f such that

lim [[f 7, l, =0
n—oo

p(),00

for every sequence (A,),»q satisfying P(4,) — O as n — oo.

It follows from the dominated convergence theorem for .,?;(_)’oo () (see Lemma 2.13
in Jiao et al. [15]) that the simple functions are dense in .iﬁ,(.)!oo(ﬂ).

2.3 Variable martingale Hardy spaces

In this section, we introduce some standard notations from martingale theory. We
refer to the books [9, 23, 29] for the theory of classical martingale space. Let (2, F, P)
be a complete probability space. Let the subalgebras (), be increasing such that
F = 0(U,»9F,), and let [, denote the conditional expectation operator relative to F,.
A sequence of measurable functions f = (f,),59 C L;(€) is called a martingale with
respect to (F,,),»0 if E, (f,+1) = f, for every n > 0. For a martingale f = (f,),;»0,

dof =y =Jam1» 120,

) Birkhauser



53 Page6of31 Y. Jiao et al.

denote the martingale difference. If in addition f, € L, for any n > 0, then f is
called an L, .,-martingale with respect to (F,,),»o. In this case, we set

Nl = sup Ilfll o)
n=0

If |If |l ) < o0, fis called a bounded L,.,-martingale and it is denoted by f € L,.,.
For a martingale relative to (€2, F, P;(F,),s), we define the maximal function, the
square function and the conditional square function of f, respectively, as follows

(f—l =O):
M, (f) = sup |f,l, M(f)=SL>118[ﬁ1I;

0<n<m

m 1/2 . 1/2
%m=<2mmﬁ ,Sm=<2um? ;
n=0 n=0
=<Z rEn_lld,fF) s = (2 [En_lld,.ﬂz) .
n=0 n=0

Denote by A the collection of all sequences (4,),5q of non-decreasing, non-negative
and adapted functions with 4, = lim,_,  4,. Let p(-) € P(Q)and 0 < g < o0.

Similarly, the variable martingale Lorentz-Hardy spaces associated with variable
Lorentz spaces L, , are defined as follows:

Y= 1 = Gso * Wl = 1M, < oo):
By = = o © Wl =||S<f>||L” < oo);
[,(.)?q ={f= (fn)nzo : |V||H;(_ = |Is¢Hll, o©};

P()q

Opirg = I = (duzo * 34, )nzo €A, St S,(F) < Ayt Aoy € Ly g}

Fllg,., = jnf, MAals,,

Pyog =1 = Fuso : 3(/1,,)”2061\, S fy] < Ayeys A € Ly g}

s, = jof Nl
We define %Af Yoo 38 the space of all martingales such that M(f) € £}, ... Analo-

gously, we can define %‘g - and %‘; (200" respectively.

Remark 2.5 1If p(-) = p is a constant, then the above definitions of variable Hardy
spaces go back to the classical definitions stated in [9] and [29].

2.4 The Doob maximal operator
We need some more notations. Recall that B € F,, is called an atom, if for any A C B

with A € F, satisfying P(A) < P(B), we have P(A) = 0. In the theory of variable
spaces, we usually use the log-Holder continuity of p(-). In the sequel of this paper,

X Birkhauser
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we will always suppose that every o-algebra F, is generated by countably many atoms.
We denote by A(F,) the set of all atoms in F,, for each n > 0. Instead of the log-Holder
continuity, we suppose that there exists an absolute constant K, ) > 1 depending only
on p(+) such that

PAY- D7D <k, vA €| A, Q)

Note that in this paper, under condition (5), we also mean that every o-algebra F,, is
generated by countably many atoms.
It is clear that for f € L,(£2)

1
E()= ), <% Af(x)dP)xA, neN.

A€A(F,)

We now recall the definition of regularity. The stochastic basis (F,),sq is said to
be regular, if for n > 0 and A € F,, there exists B € F,_; such that A C B and
P(B) < RP(A), where R is a positive constant independent of n. A martingale is said
to be regular if it is adapted to a regular c-algebra sequence. This implies that there
exists a constant R > 0 such that

Jo S Rfey ©)

for all non-negative martingales (f,),o adapted to the stochastic basis (F,),o. We
refer the reader to [23, Chapter 7] for more details.
The following results are taken from [12] and [19].

Lemma 2.6 Let p(-) € P(Q) satisfy (5). Then, for any atom B € U,A(F,),
PB)'/7-® ~ P(B)'/7Y ~ P(B)'/P+® ~ || y4ll ). Vx €B.

Lemma 2.7 Let p(-) € P(Q) satisfy (5) with p_ > 1. Then, for any atom B € U,A(F,)

bl

Lzl ~ ”ZBHP(.)”)(B”q(.),
where

1 1 1

@ pe) g

Theorem 2.8 Let p(-) € P(Q) satisfy (5) and1 < p_ < p, < 0. Then, there is a pos-
itive constant Cp(,) such that

MOy < Coiy Il

) Birkhauser
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3 Atomic decomposition via simple atoms

In this section, we consider the atomic characterizations of variable Lorentz-Hardy
spaces. Recall that, without any restriction, H;(_)‘q has atomic decomposition via
(1, p(-), oo)-atoms (see [15]). In this section, we show that, under the assumption that
the filtration (F,), is generated by countably many atoms and p(-) satisfies (5), then
;(,),q has atomic decomposition via simple (1,p(:),r)-atoms  with
max{p,,1} <r < oco. To be able the prove the duality results later, we need this new
atomic decomposition. We will use it not only for » = oo but also for r < oo. The results
later cannot be proved with the atomic decomposition obtained in [15]. We begin this
section with the definition of the simple atoms (see [30] for the classical definition).

Definition 3.1 Let p(-) € P(Q) and 1 < r < 0. A measurable function a is called
a simple (1, p(-), r)-atom (briefly (s, 1, p(-), r)-atom) if there exist j €N, I € A(F))
such that

(1) the support of a is contained in /,
@) |Is@)]|, < Lzl

"= Nl

(3) Efa)=0.

If s(a) in (2) is replaced by S(a) (or M(a)), then the function a is called (s, 2, p(-), r)
-atom (or (s, 3, p(-), r)-atom).
The result below is a simple but useful observation.

Proposition 3.2 Let p(-) € P(Q) and 1 <r<oo. If a is an (s,i,p(-), r)-atom
(i = 1,2,3) associated with I € A(F;) for some j € N, then
sy =s(a), Sy, =S and M(a)y, =Ma).

Proof Observe that E,,(a) = 0 for m < j. Hence, for each m € N, E, (@) y; = E,,(@).
From this,

M(a)y, =supE,,(a)y; = su;o) E,,(a) = M(a).
m>

m>0

Also,

@)= Y E, ld,al* = Y E,ld,al’

m=0 m=j+1

= )(1 Z [Em—lldma|2 = sz(a)k’]-

m=j+1
This means s(a) y; = s(a). In a similar way, we have

S(@y; = S(a).

X Birkhauser
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We introduce the definition of atomic Hardy spaces.

Definition 3.3 Let p(-) € P(Q),0 < g < c0and 1 < r < co0. Assume thatd = 1,2 or 3.
The atomic Hardy space Hsa‘dr is defined as the space of all martingales f = (f,),so

such that

f,= ZZZ;%, ki ae., neN, (7

keZ j=0 i

where (ay; )iezjien 15 a sequence of (s,d,p(-),r)-atoms associated with
(It e ji CA(F), which are disjoint for fixed k, and g, =3-2* 2, M1y For

fe HSatClr define

- /q
”k,/l){IkJ,

Wl =inf| 2,1 25 20 ==

kez || j= ”IIAW”p() 20
where the infimum is taken over all the decompositions of the form (7).

Remark 3.4 From the above definition, since 4 ;; =3 - 2K| X1, |y, we have
> WSt

1/q

0 q
ardr &1 kg Z 2
Il ~ inf| 372 x,, :
j=0 i

kez 20
where the infimum is the same as above.

We state the main result of this section. The atomic decomposition via simple
(1, p(+), r)-atoms (r < oo) are much more complicated than the atomic decomposi-
tion via (1, p(-), oo)-atoms proved in [15, Theorem 3.9].

Theorem 3.5 Let p(-) € P(Q) satisfy (5) and max{p,,1} < r < oo. Then

s sat,1,r
Hp()q Hp()q 0<g=oo

with equivalent quasi-norms.

Before going further, we show the next lemma. Let 7 : X — Y be a sublinear
operator, where X is a martingale space and Y is a function space.

Lemma 3.6 Let p( ) € P(Q) satisfy (5) and max{p,,1} <r < oco. Take 0 <€ <p
and L € (1 — /\ ) If for a sublinear operator T and all (s,d, p(-), r)-atoms a7

(d_123)

) Birkhauser
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A kji T

i
IT@)Il, S +——
”XII\',/‘J [

then

- . Le d
Z Z [“ZJW||p(.)T(ak’]’l))(1W.,] p Z Z A,
j=0 i

piyse =00 p()/e

Proof According to the duality (Lp<>) = L(,,u), (see e.g. [5, Theorem 2.80]), we can
choose a positive function g € L(pu), with || g|| Loo, < 1such that

:/ZZ[”)(1,%[“p(‘)T(ak,/',i))(lkJ_[] gdP.
Qj=0 i

Applying Holder’s inequality (here, note that Le < 1 < r), we obtain that

(s8]
L. k.j,i\L
22 Y Xl I IT@ YN 2l 8l sy
= 1

o /(Y
L =)
IO P s / g’
j=0 i Lji

/(Y
_ZZ/XIM, (P(Ikdl)/ gL‘ )

< Z ) / 2, M@ ap
j=0 i Je

o0
DX a,l IMEE Y N e
=0 p()/e

The “<” above is due to the definition of the operator 7. Since L < FL, we deduce
+
that

(L) <worer.

Noting that € < p, hence ((p(-)/€)’), < oo. Using the maximal inequality (Theo-
rem 2.8), we have

NG N 5 oy ey S N8l < 1o

which completes the proof. a

Now we are in a position to prove the main result of this section.

X Birkhauser
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Proof of Theorem 3.5 Let us consider the following stopping times for all k € Z,

7, = inf{n € N : s,,,(f) > 2}.

The sequence of these stopping times is obviously non-decreasing. For each stop-

ping time 7, denote fnT = fnr» Where n A T = min(n, 7). Hence

f= DL = £,

kezZ

Note that, for fixed &, j, there exist disjoint atoms (Ik,i,i)i C .7-"] such that

Ub=ta=jteF.

Then, it is easy to see that
n—1
_ Tirl _ £7;
Let

T T
fnkH — nk

Hi

- k k
My =32 ||;(,W 0 and a, = om

Observe that

n—1

7,
f;lk+l — me)({l_k“:m} +f;1/l/{rk+12n}
m=0

n—1

= me()({mgm} = X zmi1) TIaX (o, o0
m=0

n n
= Z(fm _f —1))({7k+12m} = def)({r,ﬁ,lZm}‘

m=0 m=0

Then we conclude that

n
7,
)(I/q./(fhkﬂ _f;:k) = )(I/w:[ Z dnfx{rk+12m>rk]
m=0
n
= A Z dmf/‘t/{fk+127”>7k}’
m=j+1

where the last estimate is due to /; ;; C {7; = j}. Consequently,

SPTIR
I

ki
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and, for fixed £, j, i, (a,’ﬁ‘i’i)nzo is a martingale. By the definition of 7,, we obtain that
1
s((@y),) € 7——=—
2, e
Thus (a"), is an L,-bounded martingale and so there exists a* € L, such that

. . 1
E,(d7) =d¥" and s(@¥) < ——
||)(1M||p()

We conclude that @ is a (s, 1, p(+), c0)-atom according to the above estimates. Note
that for any fixed k € Z,

Z ZIIAW TA<OO

Hence,

fn= Zzzﬂkwkdl ae., neN

k€Z j=0 i
Since every (s, 1, p(-), oo)-atom is a (s, 1, p(-), r)-atom, it follows that

atlr < atloo < "
WAl < WMl S WM -

where the second inequality is from Theorem 3.9 in [15].

Now we prove the converse part of the theorem. Assume that f has the decompo-
sition 7. For the case r = oo, the result can be referred to Theorem 3.9 in [15]. We
focus on the cases r < 00,g < o0 and r < o0, g = 0. For any &k, € Z, set

f zzzﬂle =F1+F2’
kez j=0 i

where

k=1 o

2 ZZﬂsz J’i’ F2=f_F1‘

k=—c0 j= i

We note that F, can be handled in the same way as in [15, Theorem 3.9], we can
prove similarly that

1Fo Ml = ls@EDNL S I ll e, r<o,0<g< oo
P()g P()q (g
Case 1: In this step suppose that r < oo and g < oo. Firstly, we need to estimate

||s(F1)||L . Assume that 0 < £ <p. We choose L € (1, —) such that L < r/p,. By
Holder’s 1nequa11ty for Ito = = 1, we have

X Birkhauser
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ko—1 oo
s(Fy) < Z Z Z uk’j’is(ak"’l))(,k_j_i
k=—co j=0 i
1/L
ko—1 r ko—1 s -
< ( Z kfl‘ ) z 2_ka Z z ﬂk,} ls(akJ )/1//( i
koo k=—co j=0 i
1/L
kofL' \1/L kol WL "
B - NE
(2fo ) kz 2 Z Z”kws(a )){k y ’

where 7 is a constant such that 0 < # < 1 — 1/L. Then, by (4), we have that

s(F)E
15 ps20) 1) < “ koL “p(.)
ko—1 L
< ZkoL(f—l) Z 2—ka Z Z M), ZS((Z x/l)/,rk )
‘ pC)
1
ky—1 :
koL(£—1 1-£)kL
S 2] § 200 Z 2 (121, @z, |
j20)
‘ 1
ko—1 ) Le ‘
koL(£—1 1-£)kL ki
S 2t DL 320 S S g Tgs@ Dz, |
k=—co j=0 i o)
It follows from Lemma 3.6 that
1
ko—1 ’
ko L(£—1 (1=£)KL
(s, 5200) ey S 2050 2 2 ’ Z 2)%,
Jj=0 i 1.0}
' )]
ko1 o e |
= koL(Z-1) z y(1—-£)kLe Z ZZI ,
ki
k=—0c0 j=0 i ! 20)

where the first “=" is because that /, ;; are disjoint for fixed k. To continue the esti-
mation, we set

1-2)L+1
( ) S

5=
2

) Birkhauser
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So we get (1 — )L — 6 > 0. Using again Holder’s inequality for % + 2 =1, we

obtain

=3

ko—1 e
— — 4
||1{s(1<‘1)>2“0} ”p(.) < 2koL(f—l)< Z 2k((1 £)L—8)e = )
k=—00

1
ko—1 /e

o q
X Z 2o ZZX’W
k=—oo =0 o0

1
ko—1 /4

|

p()
Consequently,

o ko—1

o0
Z 2k°q||)({S(Fl)>2’<o}”Z(,) < Z ho(1-6)g Z kég ZZ){%
) .

ky=—eo 0="c o)

g )

ks I e

k=—00 Jj=0 i ) ko=k+1

2(1=b)q -
=T 2 2 1225, -
k= J=0 i p()

__%

where the last is because 1 — 6 < 0. This implies that

- <
F N, = ISFDIL, ), S Wl

Case 2: Suppose that r < oo and ¢ = oo. Using Lemma 3.6 and (8), we conclude

2 s p>20)

ko—1 /e
S 2koL(f—1) 02 2—ka£ 2kL£2 kezke 2 Z ){1](”
= i PO
oo ko—1 /e
<[ sup2* Z lek” zkoL(f—l)< 2 oke(L(1=£)=1)
kez =0 7 ik o et

S 2700 s
p(),00

where the last inequality is because of (1 — #)L — 1 > 0. Consequently,
s = < sat,1,r o
Vil = DGO S Il

X Birkhauser
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The proof is complete. O

We present the following result without proof because it is similar to the one of
Theorem 3.5. Note that for the (s, d, p(-), c0)-atomic characterizations, we do not
need to assume that p(-) satisfies (5).

Theorem 3.7 Let p(-) € P(Q) and 0 < g < 0. Then

__ gysat2,00 __ gpgsat3,00
Qp(-)q Hp()q’ Pp(~)q Hp()q

with equivalent quasi-norms.

If { F,},.0 1s regular, then three kinds of simple atoms are equivalent. Then, we can
get the following corollary by [15, Theorem 4.11], Theorem 3.5 and Theorem 3.7.

Corollary 3.8 Let p(-) € P(Q) satisfy (5),0 < g < oo and let max{p,,1} <r < c0.If
{F,} s is regular, then
s S M _ _ _ ppsatd.r _
H0q = o g = Hpiyg = Coerg = Proog = Hyyy» d=12.3

with equivalent quasi-norms.

4 The dual spaces of Lorentz-Hardy spaces

In this section, we study the dual spaces of Lorentz-Hardy spaces H,,., ,. We con-
sider the problem according to the range of g.

4.1 ThedualofH,,,,0<q<1

Definition 4.1 Let a(-) + 1 € P(Q) and 1 < r < 0. Define BMO,(a(-)) as the space
of functions f € L, for which

W1 zaro (a() = SUP SUP ||)(1|| ||)(1||,/(,_ )||(f =fxll,

is finite. For r = 1, we define BMO, (a(-)) with the norm

W1l rvo, oy = sup SI?F)) ||)(1|| ||(f Soxlly-

Remark 4.2 If a(-) = 0, then this definition goes back to classical martingale BMO
space. If a(-) = @, > 0 is a constant, then this definition becomes the classical mar-
tingale Lipschitz space. We refer the reader to [29] for details.

) Birkhauser



53 Page 16 0of 31 Y. Jiao et al.

Proposition 4.3 Let p(-) € P(Q) with 0<p, <1, 0<g<1and 1<r<oo. Let

f:(ﬂ;)nzoeH;?.t;‘y, d=1,2,3. Then f has a decomposition as in (7), and

moreover,
o0
2 2 2 ki S Wl
keZ j=0 i

where p;; =3 - 2k”)(’w./ |, and (I ;)i ; € A(F;) are as in Definition 3.3.

Proof By Lemma 2.2, we have

DIDIONIHEDIEION P FEEDILA DIDIETW F8

k€Z j=0 i kez =0 i kez j=0 i

S W llynar < IF o
PO (20

Theorem 4.4 Let p(-) € P(Q) satisfy (5),0 < p, < land0 < g < 1. Then

<H;(~),q)* = BMOy(a(-), a(-)=1/p(-)-1.

Proof Let ¢ € BMO,(a(-)) C L,. Define

We claim that /,, is a bounded linear functional on H;(_) v Note that L, can be embed-

ded continuously in H; namely,

().q°
IlfIIH;(M = lIsPllz,,,, S sl Vf €Ly

because of [21, Theorem 3.3(i, iv)] and 0 < p, < 1. It follows from Theorem 3.5
that for each f € L,

(s8]
— kojii
f= 200 Xt
kez j=0 i

and the convergence holds also in the L,-norm, where a** is an (s, 1, p(-), c0)-atom
and py;; =3 - 2"||)(,M Il,,.,- Hence

L) =Efe)= D" D Y u;Ed o).
kezZ j=0 i

By the definition of an atom, then

E(@ ) = E((d" — Ea“")g) = E(d (o - @),

X Birkhauser
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where ¢; = E;(¢). Thus, using Holder’s inequality we conclude that

ll,(HI < Z Z z Hji /Qak‘i’i(q’ - q’j)dlp‘

keZ j=0 i
[c)
<22 D galldH e = e o
kez j=0 i
- P,
<D <o = @), 2
$ 2 2 2 gill@llswoyac-
kezZ j=0 i

Since 0 < g < 1, we obtain from Proposition 4.3 and Theorem 3.5 that
l1,(O < ”f”[-];:‘_‘;};"”(p”BMOZ(a(-)) 3 |V“H;(M”‘p”BMOZ(a(~))'

By Remark 3.12 of [15], we know that L, is dense in H;(_) - Consequently, /,, can be
uniquely extended to a linear functional on H;(.) ;
Conversely, let / be an arbitrary bounded linear functional on H;(.)q. We will

show that there exists ¢ € BMO,(a(-)) such that/ = lq, and
||‘P||BM02(a(.)) < -

Indeed, since L, can be embedded continuously to H; there exists ¢ € L, such

that

().q°

I(f) =E(fp), YfEL,.
For I € A(F)), we set

(@—9)x

g= —.
(e — (p,,))(;llzllﬂnllﬁ||)n||2l

Then the function g is a (s, 1,p(-),2)-atom. It follows from Theorem 3.5 that

£}
g€ H,;(.),q and

gl S gl e S 1.
Finally, we obtain
11 2 19) = E(e(o = @) = Ll Ll lico = @)l

and[[@llsyo,(acy S Il O

) Birkhauser
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4.2 ThedualofH, ;1 < g < o0

Strongly motivated by [17, 18] and [32], in the present paper, we introduce the fol-
lowing generalized martingale spaces associated with variable exponents.

Definition 4.5 Let 1 <r<00,0<g <o and a(-)+ 1 € P(Q). The generalized
martingale space BMO, ,(a(-)) is defined by

BMO, (a(-) = {f €L, : Wfllgmo, @ < 00}’
where
zkez ZjeN Zi Zk[p(]k,ii)l_% ”(f _J;))nkm“’
( Dwez 2kl ZjeN i 1 ||L )1/‘1

a()+1

ILf1] BMO, (a()) = SUP

and the supremum is taken over all sequence of atoms {/; ;;};c7 jen,; Such that that
I ;,; are disjoint if k is fixed, I ;; belong to F; and

2t Z Z }(lw.f

jeN i

a()+1 k

BMO,  (a(-)) can be similarly defined.
First of all, BMO,(a(-)) and BMOr,q(a(-)) have the following connection.

Proposition4.6 Letl <r < 00,0<g<o00,a(:) >0anda(-) +1 € P(Q). Then
W llsato, @y < Wllsmo, ,acy-

If in addition 0 < g < 1, then BMO,(a(-)) ~ BMO, ,(a(-)).

Proof If we take the supremum in the definition of BMO, ,(a(-)) only for one atom, then we get
back the BMO,.(a(-) ynorm, so the first inequality is shown. On the other hand, if 0 < ¢ < 1,then

k
Zkez ZjeN Zi 2 ”x&/; I ﬁ ”f”BMO,Vq(a())

i

1/q
( Ziez 2 Zjen 2i 1, ||L)

a()+1

k
ZkeZ ZjeN Zi 2 ||){1k_j_. [ ¢.<_;+1 “f”BMO,vq(a())

i

ZkeZ 2K]] ZjGN Zi Ilk‘i,i I

1
a()+1

”f”BMO,'q(a(-)) < sup

< sup

< “f”BMO,vq(a())’

X Birkhauser
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because of Lemma 2.2. O

Theorem 4.7 Let p(-) € P(Q) satisfy (5),0 < p, <2and1 < g < 0. Then we have

(Hrerg) = BMOs @), a()= = =1,

with equivalent norms.
Proof Let ¢ € BM 0, ,(a(")) C L,. We define the functional as
l,(Hh=E(g), YfeL,.

Using Theorem 3.5 and similar argument used in Theorem 4.4, we have

|l¢(f)| < Z Z Z Hijii '/Qak‘]"i((P - (Pj)d[p‘

k€zZ j=0 i

DI ARL (RSP S

k€zZ j=0 i

It follows from the definition of || - || BMO, (a() and Theorem 3.5 that
g V4

1L, s |24

kez

2 X,

jeN i

”g“BMOZq(aQ))

P
S Wil N8llsat0, , ac-

Since L, is dense in H;(') . (see [15, Remark 3.12]), the functional /, can be uniquely
extended to a continuous functional on H;(V) v

Conversely, let] € (H;(.) q)*. Since L, C H; there exists ¢ € L, such that

().q
() =EFfp) VfeEL,.

Let {1} ;;}1ez jen, be an arbitrary sequence of atoms such that [, ;; are disjoint if & is
fixed, /; ;; belong to F; and

2k Z Z )(lkj,i € Z'ﬂq'

JjeN i 1
a()+1

We set

(o —ex, M, 2
@ = epa,, ol Npe

ki

) Birkhauser
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It is obvious that hk,;,i isa(s, 1, p(+), 2)-atom. By Theorem 3.5, we find that

£=2 2 22 lohe: € Hy,

keZ jeN i
and
1
4 \q
kq
Wil , S| 22 2 2 7, (10)
kezZ JeEN i 0)
Now we have the following estimate:
L
> D2 PU ) e - epa,
keZ jeN i
= 2 Z Z 2k||){1k_/._l. ||p(.)E(th,i((P - (Pj))
kezZ jeN i '
=22 2 2l Ny B9
keZ jeN i
=E(f@) = () < W/l I
Thus, applying (10) and the definition of || - || BMO,,(a()) W€ obtain
”@”BMOM((I(»)) < -
The proof is complete. O

4.3 Thecaseq = o

This case is different from the case g < oo due to the well known fact that L, is not
dense in L, ., (0 < p < 00). We refer to [31, p. 143] or [11, Remark 1.4.14] for this
fact. In order to describe the duality, we define

P()oo ={f =0 : s(f) € Z, ()00 )+

It is not hard to check that t%‘; ()00 is a closed subspace of H;(.) - Similarly, we can
define %‘%) - and fti(.) - Which are closed subspaces of H;)"(’_) and HS ,

. p(-),00
respectively.

According to [15, Remark 3.12], we know that L, is dense in %" ()00 . On the lines of
the proof of Theorem 4.7, we can get the result below by using Theorem 3.5. We omit
the proof.

X Birkhauser
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Theorem 4.8 Let p(-) € P(Q) satisfy condition (5) and 0 < p, < 2. Then

(1) = BMOs @), )= = =1

with equivalent norms.

Remark 4.9 The dual space of weak Hardy space was first studied in harmonic anal-
ysis, see [8]. In martingale setting, we refer the reader to [31].

Besides Proposition 4.3, one of the key points of the proofs of Theorems 4.4, 4.7
and 4.8 is the fact that L, can be embedded continuously in H; O So we cannot expect

to characterize the dual spaces in a similar way for a wider range of p,. It is an
unknown question, how we can characterize the duals for other p,.

5 John-Nirenberg theorems

In this section, we investigate John—Nirenberg theorems. We divide this section into
two subsections.

5.1 Atomic decomposition for E-atoms

In this subsection, we give the atomic decomposition for H,,., , by using (s, 1, p(-), E)
-atoms, where E is a rearrangement invariant Banach function space. Let E(£2) be a
rearrangement invariant Banach function space over (Q2, F, P). We refer to [2, Chap-
ters 1 and 2] for the definitions of Banach function spaces and rearrangement invariant
Banach function spaces. In this section, we always suppose that the probability space
(Q, F, P) is non-atomic.

Let E be a rearrangement invariant Banach function space over Q. According to the
Luxemburg represen/t\ation theorem (see for instance [2, Page 62]), there exists a rear-

rangement invariant £ over (0, 1) equipped with the norm|| - |z such that

W lle = NluC.Hliz.  V¥f €E, (11)
where u(-,f) is the non-increasing rearrangement function of f defined by

u.f) =inf{s - B(f1>5) <1}, 1>0.

We call (E, Il - Ilz) the Luxemburg representation space of (E, || - || ).

We need the Boyd indices of E introduced by Boyd [3]. Define the dilation
operator D, (0 < 5 < o0) acting on the space of measurable functions on (0, 1) by
Df(t) =f(t/s), it 0 <t <min(l,s); Df(t) =0, if s <t < 1. Let (E, Il - Ilz) be the
the Luxemburg representation space of E. The upper Boyd index and the lower
Boyd index of E are respectively defined by

) Birkhauser
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log s
‘= inf ———
e = S log 1D,
and
logs
Pg = su

" ome log D,

where ||D,|| is the operator norm on E. Note that for any rearrangement invariant
Banach function space E,

1 <pp <qp <o
The associate space E’ of E is defined by
E'={f:|fllp <oo,}

where

Wllw = sup / gl dP.
Q

8EE,lIgllg=<1

A rearrangement invariant Banach function E has a Fatou norm if and only if E
embeds isometrically into its second Kéthe dual E” = (E’)'. We shall need the fol-
lowing duality for Boyd indices (see [22, Theorem II1.4.11]). If E is a rearrangement
invariant Banach function space with Fatou norm, then
1 1 1 1

—+—=1, —+—=1 (12)

Pe  4p Pr 4k
Note that the spaces L, (1 < p < oo0) are rearrangement invariant Banach function
spaces with Fatou norms.

We also need some basic lemmas which can be found in [2].

Lemma 5.1 Let E be a Banach function space with associated space E'. If f € E
and g € E', then fg is integrable and

‘ /Qfgdﬂj’\ < Wfllelgle

Note that we assume that (Q, F, P) is non-atomic in this section. The following
result is referred to Theorems 5.2 and 2.7 in [2, Chapter 2].

Lemma 5.2 Let E be a rearrangement invariant space, and E' be its associated
space. Then, for all set B € F, we have

lxglli = lxzllell xslle-

The following Doob maximal inequality in rearrangement invariant Banach func-
tion space was studied in [27]. Here we give a simple proof.

X Birkhauser
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Lemma5.3 If1 < py < qp < o0, then

Mg < Cllfllg-
Proof As proved in [23, Theorem 3.6.3] that

W MP) < T / (s, )ds,
0

It follows from 1 < p; < g < o0 and Theorem 5.15 in [2, Chapter 3] that,

II%/ u(s.fdsllg < CplluCHllgs
0

where E is as in (11). By (11), we have

MO = e MPNe < 15[ sy < el

We introduce the definition of (s, 1, p(-), E)-atoms.

Definition 5.4 Let p(-) € P(Q), and let (E,|| - ||z) be a rearrangement invariant
Banach function space. Replacing (2) in Definition 3.1 by

lLx:1l
Wil

Is@ll <
we get the definition of (s, 1, p(-), E)-atoms.
The following lemma plays a similar role as Lemma 3.6.

Lemma 5.5 Let p(-) € P(Q) satisfy (5), p, < 1and E be a rearrangement invariant
Banach function space. Take 0 < € < 4 and L € (1 — A= ) Ifd“is a (s, 1, p(), E)-

atom for every k, j, i associated with I} ;; € A(F;), then we have

Z Z [“)(Ikxzzi ||P(‘)s(ak‘j’i)}(lkmf]k Z 2 Zany
Jj=0 i

j=0 i
Proof According to the duality (Ly»)* = L(M), (see e.g. [5, Theorem 2.80]), we

p()/e p()/e

hoose a positive function g € L(m), with ||g||(p(_.>), < 1such that

/ ZZ 21, 3@z, P

) Birkhauser
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Note that the support of s(a*) is I, ;; (see Proposition 3.2). Then, applying Lem-
mas 5.1 and 5.2, we have

e »
Is@ ), = 5@ )z, 1l < Is@ Il

Iz, N s, I
g N = e

Al Ilk,f,i ”P(') ”}(11(1/;1' ”P(')

Hence, by Holder’s inequality, we obtain
(o]
Le k.j,i\Le

< 2 2l @D 1 Lz, gl
j=0 i
o0

— Le ki Le

= Z(‘; 20 I ls@ N Ly gl
J=0 i

/(Y
< Z 2 I, |L£</ g(3)> :

Thus, we find

o : 1 1/GEY
z= /;( g
;0 2 Q IMI <|p([k‘]l) IL/I

Jj i
e8]
<X X [, N ap
j=0 i JQ
nd 1 1
<\ XX, M@= N ey
=0 PO)/e
[so]

IA
M
™M
&

||g||(p( yey S Z Z any ’

=0 p()/e p()/e

which completes the proof. O

Applying the above lemma, we improve Theorem 3.5 to the result below. The
proof is omitted.

Theorem 5.6 Let p(-) € P(Q) satisfy (5) with0 < p, < 1,0 < g < o0, and let E be a
rearrangement invariant Banach function space. Then

s sat,1,E
Hp()q p()q

with equivalent quasi-norms.

X Birkhauser
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Remark 5.7 Let (F,),q be regular. According to Corollary 3.8, H;(.),q = H;"(’.)yq. We
also can prove (s, 1, p(+), E)-atomic decomposition for H%)’q when p(-) € P(Q) satis-
fying condition (5) and p, < 1.

We refer the reader to [10, Theorem 4.10] for the fact that H,(R") does not have
such atomic decomposition when E = L, in classical harmonic analysis.

5.2 BMO(a(-)) spaces with variable exponent
We first present the definition of BMOg(a(-)).

Definition 5.8 Let a(-) + 1 € P(Q) and E be a Banach function space with associate
space E’. Define BMOg(a(+)) as the space of functions f € E for which

|V||BMOE((1(»)) = Ssup sup ||)(1||l ||)(1||E/||(f —fxlle
n>0 I€A(F,) a()+1
is finite.

Lemma 5.9 Let p(-) € P(Q) satisfy (5),0<p, <1land 0 < g < 1. Let E be a rear-
rangement invariant space with Fatou norm such that 1 < pp < qp < co. If {F, },50
is regular, then

A

(HY. Y* = BMOg(a(-), a(-)= 1
p()

(g
with equivalent norms.

Proof Let ¢ € BMOg(a(-)). It follows from Lemma 5.1 that
lellsro, @ < N@llsro, @y
Then ¢ € BMO,(a(:)) C L,. Define the functional as
I,() =E(fp), VfE€ L.

Similar to the proof of Theorem 4.4, one can easily apply Corollary 3.8 and 4.3 to
get

|l(,;(f)| S ”(p”BMOI(a(»)) |V”Hl’§{_m'

On the other hand, since L, is dense in HM

e l,, can be uniquely extended to a con-

tinuous functional on HY . .
p().q

Conversely, let/ € (H%) )" Since L, C H%) ;- there exists ¢ € L, such that

If)=Efe), feL,.
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We still need to show @ € BMOg(a(:)). It follows from Theorem 4.4 that
||¢||BM02(H(_))§||I||. Hence, to show ¢ € BMOg(a(-)), it suffices to prove

lellsmo @y S @llamo, @)y
By duality, for each n and I € A(F), there exists & € E’ with ||A|| < 1such that

@ - ol <2 / (¢ — @hdP|.
I

Define

_ ol (h=h)x

ey =— -1,
2ol e

p()

where ¢, is the constant in the Doob maximal inequality given in Lemma 5.3.
According to (12), it is obvious that 1 < pp < gp < oo. Then, by Lemma 5.3, we
have

2l
1l

IM@)|lg < collalle <

So a is an (s, 3, p(-), E")-atom. Thus, by Theorems 5.6 and Corollary 3.8,

2eoll xll ey
(h=h)y; = ————a€Hy
21l ’
with
2eollxllpey
G2 =Bl < — ==

L1l
Since (F,,),» is regular, we have
Lzl = enulle _ 2xille! /i@ = )hdP]
Ll - Ll o
a()+1 a()+1

2yl [, @h = h,)dP|
71l

a()+1

2|1l ||§0||BM02(a(.))||(h - hn))h”chf_)ﬂ

!l
a()+1
< 260||(P||BM02(a(~)>’

where the second “<” is due to (HM )* =(H;' )* = BMO,(a(-)) (by Corol-

pC)q ().q

lary 3.8). Consequently, we obtain
Wl gwto, ey S Wllemo,acys

which completes the proof. O
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As a consequence of the above result, we have the following John—Nirenberg
inequality.

Theorem 5.10 Let a(-)+ 1 € P(Q) satisfy (5) and 0 < a_ < a, < 0. Let E be
a rearrangement invariant Banach function space with Fatou norm such that
1 <pp < qp < 0. If (F,),»0 is regular, then

BMOy(a(-)) = BMO,(a(-))

with equivalent norms.

5.3 BMO ,(a(-)) spaces with variable exponent
Definition 5.11 Let E be a rearrangement invariant Banach function space, and let

0<g<ooand a(-)+ 1 € P(Q). The generalized martingale space BMOE,q(a(-)) is
defined by

BMO (@) = {£ € E : fllsuo,, 0 < =}
where
ez Zien i 2L, NN =g e
< ez 241l ZjeN 2 i ||L >l/q

a()+1

il BMOy, (a(-)) = SUP

and the supremum is taken over all sequence of atoms {/; ;;};c7 jen, Such that that
I, ;,; are disjoint if k is fixed, [ ;; belong to F; and

2* Z Z A

jeN i

a()+l k

BMO, ., (a(-)) can be similarly defined.
Similarly to Proposition 4.6, we can show the following result.

Proposition 5.12 Let E be a rearrangement invariant Banach function space,
0<g<oo,a()>0anda(-)+ 1 € P(). Then

W o, acy < Wllsmo,  acy-

If in addition 0 < g < 1, then BUOg(a(-)) ~ BMOg ,(a(")).

We establish the following lemma.
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Lemma 5.13 Let p(-) € P(Q) satisfy (5), 0<p, <land 1< q<oo. Let E be a
rearrangement Banach function space with Fatou norm such that1 < pp < qp < .
If{F, } >0 is regular, then

(Hyl,,)" = BMOg (@0, a()= —=—1.

with equivalent norms.

Proof It follows from Lemma 5.1 that |Igllgyo, () < I&llamo,, @) for every
q q

g€ BMOE’q(a(-)). Let @ € BMOE’q(a(-)). Then ¢ € BMOLq(a(-)) C L; We define
the functional as

l,() =E(f@), Vf €Ly
It follows from the inclusion L, C H;‘f_) J and Corollary 3.8 that
f= z 2 Z Mk,,',iak‘j’i Vf €Ly
kez j=0 i

with g, =3 2k”)(11ii“1’(') and d*’s are (s,3,p(), o)-atoms associated with
(It i © A(F)). By the Definition 3.1(3), E(a""¢) = E(a"/*(¢ — ¢;)) always holds
for every k, j, i, where @ = [Ej(qo). Thus, we find that

XGIEDIIDNT /Q (e - %-)d"]”

k€Z j=0 i

(o]
< D2 D mgalld il = opa Il

k€Z j=0 i

DI [CETAYA I

k€Z j=0 "

It follows from the definition of || - || BMO, ,(a() and Corollary 3.8 that

g /4

1L, s |24

kez

22,

jeN i

”(P”BMO]_q(at))

120

< ”f”Hx.)‘q”(p“BMOE_q(a(.)).
Since L, is dense in H%) g (see [15, Remark 3.12]), the functional lg can be uniquely
extended to a continuous functional on Hg’(lv) v

Conversely, suppose that/ € (Hl’;"(’.)q)*. Since L, C H;"(’.)q, there exists ¢ € L, C L,
such that

IH)=EFfe). feL,.
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We still need to show ¢ € BMOg (a(-)). According to Theorem 4.7,
||go||BM02ﬂ(a(,)> < |l]l- Hence, it is sufficient to show ||(p||BM0EJ/(a(,)) < ||(p||BM02#(a(_)).

Let {1 ;;}rez jen, be an arbitrary atom sequence such that that /; ;; are disjoint if k
is fixed, I, i belong to ]-"] if k, j are fixed, and

2k Z Z }(llq,i € f‘]'

L Lo
JEN 70)

We shall estimate the following term

A= Y2 e e - g, e

keZ jeN i

By duality, for every «, j, i, we can find A%/ € E’ such that
lig = )1, lp <2 / (8 = g)xy, ' dP
=2 / (K =~ E(h) 1, 8dP

Similar to the proof of Theorem 5.10, define

_ ||)(1k,j,i ||E, (hk’j’i - [Ej(hk,i»i))}(lm 1

ki J= — —1
200||)(1W||p(.)

a

p()

where ¢ is the constant in the Doob maximal inequality in Lemma 5.3. Then each
a*is an (s, 3, p(+), E)-atom. By Corollary 3.8, we find that

_ k kjii M
£=2 2 2 2, lod e 1Y,
keZ jeN i
and
1
q

q
Wi, 5| 5212 X s,

JEN i pC)

Thus, combining the above argument and Theorem 4.7, we have

D ID DI VW P (G Ay 7

k€Z jeN i

<2 % T T 2l e [ 097 - E 0, gap

keZ jeN i

S lgliguo, wen Ul 5
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which implies that
”q’”BMoE#(a(.)) S ||§0||3M02#(a(.))

The proof is complete. O

Similar to Lemma 5.13, one also can prove that

(!

P(-),oo)* = BMOE,oo(a('))-

Then the following John-Nirenberg theorem is an immediate consequence of the
combination of Lemma 5.13.

Theorem 5.14 Let a(-) + 1 € P(Q) satisfy (5),1 < g < coand0 < a_ < a, < 0. Let
E be a rearrangement invariant space with Fatou norm such that1 < pp < g < oo.
If{F,} >0 is regular, then

BMOg (a(:)) = BMO, ,(a(-))

with equivalent norms.
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