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Abstract

We consider truncated Toeplitz operators acting on infinite dimensional model
spaces. We then describe the kernels and ranks of commutators of truncated Toe-
plitz operators with symbols induced by certain inner functions. Our results general-
ize recent results of Chen et al. [Oper Matrices (to appear)] to infinite dimensional
model spaces.
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1 Introduction

Let D be the unit disk in the complex place and T be the unit circle. We let H> be
the classical Hardy space on D which can be identified with a closed subspace of L.
Here, L7 := LP(T, o) denotes the usual Lebesgue space on T where ¢ is the normal-
ized Lebesgue measure on T. A function § € H? is said to be inner if |§] = 1 a.e. on
T. To each non-constant inner function 8, we associate the model space H,, defined
by
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H, = H* © 6H*

which is a nontrivial invariant subspace for the backward shift operator on H>.
Let P, be the Hilbert space orthogonal projection from L? to H,. Given a function
@ € L™, the truncated Toeplitz operator (briefly, TTO) A, with symbol ¢ is defined
on H, by

A¢f = Py(of)

for functions f € H,. Then A, is a bounded linear operator on H, and A7 = AZ; see
[9] for details and related facts.

In a recent paper [4], the rank of a commutator of two TTOs has been studied
and it has been shown that for any ¢,y € L* and inner 6, the rank of [A(p,AW]
must be even on H, if it has finite rank. Here, [S, T] := ST — TS denotes the com-
mutator of two bounded linear operators S and T on a Hilbert space. Conversely,
it has been also studied that whether there is a commutator of two TTOs with a
given even rank exactly on a model space. At the same paper, it was proved that
this is true on model spaces corresponding to monomials by showing the self-
commutator [AZN,AZ*N] has rank exactly 2N on H(_z),, when 2N < n; see Proposition
7 of [4].

Motivated by this result, one might naturally ask whether the same is true on any
infinite dimensional model spaces corresponding to general inner functions. More
generally, one can naturally ask the following question.

Question. For two inner functions 6 and n, what is the rank of the self-commuta-
tor [A,,,A;] on H,?

Recently, this question has been studied for finite dimensional model spaces cor-
responding to finite Blaschke products. To introduce the result, we need some nota-
tions. Given A € D, let

A—
b)= ==, zeD
1-4z
be the Mobius transformation of D. Given finite points A4, ..., Ay in D, the inner

function of the form B =0, ---b, is called a finite Blaschke product of order N and
we then write ord B = N. Also, rank 7 and ker T denote the rank and kernel respec-
tively of a bounded linear operator T on a Hilbert space.

In a recent paper [3], TTOs with finite Blaschke product symbol acting on sev-
eral types of model spaces corresponding to finite Blaschke products have been con-
sidered. Then, the ranks of their self-commutators have been obtained as shown in
Theorem 1.1 below and, as an immediate consequence, the result in [4] mentioned
above has been extended to finite dimensional model spaces.

Theorem 1.1 The following statements hold.

(a) Let 0 and n be any finite Blaschke products of order N and L respectively. If
2L < N, then rank [An,A:] = 2L on 'H,.
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(b) Let n and ¢ be any two finite Blaschke products and 0 =n¢. Then
rank [A,I,A;] = 2 min{ord#n, ord ('} on H,.

The aim of this paper is to generalize Theorem 1.1 to infinite dimensional
model spaces corresponding to general inner functions. As is well known, since
[An,A;] is self-adjoint for any TTO A, defined on the model space H,, we have

ker[A,, A7] = Hy © [A,, A} TH,.

Thus, when we study the rank of [A,I,A:’;], the kernel description will be important
for our purpose.

We first consider TTOs with general inner symbol acting on a model space
corresponding to general inner function. We then show that the kernel of the self-
commutator of such a TTO is closely related to that of certain classical Toeplitz
operator. Specially, if the symbol is a finite Blaschke product, we obtain the rank
of the self-commutator as shown in the following our first result which general-
izes Theorem 1.1(a). Given w € L*, recall that the usual Toeplitz operator T,
with symbol y is defined on H? by

T,f = Pyf)

for f € H?> where P is the orthogonal projection from L? onto H?; see Sect. 2 for
details.

Theorem 1.2 Let 0 and n be two inner functions. If A, is the TTO defined on 'H,, then
the following statements hold.

(a) ker[A,,A;]NkerT;, = ker[A,,AX]N nH* = nker Ty,
(b) Ifnis a finite Blaschke product and 2 ordn < dim 'H,, then

ker[A,,,AZ] = nker Tgnz and rank [An,A;] =2ordn.

This result also exhibits the close connection of kernel of [A,,,A;] with the mul-
tipliers between certain model spaces; see Corollary 3.2.

Next, we consider two TTOs with general inner symbols acting on the model
space corresponding to the inner function which is the product of two symbols.
We describe the kernels of the self-commutators of such TTOs and then char-
acterize when the self-commutator has finite rank. Our result shows that the
self-commutators of two TTOs are the same and such a self-commutator has
finite rank only in a trivial case as shown in the following which will generalize
Theorem 1.1(b).

Theorem 1.3 Let n and ¢ be inner functions and put 0 = n¢. If A, and A, are TTOs
defined on 'H,, then the following statements hold.
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@ [A,A)]=[A, Al =Py~ P, — P onMHyand
ker[A,,A}] = ker[A;, AZ] = (K, n{H,) @ (H, nnHp).

() [A,, A;] has finite rank on H, if and only if either n or { is a finite Blaschke prod-
uct.
(¢) Ifnis a finite Blaschke product and ordn < dim 'H,, then

ker[An,A;] =H,NnH,, [AW,A;]HG =P/H,®H,
and rank [An,A;';] =2ordz.

In Sect. 2, we collect some basic results which will be needed in our proofs. In
Sect. 3, we will prove Theorems 1.2 and 1.3 except the rank formula in Theorem 1.2(b).
In the proofs, we use complete different arguments from those used in the proof of
Theorem 1.1. We will use the characterizations of finite rank Hankel products in [1, 8].
As a special case of Theorem 1.3, we give an example that the kernel of [A,, A7 ] can be
n ker T,» even when 7 is not a finite Blaschke product; see Corollary 3.4. As another
application of Theorem 1.3, we characterize finite rank products of two projections; see
Corollary 3.5.

In Sect. 4, we would like to generalize the rank formula in Theorem 1.2(b) for
[An,AZ] on H, when n and { both are finite Blaschke products satisfying
ordn + ord { < dim H,; see Theorem 4.1. As a special case, the rank formula in Theo-
rem 1.2(b) is then obtained.

2 Preliminaries
Given y € L™, we recall the classical Toeplitz operator 7, with symbol y defined on

H?>by T,,f = P(yf) for f € H* where P is the orthogonal projection from L? onto H?
which can be given by

Pg(w) = / 1g(C)Z do(¢), weD
T1I—w

for functions g € L?. Note that T; = TV-,. For an inner function 8 and ¢ € H®, the set
of all bounded analytic functions on D, it is easy to check that 7'}, C H, and hence

A =T f @.1)

for functions f € H,. Also, for 6 inner and @,y € H®, we note Aquw = AW on H,.
Given an inner function 6, it is well known that the orthogonal projection P, admits
the following integral representation

1—-0(w)0
Pof () = / £ ZIMOC) 4 o) weD
T

1—w¢
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and hence
P,f = Pf — 0P(8f) 2.2)
for functions f € L?. In particular, we have
* 0 f — P
T,f = P(Of) = Taf (2.3)

for every f € H?. See Chapter 5 of [7] for details and related facts.

We have the following explicit description for the model space of a finite
Blaschke product; see Corollary 5.18 of [7] for details. For an integer k > 0, we
let P, denote the set of all analytic polynomials with degree less than or equal to k.
Also, we write deg p as the degree of an analytic polynomial p.

Lemma 2.1 Leta,...,ay be finite points inD and put B =b, --- b, . Then we have
__
N —
Hn=1(1 - anz)

B — N-1-

Particularly, we have dim'Hz = N.

The following kernel description of a certain commutator will be very useful.
The special case of { = 5 has been proved in Lemma 3 of [3].

Lemma 2.2 Let n,{, and 6 be inner functions and [ € H,. Suppose A, and A, are
TTOs defined on H,y. Then f € ker [A”,Az] if and only if

nf —nPyf — Py(nf) + P Py(nf) € (OH”.
In particular, when { = n, then f € ker [An’A;] if and only if
nf —nP,f — Py(nf) + P,Py(nf) € nOH>.

Proof By (2.1) and (2.3), we have

f=Pf f=Pf
AN = AT = A, gg :P9<;1 C¢>

and similarly

Py(nf) = PePy(nf)
¢

ATAf = ALPy(nf) = TIPy(nf) =

for functions f € H,. Thus, f € ker [A”,A;] if and only if

f =P Pynf) = PcPy(nf)
n - €

OH?,
¢ ¢
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which induces the desired conclusions. The proof is complete.

3 The proofs of Theorems 1.2 and 1.3

In this section, we will prove our main theorems. We start with the following simple
lemma which will be useful in our proofs. We will use the notation

1/2
llgll = </ |g|2da)
T

for functions g € L? in what follows.

Lemma 3.1 Let 0,7 be two inner functions and f € Hy. If P,f € OH?, then we have

Pf=0.

Proof Write P,f = 0g for some g € H?. Using (2.2), we then get f — 0g = nP(iif).
Since f € ‘H,, we note f L 6g and then

W12+ Ngl® = IIf = 61> = lnPGHII* < IIFII%,

which yields ||g]| =0 and then g =0. Hence P,f =0 as desired. The proof is
complete.

We are ready to prove our first main theorem.

Proof of Theorem 1.2 We first prove (a). Let f € ker [An,A:] N ker Tj,. Notice
that f € kerTj, if and only if nf € H,. Since P,(nf) =0, Lemma 2.2 shows
nP,f € n6H?, which implies Pfe 0H?. By Lemma 3.1, we see P,f =0 and hence
f € nH?. On the other hand, one can easily see that for @ € H?,

@ € nkerTy, < n® €M, and @ € nH’ 3.1
holds. By the observation above together with Lemma 2.2 again, we get
nker Ty, = ker [A,,Ar] nker Ty, C ker[A,, A*] 0 nH>.

Now, to complete the proof, let f € ker[An,A;;] N yH? and show f € ker T, 1t suf-
fices to show nf € H, as mentioned above. Since f € nH?, we note P,f =0 and
then Lemma 2.2 gives

nf — Py(nf) + P,Py(nf) € nOH>. (3.2)
Since nf — Py(nf) € OH* and nH? C H?, the above shows that

P, P,(nf) € OH".
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Now, by Lemma 3.1 (replace f by Py(nf)), we see P,Py(nf)=0 and hence
nf — Py(nf) € nOH? by (3.2). Clearly, since

nf — Py(nf) L n0H?,
we have nf — Py(nf) = 0 and hence nf = P,(nf) € H, as desired.

Now we prove (b). Write p = bal baN wherea,,...,ay € D.Let f € ker[A,,,A:';].
Then Lemma 2.2 shows that nP,f — P, Py(nf) € 6H 2, On the other hand, by Lemma
2.1, we may write

N-1 N-1 5

Yo 7 2o 47

N _ ’ PnPH(rlf) = N _
IT.-(-a,;) I -a,;)

for some constants ¢ and d] Thus

Pf=

p

P f—P P =
n r;f n 9('1f) HnN=1(l —Enz)z

where

N N-1 N N-1
r@=[J@-2Y ¢ -[]0 -2 Y d
n=1 =0 n=1 =0

for z € D. Since nP,f — P,Py(nf) € 0H?, we also have p € 0H?. Note that
degp < 2N — 1 < dimH,.

Since p/6 € H>, we have p=0 and then nP,f = P,Py(nf). Because
nP,f L P,Py(nf), we see nP,f = 0, which implies f € nH?. Therefore, we have

ker[A,,A"] C ker[A,,A"] N nH?,

and the first part of (b) follows immediately from (a).

The rank equality in the second part of (b) is the special case of Theorem 4.1, so
we finish the proof.

For two inner functions u and v, let M(u, v) be the set of all multipliers from H,,
into 'H,, that is,

M(u,v) = {¢ € Hol(D) : ¢H, C H,}.

In Theorem 3.1 of [6], it is proved that ¢ € M(u,v)NnH*® if and only if

¢ € ker T, N H*. Therefore, as an immediate application of our first main result,

we have the following.

Corollary 3.2 Let 0 and n be two inner functions and A, be the TTO defined on H,.
Then we have
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fiker[A,, A\ NH® = M(zn*,0) n H*.

We also have the following corollary by using the same proof as done in Corollary
8 of [3].

Corollary 3.3 Let A € D\{0}. Let B,0,n and ¢ be inner functions for which
n=B-b,000) or Bp=1>b,0(00). If B is a finite Blaschke product with
2ordB < dim H,, then rank[An,A;] = 2 ordB on 'H,.

The above says that even for # with dim H,7 = 00, the self-commutator of An
defined on H, may have finite rank. Moreover, when# = B - b,0(6¢{) for some A € D
as in the above, the proof shows [A”,A;] =A% [A p»Agl, so it follows from Theo-
rem 1.2 that

ker[A”,A:] = ker[Ag,A}] = Bker Typ..
We remark in passing that even for not finite Blaschke product #, the kernel of the
self-commutator of A, defined on H, may satisfy
ker[An,A:] = nker Ty
see Corollary 3.4.

We also remark that for any two inner functions 6 and #, if An is a TTO on H,,
then Theorem 1.2 tells that  ker T5,» C ker [An,A:‘;], so generally we have

rank [A,,A}] < dimH, © nker Tp,e.

An interesting question arises: When is the right hand side above finite? We have the
answer as follows.
Firstly, if

dimH, © nker Ty, =0,
then nkerTj,. = H,, which together with (3.1) yields nH, = Hy. So Hy L 'H,.
Notice that H, and H, both are backward shift invariant, hence by Corollary 2.5 of
[2] we have either H, = {0} or H, = {0}. Therefore, if 6 is nonconstant, we have n

is a unimodular constant, a trivial case.
Secondly, suppose

dim H, © nker Tj,» < oco.
For f € H,, note that nf € H, implies nf L OH?. Since nf L nOH?, we have
nf L OH* © noH* = 0H,

and hence f L T;yH,. Note that T;yH, C H,. This observation shows that for
f € Hy, nf €H,y if and only if f€H, O T;yH,. Also, for f € H,, observing
that f € yH? implies f 1 PyH,, we see that for f € H,, [ € nH? if and only if
feH, & PeHn- Now, by (3.1) and observations above, we see that

X Birkhauser
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nker Ty, = Hy © (ToH, U PyH,).
It induces that
dim[span(T;,H, U Py'H,)] < co.

So dimT,yH, < o and dimP,H, < co. Since P,H, = P,P,H? we see that
dim Py’H, < oo if and only if either 6 or 7 is a finite Blaschke product; see Corollary
3.5 below. Conversely, it is easy to see that this case implies dim 7,H,, < oo.

To prove the second main result, we introduce some known results on Hankel
operators. For f € L™, the (little) Hankel operator H; : H? — H? with symbol fis
defined by

Hih = PU(fh), he H

where Ug(z) = 79(z) and @(z) = ¢(2). For f,g € L™, it is easy to see that Toeplitz
and Hankel operators are related as follows;

Ty = TyT, = HpH,,  Hy, = HT, + T;H,. (3.3)

In particular, if f € H*, since Hf =0, we have
T7H, = Hy, = H, T (3.4)
Kronecker’s theorem says that H, has finite rank if and only if there is a nonzero
analytic polynomial p such that pf € H*®. Also, the Axler—Chang—Sarason theorem
says that H.H,, has finite rank if and only if one of H; and H,, has finite rank. See [1,

8] for details.
For two inner functions « and v, we have

Huv = Hu 7] ”Hv; (35)

see Lemma 5.10 of [7] for example. For a closed subspace M of H?, we use notation
P,, for the projection from L? onto M.
Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3 We first prove (a). Using (2.1) and (2.2), we have
A A = AT f = Py(nP(#If))
and
AXAf = TrPy(nf) = Ty (nf — OPOnf)) = f = ¢PES)

for functions f € H,. Since —f +nPHf)+¢ P(Ef) is orthogonal to AH? and
P(0f) = 0 for every f € H,, we obtain by (2.2) again

) Birkhauser
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[A,, AXIf = Py( —f +nP@f) + CPEP))

= —f + nP(rf) + CPCF) (3.6)
=(Py—P,— P)f

for all f € H,. Noting (3.6) is symmetric with respect to # and {, we have the first
part of (a). To prove the second part of (a), we let f € ker [An,A;]. By (3.6) and
(3.5), we see

P =f—Pf€H,OH,=nH,,

which implies P.f € H, N n'H,. Similarly we can see P,f € H, n{H,. It follows
from (3.6) again that

f=Pf+PfeH,nnH)®H,Nn{H,)

and hence ker[A,,,A:] C(H,n¢H,) & (H, nnH,) holds. Also, using (3.6) again,
we can easily see that the reverse inclusion also holds. Thus the second part of (a)
follows.

Now we prove (b). First suppose [A, A*] has finite rank on H,. Note
Py—P,—P,=00n 6H’. Hence, by (3.6) and (2 2), we have

(A, AZIPy = Py — P, — P,
= -T,T) - U~ T,T;) — U - T,T5)
= (T3 — TyTp) — T = T,Ty) — (T,z = T, T7)
= HyH; — HyH; — HzHz

on H? and hence
H := HyH; — HyH; — H:H;

has finite rank on H?. To complete the proof, assume # is not a finite Blaschke prod-
uct. Note that none of Hy, Hﬁ and Hﬁ has finite rank by Kronecker’s theorem. Also,
we see from (3.4) that

HT, = HzH; — H;H,

has finite rank on A2, which implies that Hy, doesn’t have finite rank by the Axler—
Chang—Sarason theorem. Thus, bx Theorem 3.1 in [5], there ex1st nonzero ana-
lytic polynomials p, ¢ such that po + gn € H*®, which implies n(p(,“ +q) € H®,
pC +q €fH>® C H>.

In particular, we have p{ € H* and then p € { H2 which means ¢ is a finite
Blaschke product, as desired. Since the converse implication is clear by Theorem 1.2
and (a), we complete the proof of (b).

Finally we prove (c). For the kernel identity, it suffices to show H, n{'H, = {0}
by (a). Suppose there exists a nonzero function f'such that f € ‘H, N {’H,. By Lemma
2.1, the number of zeros of f (counting multiplicities) on D is less than or equal
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to dimH, — 1. Since f = {f; for some f; € H,, the number of zeros of f (counting
multiplicities) on D is greater than or equal to dim H,, which is a contradiction.

For the range of [An’AZ]’ first notice that H, = H” (&) 117-(4 by (3.5) and AnA:f =0
for f € H,. Since

nH* = n(H, ® CH”) = nH, @ 6H”,
we have P,(nh) = nP.h for every h € H?. Hence

AZAnf = A;Pg(rlf) = A;nng =P.f
and [AW,A;]]‘ = —P,f for every f € H,. So [An,Aj;]H,7 = P/H,. On the other hand,
since AnAI";ng = ng and

AJAng = A nPcng = Peng,
we have
(A, Aylng = ng — Pong = Pryy ng

for every g € Hg and hence [An,A,";]n'Hg = PCH,,"HC' Now, we show that the map
PCH" : "Hy — CH,, is onto. Suppose there is g € H,, such that Pquan 1 {g. Then
nH, L {g,s0lg € H,. If g # 0, Lemma 2.1 implies that the inner factor ¢ of {g is a
finite Blaschke product (which might be constant) with dim,, < dim %, — 1. But,
we have dimH, < dimH, because ¢ is the inner factor of {g. This contradiction
gives g = 0 and PchnHC = {'H, holds. It follows that

[A,. AL TH, = [A, AZI(H, @ nH,)
=P/H, ® PCanHg
=PH, ®&CH,,

as desired. Finally, since
{feH,: Pf=0t=H,nlH, ={0},
we have dim P./’H, = dimH,. Hence

rank[A”,A:;] =dim P, H, + dim{H, = 2ordy,

which completes the proof of (c). The proof is complete.
As a special case of Theorem 1.3, we have the following corollary which provides
an example as mentioned at the remark just after Corollary 3.3.

Corollary 3.4 Let n and ¢ be two inner functions and 6 = n*¢. If A, is a TTO defined
on Hy, then

ker[An,A;‘] =nH, =nker Ty,
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and
Hy O kerlA,, A¥] = H, & n¢H,,.

Moreover, [A”,A;] has finite rank only when n is a finite Blaschke product and
rank [A,,,A”;] =2ordn.

Proof By Theorem 1.3(a), we have
ker[An,A:] =(H,nn¢H,) & (H, NnH,;).
Since H, L n{'H,, we see H, N n{H, = {0}. By (3.5) we have
Hye=H,®&nH,, nH, =nH SnlH,,
which gives that ‘H,, nnH,, = nH,. It is clear that nkerTp,. = nH, because
6 = n*¢ and ker Tz = H,. Thus the equality of ker[An,AZ] holds. For the second

equality of H, © ker[An,A;], it quickly follows from the obtained equality of kernel
and the fact

Hg = H” @ rlH'lé’ = H"I @ ”]Hg @ nCHr]
Now, we see easily that

dimH, & ker[An,AZ] =2dimH,.

Therefore, [A,?,A:;] has finite rank if and only if dim H,7 < oo, that is, # is a finite
Blaschke product. We complete the proof.

Recall that P,P, =0 if and only if one of # and ¢ is a constant. Indeed, note
P,P, =0if and only if H, L H,. Also, since H, and H, are backward shift invari-
ant, we note that H, 1 H, if and only if either H, = {0} or H, = {0} by Corollary
2.5 of [2], which gives the desired fact.

More generally, as an application of Theorem 1.3, we prove that a product of two
orthogonal projections onto model spaces can be of finite rank in a trivial case as
shown in the following corollary. We provide independent two proofs.

Corollary 3.5 Let 11 and § be two inner functions. Then P, P, has finite rank on H? if
and only if one of n and ¢ is a finite Blaschke product.

Proof Put 6 = ¢, consider TTOs A, and A, defined on H,. By (3.5) and Theo-
rem 1.3(a), we can easily see that

Hy © ketlA,. A] = [H, © (H, nH)) ® [CH, © (H, N {H,)].
Also, by routine verifications, we have
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and
(H,© (H,N{H,) = Py nH,.
It follows that
Hy © ker[A,,Ar] = P H, @ Py nH,, (3.7)

which is what we have obtained in the proof of Theorem 1.3(c) by using a different
method. To complete the proof, define C, (f) = nzf for f € H,, then one can see that
C; =1 on H, and C, is bijective on H,. Put

M:=CH,nH,={g€eH,: {geH,}
For g € M, we have {g € H,, and
C,(£8) = nzle = {C, (o).
From this we have C,({M) C M and C,(M) C {M, which gives that
(M = Cl(¢M) € C,(M) € (M,
to yield that C,M = {M. Hence we have
dimH, © M = dim C,(H, © M)
=dimC,H, © C,M
=dimH, © (M
=dimH, © (H,n{H,)
=dim P, H,.
It follows that
dimP{:H”nHC =dim{H, © (H,Nn{H,)
=dimH, ©6M (3.8)
= dlm P”Hc.
Notice that
dim P, H, = dim P, P,H* = dim P,P,H*> = dim P, H,.
Now, combining (3.7) with (3.8), we obtain
dimH, & ker[An,AZ] =dim P /H, + dim P, ’H,
=2dim P, P H’.

Therefore, by Theorem 1.3(b), we see that P,,PC has finite rank on H? if and only if
one of # and ¢ is a finite Blaschke product, as desired. The proof is complete.
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We remark in passing that the proof above shows rank [AH,A,’;] = 2rank P, P;. In
the following, we give a short and independent proof of Corollary 3.5.
Another proof of Corollary 3.5 First note that P, = H;Hg for every inner func-
tions 6. Let F be the set of all finite rank operators. Then we note
PP, = H;;HﬁHszg EF = H;HﬁHg EF

< H;H:H, € F
= HgHi‘ eF,
n

where we repeatedly use the fact that the ranges of AB*B and AB* are the same
for operators A and B for which AB*B or AB* has finite rank. Thus, by the
Axler-Chang—Sarason theorem and Kronecker’s theorem, we conclude that P, P,
has finite rank if and only if either # or { is a finite Blaschke product.

4 A more general case for rank formula

In this section, we generalize the rank formula in Theorem 1.2(b) to commutators of
a TTO with inner symbol and an adjoint of a TTO with inner symbol as shown in
the following.

Theorem 4.1 Let 1, be two finite Blaschke products and 6 an inner function satisfy-
ing ordn +ord{ < dimH,. If A, and A, are TTOs defined on 'H,, then [A”,AZ] has
finite rank and

rank [An’Az] = 2min{ord#n,ord ¢ }.

Proof Since the ranks of [A,,,AZ‘,] and [AC,A;'] are the same, we may assume
ord ¢ < ord n without loss of generality. For f € ker [AH,AZ], we have by Lemma 2.2

nf = nP.f — Py(nf) + PcPy(nf) € (OH". .1
Since nf — P,(nf) € OH?, the above implies
nP.f — P,Py(nf) € OH". 4.2)

Write n = b, -+ b, and { = by ---by where ay, ..., ay, fy,....,fp € Dand L<N.
Then, by a similar argument as in the proof of (b) in Theorem 1.2, we may get

nPf = P.Py(nf), 4.3)
which forces (4.1) to become

nf — Py(nf) € COH? C CH.

Hence
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Py (nf) — PcPy(nf) = Pe(nf — Py(nf)) =0
and then (4.3) shows
’7P§f = Pg("lf)~

Now, Lemma 2.1 tells that the right hand side of the above is a rational function
with at most L — 1 zeros, which is less than N, the number of zeros of #. Hence
we get P.f =0and so f € ¢H?, which implies P.(nf) = 0 and so P, P,(nf) = 0. To
sum up, we have obtained that

ker[A,, ALl = {f € Hy : f € CH?,nf — Py(nf) € LOH?).

Note that nf — P,(nf) € (0H* implies P(Onf) € {H* or P(Onf) L H,, which is
equivalent to f € H, © Py(0ifH,). Also, for f € H,, observing that f € CH?
implies f L PyH,, we see that for f € H,, f € ¢H?*if and only if f € H, © PyH,.
Therefore, we get

H, 6 ker[An,AZ] = span(Pg(GﬁHg) U PgHg),

where span(E) is the closure of the linear span of a set E. Now we only need to show
that

dim[span(Py(07H,) U PyH,)] = 2L.
For this end, let f, g € H, and suppose
Py(67if +g) = 0.
It suffices to show f = g = 0. Note that the above shows that
0iif + g € OH*> ® zH?
or
of +ng € nOH* @ nzH?

where zH? = {zf : f € H?}. Since

nZH? = nzM, @ nnH* = H, @ 2,
it follows that
of +ng € nOH*> ® H,-

Since ng L H, and I — P, is an orthogonal projection onto nH?, the above implies
that

(I —=P)Of)+ng € noH?.
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Using the fact that (/ — P”)f = nP(ijf), one can see that the above gives
P(7i0f) + g € 6H>. (4.4)
Since

of — P,(0f)
P@Of) = T;(0f) = T”

by (2.3), then (4.4) implies

of — P (0
PN ”(f)+geeH2

and thus
0f —P,(0f)+ng € noH?.
Hence there is & € H? for which
P,(6f) — ng = 6(f + nh).
Now, by the same argument as in the proof of the first paragraph, we have
P,(0f)=ng and f=-nh

It is clear that the first equality of the above gives that g = 0. Since ord{ < ord,
the second equality of the above together with Lemma 2.1 yields f = 0, as desired.
Therefore, we finally get that

rank [A”,AZ] =dimH, © ker[A,],AZ] =2L,

as desired. The proof is complete.
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