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Abstract

In spite of the important applications of real selfadjoint operators and monotone
operators, very few papers have dealt in depth with the properties of such opera-
tors. In the present paper, we follow A. Rhodius to define the spectrum o (7)) and
the numerical range W(T) of a selfadjoint operator 7T acting on a Hilbert space H
over the real/complex field F, and study their topological and geometrical proper-
ties which are well known in the complex case F = C. If F = R, the results are new;
if F = C, the results constitute an expository body of results containing simple and
short proofs of the known facts. The results are then applied to real selfadjoint oper-
ators and then to complex normal operators to sharpen their Borel functional calculi
with new and shorter proofs avoiding the classical sophisticated Gelfand—Naimark
theorem or the Berberian’s amalgamation theory. For such a real selfadjoint or com-
plex normal operator N, a normed functional algebra L (N) consisting of certain
Borel functions defined on o () is constructed which inherits the isometric proper-
ties of the continuous functional calculus f — f(N) : Cp(op(N)) — B(H).
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1 Introduction

The present paper adopts the definition of Rhodius [12] for the spectrum o (T) and
continues to define the numerical range W(T) for any bounded linear operator T
acting on a Hilbert space H over the real or complex field F; it then proves that, in
case T =T*, op(T) N {=|ITII, [IT]]} # @ and co(op(T)) = Wr(T) C [=[ITI].|IT]I].
The results are well-known in case F = C and the independent proofs of the general
case given here provide novel short proofs for the known results. This obliges us to
acknowledge that the paper is partly expository. The classical properties of complex
selfadjoint operators are proven here with arguments not depending on the theory of
complex functions such as Liouville’s theorem in the proof of o(T) # @. However,
the results are not valid for real normal operators N as it is clear from the 2 X 2 real
normal operator N : R> — R? defined by

N[1,01" =10, 11" and N[O, 11" =[-1,01" (1.1)

that o (N) = 0 # Wr(N) = {0}.

In Sect. 2, certain topological as well as geometrical properties of op(7") and
Wg(T) are proven. Let (H, F) be as in Sect. 2 and assume N = T + it for some self-
adjoint operators 7,7 € B(H), where 7 is necessarily 0 if F = R. The results of
Sect. 2 are applied to the pair (V,F) to provide a new proof of the known Borel
functional calculus for N in which the sophisticated Gelfand—Naimark theorem [9]
is avoided and the Berberian’s amalgamation theory [2] is shortened via a double
integration method. (See (3.7)—(3.10) below.) The latter results, in turn, are used to
sharpen the bounded Borel functional calculus f +— f(N) : A,(N) - B(H) to an
isometric Borel functional calculus f — f(N) : LF(N) — B(H), where A,(N) Cc FF
denotes the algebra of all Borel functions bounded on o (N) and LF(N) is the com-
pletion of 4, (N) with respect to a norm to be defined in Sect. 3. Our improvement
of the Borel functional calculus also includes an essential extension of the known
spectral mapping theorem f(op(N)) = op(f(IV)) for continuous functions to the one
for the classes A, (N) and L (N).

With each type of the field (R or C), we may be dealing with separable or non-
separable Hilbert spaces. When the symbol F is used, we are dealing with a unified
proof in which we ignore the type of the field as well as the cardinality of the ortho-
normal basis of the space. As a general rule, any result involving o (T) or Wg(T) is
a new result if F = R. Theorem 3.1 is known (see [9—11]) but the proof contains a
novel proof of the Borel functional calculus as described above. No matter what the
field F be, Theorem 3.2 as well as its proof are completely new. We mention that
the polynomial spectral mapping theorem f(cc(N)) = oc(f(IV)) may fail to be true
if C is replaced by R; this is revealed by examining the simple 2 X 2 normal matrix
N given at the beginning of the paper; however, we prove it for any real selfadjoint
operator. (See Remark 1.2 and Theorem 2.1 below.)

In Sect. 4, we study the spectral measures of real selfadjoint operators. As usual,
the arguments remain valid for complex normal operators. Here, the spectral meas-
ures are applied to the above-mentioned algebras L (N). For more details on Borel
measures, Borel functional calculus, and spectral measures, we may refer to [3-6].
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Section 5 deals with (real or complex) normal operators whose domains are
generated by their eigenvalues. We first have a different look at direct sums of
infinitely many mutually perpendicular subspaces and study extensions of Bes-
sel’s inequality and Parseval equalities. We give a very simple definition of the
direct sum of an arbitrary family of mutually perpendicular subspaces and then
use it to extend the notion of functional calculus for discrete normal operators. A
similar extension is obtained for the spectral measure of such operators.

Let us fix some conventions which will be used throughout the paper. In R,
we feel free to use expressions such as (a) the polar decomposition A = e?|4|,
(b) the complex conjugate A* = (@ + if)* = a — iff, (c) the real part Re(4), (d)
the imaginary part Sm(A), as well as the potentially real expressions (e) i, (f)
0i, (g) i0, and (h) e**, provided that they be interpreted as (a’) A = +|4|, (b’)
A=A =a+xi0=a, (c’) Re(W) =41, (d) Sm(A) =0, () ?=-1, (f) 0i =0,
() i0 =0 and (h’) ** = (=1)* for k € Z, respectively. We will keep the nota-
tion 7 to denote the closure of a set y; in conformity with the notation a* in a
general C*-algebra, the complex conjugate of a number A € F will be denoted
by A*. If fis any F-valued function, f* denotes its complex conjugate; that is,
5 = (f@)* = Re(f(t)) — iSm(f(¢)). Also, if Ais a subset of a topological linear
space, then V(4) will denote the closure of its linear span. (We define V(@) = {0}.)

For an algebra A of F-valued functions, we set A* = {f* : f € A}. Then, A
is called a x-algebra if A = A*. In particular, if F = R, then A = A" for every A.
The notation B(= B, ) stands for the o-algebra of all Borel subsets of o-(L). Also,
the notation D(L), KC(L), and R(L) are fixed to denote the domain, the kernel, and
the range of an operator L.

The present introductory section will be concluded with certain properties of
the Rhodius spectrum o (L) of a general L € B(X), where &X' is a Banach space
over the real or complex field F. The same will be done for the numerical range
Wg(L) when L is a Hilbert space operator. Immediate properties of these sets fol-
low the definitions. The case X = {0} causes ambiguity; even if we assume with-
out loss of generality that X # {0}, the zero subspaces will surprise us in the mid-
dle of the arguments. So, we may take care of the ambiguities as follows.

Definition 1.1 For L € B(X), define its spectrum o(L) as follows.
Case 1. X # {0}.
op(L) :=F\{A€F : Al —L is bijective}. (1.2)
Case 2. X = {0}. We have B(X) = {0} and define
op(L) = 0. (1.3)
Remark 1.1 To justify the case X = {0}, note that the operator L = 0 is the only lin-

ear operator on X, 0~! = 0 = € B(X) and, in this particular case, 6(0) = §J. Note
that if X' # {0}, then 0~! does not exist and 6-(0) = {0}.
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For a scholarly investigation of the definition and properties of the Rhodius spec-
trum and numerical range of an operator [12] used and verified in the following
formulas (1.4)—(1.9), we may refer to Theorem 1.1 of Appell et al. [1]; however,
although not explicitly mentioned, we believe the authors of [1] assume the underly-
ing field is complex; otherwise, the statement and the proof of Theorem 1.1 of [1]
would contain errors. The theorem claims the validity of the spectral mapping theo-
rem in the real case for which we have a counterexample. (See Remark 1.2 below.)
Another error is the application of Liouville’s theorem which has no context in real
analysis. Therefore, not being able to find a suitable reference, we present a proof
which works for both real and complex fields. Of course, instead of the full strength
of the spectral mapping theorem f(op(L)) = op(f(L)) claimed in Theorem 1.1 of [1],
we only prove the weaker formula f(op(L)) C op(f(L)). (See 1.5).)

Theorem 1.1 The spectrum o (L) defined by (1.2)—(1.3) satisfies

or(D) = op(L) C {A€F : Al <ILII}, (14)
and

flop(L)) C op(f(L)) for all f € F[x]. (1.5)

The latter inclusion can be sharpened to equality, if F = C.

Proof The boundedness of op(L) follows from the fact that
L,;(Al = L)x = (Al — L)L,x = x, where

Lix:=Y a""'L'x, (1.6)
n=0
L] SmIIXII, Vx € X, VA€ satistying 4] > [IL]l;  (1.7)

here, the power series 1is absolutely convergent. This proves that
op(L) c {2 €F : |A] < ||L||}. The closedness of op(L) follows from the fact that
if Ay € F\og(L), then to every A in an (open) neighborhood of radius r centered at
Ay there corresponds an operator R, satisfying R,(Al — L)x = (Al — L)R,;x = x and
[IR,x|| < p,||x||for all x € X, where R, p, and r are defined as follows:

Ryx ==Y\ (A=A)Y'(L = A" 'x, (1.8)

n=0
Py = and r=||L= Al || 1.9
2 P |/1—AO|, 0 ( . )

Again, here, the power series is absolutely convergent. In particular, op(L) is a
compact subset of the interval/disk {A € F : |A| <||L||} in F. This proves (1.4).
To prove (1.5), let u € f(og(L)). Then p =f(4) for some A € op(L). Hence,
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u—f()=A—-1g() for some g € F[x]. Since Al —L is not invertible, it fol-
lows that ul —f(L) = (Al —L)g(L) is not invertible and that u € op(f(L)); i.e.,
Sf(op(L)) C op(f(L)). To show the desired converse, let u € o (f(L)) and factorize
ul —f(L) as

(ul = f(L)) = (4] = LY(A,] = L) ... (A — L) forsome A, A, ..., A, €C;

note that at least one of the factors should be singular, say A; € oc(L). Thus

1 =f(4) € floc(L)). O

Remark 1.2 Let N : R? —» R?be as in (1.1). [oxg(N)]* =@ # {—1} = ox(N?). Thus,
the inclusion in (1.5) cannot be sharpened, and the equality 1.14 in Theorem 1.1 of
[1] is not true in the real case.

Corollary 1.1 For a general operator L € B(X) and a point A, & op(L),
[|L]| > max |op(L)| :=max{|A] : A € op(L)} and
1L = 2D~ > 1/dist(Ay, o (L)).

Corollary 1.2 If U is a unitary operator on a Hilbert space H, then
clUyc{zelF: |zl =1}

Another concept needed in the spectral theory is the notion of the numerical
range Wi(L) for any Hilbert space operator L € B(H):

We(L) = {{Lx,x) : x€H, ||x|| =1}. (1.10)

The following theorem is well known in the complex case; the proof here is read-
justed to cover the real case, too. We found no author to be particularly interested in
the real case, though, we believe there must be some proof somewhere. Hence, for
reader’s convenience, we present the following short unified proof which works for
both R and C.

Theorem 1.2 The numerical range of a Hilbert space operator L € B(H) is a convex
subset of F when the latter is identified as one of the Euclidean spaces R or R,

Proof Let u,ve H be any two linearly independent unit vectors such that
(Lu,u) = A # (Lv,v) = u. We must show that the open line segment joining A and
u lies in Wi(L). Replace L by (u — A)~'(L — AI) to assume without loss of general-
ity that A=0and y = 1. Let L = A + B be the decomposition of L into its (obvi-
ously) selfadjoint part A = (L + L*)/2 and its skew selfadjoint part B = L — A; the
latter in the sense that (Bx,y) = —(x, By). Let x = zv + u for z € F. Then, ||x|| > 0,
(Bu,v) = —{(u, Bv) = —(Bv,u), and
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(Lx,x) =(L(zv + u), zv + u)
=|z|*> + z(Av, u) + Z(Au,v) + z(Bv, u) + Z(Bu, v)
=|z|% + 2 Re(z(Av, u)) + 2i Im(z(Bv, u)).
Consider the polar decomposition (Bv, u)) = ¢ |(Bv,u))|. If F = R, then § = 0 or
r)Letz =te " (t € R), let b = 2 Re(e ¥(Av,u)), let b’ = 2 Re(e (v, u)) and let

2+bt (Lx,x)

= ,VteR.
2+br+1 [1x]|?

() =

Then, ¢(¢) is a continuous rational function traveling in W(L) and covering the line
segment (0, 1) as ¢ runs in (0, o0). O

2 Polynomial spectral mapping theorem

In this section, we prove the spectral mapping theorem for real or complex self-
adjoint operators and, as a consequence, we show that the spectrum of any selfad-
joint operator is nonempty. Of course, this is well known in the complex case and
is proven here for the first time for real case. We first state a lemma whose proof
in the complex case is well known and works for the real case, too.

Lemma 2.1 Let N € B(H) be a real or complex normal operator. Then o(N) con-
sists of approximate point spectra. Moreover, ox(N) C Wg(N). In particular, if
T =T thenop(T) C We(T) C R.

Theorem 2.1 IfT € B(H) is a real or complex selfadjoint operator, then
or(f(1) = f(op(D)) Cf(R), Vf € Flx].

Proof Let f,, € F[x]be a prime monic polynomial of order m and define S,, = f,,(T).
Then, f,, is necessarily of the form

) =@—a)"=@p)", telF, a,peR;m=1,2. 2.1

Note that if F = C, then m = 1; also, if F = R, then either m = 2 in which case
—(if)? = 2 > 0 or m = 11in which case § = 0.
In general, if u € H is any unit vector, then
1Syul|* =||S}ul|* = (T — &l — iphu, (T — al — ifl)u)
=((T — ol + ipI)T — al — ipDu,u) = {(T — al)* + f*Iu, u)
=[|(T — aDul|* + > > 7,

and
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1Sull =[1S5ull = ((T — al)* + pH)]u,u) = (T — al)*u, u) + (*u, u)
=||(T — aDul||* + p* > p*.

It follows that O is not in the approximate point spectrum of S§,,if f§ #0.
Therefore, S,, is invertible if f # 0. Now, consider the prime factorization
U—f =88 ... 8 forsome y € F and some f € F[x], where each g, is a prime
polynomial of the form f, defined in (2.1). If ul —f(T) is singular, at least
one of the factors g;(T) is singular. We assume without loss of generality that
i=k=1,g,@) =f,® and f,(T) is singular. Then, # = 0 and, hence, m # 2. It fol-
lows that g,(T) =T — al and, thus, @ € og(T). Therefore, 4 — f(a) = 0 or, equiv-
alently, u = f(a) € f(op(T)). This, together with (1.5), completes the proof of the
theorem. O

The next theorem shows that, regardless of the type of the underlying field F,
the spectrum of a selfadjoint operator on a nonzero Hilbert space is nonempty.
Here, the extreme points of the numerical range play an important role. To prove
the main result of this section, we recall the following simple lemma from ele-
mentary calculus.

Lemma 2.2 Assume a,b,c € R and at® + bt + ¢ does not change sign as the real
number t traverses (—o0, +00). Then, the discriminant A = b* — 4ac < 0.

The next theorem is the first which is not applicable to the case of real nor-
mal operators. Throughout the remainder of the paper, T stands for a selfadjoint
operator on H.

Theorem 2.2 LetT = T* € B(H). Then,
@ # {extreme points of W(T)} n{—||T||,||T||} C op(T) C We(T); (2.2)

in particular, we show that, if 2 is an extreme point of Wg(T), then

lim(Al — T)é, = 0 whenever im(T¢,,¢&,) = Aand ||&,]| = 1(n=1,2,3, ).
2.3)
Moreover,

[IN*N|| =||N||> whenever N € B(H), N*N = NN*; (2.4)

(D] =|[f||aF(T) =max{|f(?)] : t € op(T)} forall f € F[x]. (2.5)

Proof The inclusion op(T) C Wi(T) follows from Lemma 2.1. Now, let A € [F be an
extreme point of Wi(T') and choose a finite or infinite sequence of unit vectors {¢, },
such that lim,(T¢,, ¢,) = A. Then, Ais either the supremum or the infimum of the set.
Assume without loss of generality that A = 0 = sup(Wg(T)) and W(T) C (—o0,0].
Thus, {&,}, is a sequence of unit vectors such that lim,(T¢,,&,) = 0. (Certainly,
such a sequence exists.) We must show that lim, 7&, = 0. If not, there exists a
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subsequence {y,}, of {&,}, and a positive number e such that ||Ty,|| > e for all
n € N. Then

0 >limsup(T(y, + Ty,), vy, + Ty,
n

=lim sup(>(T?y,,, Ty, ) + 2] | Ty, |1*).

Since the sequences {{T%y,, Ty,)}, and {2||Ty,||*}, are bounded, one can fur-
ther reduce to a subsequence to assume without loss of generality that lim, (T?y,,
Tw,)=a and by a repeated such reduction that lim, 2||Ty,||> = b > €> for
some a,b € R. Thus, a® + bt <0 on R and, with the notation of Lemma 2.2,
0<e*<b*=b>—4ac=A4<0; a contradiction. Therefore, lim,||T&,|| =0
and 0 € op(T). Going back to a general extreme point 4, it follows that op(7)
contains the infimum and the supremum of W(T) and, hence, the spectrum of T
is nonempty. Consequently, ||T||> > ||T?|| > sup Wx(T?) € 65(T?). (Note that
We(T?) C [0, [72]11)

To complete the proof of (2.2)—(2.3), it remains to show that o (T) N {—||T]|,
[|T||} #@. Let x, be a sequence of unit vectors such that ||Tx,|| — ||T|| as
n— oco. Then (T%x,x,)=||Tx,||>— ||T||> as n— co which implies that
[IT||> = ||T?|| = sup Wg(T?) = max 6p(T?). Now, Theorem 2.1 implies that
|IT|?> € (6p(T))? and, hence, o(T) contains lIT1l and/or —||T||.

For (2.4), note that N*N is a (real or complex) selfadjoint operator and, hence,

[INII* = sup |INx||* = sup (N*Nx,x) = [[N*N]|.

[lxl|=1 [xl|=1

Finally, to prove (2.5), let f(x)= Z;.’zo(aj+ibj)xf and define u(x)=z;l=0ajxj

and v(x) = Z;?:Obxj. Then, for “all 7€ op(T)N(CR), f@) =u@®)+ivr),
IF(O]* = u(?)? + v(¢)* and u, v are polynomials with real coefficients. It follows that
WA DI =NFDIADI = 110 + v = sup{ls| : s € op((u® +v)(T))}
=sup{|s| : s€ W+ v2)(a[F(T))} = sup{uz(t) +V2() : t€ or(T)}

=sup{lfO* : t € op(D} = IIfII2, 7,

Corollary 2.1 Let T = T* € B(H). The following assertions are true.

() minop(T) = inf Wg(T) < sup Wi(T) = max op(T).
(b) If an extreme point of Wg(T) belongs to Wi(T), then it is an eigenvalue of T.
(¢) Ifop(T) C {A}, thenT = Al.

Proof Since inf(Wg(T)) and sup(Wg(T)) are the extreme points of Wg(T), it follows
from (2.2) that min(op(7)) < inf(Wg(T)) < sup(W(T)) < max(op(T)); the desired
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equalities are immediate from (2.2). This proves (a); the proof of (b) follows from
(2.3).

For (¢c), if op(T) = @, then H = {0} and S = 0 = Al; otherwise, Wg(T) = {4}. Let
K = K(AI = T) and write H = K @ K*. Observe that op(T|x.) C {4} and that A is
not an eigenvalue of 7| .. Thus, Kt ={0). O

The following example shows that the spectral theory for real nonselfadjoint nor-
mal operators cannot go beyond Theorem 2.2.

Example 2.1 Consider the normal (unitary) operator N = U; @ U, € B(R & R?)
with the following matrix representations:
01
U,=[1];and U, = [_1 0] .

Then for x=[x;,x,x]" €R® with x]+x3+x3=1 we have (Nx,x)=x]
and, hence, oxr(N)= {1} C Wx(N) =10,1]. However, the extreme point O
of Wgr(N) is not an eigenvalue of the (unitary) operator N. Also, note that
max,y [f—1/=0<1=[IN-1| In fact, the 2X2 unitary part U, of
N has an empty spectrum. Also, if f(r)=7, then f(U,)=U;=-I and
or(f(Up) = {—1} # 0 = f(or(U,)).

3 Borel functional calculus for normal operators

In this section, we study the Borel functional calculus of normal operators of the
form N =T + ir, where (7, 7) is a commuting pair of selfadjoint operators on a
Hilbert space H over the field F. In case = # 0O, the field F is necessarily equal to
C; otherwise, F can be either C or R. For a vector x € H and a normal operator
N =T + it € B(H), the smallest invariant subspace and the smallest reducing invar-
iant subspace of N containing x can be, respectively, formulated as follows:

Z(N:x)=V{N"x : m=0,1,2,---} and
Z(N,N*;x) :=Z(T,7;x) = V{N"N*""x : m,n=0,1,2, -}
=U{T"t"x 1 myn=0,1,2,-};
i.e.,, the closure of the linear span of all p(7,7)x as p runs in the collec-
tion of all bivariate polynomials with coefficients in F. In case v =0, we have

Z(N,N*;x) = Z(T;x). Note that every closed invariant subspace K of {7T,7} is a
reducing one; i.e., N = N; @ N, with respect to the direct sum H = K @ K L where

o¢(N) = 0p(N}) Uop(N,) and N,N* = NN, (v = 1,2).

The following lemma is a consequence of the results of the previous section; its sim-
ple proof is left to the interested reader.
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Lemma 3.1 (Continuous functional calculus for selfadjoint operators) Let
T =T* € B(H) and let 1 and id be the polynomials p(t) = 1 and p(t) = t, respec-
tively. Then, the polynomial functional calculus p v~ p(T) : F[x] - B(H) is
an isometric *-algebra isomorphism such that 1(T) =1, id(T) =T. Moreover,
the functional calculus can be extended to an isometric *-algebra isomorphism
[ f(T) : Cp(op(T)) = B(H) such that

W DI = [fllspr)» Y € Ceop(T)).

To prepare ourselves for the main theorem, we need the following definition.

Definition 3.1 A function f : R*> - C may be also regarded as a function
f : C = Cby f(z) =f(s(2), 1(z)), where s(z) = (z +z*)/2 and 1(z) = (z — z *)/(2i).
Now, if N = T + it is a normal operator, then we may write f(N) to mean f(T,7)
provided that the latter expression is somehow defined. If no ambiguity arises, we
may even drop the tilde sign to write f{N) instead of f(T, 7).

Theorem 3.1 Let N € B(H) be a real selfadjoint or a complex normal opera-
tor. Then there exist a positive Borel measure (F,B, yiv ) and a unitary operator
Uy : LE(uY) — Z(N,N*:x) such that for all f € F[x], for all ¢ € LE(u) and for all
yeEH,

U e =FNx, 1Y 1| = 1 (0p(N)) = |1x] |, and (3.1)

(Urabor) = [ $OI;, PO a0, (32)

where P : H — H is the orthogonal projection onto Z(N,N*;x). Moreover, if
A, (S) denotes the *-algebra of all F-valued Borel functions bounded on o (S), then
the mapping f — f(N) : A,(N) — B(H) defined by f(N)x= Uy, f is a *-alge-
bra homomorphism extending the continuous functional calculus of Lemma 3.1.
Moreover,

Of(N) = f(N)Q, whenever ON = NQ, for some Q € B(H). (3.3)

Proof Assume for the moment that ¢ = 0 and, hence, F = R. In view of Lemma 3.1,
for each x € H, the mapping f — (f(T)x,x) : Cr(or(T)) — R defines a positive lin-
ear functional @, such that [®,(1)] = [(/(T)x,x)| < A 11X = [fl],qr [1x]1%
Letting f =1 yields [(f(T)x,x)| = ||x||> and, thus, ||®,|| = ||x||>. Hence, there
exists a unique positive measure (op(7T),B,u") such that |[u|| = ||x||* and
(f(D)x,x) = [ fduT for all f € Cy(oxr(T)). Also, note that

IF(D)x| 1> =(f(T)x, f(T)x) = (F*(Tf (T)x, x) = (|f|*(T)x, x)

34
= [ VOPGI© = 1, V1 € 00l G4
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The equation (3.4) defines an isometry U, from a dense subset of L%R(ﬂxr) onto a
dense subset of Z(T;x) which can be extended to a unitary operator Uy, from
L%R(yxr) onto Z(T';x) satisfying (3.1). The proof of (3.2) follows from the fact that ¢,
U;. Py € L2 (u") and

(Upath,) = (Upodh, Py) = (b, Us, Py) = / LTS, PyIs)) dil ().

Next, let f € L¥(u") and define M, : L} (u") — L*(u’) by My =f¢. It is well
known that M, is a bounded normal operator of norm ||M;|| = [|f||, with adjoint
Mjf = M;.. This makes us ready to define the following Borel functional calculus for

any real or complex selfadjoint operator T
[ f(T) : A(T) - B(H) via f(T)x = Ur.f, Vx € H. (3.5)

We show that f(7) is a well-defined bounded linear operator defined on H which sat-
isfies  (3.3), |F(DIl £ lloyry  fMET) = (fe)T), and  f(T)* =f*(T)
(vf,g € A, (D). For arbitrary x,yE€H and a eR, define
W= uf + M; + M‘Zx T ygx + ugT(T)x and choose sequences {f, } and {g,} of continu-
ous functions converging to f and g in L%R(a)), respectively. We modify f, and g, to
assume without loss of generality that |[[f,| |6R(T) < |IfI |6R(T) +1 and
||g,,||6R(T) <llgl |6R(T) + 1 for all » € N. Hence, in view of the bounded convergence
theorem, f, g, converges to fg in L%R(w). (Note that, w is supported on oix(T) C R.)
Then, foru = x,y, ax +y, Ox, and g(T)x,

f(Du = Up,f =lim Uy, = limf,(Du, 3.6)

Therefore, the following assertions are true.

(@) f(T)(ax+y) =lim, f,(T)(ax +y) = alim, f,(T)x + lim, £,(T)y = af (T)x +f(T)y which
implies that f(7) is a well-defined linear operator.

(b) Inview of (3.6) and the commutativity property Qf, (T) = f,,(T)Q, it follows that
Of (M)x — f(T)Qx = lim, [Of,(T)x — f,(T)QOx] = 0, which proves (3.3).

(¢) Inview of (3.4),

ATl > =tim |1, (7] = lim / I 2t < Tim [1f, 112, ;1]
<IIR, o111,
which implies that f(T) is bounded.
() {f(D)x,y) = lim, (f,(T)x, y) = lim, (x. £, (T)*y) = lim, (x. £ (T)y) = (x, f*(T)y)

which shows that f(T)* = f*(T).
(e) Finally,
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IH{T&(T) = A(Dg(D)xl| =lim [[{{£,8,)(T)x = f,(T)(&(T)0)]|
=lim ||, (T){g,(1x = g(T)x}H|
<lim [[f, (DI g, (T) — (D)l

S(Hf“UF(T) + l)lirrln[/ lg, — g|2d,u;]l/2 =0,

which implies that (fg)(T) = f(T)g(T) = g(T)f(T) and that {T) is normal.
This completes the proof of the theorem for the case N = T.

We now assume N = T + it with 7 # 0; here, the underlying field F is neces-
sarily equal to C. Choose a fixed rectangle I" = [a@, b] X [, d] such that op(N)CTI.
Let © be the algebra generated by all sets of the form [a,b) X [c,d) N I'. Define
uY 1 & — [0, o] as follows:

M)[CV([(L b) X [C’ d)) :</¥[a,b)(T)x’ I[c,d)(T)x>

3.7
=/){la!b)(s){[U;;XP)(lc,d)(T)x](s)}*d,uxT(s), G7)

where P : H — H 1is the orthogonal projection onto Z(T;x). To extend ,ufcv to a
Borel o-additive measure, we have to show that it is o-additive on the ring ©. Let
[a,b) X [¢,d) = U,([a,,D,) X [c,,d,)). Then

n>*~n

wy ([, b) X [¢,d)) = (. (T%s Xie0)(T)X)

= / Xt ALUZ P 21 0 (OX1(5) Y d el (5)

){[c" d”)( ) " . ,
=/ / Zm b8 ) {LU. P)([L.mdn)(r)x](s)}'dt du (s)
e ( )
= Z // Ila b )(S) [c,.d,) {[U* P)([cn,dn)(f)x](s)}*dtd/,tf(s) (38)
= 2 / ),/[a”,b,,)(s){[Uj;xP)([Cmd”)(T)x](s)}*dﬂz‘(s)
=1

=Y u¥(la,.b,) x[c,.d,)).
n=1
Thus, Miv is a Borel positive measure on I" and can be extended to a measure space
(C, 8, u) by defining 4¥(B) = uY (BN I') for all B € B.
Thus, for simple Borel functions =20 ¢ cix, and g = ZJ dix

(f(Dg(x)x,x) = (f(T)x, g"(2)x) = / F($)g0dul (s, 1). 3.9)

It follows easily that (3.9) as well as the following equation hold for all bivariate
polynomials f{s, #) with coefficients in C:
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(T, ol > = ([ IP(T, o)x,x) = / F (s, DIdpl (s, ). (3.10)

Thus, in view of the Stone—Weierstrass Theorem, Z(N,N*;x) = UT,T;xLé(ﬂiV ) for
some unitary operator Uy ., : Lé(,uiv) — Z(N,N*;x) satisfying Uy .. f = f(T,t)x
for all func_tions of the form f(s,7) = sz=1 cjkgj(s)hk(t) with g € Cc([a, b)),
h, € Ce([c, d)).

We now replace Tby N =T + iz, u! by ¥, and U(T; x) by U(T, 7;x), and then
mimic the arguments leading to (3.5)—(3.6) to complete the proof of the theorem in
the general case. O

We now try to equip .A,(N) with a norm with respect to which the functional
calculus f +— f(T,7) : A,(N) - B(H) is an isometric *-algebra isomorphism. Note
that A, (N) C nerL‘”(yiV ) and this will help us in the norm construction. Let us first
fix a notation to be used in the theorem.

Definition 3.2 Let (F,B,u) be a positive Borel measure and let f:F > F
be measurable. The [u]essential range of f, denoted by [uless.range(f), is the
set of all ¢ € F for which u(f~'(4)) > 0 for every neighborhood A of . Also,

supp(u) = N{C = C : u(F\C) =0}.

Remark 3.1 1t is easy to see that, for every y-measurable set y and every y-measur-
able function f : F — F,

supp(u|,) C [uless.range(id - y,) C supp(u|,) U {0}, (3.11)

[uless.range(f) = N{g(supp(w)) : g =fa.e[ul}, (3.12)

where (id - ;(y)(t) =t ;(y(t).

The following theorem is an improvement of Theorems 4.6, 4.8, 4.11 of [7] and
of Theorem 5.5.3 of [13].

Theorem 3.2 Suppose the notation and the hypotheses of Theorem 3.1 are valid. For
each f € A,(N), define v(f) = sup,cy |[f||Lm(M£,). Then, v is a seminorm on A,(N)
which induces a norm || - ||y on the completion L*(N) of the quotient space
A,(N)/{f - v(f) =0} with respect to which the functional calculus
f e f(T,r) : L°(N) —» B(H) is an isometric *-algebra isomorphism. Moreover, the
following assertions are true for all f,g € L*(N).

(1) op(f(T,7)) = A, where A := U,y [y)’;’]ess.range(f).

(1) or(N) =op(T +it) = U,y supp(yiv) and o (f(T, 7)) C f(op(N)).
(i) f(T,7) = g(T, v)whenever f(s,t) = g(s,t) for all (s,t) € op(N).
@) [l = 1l = max{f@)] : 1 € 6g(N)}if 1, is continuous.
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Proof Write ||f||, as a short form for [|f||;«w) It is clear that v(f) >0,
v(cf) = sup, |lefll, = lel sup, [If]]. = lelv(f), and

v(f + &) = sup [|f + gl < sup [If]l, +suplgll, = v(f) + v(g),

for all ¢ € F, for all x € H and for all f,g € L*(N). Thus v is a seminorm and
induces a norm || - || on L*(N). Also, with the same notation, it follows from
(3.10) that

AT, oxI* = U f 11 = / F1Pduy < IIF1IZ1x1?

which implies that [|f(T,7)|| <|lf[|,. Next, choose x€&€H such that
“f”L“’(m) > |[f||N —¢/2 for a given € >0. Let A4 be a Borel set of measure
m=p(4) >0 on which [f®)] > [[fllz=,)—€/2> IIfll, —e, aelul]. Define
g=m"2y Then

lecr. ol = [ gt 0P a0 = 1.
and
(T, )e(T, )xl|* = / (s, Dg(s, DIPdp (s, 1)
2(IIf1l, — e / lg(s, DIPdu (s.0) = (IIfI, = €)*.

Thus, ||f(T,7)|| > |If] |N —¢ and, since e >0 is arbitrary, it follows that
(T, D) = |If] IN. It is now easy to verify that the functional calculus
f e f(T,r): L*(N) - B(H) is an isometric *-algebra isomorphism.

To prove (i), we first show that A is closed. By (3.12), the set
A, = [u"]ess.range(f) is closed for all x € H. Fix A € A. Assume no A, contains A
and reach a contradiction. Let D, be the closed disc/interval in F of radius r; =1
centered at A. Find x € H such that D, N A, # . We are going to replace x by a unit
vector x, to guarantee (3.13) holds for n = 1. (See below.) Define I', = f~!(D,) and
let x; = Uy,..&,, where g; = y}’c"(Fl)‘]/zgrl. Then, for all Borel subsets Q of F,

uy () = / 2, G 0Pdpy = 11, (Toox 11? = | (T OUr o, 1P/ (1)

=gy, /1Y (D) = 1 @O T)/ (1),

anry

which implies that ||x,||*> = Hy, (F)=1, and A, =A.ND # @. Since Ay is
closed and 4 & A, , it follows that A, C D;\D, for some closed disc of (posi-
tive) radius r, < r;/2 and centered at 4. Now, assume by induction, we have con-

structed a sequence of concentric closed discs D, D,,Ds,...,D, ., of respective
radii r,r,,...,r, and an orthonormal set {x,x,,x3,...,x,} CH such that, for
k=1,2,...,n,
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Tie1 < rk/z’ X = }(rk\l'kn

(T,7)x, and A, CD\Dyy,, (3.13)

where I, = f~1(D,). Mimicking the construction of x, and D,, yields a unit vector
X,.1 € Hand adisc D,_, of radius r,,,; < r,/2 centered at A such that (3.13) remains

valid for k = n+ 1. We claim (x;, x,,,) = Ofork = 1,2, ..., n. In view of (3.13 )

L (T.7)

1\ n+2

(T, 7)x1, %,0) =0, Vk<n.
1

(X X g1) :<1rk\rk+l (T, 7)x; X,

=(x (T, vy

D1\ 42 T\ Tkt

So far, we have constructed an orthonormal sequence x,,x,,Xs,... such that
uﬁ’k(f‘l(Dk)) # 0. Define x = Y7 27%x, and observe that

lxll =1, and (' (D\Dyy1) = 1w (T \Tyy) > 0.

Thus, D,\Dy.,; C [1"]ess.range(f). This implies that 1 € A, = A,.

It remains to show that A € o(f(T,7)). Then there exists x € H such that
A € [u,Jess.range(f). For every n € N, let 4, be the disc in F of radius n~! and center
4. Then, for all n € N, u,(I;,) > 0, where I, :=f~'(4,). Let g, = pu(I},)""/?x and

yn = UT,r;xgn for alln € N Then”yn” = ||gn||L2(;4X) = land
1A = f(T, o)y, 1> = (L) / |A=f(s+iDdpu(s,0) <n7> >0 (3.14)
Fn

Conversely, we assume A € o¢(f(T, 7)) and claim 4 € A. It is sufficient to show that
A € A. If not, there exists an open disc 4 of radius 6 > 0 and center A such that
u(f~1(4)) = O for all x € H. Then,

(A = £(T, D)x||* = / |4 = f(s +inPdu (s, 1) > 67| |x||*.

This shows that 4 is not in the approximate point spectrum of the normal operator
f(T,7). Hence, A & o (f(T, 7)); a contradiction.

The proof of (ii) follows from the fact that [,ufcv Jess.range(id) = supp(yfcV ) and that
N =T+ ir =id(T, 7). Thus, op(N) = Uersupp(yiV ). The remainder of the proof of
(ii) follows from Part (i) and formulas (3.11)—(3.12).

For (iii), observe that supp(y}’cV ) C op(N). Letting h = f — g, it follows that

[|IW(T + it)x||* = / |h(s,))|*duY =0, ¥V x € H.

In (iv), since fis continuous, it follows that

Wflly = sup Il < supmax{|f(D)] : t € op(N)} < [|fll5.qv)-

xeH

For the converse, choose s € op(N) such that |f(s)| = max{|f(?)| : t € op(N)}. In
view of Part (ii), there exists x € H such that s € supp(,uiv ) and it follows from the
continuity of f on the compact set supp(u)’(v ) that [ ()] < [[f | zsoumy < [y O
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Corollary 3.1 Let o (N) = 0, U 0, for a pair of disjoint closed sets o, and o,. Then
N =N, &N, with ox(N)) = 0; (j = 1,2). In particular, if o\ = {4}, then N, = Al,,
where I} = I|py,y.

Proof Let X be the characteristic function of the set o; and define Pj = ;(j(N)

(¢ = 1,2). Obviously, each P; is an orthogonal projection and
I=1(N) = y;(N) + r,(N) = P, + P,,
PPy = PPy = yi(N) o(N) = (1 x2)(N) = 0.

Thus, H=H,®H, and NHj - Hj (j=1,2). Hence, N=N,®N,,
op(N) = op(N;) Uop(V;), and N;,N, are normal operators, where N;=N]| H,
(G =1,2). But

o(N) = (N g, (N)ly) C {t(0) : t € 0p(N)} C0;U {0}, (i =1,2).

Assume 0 ¢ o; and x € Hj for some j = 1,2. Then,
[|Nx]|* = [IN z,(N)x]|* = / |112du? > dist(0, 5)|]x]|%,

which implies that O is not in the approximate point spectrum of N;. Hence,
or(N;) C o;and, thus, op(N;) = 0;(j = 1,2).
In particular, if 6; = {4}, then

(AT = N) gy (N)x] 2 =/ [4—s—it|*du" = 0.
{4}

Thus, N, = Al,. O

We conclude this section with a simple observation about the polar decompo-
sition of an operator S € B(H) acting on a real (or complex) Hilbert space H. It is
obvious that $*§ is a (real or complex) positive selfadjoint operator and, hence,
has a positive square root (S*S)!/2. As usual, we denote this square root by ISI.
Also, it is easy to verify that (|S|x, |S|x) = (Sx, Sx) which implies that the map-
ping |S|x — Sx is a partial isometry from the range of IS onto the range of § satis-
fying S = V|S|.

Now, if Ne€B(H) is a real or complex normal operator, then
KWN) = K(N*) = K(ND, RMN) =RWN*) =R(AND, H=K®N)®R®) and,

accordingly,
N= 00| _([(wo]fo O
TJON| T 0 V[0~

where N, : R(N) — R(N) is an injective normal operator, W : IC(N) — IC(N) is an
arbitrary operator, and V : R(N) — R(N) is a unique unitary operator. Letting W be
any unitary operator, one can define a unitary operator
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w0
o[V 0] <wer

to establish the polar decomposition N = U|N| of N with U*U = UU™* = I, regard-
less of the type of the underlying field R or C.

At this end, assuming N =7 +izr is a real selfadjoint or a complex nor-
mal operator, we want to demonstrate the operators U and N as functions of
N. Define u(s,9) = (s+i(s2+2)"Y2 if s2+2#0 and u(0,0)=1. Also,
define h(s,t) = (s2 + )2 Tt follows that s+ if=u(s,)h(s,t) and, hence,
N = u(T, t)h(T, t), where

(T, ol 2 = / uldu = ]2,

(T, )*x||* =||u*(T, T)x||* = / lu*Pdu? = ||x]|%,
WT,7)* =h*(T,7) = (T, ), and

(W(T, 7)x,x) = / hdu >0, Vx€H.

Therefore, u(7, 7) is a unitary operator and i(7, ) is a positive selfadjoint operator
which together establish the polar decomposition of N. Also, note that u =w +v
with w = y(00)p v=0+ i) (s* + t2)—1/2){[':\{(0’0)}(s’ t) and wv = 0. This re-estab-
lishes the direct sum U = W @ V with the unique part V = w(T, 7)| ). and the
choice W = w(T, 7)|icvy = Iy

Here, we make a very important observation about the relation between the spec-
trum of U and that of INl; i.e., given a Borel partition T =# U @ of the torus
T:={zeF: |zl=1}, the space H is decomposed into the direct sum
H= )(”(U)H ® ;(w(U )H according to which U, N and INI are decomposed as
vU=U,®U, N=N,®N, and [N| = |N,| & IN,|. Moreover, o¢(N,) is included
in the sector of the unit disc consisting of radii joining O to the points on #. (Note
that if # contains a portion of op(W)\og(V), then its counterpart in o (N) is the sin-
gleton {(0,0)}.)

4 Spectral measure

Once a Borel functional calculus is established, one can immediately construct a so-
called Borel spectral measure satisfying (4.1)—(4.4) of the next theorem. We review
the theory just to see how our improving Theorem 3.2 affects the spectral measure
theorems.

Theorem 4.1 Let N=T + it € B(H) be a real selfadjoint operator or a com-
plex normal operator, where T = (N + N*)/2, it = (N — N*)/2 and H is a Hilbert
space with the underlying field F. (If T # 0, then [ is necessarily equal to C.) Define
E :B— B(H)by E(y) = ;(Y(N), where B is the o-algebra of all Borel subsets of .
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The following assertions are true for all 6,y,y,, 72, V3, ... € B whenevery, Ny, =0

for m # n.

E(y) = E(y? = E(y)". @1

E(F) =1, E(y)N = NE(y). 4.2)

EWS rx11> = D IEG,)x] |2, Vx € H. 43)
n=1

o:(N,) C 7 Nop(N), 4.4)

where N, = N|g,u-

Proof Assertions (4.1)—(4.2) follow from Theorem 3.1 and the definition of
E. Assertion (4.3) is an immediate consequence of ,uiv (y) = ||E(y)x||?. For
(4.4), assume without loss of generality that E(F\y)H # {0} and observe that
N=N,&® Ny with respect to H = E(y)H @ E(F\y)H. Then N, = N ,(N)| g,y and,
hence, op(N,) C (N y,(N)). (Note that both N, and Ny, (N) are normal.) Since
N Xy (N) = Ny @ 0, it follows from Remark 3.1 that

or(N,) U {0} =0¢(N, ® 0) = o (N y,(N)) = Uer[M;V]ess.range(id X))
={U,supp(u?[,)} U {0} C (7 nop(N)) U {0}.

Assume 0 € o(N,). Then, there exists a sequence of unit vectors x, = E(y)x, such
that N y,(N)x, = N,x, — 0. Hence, 1 = ||x,||* = fydyiv and

dist(0, supp(p))? < / Is + itlPdu = [|Nx,||> = 0.
Y

This implies that 0 € Uxeﬂ,supp(ujcV |7) C 7 Nop(N) and, thus, (4.4) is proven. O

Definition 4.1 Let H be a real or complex Hilbert space and let B denote the c-alge-
bra of all Borel subsets of the (underlying) field F. Any triple (F, B, E) is called a
Borel spectral measure for a real selfadjoint operator or a complex normal operator
N € B(H)if E : B — B(H) satisfies (4.1)—(4.4).

Theorem 4.2 If (F, B, E;) is a Borel spectral measure for the real selfadjoint opera-
tor or the complex normal operator N (j = 1,2), then E| = E,.

Proof We can assume without loss of generality that E, is equal to the spectral meas-
ure E of Theorem 4.1. Also, observe that, for j = 1,2,
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4<EJ(Y)X’ y> =
(E(r)(x+y),x+y) = (Er)(x—y),x—y) (4.5)
+ i6p c[(E(r)(x + iy), x + iy) — (E;(y)(x — iy), x — iy)].

(Here, 6.. denotes the Kronecker 6.) Letting M € Nand choosing v, = d(Vn> M), it
follows from (4.3) and (4.5) that

M
E(#) =0 and E(UM y,) = ) Er,). (4.6)
n=1

In view of (4.1), every projection E;(y) is an orthogonal projection and, hence, it fol-
lows from [8] (page 18) that E,(y,,)E;(v;) = E;(v,)E(v;,) = 0 whenever h # k.

Now, define v; (y) = ||Ej(y)x||2. It follows from (4.3) and (4.6) that (F, 3B, Vix)
is a positive o-additive measure (j = 1,2). Thus, to show E| = E,, it is sufficient to
show that v; ,(y) = v, (y) for all closed sets y. Note that, in view of (4.2) and Theo-
rem 3.1, E,(y)E,(n) = E.(y)E,(n) and E,(y)N = NE,(y) Vh,k = 1,2 and Vy,n € B.
Thus, for every y € B,

H=H;, ®H;,, where H; =E)H.

We claim H, , = H,, for every closed set y. Write F\y = U7, for some mono-
tone increasing sequence of open sets #, satisfying 7, Ny =@. Let x € H,, and
write y, = E,(n,)x. Then ||E,(F\y)x||* = lim, ||y,||>. We prove y, = 0. Fix n and
let M := Z(T,7;y,). It follows from the commutativity of N, E,(-) and E,(-) that
M CE,(n,)HNE (y)H and, hence, op(T|,,) Cy N7, =0. Thus M = {0} and,
therefore, E,(y)H C E,(y)H. By a similar argument, E,(y)H C E,(y)H which
implies that E}(y) = E,(y) for all closed sets y. Since E;(y) + E(F\y) = E;(F) =1,
it follows that E () = E,(#) for all open sets . Thus, the two positive measures v ,
and v, , are identical for all x € H. It follows from (4.5) that E and E, are equal in
the weak sense; i.e., (E;(y)x,y) = (E,(y)x,y) forall x,y € H. O

Corollary 4.1 For the spectral measure (F, B, E) of a real selfadjoint or complex
normal operator N, the following assertions are true.

1. Forevery x € H, the set function ,uiv (7)) = ||E(y)x||? is a positive o-additive meas-
ure and
[IA(T, 7)x||> = [f(s,)1*du"(s,1), Vx € H, V f € L°(N).
or(N)

2. Forevery x,y € H, the set function Mivy(y) = (E(y)x,y) is a complex o-additive
measure and
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(FT.oxyy= [ fs.0du) (5,0, Vx.y €H, V[ eELN).
op(N) |

5 Discrete normal operators

In the present section, we assume N € B(H) is a real selfadjoint or a com-
plex normal operator; we further assume the collection of its eigenvectors span
H. In case H is separable, then it follows from the Gram—Schmidt process that
there exists a finite or countable orthonormal basis {e,},c; consisting of eigen-
vectors of N such that N=73) _; 4., ®e, more generally, if p € F[x], then
p(N) =3 c;p(4)e, @e,. In fact, if f: F — F is a bounded function, one can
define f(N) =Y, .,f(4,)e, ® e, € B(H). With no need of axiom of choice or
Hausdorff maximality principle, we can partition J as J = U, ,J, such that

H =@, ,K(Al =N), f(N) = @, (DI. (5.1

In (5.1), one may either extend A to F by taking C(A — N) = {0} for the redundant
A’s or assume H is nonseparable and N has uncountably many eigenvalues. In either
case, there is a need for the definition of uncountable direct sums and extended
Bessel inequalities or extended Parseval equalities. The following definition is sur-
prisingly simple. Recall that an orthogonal projection P € B(H) is characterized as
P = P* = P?; such an orthogonal projection decomposes the space as the orthogonal
direct sum H = PH @ (I — P)H. To avoid any kind of confusion between orthogo-
nality term used for matrices or projection, we use the term perpendicularity for lin-
ear subspaces. Also, recall that the notation @ in this paper is solely used for orthog-
onal direct sum; i.e., the expression @, , M, necessarily implies that M, and M, are
mutually perpendicular (for all « # f in A).

However, we acknowlege that until Theorem 5.2, the results are known for which
we refer to Shirbisheh [13].

Definition 5.1 A subspace M of H is said to be the orthogonal direct sum of a family
{M,} e of mutually perpendicular subspaces M, and write M = @, M, if M is
the smallest closed subspace containing U, 4, M,,.

To justify our definition of orthogonal direct sum, we prove the following theo-
rem which extends Bessel’s inequality and Parseval’s equality for families of mutu-
ally perpendicular closed subspaces. We could not persuade ourselves to skip the
proof; instead, we avail ourselves of acknowledging that it is somehow known to the
experts. Also, we have to mention that the terms extended Bessel’s inequality and
extended Parseval’s equality are new.

Theorem 5.1 Let {M, : a € A} be a family of mutually perpendicular subspaces

of a Hilbert space H over the field F and let P, € B(H) be the orthogonal projection
ontoM,. Let M = @, ,M, with the corresponding orthogonal projection P € B(H).
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Then the following extended Parseval’'s equality and extended Bessel’s inequality
hold:

sup{ZHPatz: L finite ¢ A} = ||Px||> < ||x||?Vx € H.

a€L

Also, the set A, :={a € A . P,x # 0} has an identification with N or some finite
initial segment {1,2,...,n}, independent of which the following conditions (a)—(c)
hold.

(a) The Bessel inequality and the Parseval equality can be modified as follows:

3 1P = 11PxI> < Ixl> (Vx € H).

€A,

(b) The series Px =Y, ., P,xis convergent in norm (Vx € H).
(¢) The numerical series (Px,y) = Ywen (Pox,y) is convergent (Vx,y € H).

Proof Fix x € H. For each n €N, let A, = {a € A : [|P,x|| > 1/n}. Then, for
any finite subset {a;, a,, ..., @, } of A,

m m
m/n? < (1P x| = D (P, x.x) = ((Py, + -+ + P, x.x) < |Ix|%. (5.2)
k=1 k=1

Thus, m < n?||x||?, which shows that A, , is finite and, hence, A, = U, A, 18
countable. For the sake of uniformity, we assume without loss of generality that
{M,},c contains infinitely many copies of {0}; this enables us to identify each A,
with N by supplementing it with enough copies of {0}, if necessary. Now, let L be any
finite subset of A. Using the argument leading to (5.2) yields Y., ||P,x]| 12 < [1x]%,
which establishes the extended Bessel’s inequality as well as its discrete form in
(a). Note that the positive series in (a) is absolutely convergent and, hence, does not
depend on the order of A,.
To prove extended Parseval equality, observe that

1Y, PP =( ), Prx) = ) (Pcx)

k=m+1 k=m+1 k=m+1

n
= Z [|Px||> = 0 as m,n— co.
k=m+1

Therefore, there exists £ € M such that the series Z:": , P,x and Zf;l ||P,x||* con-
verge to & and ||&||?, respectively. Also, the arguments leading to (5.2) reveal that
Parseval equality and conclusions (b)-(c) hold if x is replaced by & = P£. To com-
plete the proof, we claim £ = Px or, equivalently, x — ¢ L M. This, in turn, is equiv-
alent with showing that x — & L M, for all § € A,. Fix f € A and choose arbitrary
y = Pgy € M. Assume without loss of generality that § € A, and observe that
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(x = & Pyy) =(Pyx = &),y) = (Ppx.y) = (P; ) P,x.)

n=1

=(Pyx,y) = (Y PyP,x,y) = (Pyx,y) = (Pyx,y) = 0.
n=1
Thus, x —& L M, and, by linearity and continuity of the inner product in the first
component, x — & 1L M. O

The following corollary provides a list of what we expect from an orthogonal
direct sum.

Corollary 5.1 With the notation of the theorem, let x, € M, for all a« € A and let
X € ByeaM,. The following assertions are equivalent.

(1) x,=Pxforalla € A.
() x,=P,xforalla € Aandsup{Y .. |Ix,||* : F finite subset of A} = ||x||?

(iii) ThesetA, :={a € A . x, # 0}is countable and x = ZaeAt X

(iv) The vector x is uniquely represented as x = Y, 4 X, in the sense that for all
€ > 0, there exists a finite subset F of A such that||x — Y, ., x,|| < € whenever
F CLC Aandcard(L) < co.

The next corollary is an extension of the Pythagorean Theorem.

Corollary 5.2 (Extended Pythagorean Theorem) Let {M,},c 4 be a family of closed
linear subspaces of the Hilbert space H with the underlying field F. Let P, denote
the orthogonal projection onto M, (a € A). Then, the following assertions are
equivalent.

(@) M, L Mforall distincta, p € A.

(b) P,P;=0foralldistincta, p € A.

(c) P, + Pyis an orthogonal projection for all distinct a, f € A.

@ |lx, +xﬂ||2 = ||x, 1> + ||xﬂ||2 whenever x, € M, x; € Myand a # p.

Proof The equivalence of (a) and (b) follows from the simple verification of (P, Px,
y) for all x,y € H. The equivalence of (b) and (c) is verified on page 18 of [8]. The
proof of (a) = (d) is a straightforward computation. For the converse, we must show
that (x,, x;) = 0 whenevera # f € A, x, € M, and x; € M. Assume (x,,x;) # 0 to
reach a contradiction. Let z = (x4, x,)/[{x,, x5)|- Then

zxg |12 + g1 17 = [12xg + 25112 = 2, |17+ 1xg 11 + 2 Re(z(xy x5))

and, hence, 0 = 2Re|(x,. x;)| = 2|(x,.x;)| # 0; a contradiction. O
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We are now ready to state our main theorem about the functional calculus
of discrete normal operators. For the definitions of Borel functional calculus
f — f(N) and Borel spectral measure E we refer to Theorems 3.1 and 4.1. Also,
we fix the notation /, for the identity operator on the subspace (Al — N).

Theorem 5.2 (Discrete spectral measure) Let N € B(H) be a real or complex normal
operator whose domain H is the smallest closed subspace containing the collection
of all eigenvectors of N corresponding to the eigenvalues ¢,(N) C op(N). Let
B(o,(N)) denote the collection of all functions f : F — F such that f |a,,(N) is

bounded. Then L*(N) C B(c,(N)) and
[y = IFll,n> where |If]],y :=sup{lf(D] : 1€ o0,(N)}. (5.3)

Moreover, the functional calculus f — f(N) : B(ap(N) — B(H) and the spectral
measure (F,2%, E) are, respectively, isometric extensions of the Borel functional cal-
culus f — f(N) : L°(N) —» B(H) and the Borel spectral measure (F,B, E), where

SWN) = @AEGF(N)f(A)Ip Vfe B(GP(N)), 5.4)

E(y) = ®eo,mnn L Y7 €2 (5.5)

Proof Choose arbitrary f € L®(N) and ¢ > 0. There exists x € H such that
Iy < [Ifl sy + €. Let x, be the projection of x into K(4/ — T). Then, for all

y € 3B,

Ney — 2 _ 2 _ 2 _ N
w O =1l = 3 1z,MNlP = Y Il = 2 mf(4). 5o
A€a,(N) Aey A€y
Choose 4 €0,(N) such that |[f||Lw(ﬂiv)< [f(A)| +e. It follows that

Iy < PO+ 2e < [Ifll5 vy + 2¢. Letting e — 0 yields [[f|[y < [If]],n-

For the converse, choose arbitrary 4 € o,(N) and let Nx = Ax for some unit vector
x€ H. Then ;4)’6"({/1}) #0 and, hence, |f(1)| < |[f||Lm(”£/) < |lflly. Thus,
IFIl,5 < [flly which proves L*(N) C B(c,(N)) and completes the proof of (5.3).

To prove (5.4), let f € L*(N) and apply (5.6) to conclude that

i = [ Pai = ¥ /m P

JEA,

=Y DL = Y DL

AEA, A€0,(N)

Now, in view of (4.5), the assertion (5.4) follows. It is now easy to see that the
functional calculus (5.4) is a well-defined isometric #-algebra isomorphism which
extends the Borel functional calculus.

For (5.5), it follows from (5.4) that
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E(r) =1,(N) = @000 1, (D,
= @0,y £, (DI = E@)

Therefore, E is an extension of E. It is easy to see that (F, 2%, E)isa spectral meas-
ure. O
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