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Abstract

Let 'H be a right quaternionic Hilbert space and let 7" be a bounded quaternionic
normal operator on H. In this article, we show that T can be factorized in a strongly
irreducible sense, that is, for any 6 > O there exist a compact operator K with the
norm ||K|| < 6, a partial isometry W and a strongly irreducible operator S on H such
that

T = (W + K)S.

We illustrate our result with an example. In addition, we discuss the quaternionic
version of the Riesz decomposition theorem and obtain a consequence that if the
S-spectrum of a bounded (need not be normal) quaternionic operator is disconnected
by a pair of disjoint axially symmetric closed subsets, then the operator is strongly
reducible.

Keywords Axially symmetric set - Quaternionic Hilbert space - S-specturm -
Strongly irreducible operator - Riesz decomposition theorem
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1 Introduction

According to the Frobenius theorem for real division algebras, the real algebra of
Hamilton quaternions is the only finite-dimensional associative division algebra that
contains R and C as proper real subalgebras [7]. The theory of matrices over the
real algebra of quaternions has been well developed in the literature parallel to the
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case of real and complex matrices (see [1, 8, 22, 23] and references therein). For
example, some of the fundamental results such as Schur’s canonical form and Jor-
dan canonical form are extended to matrices with quaternion entries [23]. In par-
ticular, the Jordan canonical form infers that every square matrix over quaternions
can be reduced under similarity to a direct sum of Jordan blocks. Equivalently, the
Jordan canonical form determines its complete similarity invariants and establishes
the structure of matrices over quaternions. Another significant aspect in this direc-
tion is the diagonalization, through which every matrix can be factorized in terms
of its restriction to eigenspaces. As it is well known that every quaternionic normal
matrix is diagonalizable, it is worth mentioning the result due to Weigmann [22]
that a quaternion matrix is normal if and only if its adjoint is given by a polynomial
of the given matrix with real coefficients. In this article, we concentrate on the class
of normal operators on the right quaternionic Hilbert spaces and their factorization
in a strongly irreducible sense. For this, we adopt the notion of strong irreducibility
proposed by Gilfeather [10] and Jiang [14] to the class of quaternionic operators in
order to replace the notion of Jordan block for infinite-dimensional right quaterni-
onic Hilbert spaces.

On the other hand, the study of quaternionic normal operators gained much atten-
tion in the form of spectral theory for quantum theories. Also various versions of
quaternionic functional calculus has been developed (see [2-5, 9, 17, 18] for details).
In fact, it is important to note that the spectral theorem for bounded and unbounded
operators based on the notion called “S-spectrum” is proved by Alpay, Colombo and
Kimsey in [3]. The multiplication form of the spectral theorem is the immediate
consequence of the result proved in [3]. Here the notion of S-spectrum is one of the
crucial objects in the theory of quaternionic operators. In the book, [4] by Colombo,
Gantner and Kimsey, the discovery of S-spectrum is briefly explained and gave a
systematic foundation of quaternionic spectral theory based on the S-spectrum, and
present the theory of slice hyperholomorphic functions which will be used in the
treatment of quaternionic operator theory.

As far as the factorization of quaternionic operators concern, the well known
polar decomposition theorem shows that every bounded or densely defined closed
quaternionic operator can be decomposed as a product of a partial isometry and a
positive operator (see [9, 19]). In fact, the authors of [19] gave a necessary and suf-
ficient condition for any arbitrary factorization of densely defined closed quaternionic
operator to be the polar decomposition. One of the crucial observations is the positive
operator that appears in the polar decomposition is the modulus of the given qua-
ternionic operator which has several reducing subspaces as in the complex case [6].
In summary, the polar decomposition establishes the factorization of the quaterni-
onic operator as a product of a partial isometry and an operator having several reduc-
ing subspaces. At this point, a natural question that arises from previous observa-
tion is the following: “whether a given quaternionic operator be decomposed as a
product of a partial isometry and an operator with no reducing subspace?” We
answer this question for quaternionic normal operators by proving a factorization in
a strongly irreducible sense, by means of decomposing the given operator as a prod-
uct of a sufficiently small compact perturbation of a partial isometry and a strongly
irreducible quaternionic operator. Our result is the quaternionic version (for normal
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operators) of the result proved recently in [21] by Tian, Cao, Ji and Li. In which,
the authors employed the properties of Cowen—Douglas operators related to complex
geometry on complex Hilbert spaces. Also, see [15] for similar factorization in the
case of finite-dimensional Hilbert spaces.

We organize this article into four sections. In the second section, we give some
basic definitions and results that are useful for proving our assertions. In the third
section, we prove the factorization of quaternionic normal operators in a strongly
irreducible sense. The final section is dedicated to the Riesz decomposition theorem
for quternionic operators and provide a sufficient condition for strong irreducibility.

2 Preliminaries

An Irish mathematician Sir William Rowan Hamilton [7] described this system of
numbers known as “quaternions” as an extension of complex numbers. A quaternion
is of the form:

q4=4q0+qi+qj+qsk

where g, € R for £ =0,1,2,3 and i, j, k are the fundamental quaternion units
satisfying,

P=p=k=-1=ij k (D

The collection of all quaternions denoted by H is a non-commutative real division
algebra equipped with the usual vector space operations addition and scalar multi-
plication defined as in the complex field C, and with the ring multiplication given
by Eq. (1). For every g € H, the real and the imaginary part of ‘g’ is defined as,
re(q) = q, and im(q) = q,i + g,j + g3k respectively. Then the conjugate and the
modulus of ¢ is given respectively by

G =gy~ (q)i+qaj + g5k) and |g] = \/q3 + ¢} + 43 + 45

The set of all imaginary unit quaternions in H denoted by S and it is defined as
S:={geH: g=—q&lgl=1}={qeH: ¢ =~1}.

Note that S is a 2-dimensional sphere in R*. Let m € S. A real subalgebra of H gen-
erated by {1, m} is called a slice of H and it is denoted by C,,. Clearly, C,, N C, = R

for all m # +n € S. For every non real g € H, there is a unique m, := GZEZ;

such that g = re(q) +mq|im(q)| IS Cmq. It follows that H= |J C,,. There is an

meS

equivalence relation on H given by
p~qge p=slgs, forsomese H\ {0}.

For every g € H, the equivalence class of g is expressed in terms of its real and
imaginary parts as follows:

) Birkhauser



9 Page4of26 S. K. Pamula

lq] = {p € H : re(p) =re(g) and |[im(p)| = |im(q)| }. )

Definition 1 [9] Let S be a non-empty subset of C.

1. If S is invariant under complex conjugation, then the circularization Qg of S is
defined by

Qi={a+mp: a.pER, a+if €S, meS}.

2. asubset K of His called circular or axially symmetric, if K = €2, for some S € C
which is invariant under complex conjugation.

Note that by Definition 1 and Eq. (2), we can express £2 as the union of the
equivalence class of its elements,
Q= Ji

ZES
It follows that the closure of £2g is the circularization of the closure of S. That is,
Qg = Q5. 3)

The properties described above are useful for later sections. A more detailed discus-
sion about quaternions can be found in [1, 5, 9] and [23]. Now we turn our discus-
sion to some basic definitions and known results from the theory of quaternionic
Hilbert spaces.

Definition 2 [9, Sect. 2.2] An inner product on a right H-module H is a map
(Y HXH->H

satisfy the following properties,

1. Positivity: {(x,x) > 0 for all x € H. In particular,
{x,x) =0 if and only if x = 0.

2. Right linearity: (x,yq+z) = (x,y) g+ (x,z), forallx,y,z € H,q € H.
3. Quaternionic hermiticity: (x,y) = (y,x), for all x,y € H.

The pair (H, (- )) is called quaternionic pre-Hilbert space. Moreover, H is said
to be

(1) Quaternionic Hilbert space, if H is complete with respect to the norm induced
from the inner product (-, -), which is defined by
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lx]| = v/{x,x), forall x € H.

(i) Separable, if H has a countable dense subset.

Furthermore, for any subset A of H, the span of A\ is defined as
Span N := { foqf;xf eNne N}.
£=1

The orthogonal complement of a subspace M of H is,
Mt = {x € H; (x,y) =0, forevery y € /\/l}

Note 1 The inner product (-,-) defined on H satisfies the Cauchy—Schwarz
inequality:

[(x, y)|> < (x,x){y,y), forall x,y € H.

Definition 3 [9] Let (H, ¢, )) be a quaternionic Hilbert space. A subset N of H
with the property that

1, ifz=27
AN bl
<sz>_ { 07 ifZ?éZ’
is said to be Hilbert basis if for every x,y € H, the series Y, {x,z)(z,y) converges

eN
absolutely and it holds:

(xy) = D62z ).

zeN

Equivalentely, Span N = H.

Remark 1 By [9, Proposition 2.6], every quaternionic Hilbert space  has a Hilbert
basis V. For every x € H, it is uniquely decomposed as,

x= Z 7(z, x).

zeN

Example 1 [17] Let u be a Lebesgue measure on [0, 1] and the set of all H-valued
square integrable y-measurable functions on [0, 1] is defined as,

1
L2(10. 1) = {£ 2 10,11 > B /V(x)lzdu(x) <o},
0

It is a right quaternionic Hilbert space with respect to the inner product given by
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1
(f.8) = / Fg(x) du(), forall f, g € L*([0, 11;Hsp).
0

Let us fix m € S. If we define €™ (x) = exp{2zmrx}, for all x € [0,1] and r € Z.
Then the set N = {eﬁ'") : r € Z}is an orthornormal system in Lz([O, 1];H; u). Fur-
ther, by the Stone-Weierstrass theorem A is a Hilbert basis for LZ([O, 11;H; M)- Since
N is countable, we conclude that Lz([O, 1];H; u) is a separable quaternionic Hilbert
space.

Definition 4 Let H be a quaternionic Hilbert space and 7' : D(T) C ‘H — H, where
D(T) denote the domain of 7, which is a right linear subspace of . Then T is said to
be right H- linear or quaternionic operator, if

Tx+yq) =Tx)+T(®) q, forall x € D(T).

The operator T is said to be densely defined, if D(T) = 'H. Moreover, it is said to be
closed, if the graph G(T) := {(x, Tx) : x € D(T)} is a closed right linear subspace
of H X 'H. By the closed graph theorem, the operator 7 is bounded or continuous if
and only if D(T) = 'H and T is closed.

We denote the class of all bounded operators on H by B(H) and it is a real Banach
algebra with respect to the operator norm defined by

ITIl = sup {I7xll : x €M, |lx]| < 1}.

For every T € B(H), by the quaternionic version of the Riesz representation theo-
rem [9, Theorem 2.8], there exists a unique operator denoted by 7* € B(H), called
the adjoint of T satisfying,

(x, Ty) = (T*x,y), forall x,y € H.

If T € B(H), then the null space of T is defined by N(T) = {x € H : Tx =0} and
the range space of T is defined by R(T) = {Tx : x € H}. A closed subspace M of
'H is said to be invariant subspace of T, if

T(x) € M, forevery x € M.

Furthermore, M is said to be reducing subspace of T if M is an invariant subspace
of both T and 7™

Definition 5 Let T € B(H). Then T is said to be

Self-adjoint, if T* =T,

Anti self-adjoint, if T* = =T,

Normal if T*T = TT*,

Positive, if T* = T and (x, Tx) > 0 for all x € H,
Orthogonal projection, if T* = T and T> = T,
Partial isometry, if || Tx|| = ||x||, for all x € N(T)*,

AR S e
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7. Unitary, f T*T =TT* = 1.

Suppose that 7' € B(H) is positive, then by [9, Theorem 2.18], there exists a
unique positive operator S € B(H) such that $? = T. Such an operator § is called the
positive square root of 7" and it is dentoed by S := 7. In fact, for every T € B(H),
the modulus |71 is defined as the positive square root of T*T, that is, |T| := (T*T):.

We know from the well known Cartesian decomposition that every bounded nor-
mal operator on a complex Hilbert space can be decomposed uniquely as A + iB,
where A, B are bounded self-adjoint operators. There is a quaternionic analog of
this result due to Teichmiiller [20] in which the role of ‘i’ is replaced by an anti self-
adjoint unitary operator. Also see [9] for a detailed discussion.

Theorem 1 [9, Theorem 5.9] Let T € B(H) be normal. Then there exists an anti
self-adjoint unitary operator J € B(H) such that TJ = JT,T*J = JT* and

1 1
T=-(T+TH4+-JIT-T"|.
ST +T)+ 3 JIT =T

Here J is uniquely determined by T on N(T —T*)t. Moreover, the operators
(T+T), |T—T"\andJ commute mutually.

The notion of the spectrum in the case of quaternionic operator theory has not
been settled until the S-spectrum is introduced in 2006 [5]. Since then, research on
quaternionic spectral theory has developed rapidly. Now we recall these definitions
from the book [4].

Definition 6 [4, Definition 9.2, 9.2.4] Let T : D(T) — 'H be densely defined and
A,(T) : D(T?) — H is given by

A(T) :=T* = 2re(q)T + |q|*1.
The S-resolvent set of T is defined as follows:
ps(T) = {g € W : N(4,T)) = {0}, R(4,(T)) =H and A(T)"" € B(H)}.
The S-spectrum of T is defined as
og(T) = H\ pg(D).

Note that the S-spectrum o¢(7) is a nonempty compact subset of H. Further, the
S-spectrum is divided into three disjoint sets:

(i) The point S-spectrum of T'as, 6,5(T) = {g € H : N(4,(T)) # {0} }.
(i1)) The residual S-spectrum of T as,

0,s(T) = {qg € H : N, D)) = {0}, RA,T)) # H)}.
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(iii) The continuous S-spectrum of T as,
os(T)={g€H : N@A,T) = {0}, R(AT) =H, A(T)"" & BH)}.

Now we recall the notion of slice Hilbert space associated to the given quater-
nionic Hilbert space H, anti self-adjoint unitary operator J € B(H) and m € S.

Definition 7 [9, Definition 3.6] Let m € S and J € B(H) be an anti self-adjoint uni-
tary operator. These subsets Hi’" of H associated with J and m are defined by setting

HM :={xeH : J@)==xx-m}.
Remark 2 For each x € Handm € S, define x, := %(x$Jx-m), then

J(xi)=%(Jx$J2x-m)= (inx-m):ixi-m. 4)

| —

It implies that x, € H". Since x+ +x-m and x Jx are continuous, then

H_J:" is a non-trivial closed subsets of . In fact, we see that the inner product on

H restricted to Hf_:" is C,-valued as follows: let « + mpf € C,, and u,v € Hi’” for
m € S, then
(u,vY(@ £ mp) = a{u,v) = p{u,v - m)
alu, vy + p{u, Jv)
alu,v) F p{Ju,v) (since J* = —J)

= au,v) F pf{u-m,v)

= (a £ mpP){u,v) (since m = —m).

Then by being a closed subspace of H, we conclude that Hf_rm is a Hilbert space over
the field C,,. These Hilbert spaces H{_:" are known as slice Hilbert spaces. As a C,,-
Hilbert space H has the following decomposition [9, Lemma 3.10]

H= Hi’" @ H'™, forevery m € S. 5)

Furthermore, if A is a Hilbert basis of Hfrm, then N-n={z-n: z€ N}, where
n € S such that mn = —nm, is a Hilbert basis of Hj_m. From Equation (5), it follows
that A\ is also Hilbert basis of H.

We denote the class of all bounded C,,- linear operators on Hi’” by B(Hfr’”).

The following proposition develop a technique to extend C,, - linear operator on
Hfr’" (for any m € S) to the quaternionic operator on H.

X Birkhauser
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Proposition 1 [9] Let J € B(H) be anti self-adjoint unitary and m € S. If
Te B(HJ’") then there exist a unique quaternionic operator T € B(H) such that
T(x) T(x) forall x € HJ'” The following additional facts hold.

Tl = ITIl
JT=TJ.
(T)* =T~

IfS € B(H™), then ST = ST
If T is invertible, then T is invertible and the inverse is given by

A

M =TT

On the other hand, let V € B(H), then V = U for some U € B('H_J:") if and only if
JV =VJ. ~
Precisely, the extension T of the operator T is defined as,

T(x)=T(x, +x_)=T(x,) + T(x_)

= ?(x+)—7"(x_ -n)-n
=Tx,)-Tx_-n)-n,

forallx=x, +x_€ Hi’" @ H™

Note 2 In the case of normal operator T € 5(H), there exists an anti self-adjoint
unitary operator J € B(H) commutes with 7 by Theorem 1. Then by Proposition
1, there is a complex linear operator, we denote it by 7', € B(’HJ’) suchthatT =T,.

3 Factorization in a strongly irreducible sense

One of the fundamental results in the direction of factorizing quaternionic operators
is the well known polar decomposition theorem [9, 19]. It states that if 7 is bounded
or densely defined closed operator on a right quaternionic Hilbert space H, then
there exists a unique partial isometry W, € B(H) satisfying

T = W,|T| and N(T) = N(W,). 6)

Recently, the authors of [19] obtained a necessary and sufficient condition for any
arbitrary decomposition to coincide with the polar decomposition given in Equation
(6). We recall the result here.

Theorem 2 [19, Theorem 5.13] Let T be a bounded or densely defined closed
operator defined on a right quaternionic Hilbert space H. If W € B(H) is a par-
tial isometry satisfying T = W|T|, then W = W, if and only if either N(T) = {0} or
R(T)* = {0}, where W,y is the partial isometry satisfying Equation (6).

) Birkhauser
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In this section, first, we adopt the notion of strong irreducibility [10, 13] to the
class of bounded quaternionic operators, and prove a relation between strong irre-
ducibility and the point S-spectrum. Later, we prove a factorization of quaternionic
normal operators in a strongly irreducible sense, by means of replacing the partial
isometry W by a desirably small compact perturbation of W and I71 is replaced by
the strongly irreducible operator. It is a quaternionic extension (for normal opera-
tors) of the result proved in [21].

Definition 8 Let T € B(H). Then T is said to be

1. Irreducible, if there does not exist a nontrivial orthogonal projection P € B(H)
(i.e., P # 0and P # I) such that PT = TP. Otherwise, T is called reducible.

2. Strongly irreducible, if there does not exist a nontrivial idempotent £ € B(H) (i.e.,
E # 0and E # I) such that TE = ET. Otherwise, T is called strongly reducible.

It is clear from Definition 8 that every strongly irreducible operator is irreducible.
Similar to the classical setup, the class of strongly irreducible quaternionic operators
is closed under similarity invariance. To describe strong irreducibility or irreduc-
ibility of quaternionic normal operators, we show that it is enough to deal with the
corresponding complex linear operator defined on slice Hilbert space.

Lemma 1 Let J € B(H) be anti self-adjoint unitary operator and S € B(H_J:), then

E is irreducible if and only if S is irreducible.
S is

1
2. S is strongly irreducible if and only if S is strongly irreducible.

Proof Proof of (1) : Suppose that S is irreducible, then we show that S is irreduc-

ible. If there is an orthogonal projection 0 # P € B(Hf) such that SP = PS, then by
Proposition 1, we see that

(P =P =P and (P2 =P2=P.
Further,
SP=SP=PS =FS.
This shows that 0 # Pe B(H) is an othogonal projection which commutes with S.
Since § is irreducible, we conclude that P = I, the identity operator on H. Thus P is

an identity operator on ’Hi’ and hence S is irreducible. Now we prove contrapositive
statement. Suppose that {0} # M &G H is a reducing subspace for S. Define

./\/li' ={xeM: Jx=x-i}=Man.

For x € ./\/li’ we have

X Birkhauser
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JS(x) = JS(x) = SJ(x) = S(x - i) = S(x) - i = S(x) - i
and
JS*(x) = JS*(x) = §*J(x) = S*(x - i) = §*(x) - i = S*(x) - i.

This implies that ./\/lj 'is a reducing subspace of S. It is enough to show that MJ’
non-trivial proper subspace of ’Hf

Claim: {0} # M G M.

First, we assume that /\/lj’ = {0}. In this case, M’ = {0} since x € M’ if and
only if x-j € MY, where i-j = —j-i. Therefore, M = M7 @ M’ = {0}. This is a
contradiction to the fact that M is a non trivial subspace of ‘H. Hence ./\/lj "# {0}.

Next, suppose that MJ ‘= HJ " Lety € Hwithy =y, +y_, where y, e Hj’ We
know thaty_-j € HJ’ MJ’ and so y_ € M. Therefore, y € M. This is contradlc—
tion to the fact that M is a proper subspace of H. Hence ./\/lj 'S ’HJ’ and therefore S
is irreducible if and only if S is irreducible.

Proof of (2) : Suppose that S is strongly irreducible. If there is an idem-
potent 0 # E € B(HJ’) such that SE = ES, then by Proposition 1 we have that
0 # E € B(H) with E2 E and

SE = SE = ES = ES.

Since S is strongly irreducible, we conclude that E=1 , the identity operator on H.
This implies that E is the identity operator on Hf and hence S is strongly irreducible.

Conversely, assume that S is strongly irreducible. If there is an idempotent say
0 # F # I in B(H) such that SF = FS. Since R(F) is a closed subspace of H, we
have 1/ = R(F)! @ (R(F)")*, where

RFY! = {x€R(F) : Jx)=x-i} =R(F)nH/.
Furthermore, if x € R(F)”, then
JSG) = JS(x) = ST(x) = S(x - i) = S(x) - i = S(x) - i.
and
JS* () = JS*(x) = S J(x) = S*(x - i) = $*(x) - i = S*(x) - i.

This shgws that S is reducible. It is a contradiction to the fact that S is irreducible.
Hence S is strongly irreducible. O

Now we prove the relation between point S-spectrum and strong irreduicibility. It
is a quaternionic analogue of the well known result proved in [10] by F. Gilfeather.

Theorem 3 Let T € B(H) be normal. If the point S- spectrum of T is empty set (i.e.,
0,s(T) = ), then T is strongly irreducible.

) Birkhauser
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Proof Since T is normal, then by Note 2 there is an anti self-adjoint unitary oper-
ator J € B(H) commuting with 7 such that T =T, where T, € B(Hf) is normal
operator. Now we show that the point spectrum ¢,(7,) of T, is empty. Suppose that
Ae Gp(T+), then

T, (x)=x- A, for some x € 'Hf \ {0}.

This implies that 4,(T)x = 0.
Equivalently, x € N(4,(T)) # {0}. This shows that

A€o, (T,) & [A]€o,).

If follows that o(T,) = @ (since o,s(T) = @). Since T, is a bounded complex nor-
mal operator with empty point spectrum, then by [10, Theorem 2] the operator T, is
strongly irreducible. Finally, by Lemma 1 we conclude that T is strongly irreducible.

O

Now we prove our main result in this section, which shows that every quaterni-
onic normal operator can be factorized in a strongly irreducible sense.

Theorem 4 Let T € B(H) be normal and 6 > 0. Then there exist a partial isometry
W, a compact operator K with ||K|| < é and a strongly irreducible operator S in
B(H) such that

T = (W + K)S.

Proof Since T is normal, by Theorem 1 and Note 2, there exigs an anti self-adjoint
unitary operator J € B(H) commuting with 7 such that 7 =T, where T, € B(Hf)
is a normal operator. It is clear from [21, Theorem 1.1] that for a given 6 > 0, there
exists a partial isometry W,, a compact operator K, with ||K, || <  and a strongly
irreducible operator S, in B(Hf) such that

T, =W, +K,))S,. (7)

If we define W := W 4» one can see that W is a partial isometry as follows: for every
x € N(W)*, there exists X, € NOW*n Hf_: such that x = x, +x_and
IWll? = W, (x,) = W, e_ - ili®

= W, I + W - DI

= [l 117 + I 1?

= lxlI.
Now we show that the operator defined by K := IN( + 18 a quaternionic compact oper-
ator on H. Since K is a compact operator on Hf, there is a sequence of finite rank

operators {F, : n€ N} C B(Hf) converging to K, (uniformly) with respect to the
topology induced from the operator norm. Then by (1) of Proposition 1 we see that

X Birkhauser
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|F, = K|l =|IF, - K. =IIF,-K,|| — 0, asn — oo.

This implies that the sequence {IN*"n : n €N} c B(H) of finite rank quaternionic
operators converges to K uniformly. Thus the operator K is compact and its norm is
given by

Kl = K, Il < 6.
Moreover, by Lemma 1, the quaternionic operator defined by S := s + € B(H) is

strongly irreducible. Now we apply quaternionic extension to bounded complex lin-
ear operator 7, and use its factorization given in Eq. (7), we conclude that

T=T, =W, +K,)S, =(W+K)S.

Hence the result. O
We illustrate our result with the following example.

Example2 LetT : L*([0, 1];H;u) — L*([0, 1];H;u) be defined by

1
xg() + 3 [ 2280 dy, if0<x<3;
(To)(x) = ;0
Lot dy,  ifi<x<l,
/ ‘

for all g € L?([0, 1];H;u). Then the adjoint of T'is given by

1
xg(0) + 1 [ Pyg() dy, if0<x< L
(T*g)(x) = 0
2Py dy, if3<x<l,
0

for all g€ L?([0,1;H;u). Clearly, T is normal. Suppose that 6:%. Now

we factorize T in a strongly irreducible sense. Define the integral operator
K @ L*([0, 13:H:p) — L2([0, 11;H:p) by

1

(Kg)(x) = % / xy g(y)dy, for all g € L*([0, 1];H;u).
0

It is well known that K is a compact operator. Using Caucy-Schwarz inequality, the
norm of K is computed as,
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1 1
Kl = / (K ar) < ([ [ 1P lgoPaar)
0 0
11
<([wora) ([ [ oroa)
(V]
1 1
I ELD)
0 0

1
= §||g||2-

S

mp_

o — _

This shows that ||K|| < % < % We recall that the class of all bounded H
-valued measurabale functions on [0, 1] is denoted by L°°([0,1];[I-l];/4).
For every f e L>([0, 1];H;p), the multiplication operator
M; @ L2([0, 1];H;p) — L2([0, 1];H; ) defined by

M(g)(x) = f(x)g(x), for all g € L*([0, 1];H;u)

is a bounded quaternionic operator with the norm [|M;|| = ||f||,. The adjoint of M,
is given by M* M— where f(x) = f(x) for all x € [0,1]. Let ¢(x) = x, for all
x €[0,1]and the characterlstlc function

1, ifxe[o,1];
X[O l] = . 3
3 0, otherwise .

Then by the direct verification, we get that
T = <Mx[07%1 + K)Md,. 8)

Note that M, 1 is a partial isometry, and since M¢ is normal with O ps M, ¢) = @, then
0.3]

M, is strongly irreducible by Theorem 3. Therefore, the factorization of T given in
Eq. (8) is a strongly irreducible factorization.

Now we construct an example of a non-normal operator by a slight modification
of the linear operator defined in Example 2 and compute its strongly irreducible

factorization.

Example 3 Let us define T : L*([0, 1];H;u) — L*([0, 1]:H;u) by

X Birkhauser
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xg(x)+ L / yg(y)dy, if0 <x

wl»—‘

T(g)(x) =

L[yetdy,  if3<x<l,

O\a

for all g € L?([0, 1];H;) and suppose that § = L First, we show that T is a bounded
quaternionic non-normal operator. Let g,h € LZ([0, 11:H:; ;4). Then

(h. Tg)

= / h(x) (Tg)(x) dx

0O | ~.

0
= [ 7 [etn +
0

X 1 x
/ 8 dy dx+ / ]5 / 8 dy]dx
0
3 % X I x
= / h(x)xg(x) dx + / / h(x) [5yg(y)] dydx + / / h(x) [Eyg(y)] dydx.
0 0 10

0

By Fubini’s theorem, the above integral can be written as,

<h Tg>

/ h(y) yg(y) dy + / / yg(y) dxdy
Loy
+ / / yg(y)] dxdy

1 1
3 3

1 1
3 3

= [srsm s+ [ [y [ a0 ax] sy
0

0 y

1 y

+ / [%]y / h(x) dx] 2(y) dy.

1 _1
3 Y73

Thus the adjoint of T is given by

) Birkhauser



9 Page 160f 26 S. K. Pamula

1

yg(y) — %y f h(x) dx, if0< %
(T*W)(y) = y
—‘yf h(x) dx, ifégygl_

-1
It follows that 7T # T*T. Now we show that T can be factorized in a strongly irre-
ducible sense. First, we define K : L?([0, 11;H;u) — L*([0, 1];H;) by

(Kg)(x) = %/g(t) dt, for all g € L*([0, 11;H;p).
0

Our aim is to show that K is a compact operator with || K|| < =. Let {g,},en b @
sequence in L* ([0, 1];H;u) with ||g, || < 1, for all n € N. Then

|(Kg,)0l = |5 / gl0) di] < / 18,00l di < ©)
0
for all x € [0, 1]and n € N. Further, by Holder’s inequality, we get

y

(K00 = Ke| = 121] [ st~ [ st e < / 50| di < 2l /=T
0 0

(10
It follows from Egs. (9), (10) that the sequence {Kg,, },cn 1S uniformly bounded and
equicontinuous. By Arzela-Ascoli’s theorem, there is a subsequence {g,, } of {g,},en
such that {Kg, } converges uniformly. Thus K'is a compact operator.
Now we compute the norm of K. First, by applying the Fubini’s theorem, we get
the adjoint of K as,

1
(K*g)(x) = %’ /g(t) dt, forall g € L*([0, 1];H;p).
So the operator K*K is given by,
1 '

(K'Kg)) = 3 / (4 / 8(s) ds )d / / a(s) dsd
0

X

is a positive quaternionic compact operator. We know from [17, Corollary 2.13] that
Lz([O, 1];@;/4) is an associated slice Hilbert space and let (K*K), be the bounded
complex linear operator on L*([0, 1];C;u) such that (K*K) + = K*K. Then by norm
of the Volterra integral operator computed as in Solution 188 of [11] and in the view
of Proposition 1, we conclude that
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(1)% 11
=(—=) ==<=
72 T 2

and S = M(p, where @(x) = x, for all x € [0, 1]. Clearly, W is
]

=

! \
IKI = IK*K||> = [[(K*K),|

Let us take W := M}(
[0,

3
a partial isometry and since S is normal with 6,5(S) = §, it follows that S is strongly

irreducible from Theorem 3. Finally, we have that
T=W+K)S.

Now we pose the following question.

Question1 Let T : D(T) C 'H — H be densely defined closed right H- linear opera-
tor (need not be normal), where D(T) is the domain of T. Then, can T be factorized
in a strongly irreducible sense?

We expect that, using the notion of quaternionic Cowen—Douglas operators related
to the geometry of quaternionic Hilbert spaces developed in [12] and further suitable
arguments, one might achieve the affirmative answer to the Question 1.

4 Riesz decomposition

In this section, we discuss Riesz decomposition theorem for bounded quaternionic
operators on the right quaternionic Hilbert spaces and obtain a sufficient condition
for strong irreducibility. We recall some definitions and known results form [2, 4, 5,
9] that are useful to establish our result.

Let U be an open subset of H. If U is a domain inHsuch thatU N R # PJandU N C,,
is domain in C,,, for all m € S then U is called slice domain or s-domain. A real differ-

entiable function f : U — H is said to be left s-regular ( right s-regular), if for every
meE S, the function f satisfy
% [{%f(x +my) +m %f(x + my)] =0 <%[a%f(x + my) + %f(x +my) m] = 0). We
denote the class of left and right s-regular functions on U by R*(U) and R¥(U), respec-
tively. One can verify that REU)is a right H-module and RE(U) is a left H-module.

As in the case of complex holomorphic functions, there is a Cauchy integral for-
mula for s-regular functions (see [5, Theorem 4.5.3] for details).

4.1 The quaternionic functional calculus

Let H be a right quaternionic Hilbert space and let N be a Hilbert basis of H. It is
immediate to see that the class of all bounded right H- linear operators denoted by
B(H) is a two sided quaternionic Banach module with respect to the module actions
given by

(q-D = Y z2-q(zTx) and (T-@)0) = Y\ T(@)-q (zx),
zeN zeN
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for all T € B(H),q € H,x € H. In particular, for an identity operator I € B(H), we
have

(g-Dx) = ZZ -q{z,x)y=U-q)(x), forall x e H,q € H.
2EN

Next, we recall the notion of the S-resolvent operator and the S- resolvent equation
which plays a vital role in establishing quaternionic functional calculus.

Definition 9 [5, Definition 4.8.3] Let T € B(H) and s € p4(T). Then the left S-resol-
vent operator is defined by

o

ST, T) 1= —A(D) (T =5]) = 2 T"s~'n,
n=0
and the right S-resolvent operator by
—1 . = -1 —1—-n n
Sg'(s.T) = =(T =sHA(T) ™ = Y s 17,
n=0

for||T|| < |s].
See [2, 5] for detailed discussion on S-resolvent operators.

Note 3 Let A be a bounded linear operator on some complex Hilbert space K and
A € p(A), the resolvent set of A. Then (4] — A) is invertible and its inverse is given
by the following power series,

a-a=Yy %A”, for [JA]| < A.
n=0

Moreover, if A, 4 € p(A), then we have the following relation known as resolvent
equation:

(A=A = (ul =AY = (u = DA = A) (ul = A)~". (1)

One of the crucial observation in estabilshing the quaternionic functional calcu-
lus is the quaternionic analogue of Eq. (11). It is called the S-resolvent equation. We
recall the result here.

Theorem 5 [2, Theorem 3.8] Let T € B(H) and let s,p € py(T). Then the S- resol-
vent equation is given by

S (. TS (p, T)
= (S8 D =S e D)p = 5(55 6. D = 5, 0. D)
(p* - 2re(s)p + |51~
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Equivalently,
Sz (s, TS (p, T)
= (% = 2re(p)s + PP (S5 1) = 5, . 1))
~5(Sg D =S . D)
Definition 10 Let 7 € B(H), W C Hbe open and U C H be a domain in H. Then

1. U is said to be a T-admissible open set, if U is axially symmetric s-domain that
contains the S-spectrum o¢(T) such that the boundary d(U n C,,) is the union of
a finite number of continuously differentiable Jordan curves, for every m € S.

2. A function f € RE(W)is said to be locally left regular function on og(T), if there
is T-admissible domain U in H such that U C W.

3. A function f € RR(W) is said to be locally right regular function on 64(T), if
there is T-admissible domain U in H such that U C W.

The class of all locally left and locally right regular functions on o4(7) are denoted
by R(Lyg @ and Rﬁs’(T) respectively.

Using quaterhionic versions of Cauchy Integral formula and Hahn Banach
theorem [5, Theorem 4.1.10], the definition of quaternionic functional calculus is

obtained as below.

Definition 11 [5Definition 4.10.4](quaternionic functional calculus) Let T € B(H)
and U C H be a T-admissible domain. Then

1 _
D=5 / S, (. T)ds,, f(s). forallf € Ry,

(12)
aUNC,,)
and
_ 1 —1 R
f(T) = o / f)ds,, Sg'(s,T), forall f € RUS(T), (13)
aunc,,)

where ds,, = —ds - m. Note that the integrals that appear in Eqs. (12), (13) are inde-
pendent of the choice of imaginary unit m € S and T-admissible domain U.

4.2 Riesz decomposition theorem

Before proving our result, let us discuss the adjoint of the operator f(T) defined as in
Definition 11.

Remark 3 Let T € B(H) and W be an axially symmetric open set in H. For every
f W —>H, wedefine f : W - Hby
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(@) =f(@), forallg € W.

Let f € RE(W). Then for every m € Sand x,y € R, we see that
d » 0 »
—f(x + my)+m —f(x + my)
ox ay

= 9y +m L —my)
=5 J—m)+m ayf (x = my)

=9t my) —m L —
=5/ -m)—m ayf (x = my)

= 2 f+my) + 1 - x + )
ox ay
=0.

This show that f € RE(W). Further, if we assume that f is locally left regular func-
tion that is, f € RiS(T) then by Definition 10, there is a T-admissible domain U such

that U C W. Since og(T) = 04(T*) and by the above arguments, we conclude that

fe R’;Y(T). Now we compute the adjoint of f{T), whenever f € Rﬁ‘m, as follows:
1 _
@mmiz/@@%mwmw
aunc,)
_ i / <s;1(s, T)*x, y> ds, £(s)
aUnC,)
_ i / (S,;l(g, T)x, y> ds, f(s).
aunc,)
If we put s = 1, then ds = df and ds,, = —dt m. Since the integration over the domain
d(U n C,,) which is symmetric about the real line, we see that d7,, = d,,. Thus above

integral can be modified as,

1 o o
(x.f(T)y) = oy / <SR‘(t,T )x, y>dt,,f(t)
aUncC,,)
1 — = B
=5 | 0 dtm<y, s, T*)x>
a(UnC,,)

m

- i@ / F di,, S7', T*)x>

aUNC,,)

= (F(T*)x, y).
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for all x,y € H. Therefore, f(T)* = f(T*) for all f € R(LT Similarly, the result

s(T)
holds true for Rﬁs(T). For further details about algebraic properties of quaternionic

functional calculus, we refer the reader to [5, Proposition 4.11.1].

In the following lemma, we show that for any compact set in H, there is an axially
symmetric s-domain such that its intersection with C,, is a Cauchy domain in C,,, for
everym € S.

Lemma 2 Let K be an axially symmetric compact subset of H and W be an axially
symmetric s- domain containing K. Then there is an axially symmetric s- domain U
with the boundary o(U N C,)) is the union of a finite number of continuously differ-
entiable Jordan curves (for everym € S) such that K C Uand U C W.

Proof This result follows in a standard way of the classical proof given in [16]. For
every m € S, we define K,, :=KnC,and W, := WnC,,. Since K, is a compact

subset of the open set W,,, by [16, Lemma 2.3], there exists a Cauchy domain U,
such that K, c U,, and U,, C W for every m € S. Let us take U = £, . Then U
is an axially symmetric s-domain containing K and the boundary (U nmCm) is the
union of finite number of continuously differentiable Jordan curves. The closure of

U follows from Eq. (3) as,
U=Q, =Q5 CQ, =W.
Hence the result. a

Corollary 1 Let T € B(H) and let W C H be an axially symmetric s-domain contin-
ing the S-spectrum oy(T). Then there is a T-admissible domain U such that U C W.

Proof Since o4(7T) is an axially symmetric compact subset of H, the result follows
from Lemma 2. O

Theorem 6 Let T € B(H) and let 64o(T) = 6 U 7, where o and t are disjoint non-
empty axially symmetric closed subsets of o(T). Then there exist a pair {M, M}
of non-trivial invariant subspaces of T such that

o= O'S(TlM”) and 7 = O'S(TlMT).

Proof Letm € S. It is clear from the hypothesis that o N C,, and = N C,, are disjoint
non-empty compact subsets of the Hausdorff space C,,. Then there is a pair of dis-
joint open sets, say O and O of C,, such that 6 N C,, C O™ and tn C,, C O™\
By axially symmetric property of ¢ and 7, we can write

o= ‘QaﬂCm C ‘QOX”‘ and 7 = .qu:m - QOS")'

Note that Q.- and £, are nonempty disjoint s-domains in H. By Lemma 2,
there exist a pair of axially symmetric s-domains, denote them by U, and U,
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containing compact sets ¢ and 7 respectively. Also, the boundaries o(U, n C,,) and
d(U,nC,,) are the union of finite number of continuously differentiable Jordan
curves satisfying,

ﬁg C .QO(m) and ET [« ‘QO(’")‘

Now we define quaternionic operators corresponding to ¢ and 7 as follows:

1 _
P, = > / ds,, Sz'(s,T) (14)
o(U,NC,,)
and
1 -1
P, = > ds,, Sz (s, T), (15)
ou.nC,)

where ds,, = —ds - m. Note that P, = X_(T) and P, = X(T), where X_, and X, are
characteristic functions on sets ¢ and 7 respectively. The fact that P, and P, are
orthogonal projections is proved in [2] and these are called Riesz projectors. If we
take M, = R(P,) and M_ = R(P,), then it follows that H = M_ & M,. From the
computations as shown in [2] and [5], one obtains that P, and P, commutes with T
and hence M and M are invariant subspaces of 7.

Finally, we show that o = o-S(TlMU) and 7 = Us(T|M,)- Suppose that g & o, then
[g] & o since o is axially symmetric. With out loss of generality, we assume that
there is an axially symmetric s-domain U, containing o such that (U, N C,,) is
the union of a finite number of continuously differentiable Jordan curves for every
m € S. Let us fix m € S. Define the operator

QW := 2L / SN, T) diy (P = 2re(@)t + 1917) ™,
7
aU,NC,)
where dt,, = —dt - m. We claim that M, is invariant subspace of er"). For any

p € C,, if we define a map &,(1) = (t2 — 2re(gq)t + |q|2)_1Szl(p, t),forallt e U,. It
is clear that

(7 = 2re(q)t + |q|2)_1 € C,,, whenever t€C,

and SL“ (p, 1) is a left s-regular function in variable 7. Thus £, € RY(U,) by [5, Propo-
sition 4.11.5]. So, by the quaternionic functional calculus, we deduce that

£(T)=QYS;'(p.T)

6(U0 Cm)

This implies the following:
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Q(q)P

L / QWS (p. T)dp,,
aUINC,)

1 _ -1
=1 / / SN Ty d,, (7 = 2re(@)t + |q1*) S, (p. D)dp,,,
U’ nC,) (U,NC,,)
by Equation (16)
1 —1 2 2\~ 1 —1
=5 / S, T) dtm(t — 2re()t + |q| ) (E / S, (P, t)d[?m)
aU,NnC,,) aU;nC,)

by Fubini’s theorem

- ZL ST T) dr,, (2 = 2re(g)t + 1q12)

T

B(UL,OC,")
1 B
— S ,Hdp, =1
since o / . (p.0) dp,
AUINC,)

— Q(‘I).

Similarly, P,Q¥ = Q. Equivalently, Q7| M, € BIM,). Next, we show that
A4,(T)| 4, 1s invertible. For this, let us define a map ¢, by

@) = > = 2re(q)t + |q|?, for every t.

Then one can verify that ¢, is locally s-regular function on (7). Moreover, by fol-
lowing similar arguments, we express that
Aq(T)lMHPD' = (pq(T)IMJPo'

1

=5 / S; (p.T) dp,,(p* — 2re(q)p + 1917, 17

oUNC,)

where dp,, = —dp - m.
Also we know that (pq(p)Szl(t, p) is left s-regular function in the variable p, for
every t. By [5, Proposition 4.11.5], it follows that

—1 1 —1 -1
Aq(T)lMGSL (t’ T) - E / SL (P, T) dpm (Pq(p)SL (tsp)~ (18)
au!nC,)

From Eqgs. (17), (18) we compute Aq(T)lMﬁQg’) as follows:
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4,(T)| Q¥

1 _ -1
=5 AT g, S; . T) db,, (17 = 2re(q)t + |q]*)
a(U,NC,,)
1 _ _ -1
=13 / / S;' . T) dp,, @, (p)S; ' (t.p) dt,, (£ = 2re(q)) + |gI*)
a(U,nC,) oU’NC,,)
1 _ 1 _ -1
=5, / S, (0. T) dp,, @,(P)5 - / 8.t p) dt,, (7 = 2re(@)D) + |q]*)
ou’nC,,) 0WU,nc,,)
1 _ -1
=5 / S;'p.T) dp,, o,p)(p* — 2re(q)p) + |qI*) .
d(UgnCm)

Since (,0q(p)(p2 — 2re(q)p + |q|2) = 1, it will imply that 4 (T)] v fo) = P_. Simi-
larly, one can show that Qf:’)Aq(T)| M. = P,. In other words, for every x € M, we
see that

A (T3 )QWx = QWA (T|y )x =x, forall x € M,.
Thus Aq(T|M6) is invertible and hence g € pS(TlMG). It follows that
o5(Tlp,) Co. (19)
By the similar arguments, we achieve that
o5(Tlp) E 7. (20)

Now we prove reverse inclusions. Suppose that g & o(T|;, ) U 64(T|;, ). Then both
operators Aq(T| ) and Aq(T| ) are invertible. Hence 4,(T) € B(H) is invertible
since H = M @ M. Equivalently, g & o¢(T). This shows that

og(T) C O'S(TlMU) U GS(T|MT) Cout=oyT).

Therefore, by Eqgs. (19), (20) and using the fact that ¢ and 7 are disjoint, we conclude
that

o5(Tly ) =0 and og(T|y ) = 7.

Hence the result. O

Corollary 2 Let T € B(H). If the S-spectrum o¢(T) is disconnected by a pair of dis-
Jjoint nonempty axially symmetric closed subsets, then T is strongly reducible.

Proof From the hypothesis, assume that there is a pair {c, 7} of disjoint nonempty
axially symmetric closed subsets of o4(7T) satisfying,

og(T)=0UT.
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Then by Theorem 6, there exist a pair of nontrivial mutually orthogonal invariant
subspaces M and M of T such that

O'S(TlM”) =0 and O'S(Ter) =T.

Equivalently, T commutes with the corresponding projections P and P, as shown in
step III of Theorem 6. This implies that T is strongly reducible. O

Acknowledgements We thank NBHM (National Board for Higher Mathematics, India) for financial sup-
port with ref No. 0204/66/2017/R&D-11/15350, and also Indian Statistical Institute Bangalore for provid-
ing necessary facilities to carry out this work.

We wish to express our sincere gratitude to Professor B.V. Rajarama Bhat for useful discussions and
suggestions.

Compliance with ethical standards

Conflict of interest The author declares that there is no conflict of interest.

References

1. Adler, S.L.: Quaternionic quantum mechanics and quantum fields. Oxford University Press, New
York (1995)

2. Alpay, D., Colombo, F., Gantner, J., Sabadini, I.: A new resolvent equation for the S-functional cal-
culus. J. Geom. Anal. 25(3), 1939-1968 (2015)

3. Alpay, Daniel, Colombo, Fabrizio, Kimsey, David P.: The spectral theorem for quaternionic
unbounded normal operators based on the S-spectrum. J. Math. Phys. 57 (2016), no. 2, 023503, 27
pp

4. Colombo, F., Gantner, J., Kimsey, D.P.: Spectral theory on the S-spectrum for quaternionic opera-
tors, Operator Theory: Advances and Applications, 270. Birkhéduser/Springer, Cham (2018)

5. Colombo, F., Sabadini, I., Struppa, D.C.: Noncommutative functional calculus, progress in math-
ematics, 289. Birkhduser/Springer Basel AG, Basel (2011)

6. Conway, J.B.: A course in functional analysis, Graduate Texts in Mathematics, 96. Springer-Verlag,
New York (1985)

7. Hamilton, W.R.: Elements of quaternions. Part 1, reprint of the 1866 original. Cambridge Library
Collection, Cambridge University Press, Cambridge (2009)

8. Finkelstein, D., Jauch, J.M., Schiminovich, S., Speiser, D.: Foundations of quaternion quantum
mechanics. J. Math. Phys. 3, 207-220 (1962)

9. Ghiloni, R., Moretti, V., Perotti, A.: Continuous slice functional calculus in quaternionic Hilbert
spaces. Rev. Math. Phys. 25(4), 83 (2013)

10. Gilfeather, F.: Strong reducibility of operators, Indiana Univ. Math. J. 22 (1972/73), 393-397

11. Halmos, P.R.: A Hilbert space problem book, second edition, Graduate Texts in Mathematics, 19.
Springer-Verlag, New York (1982)

12. Hou, B., Tian, G.: Geometry and operator theory on quaternionic Hilbert spaces. Ann. Funct. Anal.
6(4), 226-246 (2015)

13. Hou, B., Tian, G.: Square root for backward operator weighted shifts with multiplicity 2. Banach J.
Math. Anal. 6(2), 192-203 (2012)

14. Jiang, Z.L.: Topics in operator theory. Jilin University, Jilin (1979)

15. Luo, J., Li, J., Tian, G.: On a factorization of operators on finite dimensional Hilbert spaces. Turkish
J. Math. 40(5), 1110-1113 (2016)

16. Radjavi, H., Rosenthal, P.: Invariant subspaces. Springer-Verlag, New York (1973)

17. Ramesh, G., Santhosh Kumar, P.: Spectral theorem for quaternionic normal operators: multiplica-
tion form. Bull. Sci. Math. 159, 102840 (2020)

) Birkhauser



9 Page260f26 S. K. Pamula

18.

19.

20.
21.

22.

23.

Ramesh, G., Kumar, P.Santhosh: Borel functional calculus for quaternionic normal operators. J.
Math. Phys. 58(5), 053501, 16 pp (2017)

Ramesh, G., Kumar, P. S.: On the polar decomposition of right linear operators in quaternionic Hil-
bert spaces. J. Math. Phys. 57 (2016), no. 4, 043502, 16 pp

Teichmiiller, O.: Operatoren im Wachsschen Raum. J. Reine Angew. Math. 174, 7-124 (1936)

Tian, G., Cao, Y., Ji, Y., Li, J.: On a factorization of operators as a product of an essentially unitary
operator and a strongly irreducible operator. J. Math. Anal. Appl. 429(1), 1-15 (2015)

Wiegmann, N.A.: Some theorems on matrices with real quaternion elements. Can. J. Math. 7, 191—
201 (1955)

Zhang, F.: Quaternions and matrices of quaternions. Linear Algebra Appl. 251, 21-57 (1997)

X Birkhauser



	Strongly irreducible factorization of quaternionic operators and Riesz decomposition theorem
	Abstract
	1 Introduction
	2 Preliminaries
	3 Factorization in a strongly irreducible sense
	4 Riesz decomposition
	4.1 The quaternionic functional calculus
	4.2 Riesz decomposition theorem

	Acknowledgements 
	References




