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Abstract
The properties of the class of functions of generalized bounded variation are studied.
The “anomaly” feature of this class is revealed. There is the notation of absolute
continuity with respect to ((pn), φ) and it’s connection with the ordinary absolute
continuity is investigated. The problems of approximation by Steklov’s functions and
singular integrals are studied.
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1 Introduction

The notion of bounded variation was based by Jordan [4]. Wiener [9] considered the
class of functions BVp. Love [6] studied functional properties of this class. Young [10]
intoduced the notion ofΦ-variation. Musielak and Orlicz [7] studied properties of this
class. Waterman [8] studied class of functions of bounded Λ-variation. Chanturia [3]
defined notion of modulus of variation. Kita and Yoneda [5] introduced new class of
functions of bounded variation. Akhobadze [1,2] generalized the last class and studied
properties of it. This bibliography can be continued (see e.g. [11]).
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Definition 1.1 Let f (t) be a function defined on a finite closed interval [a, b]. Suppose
pn and φ(n) be a sequences such that p1 ≥ 1, pn ↑ ∞, n → ∞ and φ(1) ≥ 1,
φ(n) ↑ ∞, n → ∞. We say that f ∈ BV (pn ↑ ∞, φ, [a, b]) if

V ( f , pn ↑ ∞, φ, [a, b]) = sup
n

sup
Δ

(
m∑
i=1

| f (ti ) − f (ti−1)|pn : ρ(Δ) ≥ 1

φ(n)

)1/pn

< +∞,

where Δ is a = t0 < t1 < · · · < tm = b partition of the interval [a, b] and ρ(Δ) =
mini (ti − ti−1).

In the case, φ(n) = 2n , class BV (pn ↑ ∞, φ, [a, b]) is considered by Kita and
Yoneda [5]. Sometimes for the simplicity we use notation V ( f , pn ↑ ∞, φ) in place
of V ( f , pn ↑ ∞, φ, [a, b]).

2 Some properties of functions of generalized bounded variation

It is easy to verify that BV (pn ↑ ∞, φ, [a, b]) is a normed space, with the norme

|| f || = | f (a)| + V ( f , pn ↑ ∞, φ, [a, b]).

Proposition 2.1 (a) BV (pn ↑ ∞, φ) is a linear space and for each α and β we
have

V (α f + βg, pn ↑ ∞, φ) ≤ |α|V ( f , pn ↑ ∞, φ) + |β|V (g, pn ↑ ∞, φ).

(b) BV (pn ↑ ∞, φ, [a, b]) is a complete space.
(c) BV (pn ↑ ∞, φ, [a, b]) is not separable.
(d) If at each point t of [a, b] interval lim

k→∞ fk(t) = f (t), then

V ( f , pn ↑ ∞, φ) ≤ lim inf
k→∞ V ( fk, pn ↑ ∞, φ).

Proof (a) It is clear.
(b) Let ( fs) be a fundamental sequence in BV (pn ↑ ∞, φ, [a, b]). Then for every
ε > 0 there exists a positive integer N (ε), such that for each natural numbers
i, r > N (ε) we have

|| fi − fr || = |( fi − fr )(a)| + V ( fi − fr , pn ↑ ∞, φ, [a, b]) < ε. (1)

By definition of this variation for every t ∈ [a, b] we have

|( fi − fr )(t)| − |( fi − fr )(a)| ≤ |( fi − fr )(t) − ( fi − fr )(a)|
≤ V ( fi − fr , pn ↑ ∞, φ, [a, b]).
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Thus (1) implies that

|( fi − fr )(t)| ≤ |( fi − fr )(a)| + V ( fi − fr , pn ↑ ∞, φ, [a, b]) < ε.

Thismeans uniformly convergence of the sequence ( fs). Let fr → f uniformly and
consider an arbitrary partition of [a, b] such that ρ(Δ) ≥ 1

φ(n)
. For each i, r > N (ε)

we have

(
m∑

k=1

|( fi − fr )(tk) − ( fi − fr )(tk−1)|pn
)1/pn

< ε.

Considering the limit r → +∞ in the last inequality, we get

(
m∑

k=1

|( fi − f )(tk) − ( fi − f )(tk−1)|pn
)1/pn

≤ ε.

Therefore,

V ( fi − f , pn ↑ ∞, φ, [a, b]) → 0, i → ∞.

Now, by property (a), for each fixed i (i > N (ε)) we obtain

| f (a)| + V ( f , pn ↑ ∞, φ, [a, b]) ≤ | f (a)| + V ( f − fi , pn ↑ ∞, φ, [a, b])
+V ( fi , pn ↑ ∞, φ, [a, b]) ≤ | f (a)| + ε + V ( fi , pn ↑ ∞, φ, [a, b]).

(c) Let a < x0 < b and

fx0(t) =
{
0, i f a ≤ t ≤ x0,
1, i f x0 < t ≤ b.

It is easy to see that f ∈ BV (pn ↑ ∞, φ, [a, b]) and if fx0 and fx1 are two functions
corresponding to distinct points x0 < x1 from (a, b), then we have

|| fx0 − fx1 || = V ( fx0 − fx1 , pn ↑ ∞, φ) ≥ ∣∣( fx0 − fx1)(x1) − ( fx0 − fx1)(0)
∣∣ = 1.

The set of fx0 functions is uncountable and distance between to two different
functions is greater then 1. Thus BV (pn ↑ ∞, φ, [a, b]) is not separable.

(d) Let

A := lim inf
k→∞ V ( fk, pn ↑ ∞, φ),

then there exists such a subsequence fkr that

lim
r→∞ V ( fkr , pn ↑ ∞, φ) = A.
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For every ε > 0 there exists a constant N (ε), such that

V ( fkr , pn ↑ ∞, φ) < A + ε, r > N (ε).

Let a = t0 < t1 < · · · < tm = b be an arbitrary partition of interval [a, b] and
|ti − ti−1| ≥ 1

φ(n)
, i = 1, 2, ...,m, then

(
m∑
i=1

∣∣ fkr (ti ) − fkr (ti−1)
∣∣pn)1/pn

≤ V ( fkr , pn ↑ ∞, φ) < A + ε.

Hence

(
m∑
i=1

| f (ti ) − f (ti−1)|pn
)1/pn

≤ A + ε.

This implies that

V ( f , pn ↑ ∞, φ) ≤ A.

Definition 2.2 A sequence of fn functions will be termed convergent in variation to
f if V ( fn − f , pn ↑ ∞, φ) → 0 for n → ∞.

Convergence in variation implies uniformly convergence, in general. If φ(n)
1
pn is

bounded then it is easy to see that they are equivalent. If φ(n)
1
pn is not bounded then

there exists uniformly convergent sequence of functions which is not convergent in

variation. Indeed, there exists a subsequence φ(nk)
1

pnk → ∞ and let

fk(t) = 1

φ(nk)
1/pnk

sin (2π [φ(nk)/4]t) , t ∈ [0, 1].

Here and in the sequel [a] denotes the integer part of a number a. It is clear that fk →
0 uniformly on [0, 1]. Let us consider points tki = i

4[φ(nk)/4] , i = 0, 1, . . . , 4[φ(nk)/4].
It is obvious that tki − tki−1 = 1

4[φ(nk)/4] ≥ 1
φ(nk)

. We get

⎛
⎝4[φ(nk)/4]∑

i=1

∣∣∣ fk(tki ) − fk(t
k
i−1)

∣∣∣pnk
⎞
⎠

1/pnk

= (4[φ(nk)/4])1/pnk · 1

φ(nk)
1/pnk

≥ 1

2
,

when φ(nk) ≥ 8. This means that V ( fk, pn ↑ ∞, φ, [0, 1]) ≥ 1
2 for every sufficiently

big k.
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Lemma 2.3 Let f be a function defined on [a, b] and t0 < t1 < · · · < tm be an
arbitrary set of points in [a, b] such that |ti − ti−1| ≥ 1

φ(n)
, i = 1, 2, . . . ,m. Then

(
m∑
i=1

| f (ti ) − f (ti−1)|pn
)1/pn

≤ 3V ( f , pn ↑ ∞, φ, [a, b]).

Proof It is obvious that

(
m∑
i=1

| f (ti ) − f (ti−1)|pn
)1/pn

≤
(

m∑
i=1

| f (ti ) − f (ti−1)|pn + | f (t1) − f (a)|pn + | f (b) − f (tm−1)|pn
)1/pn

≤
(
m−1∑
i=2

| f (ti ) − f (ti−1)|pn + | f (t1) − f (a)|pn + | f (b) − f (tm−1)|pn
)1/pn

+| f (t1) − f (t0)| + | f (tm) − f (tm−1)| ≤ 3V ( f , pn ↑ ∞, φ).

�	

3 On “anomalous” property of the class of function of generalized
bounded variation

Proposition 3.1 Let p1 ≥ 1, pn ↑ ∞ and φ(1) ≥ 1, φ(n) ↑ ∞. Then for each point
x ∈ (a, b) there exists y ∈ (x, b), and a function f defined on [a, b] such that

V ( f , pn ↑ ∞, φ, [a, y]) < V ( f , pn ↑ ∞, φ, [a, x]).

Proof (i) Let r be the least positive integer such that : x − a ≥ 2
φ(r) ;

(ii) c := x − 1
φ(r) ;

(iii) choose a point y ∈ (x, b) such that,

x < y < x + 1

φ(r)
,

and

x < y < c + 1

φ(r − 1)
;

(iv) choose a number ξ ∈ (0, 1) such that

0 < ξ < (2pr+1/pr − 2)
1

pr+1 .
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Therefore,

(2 + ξ pr+1)
1

pr+1 < 2
1
pr .

Suppose

f (t) =
⎧⎨
⎩
1, i f t = c,
ξ, i f t = y,
0, i f t ∈ [a, b], t 
= c, t 
= y.

(2)

We get

V ( f , pn ↑ ∞, φ, [a, x]) = 2pr .

Indeed, let Δ = {a, c, x}. (i) and (ii) implies that ρ(Δ) = 1
φ(r) . It is clear that

2
1
pr = (| f (c) − f (a)|pr + | f (x) − f (c)|pr ) 1

pr ≤ V ( f , pn ↑ ∞, φ, [a, x]). (3)

Let a = t0 < t1 < · · · < tm = x be an arbitrary Δ partition of the interval [a, x],
then we have two cases:

(a) if c is not a point of the partition Δ, then

(
m∑
i=1

| f (ti ) − f (ti−1)|pn
)1/pn

= 0;

(b) if c is a point of the partition Δ, then ρ(Δ) = mini {ti − ti−1} ≤ x − c = 1
φ(r) .

Thus if ρ(Δ) ≥ 1
φ(k) then for each partition which contains c, implies that 1

φ(r) ≥ 1
φ(k) ,

hence k ≥ r . Since pn is strictly increasing we have

(
m∑
i=1

| f (ti ) − f (ti−1)|pk
)1/pk

= 2
1
pk ≤ 2

1
pr .

Therefore, from these two cases we conclude that for arbitrary partition a = t0 <

t1 < · · · < tm = x , for which ρ(Δ) ≥ 1
φ(n)

, we obtain

(
m∑
i=1

| f (ti ) − f (ti−1)|pn
)1/pn

≤ 2
1
pr .

Thus, from (3) we conclude that

V ( f , pn ↑ ∞, φ, [a, x]) = 2
1
pr .



768 T. Akhobadze and K. Ivanadze

Now we have to show that

V ( f , pn ↑ ∞, φ, [a, y]) < 2
1
pr = V ( f , pn ↑ ∞, φ, [a, x]).

Let a = t0 < t1 < · · · < tm = y be an arbitrary partition of the interval [a, y].
Then we have three cases:

Case 1 c is not in Δ. Then

(
m∑
i=1

| f (ti ) − f (ti−1)|pn
)1/pn

= | f (y) − f (tm−1)| = ξ.

Case 2 c is in Δ, but no point from (c, y) is in Δ, i.e tm = y and tm−1 = c. Thus,
(iii) implies

ρ(Δ) ≤ y − c <
1

φ(r − 1)
.

Therefore, if ρ(Δ) ≥ 1
φ(k) then k > r − 1 and k ≥ r .

Since for every fixed a (0 < a < 1) function (1 + ax )
1
x is decreasing with respect

to x (x ≥ 1), by (2) we have

(
m∑
i=1

| f (ti ) − f (ti−1)|pk
)1/pk

= (1 + (1 − ξ)pk )
1
pk ≤ (1 + (1 − ξ)pr )

1
pr < 2

1
pr .

Case 3 c is in Δ and there is a point in (c, y) which is contained in Δ. From (ii)
and (iii) we get

y − c = y − x + x − c <
1

φ(r)
+ 1

φ(r)
= 2

φ(r)
.

In this case we obtain ρ(Δ) < 1
φ(r) . Besides, if ρ(Δ) ≥ 1

φ(k) then k ≥ r + 1.
Hence

(
m∑
i=1

| f (ti ) − f (ti−1)|pk
)1/pk

= (2 + ξ pk )
1
pk ≤ (2 + ξ pr+1)

1
pr+1 .

Therefore, in each three cases, when ρ(Δ) ≥ 1
φ(k) we get

(
m∑
i=1

| f (ti ) − f (ti−1)|pk
)1/pk

≤ max

{
ξ, (1 + (1 − ξ)pr )

1
pr , (2 + ξ pr+1)

1
pr+1

}
.
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Definition 1.1 and (iv) imply that

V ( f , pn ↑ ∞, φ, [a, y]) ≤ max

{
ξ, (1 + (1 − ξ)pr )

1
pr , (2 + ξ pr+1)

1
pr+1

}
< 2

1
pr

= V ( f , pn ↑ ∞, φ, [a, x]).

�	
Remark 3.2 Let f be defined on [a, b] and [a1, b1] ⊂ [a, b]. Lemma 2.3 implies that

V ( f , pn ↑ ∞, φ, [a1, b1]) ≤ 3 · V ( f , pn ↑ ∞, φ, [a, b]).

Remark 3.3 Let c ∈ (a, b) and a = t0 < t1 < · · · < tm = b be an arbitrary partition
of [a, b] such that |ti − ti−1| ≥ 1

φ(n)
, i = 1, 2, . . . ,m and tk−1 < c ≤ tk . Since 1

pn
≤ 1

we have

(
m∑
i=1

| f (ti ) − f (ti−1)|pn
)1/pn

≤
(
k−1∑
i=1

| f (ti ) − f (ti−1)|pn
)1/pn

+| f (c) − f (tk−1)| + | f (tk) − f (c)| +
(

m∑
i=k+1

| f (ti ) − f (ti−1)|pn
)1/pn

.

The last inequality and Lemma 2.3 imply

V ( f , pn ↑ ∞, φ, [a, b]) ≤ 4 · V ( f , pn ↑ ∞, φ, [a, c]) + 4 · V ( f , pn ↑ ∞, φ, [c, b]).

4 A generalization of absolute continuity

Definition 4.1 A function f defined on a closed interval [a, b], will be termed
((pn), φ)-absolute continuous if the following condition is satisfied: for every ε > 0
there exists a number δ > 0 such that

(
m∑
i=1

| f (βi ) − f (αi )|pn
)1/pn

< ε,

for all finite sets of non-overlapping intervals (αi , βi ) ⊂ [a, b], i = 1, 2, . . . ,m, for
which βi − αi ≥ 1

φ(n)
, i = 1, 2, ...,m, and

(
m∑
i=1

(βi − αi )
pn

)1/pn

< δ.
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We denote this class by AC(pn ↑ ∞, φ, [a, b]). Sometimes for the simplicity we use
notation AC(pn ↑ ∞, φ). It is clear that if f is ((pn), φ)-absolute continuous then f
is continuous.

Lemma 4.2 Let f be a function on [a, b] and let (αi , βi ) ⊂ [a, b], i = 1, 2, . . . ,m,

be a finite set of non-overlapping intervals such that mini (βi − αi ) ≥ 1
φ(n)

. Then

(
m∑
i=1

| f (βi ) − f (αi )|pn
)1/pn

≤ 6V ( f , pn ↑ ∞, φ, [a, b]).

Proof This statement follows from Lemma 2.3. �	
Proposition 4.3 A necessary and sufficient condition for f to be in AC(pn ↑
∞, φ, [a, b]) is that for a given ε > 0 there exists a δ > 0 such that

V ( f , pn ↑ ∞, φ, [t1, t2]) < ε,

for each [t1, t2] ⊂ [a, b] when t2 − t1 < δ.

Proof Necessity is obvious. Now we have to show sufficiency of the condition. Sup-
pose ε > 0 is given, then there exists η > 0 such that

V ( f , pn ↑ ∞, φ, [t1, t2]) <
ε

16
,

for each [t1, t2] ⊂ [a, b] when t2 − t1 < η.

Let a = x0 < x1 < · · · < xm = b be a fixed partition of [a, b] such that
xi − xi−1 = η1, i = 1, 2, . . . ,m, where η1 < η. Then

V ( f , pn ↑ ∞, φ, [xi−1, xi ]) <
ε

16
, i = 1, 2, . . . ,m. (4)

Suppose r be a positive integer such that m
1
pr < 2, and δ = min{η1, 1

φ(r) }. Let
(αi , βi ) ⊂ [a, b], i = 1, 2, . . . , s, be a finite set of non-overlapping intervals such
that (

s∑
i=1

(βi − αi )
pn

)1/pn

< δ,

and

βi − αi ≥ 1

φ(n)
, i = 1, 2, . . . , s.

It is sufficient to show that(
s∑

i=1

| f (βi ) − f (αi )|pn
)1/pn

< ε.
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Let

Ak := {i : (αi , βi ) ⊂ [xk−1, xk]}, k = 1, 2, . . . ,m.

By (4) and Lemma 4.2

∑
i∈Ak

| f (βi ) − f (αi )|pn ≤ (6V ( f , pn ↑ ∞, φ, [xk−1, xk]))pn <

(
6ε

16

)pn
.

Suppose

Bk := {i : αi < xk < βi }, k = 1, 2, . . . ,m.

Note that Bk consists at most of one element and if i ∈ Bk then αi ∈ [xk−1, xk],
βi ∈ [xk, xk+1]. We have

| f (βi ) − f (αi )|pn ≤ (| f (βi ) − f (xk)| + | f (xk) − f (αi )|)pn

≤ (V ( f , pn ↑ ∞, φ, [xk−1, xk]) + V ( f , pn ↑ ∞, φ, [xk, xk+1]))pn <

(
2ε

16

)pn
.

Since 1
pn

≤ 1, we obtain

(
s∑

i=1

| f (βi ) − f (αi )|pn
)1/pn

=
⎛
⎝ m∑

k=1

⎛
⎝∑

i∈Ak

| f (βi ) − f (αi )|pn +
∑
i∈Bk

| f (βi ) − f (αi )|pn
⎞
⎠

⎞
⎠

1/pn

<

(
m∑

k=1

(
6ε

16

)pn
+

m∑
k=1

(
2ε

16

)pn
)1/pn

≤
(

m∑
k=1

(
6ε

16

)pn
)1/pn

+
(

m∑
k=1

(
2ε

16

)pn
)1/pn

.

Note that 1
φ(n)

≤ βi − αi < δ ≤ 1
φ(r) , hence n > r . Since m

1
pr < 2, the last term

does not exceed to

m
1
pn · 8ε

16
< m

1
pr · ε

2
< ε.

Remark 3.3 and Proposition 4.3 imply that AC(pn ↑ ∞, φ) ⊂ BV (pn ↑ ∞, φ).

Proposition 4.4 If f is absolute continuous, then f ∈ AC(pn ↑ ∞, φ).
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Proof Let ε > 0, then there exists δ > 0 such that for every non-overlapping intervals
(αi , βi ), i = 1, 2, . . . ,m, is satisfying inequality

m∑
i=1

| f (βi ) − f (αi )| < ε

when
∑m

i=1(βi − αi ) < δ.
If x2 − x1 < δ then for each partition x1 = t0 < t1 < · · · < tk = x2 we have∑k
i=1(ti − ti−1) = x2 − x1 < δ, hence

(
k∑

i=1

| f (ti ) − f (ti−1)|pn
)1/pn

≤
k∑

i=1

| f (ti ) − f (ti−1)| < ε.

The last inequality implies V ( f , pn ↑ ∞, φ, [x1, x2]) ≤ ε. By Proposition 4.3
f ∈ AC(pn ↑ ∞, φ). �	

Proposition 4.5 If φ(n)
1
pn is bounded then every continuous function on [a, b] is

((pn), φ)-absolute continuous.

Proof Let φ(n)
1
pn ≤ C where C is a positive constant and f be continuous on [a, b].

Therefore, f is uniformly continuous. If ε > 0 is given then there exists δ (0 < δ < 1)
such that

| f (t1) − f (t2)| <
ε

2C
, i f t1 − t2 < δ.

Let [x1, x2] ⊂ [a, b] and x2 − x1 < δ. If x1 = t0 < t1 < · · · < tm = x2 is an
arbitrary partition, where ti − ti−1 ≥ 1

φ(n)
, then it is clear that m ≤ δφ(n) < φ(n)

and

(
m∑
1

| f (ti ) − f (ti−1)|pn
)1/pn

<

(
m∑
i=1

( ε

2C

)pn
)1/pn

= m
1
pn

ε

2C
≤ φ(n)

1
pn

ε

2C
≤ ε

2
.

Hence V ( f , pn ↑ ∞, φ, [x1, x2]) < ε and by Proposition 4.3 f is ((pn), φ)-
absolute continuous.

Proposition 4.6 If φ(n)
1
pn is not bounded then there exists a continuous function f

which is not ((pn), φ)-absolute continuous.

Proof Since φ(n)1/pn is not bounded then for every positive integer k there exists a
positive integer nk such that

[
φ(nk)

4k(k + 1)

]1/pnk
> k.
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Let ck = 1
k , k = 1, 2, . . . , and λk =

[
φ(nk )

4k(k+1)

]
. Consider the following continuous

function on [0, 1]:

f (t) =
{

λ
−1/pnk
k sin(2λkπ

t−ck+1
ck−ck+1

), i f t ∈ [ck+1, ck],
0, i f t = 0.

Let xki = ck+1 + i ck−ck+1
4λk

, i = 0, 1, . . . , 4λk . It is clear that xk0 = ck+1, xk4λk = ck
and

f (xki ) = λ
−1/pnk
k sin

(
i
π

2

)
; (5)

xki − xki−1 = ck − ck+1

4λk
≥ 1

k(k + 1)
: 4φ(nk)

4k(k + 1)
= 1

φ(nk)
. (6)

From (5) and (6) we obtain

V ( f , pn ↑ ∞, φ, [ck+1, ck]) ≥
( 4λk∑

i=1

| f (xki ) − f (xki−1)|pnk
)1/pnk

=
( 4λk∑

i=1

(
λ

−1/pnk
k

)pnk

)1/pnk

= λ
−1/pnk
k · (4λk)

1/pnk > 1.

Lemma 4.3 implies f is not ((pn), φ)-absolute continuous.

Lemma 4.7 Let { fk}∞i=1 be a sequence of functions from AC(pn ↑ ∞, φ, [a, b])which
is convergent in variation to f , then f ∈ AC(pn ↑ ∞, φ, [a, b]).
Proof Let ε > 0 be given, then there exists N such that if k > N

V ( fk − f , pn ↑ ∞, φ, [a, b]) <
ε

4
.

Let k0 > N . Since fk0 is ((pn), φ)-absolute continuous then there exists δ > 0
such that

V ( fk0 , pn ↑ ∞, φ, [t1, t2]) <
ε

4
,

where t2 − t1 < δ. Hence by Proposition 2.1(a) and Remark 3.2 we have

V ( f , pn ↑ ∞, φ, [t1, t2]) ≤ V ( f − fk0 , pn ↑ ∞, φ, [t1, t2]) + V ( fk0 ,

pn ↑ ∞, φ, [t1, t2]) ≤ ε.

Thus, by Proposition 4.3 f is in AC(pn ↑ ∞, φ, [a, b]).
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In Lemma 4.7 convergence in variation can not be replaced with uniform convergence.
Indeed, Fejer (C, 1) means of the continuous function f (constructed in Lemma 4.6)
with respect to trigonometric system converges uniformly to f , but f /∈ AC(pn ↑
∞, φ).

Lemma 4.8 Let f be a function on [a, b], [c, d] ⊂ [a, b] and f (c) = f (d) = 0. If

g(t) =
{
f (t), t ∈ [c, d],

0, t ∈ [a, b]\[c, d],

then

V (g, pn ↑ ∞, φ, [a, b]) ≤ 5 · V ( f , pn ↑ ∞, φ, [c, d]).

Proof By Lemma 2.3, for an arbitrary partition of [a, b] where tk−1 < c ≤ tk and
tr−1 ≤ d < tr , we get

(
m∑
i=1

|g(ti ) − g(ti−1)|pn
) 1

pn

≤
(

r−1∑
i=k+1

|g(ti ) − g(ti−1)|pn
) 1

pn

+ |g(tk) − g(tk−1)|

+|g(tr ) − f (tr−1)| =
(

r−1∑
i=k+1

| f (ti ) − f (ti−1)|pn
) 1

pn

+ | f (tk) − f (c)|

+| f (d) − f (tr−1)|
≤ 5 · V ( f , pn ↑ ∞, φ, [c, d]).

Lemma 4.9 Let f be a function on [a, b] and {ci }∞1 be a sequence such that ci ↓ a,
c1 = b and f (ci ) = 0, i = 1, 2, . . . , then

V ( f , pn ↑ ∞, φ, [a, b]) ≤ 5 ·
∞∑
i=1

V ( f , pn ↑ ∞, φ, [ci+1, ci ]).

Proof Let

fi (t) =
{
f (t), t ∈ [ci−1, ci ],

0, t /∈ [ci−1, ci ].

It is clear that f = ∑∞
i=1 fi on [a, b] and by Proposition 2.1(d)

V ( f , pn ↑ ∞, φ, [a, b]) ≤ lim inf
k→∞ V

(
k∑

i=1

fi , pn ↑ ∞, φ, [a, b]
)

≤ lim inf
k→∞

k∑
i=1

V ( fi , pn ↑ ∞, φ, [a, b]) ≤
∞∑
i=1

V ( fi , pn ↑ ∞, φ, [a, b]).
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By Lemma 4.8 we get

V ( f , pn ↑ ∞, φ, [a, b]) ≤ 5 ·
∞∑
i=1

V ( f , pn ↑ ∞, φ, [ci+1, ci ]).

Lemma 4.10 Let f be a periodic function with a period h. Then for every a

V ( f , pn ↑ ∞, φ, [a, a + mh]) ≤ 4m
1
pr · V ( f , pn ↑ ∞, φ, [a, a + h]),

where mh < 1
φ(r−1) .

Proof Using periodicity of f , it is clear that for each t1 and t2 from [a, a + mh] we
have

| f (t1) − f (t2)| ≤ V ( f , pn ↑ ∞, φ, [a, a + h]).
Let a = t0 < t1 < · · · < ts = a + mh be an arbitrary partition, such that

|ti − ti−1| ≥ 1
φ(n)

, i = 1, 2, . . . , s. It is clear that n ≥ r . Suppose

Ak := {i : [ti−1, ti ] ⊂ [a + (k − 1)h, a + kh]}, k = 1, 2, . . . ,m.

By Lemma 2.3 we have

∑
i∈Ak

| f (ti−1) − f (ti )|pn ≤ (3V ( f , pn ↑ ∞, φ, [a, a + h]))pn .

Let

Bk := {i : ti−1 < xk < ti }, k = 1, 2, . . . ,m.

Bk consists at most of one point. If i ∈ Bk then

| f (ti ) − f (ti−1)| ≤ V ( f , pn ↑ ∞, φ, [a, a + h]).
We obtain

(
s∑

i=1

| f (ti ) − f (ti−1)|pn
)1/pn

≤
⎛
⎝ m∑

k=1

⎛
⎝∑

i∈Ak

| f (ti−1) − f (ti )|pn +
∑
i∈Bk

| f (ti−1) − f (ti )|pn
⎞
⎠

⎞
⎠

1/pn

≤
(

m∑
k=1

(3V ( f , pn ↑ ∞, φ, [a, a + h]))pn + (V ( f , pn ↑ ∞, φ, [a, a + h]))pn
)1/pn

≤ 4m
1
pn V ( f , pn ↑ ∞, φ, [a, a + h]) ≤ 4m

1
pr V ( f , pn ↑ ∞, φ, [a, a + h]).
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Proposition 4.11 For every q ≥ 1 there exists a function which is ((pn), φ)-absolute
continuous but it is not in Vq , where Vq is the class of functions of Wiener-Young [10]
q-th generalization of total variation.

Proof Let ck = 1
k , k = 1, 2, . . . , and consider the following function f on [0, 1]:

f (t) =
{ 1

k2
sin(2k[3q]π t−ck+1

ck−ck+1
), i f t ∈ [ck+1, ck],
0, i f t = 0,

This function is periodicwith period h = ck−ck+1
k[3q] on [ck+1, ck], f (ci ) = 0, i = 1, 2, ..,

and

V ( f , pn ↑ ∞, φ, [ck+1, ck+1 + h]) ≤ 4

k2
. (7)

Let r be the least positive integer for which pr > 3q, then 2 − [3q]
pr

> 1. It is clear

that ck+1 + k[3q]h = ck . If 1
k − 1

k+1 > 1
φ(r−1) then (7) and Lemma 4.10 imply that

V ( f , pn ↑ ∞, φ, [ck+1, ck]) ≤ 4k
[3q]
pr · V ( f , pn ↑ ∞, φ, [ck+1, ck+1 + h])

≤ 4k
[3q]
pr · 4

k2
≤ 16

k2−[3q]/pr . (8)

Let

sk(t) =
{
f (t), t ∈ [ck+1, 1],

0, t /∈ [ck+1, 1],

Lemma 4.8 implies that

V ( f − sk, pn ↑ ∞, φ, [a, b]) ≤ 5 · V ( f , pn ↑ ∞, φ, [0, ck+1]).

(8) and Lemma 4.9 imply that the right side of the last inequality does not exceed
to

25 ·
∞∑

j=k+1

V ( f , pn ↑ ∞, φ, [c j+1, c j ]) ≤ 25 ·
∞∑

j=k+1

16

k2−[3q]/pr → 0, k → 0.

Since sk is absolute continuous we conclude that sk is in AC(pn ↑ ∞, φ, [0, 1])
and by lemma 4.7 f is ((pn), φ)-absolute continuous.

Let xki = ck+1 + i h4 , i = 0, 1, . . . , 4k[3q]. Then f (xki ) = 1
k2

sin
(
i π
2

)
and

4k[3q]∑
i=1

| f (xki ) − f (xki−1)|q =
4k[3q]∑
i=1

(
1

k2

)q

= 4k[3q] · 1

k2q
> 1. (9)
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For every positive integer M there exists a positive integer N , such that N
1
q ≥ M .

If we consider the points xki , i = 0, 1, . . . , 4k[3q] , k = 1, 2, . . . , N , by (9) we get

Vq( f , [0, 1]) ≥
⎛
⎝ N∑

k=1

4k[3q]∑
i=1

| f (xki ) − f (xki−1)|q
⎞
⎠

1/q

>

(
N∑

k=1

1

)1/q

= N 1/q ≥ M .

This means that f is not in Vq([0, 1]).

5 Approximation by Steklov functions

Lemma 5.1 Let {gh : h ≥ 0} be a set of functions on [a, b] and satisfies conditions:

(i) For every ε > 0 there exists a positive integer N, such that if h > N then for
arbitrary t ∈ [a, b] we have gh(t) < ε;

(ii) For every positive number ε there exists a fixed partition a = x0 < x1 < · · · <

xr = b and a positive integer N such that for every h > N we have

V (gh, pn ↑ ∞, φ, [xi−1, xi ]) < ε, i = 1, 2, . . . , r .

Then,

V (gh, pn ↑ ∞, φ, [a, b]) → 0, h → ∞.

Proof Let ε > 0 is given. By condition (ii) there exists a fixed a = x0 < x1 < · · · <

xr = b partition and a positive integer N1 such that for every h > N1 we have

V (gh, pn ↑ ∞, φ, [xi−1, xi ]) <
ε

10
, i = 1, 2, . . . r . (10)

Let l be the least integer such that r
1
pl ≤ 2 and φ(l) ≥ 5

b−a .

By condition (i) there exists N2 such that if h > N2 then

gh(t) <
ε

2(b − a)φ(l)
, t ∈ [a, b]. (11)

We must show that

V (gh, pn ↑ ∞, φ, [a, b]) < ε,

when h > N = max{N1, N2}.
Let a = t0 < t1 < · · · < tm = b be an arbitrary partition of the interval [a, b] such

that |ti − ti−1| ≥ 1
φ(n)

, i = 1, 2, . . . ,m. Consider two cases.

Case 1 n ≤ l, then b − a = ∑m
i=1(ti − ti−1) ≥ ∑m

1
1

φ(n)
= m

φ(n)
, hence

m ≤ (b − a)φ(n) ≤ (b − a)φ(l). (12)
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By (11)

|gh(ti ) − gh(ti−1)| ≤ |gh(ti )| + |gh(ti−1)|
≤ ε

2(b − a)φ(l)
+ ε

2(b − a)φ(l)
= ε

(b − a)φ(l)
.

By the last inequality and (12) we obtain

(
m∑
i=1

|gh(ti ) − gh(ti−1)|pn
) 1

pn

≤ m
1
pn

ε

(b − a)φ(l)
< m

ε

(b − a)φ(l)
≤ ε.

Case 2 n > l. Let

Ak := {i : [ti−1, ti ] ⊂ [xk−1, xk]}, k = 1, 2, . . . , r .

By (10) and Lemma 2.3 we get

∑
i∈Ak

|gh(ti−1) − gh(ti )|pn ≤ (3V (gh, pn ↑ ∞, φ, [xk−1, xk]))pn <

(
3ε

10

)pn
.

(13)

Let

Bk := {i : ti−1 < xk < ti }, k = 1, 2, . . . , r .

Note that Bk consists at most of one point. If i ∈ Bk then

|gh(ti ) − gh(ti−1)| <
ε

(b − a)φ(l)
.

By the last inequality and (13) we obtain

(
m∑
i=1

|gh(ti ) − gh(ti−1)|pn
) 1

pn

=
⎛
⎝ r∑

k=1

⎛
⎝∑

i∈Ak

|gh(ti−1) − gh(ti )|pn +
∑
i∈Bk

|gh(ti−1) − gh(ti )|pn
⎞
⎠

⎞
⎠

1
pn

<

{
r∑

k=1

((
3ε

10

)pn
+

(
ε

(b − a)φ(l)

)pn)) 1
pn

≤ r
1
pl

(
3ε

10
+ ε

(b − a)φ(l)

)
≤ ε.

This means that

V (gh, pn ↑ ∞, φ, [a, b]) → 0, h → ∞.
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Lemma 5.2 Let f be a periodic function with period b − a and there exist ε > 0 and
δ > 0 such that

V ( f , pn ↑ ∞, φ, [t1, t2]) < ε,

for every t2 − t1 < δ, [t1, t2] ⊂ [a, b]. Then for every real h

V ( f h, pn ↑ ∞, φ, [t1, t2]) < 8ε,

where f h(t) = f (h + t) and t2 − t1 < δ, [t1, t2] ⊂ [a, b].
Proof Since f is periodic, we can consider only the case when 0 < h < b − a. We
have two cases:

If b /∈ [t1 + h, t2 + h], by periodicity of f we get

V ( f h, pn ↑ ∞, φ, [t1, t2]) = V ( f , pn ↑ ∞, φ, [t1 + h, t2 + h]) < ε.

If b ∈ [t1 + h, t2 + h] then by Remark 3.3

V ( f h, pn ↑ ∞, φ, [t1, t2]) = V ( f , pn ↑ ∞, φ, [t1 + h, t2 + h])
≤ 4V ( f , pn ↑ ∞, φ, [t1 + h, b] + 4V ( f , pn ↑ ∞, φ, [b, t2 + h])) < 8ε.

Lemma 5.3 If a function f is ((pn), φ)-absolute continuous on [a, b], periodic with
period b − a, then V ( f h − f , pn ↑ ∞, φ, [a, b]) → 0, h → 0+, where f h(t) =
f (h + t).

Proof Let g1/h := f h − f . Now we show that g1/h satisfies conditions of Lemma 5.1.

(1) Since f is ((pn), φ)-absolute continuous , it is uniformly continuous on [a, b].
Then for each ε > 0 there exists δ > 0 such that | f (t + h) − f (t)| < ε, when
h < δ.

(2) Let ε > 0 be given. Since f is ((pn), φ) absolute continuous, there exists η > 0
such that V ( f , pn ↑ ∞, φ, [t1, t2]) < ε

9 when t2 − t1 < η.

Let a = x0 < · · · < xm = b be a partition of [a, b] such that xi − xi−1 < η, then
V ( f , pn ↑ ∞, φ, [xi−1, xi ]) < ε

9 , i = 1, 2, . . . ,m, and by Lemma 5.2

V (g 1
h
, pn ↑ ∞, φ, [xi−1, xi ])

≤ V ( f h, pn ↑ ∞, φ, [xi−1, xi ]) + V ( f , pn ↑ ∞, φ, [xi−1, xi ]) < ε.

We get that g 1
h
satisfies conditions of Lemma 5.1, that implies V ( f h − f , pn ↑

∞, φ, [a, b]) → 0, for h → 0+.

Proposition 5.4 Let f ∈ AC(pn ↑ ∞, φ, [a.b]) be periodic with period b − a. Then
the sequence fk of the Steklov functions of f , defined by the formula

fk(t) = k
∫ t+ 1

k

t
f (τ )dτ,
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is convergent in variation to f (t).

Proof

fk(t) − f (t) = k
∫ 1

k

0
( f (t + τ) − f (t)) dτ.

Let ε > 0 be given, then by Lemma 5.3 there exists δ > 0 such that

V ( f h − f , pn ↑ ∞, φ, [a, b]) < ε, h < δ, (14)

where f h(t) = f (h+ t). Since |x |p, p ≥ 1, is a convex function, by Jensen inequality

∣∣∣∣∣k
∫ 1

k

0
g(t)dt

∣∣∣∣∣
pn

≤ k
∫ 1

k

0
|g(t)|pndt . (15)

Suppose 1
k < δ and a = t0 < t1 < · · · < tm = b be an arbitrary partition of the

interval [a, b] such that |ti − ti−1| ≥ 1
φ(n)

, i = 1, 2, . . . ,m. By (14) and (15) we get

(
m∑
i=1

|( fk − f )(ti ) − ( fk − f )(ti−1)|pn
)1/pn

=
(

m∑
1

∣∣∣∣∣k
∫ 1

k

0
( f (ti + τ) − f (ti ) − f (ti−1 + τ) + f (ti−1))dτ

∣∣∣∣∣
pn)1/pn

≤
(

m∑
1

k
∫ 1

k

0
| f (ti + τ) − f (ti ) − f (ti−1 + τ) + f (ti−1)|pn dτ

)1/pn

≤
(
k

∫ 1
k

0
V ( f τ − f , pn ↑ ∞, φ, [a, b])pn dτ

)1/pn

<

(
k

∫ 1
k

0
ε pn dτ

)1/pn

= ε.

Hence V ( fk − f , pn ↑ ∞, φ, [a, b]) < ε, when 1
k < δ.

If f is an integrable function on [a, b] then its Steklov functions fk are absolute
continuous, hence, fk ∈ AC(pn ↑ ∞, φ, [a, b]). Therefore, By Lemma 4.7, if V ( fk−
f , pn ↑ ∞, φ) → 0 then f ∈ AC(pn ↑ ∞, φ, [a.b]).

6 Approximation by singular integrals

Now we shall consider the problem of approximation in variation of periodic function
f which is ((pn), φ)-absolute continuous on [a, b], by integrals of the form

Iq(t) =
∫ b

a
Kq(τ ) f (t + τ)dτ.
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Lemma 6.1 Let f be a periodic function with period b−a, Kq be a function such that∫ b
a |K (t)|dt = θ , and I (t) = ∫ b

a K (τ ) f (t + τ)dt. Then

V (I , pn ↑ ∞, φ, [c, d]) ≤ θ · sup
τ∈[a,b]

V ( f τ , pn ↑ ∞, φ, [c, d])

for every closed interval [c, d], where f τ (t) = f (t + τ).

Proof Let c = t0 < t1 < · · · < tm = d be an arbitrary partition such that |ti − ti−1| ≥
1

φ(n)
, i = 1, 2, . . . ,m. Then

(
m∑
i=1

|I (ti ) − I (ti−1)|pn
)1/pn

=
(

m∑
1

∣∣∣∣
∫ b

a
K (τ )( f (ti + τ) − f (ti−1 + τ))dτ

∣∣∣∣
pn

)1/pn

≤
(

m∑
1

(∫ b

a
|K (τ )| · |( f (ti + τ) − f (ti−1 + τ))|dτ

)pn
)1/pn

.

By Jensen’ inequality, the last term does not exceed to

(
m∑
i=1

θ pn ·
∫ b
a |K (τ )| · | f (ti + τ) − f (ti−1 + τ)|pn dτ

θ

)1/pn

= θ

θ1/pn

(∫ b

a
|K (τ )| ·

m∑
i=1

| f (ti + τ) − f (ti−1 + τ)|pn dτ

)1/pn

≤ θ

θ1/pn
· sup
τ∈[a,b]

V ( f τ , pn ↑ ∞, φ, [c, d]) ·
(∫ b

a
|K (τ )|dτ

)1/pn

= θ · sup
τ∈[a,b]

V ( f τ , pn ↑ ∞, φ, [c, d]).

Hence, we get

V (I , pn ↑ ∞, φ, [c, d]) ≤ θ · sup
τ∈[a,b]

V ( f τ , pn ↑ ∞, φ, [c, d]).

Proposition 6.2 Let
∫ b
a |kq(t)|dt = θq , q = 1, 2 . . . , and (θq) is bounded; f is

((pn), φ)-absolute continuous, periodic with period b−a and Iq(t) = ∫ b
a Kq(τ ) f (t+

τ)dt. If for some ξ the sequence of functions Iq(t) converges uniformly to f ξ (t) then

V (Iq − f ξ , pn ↑ ∞, φ, [a, b]) → 0, q → ∞,

where f ξ (t) = f (t + ξ).

Proof It is sufficient to show that the sequence Iq − f ξ , q = 1, 2, . . . , satisfies
condition i i) of Lemma 5.1.
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Let θq ≤ C, q = 1, 2, . . . , and ε > 0. Since f is ((pn), φ) absolute continuous,
there exists η > 0 such that V ( f , pn ↑ ∞, φ, [t1, t2]) < ε

8(C+1) for every t2 − t1 < η.
Soppuse a = x0 < · · · < xm = b be a partition of [a, b] such that xi − xi−1 < η,

then V ( f , pn ↑ ∞, φ, [xi−1, xi ]) < ε
8(C+1) , i = 1, 2, . . . ,m, and by Lemma 5.2

V ( f h, pn ↑ ∞, φ, [xi−1, xi ]) <
ε

(C + 1)
, i = 1, 2, . . . ,

for every real h. By Lemma 6.1

V (Iq , pn ↑ ∞, φ, [xi−1, xi ]) ≤ θq · sup
τ∈[a,b]

V ( f τ , pn ↑ ∞, φ, [xi−1, xi ]) ≤ Cε

C + 1
.

By the last two inequalities we obtain

V (Iq − f ξ , pn ↑ ∞, φ, [xi−1, xi ]) ≤
V (Iq , pn ↑ ∞, φ, [xi−1, xi ])
+V ( f ξ , pn ↑ ∞, φ, [xi−1, xi ]) <

Cε

C + 1
+ ε

(C + 1)
= ε,

for every i = 1, 2, . . . ,m. �	
Corollary 6.3 Let f be a periodic functionwith period 2π and σα

n ( f ) be (C, α),α > 0,
means of Fourier series of f with respect to the trigonometric system. Then σα

n ( f ) is
convergent in variation to f if and only if f ∈ AC(pn ↑ ∞, φ).

Sufficiency follows from Proposition 6.2.
Necessity. Since σα

n ( f ) is absolute continuous then σα
n ( f ) ∈ AC(pn ↑ ∞, φ).

By Lemma 4.7, if σα
n ( f ) is convergent in variation to f then f is ((pn), φ)-absolute

continuous.

Corollary 6.4 Let Kq(t) ≥ 0,
∫ b
a Kq(t)dt → 1 as q → ∞ and

∫ b−δ

a+δ
Kq(t)dt → 0 as

q → ∞ for each 0 < δ < 1
2 (b − a) and f is periodic with period b − a.

If f ∈ AC(pn ↑ ∞, φ, [a, b]) then V (Iq − f a, pn ↑ ∞, φ, [a, b]) → 0, where
f a(t) = f (t + a).

Acknowledgements The authors are very grateful to the referees for the careful reading of the paper and
helpful comments and remarks. Research supported by Shota Rustaveli National Science Foundation Grant
FR-18-1599

References

1. Akhobadze, T.: Function of generalized Wiener classes BV (p(n) → ∞, φ) and their Fourier coeffi-
cients. Georgian Math. J. 7, 401–416 (2000)

2. Akhobadze, T.: A generalization of bounded variation. Acta Math. Hung. 97, 223–256 (2002)
3. Chanturia, Z.: The modulus of variation of a function and its application in the theory of Fourier series.

Dokl. Akad. Nauk SSSR 214, 63–66 (1974)



On the classes of functions of generalized bounded variation 783

4. Jordan, C.: Sur la séries de Fourier. C. R. Acad. Sci. Paris 92, 228–230 (1881)
5. Kita, H., Yoneda, K.: A generalization of bounded variation. Acta Math. Hung. 56, 229–238 (1990)
6. Love, E.R.: A generalization of absolute continuity. J. Lond. Math. Soc. 26, 1–13 (1951)
7. Musielak, J., Orlicz, W.: On generalized variations (I). Stud. Math. 18, 11–41 (1959)
8. Waterman, D.: On convergence of Fourier series of functions of generalized bounded variation. Stud.

Math. 44, 107–117 (1972)
9. Wiener, N.: The quadratic variation of a function and its Fourier coefficients. J. Math. Phys. 3, 72–94

(1924)
10. Young, L.: Sur une généralization de la notion de variation de poissance p-iéme bornee au sen de N.

Wiener, et sur la convergence des séries de Fourier. C. R. Acad. Sci. Paris 204, 470–472 (1937)
11. Ziemer, W.P.: Weakly Differentiable Functions: Sobolev Spaces and Functions of Bounded Variation,

p. 310. Springer, New York (2012)


	On the classes of functions of generalized bounded variation
	Abstract
	1 Introduction
	2 Some properties of functions of generalized bounded variation
	3 On ``anomalous'' property of the class of function of generalized bounded variation
	4 A generalization of absolute continuity
	5 Approximation by Steklov functions
	6 Approximation by singular integrals
	Acknowledgements
	References




