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Abstract

This work is devoted to the construction of a uniform asymptotics in the dimension
of the matrix n tending to infinity of all eigenvalues in the case of a seven-diagonal
Toeplitz matrix with a symbol having a zero of the sixth order, while the cases of
symbols with zeros of the second and fourth orders were considered earlier. On the
other hand, the results obtained refine the results of the classical work of Parter and
Widom on the asymptotics of the extreme eigenvalues. We also note that the obtained
formulas showed high computational efficiency both in sense of accuracy (already for
relatively small values of n) and in sense of speed.

Keywords Toeplitz matrices - Eigenvectors - Asymptotic expansions

Mathematics Subject Classification 15B05 - 15A18

1 Introduction

Let a(t) be a Lebesgue integrable function defined on the unit circle T = {r € C :
[t| = 1}. We denote by T;,(a) the Toeplitz matrix 7, (a) := (aj,k);f;(]:p where n € N
is a natural number, and a; denotes the /-th coefficient of the Fourier series of the
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function a. Note that the Toeplitz matrix can be viewed as an operator from a finite
dimensional vector space. The function a(¢) is called the symbol of the Toeplitz matrix
(Toeplitz operator) T, (a). This paper is devoted to finding asymptotic formulas for
the eigenvalues of the Toeplitz matrix with the symbol a(¢) = (t — 2 + %)3.

Toeplitz matrices, as well as closely related Toeplitz operators, have been inten-
sively studied for various classes of symbols over the past, about a hundred years [7,
8, 13, 19, 20]). The importance of this subject is largely due to the numerous applica-
tions of Toeplitz matrices in numerical methods of differential and integral equations,
probability theory, statistical physics (see, for example, [10, 11, 14, 15]). As men-
tioned above, this work is devoted to finding asymptotic formulas for the eigenvalues
of the Toeplitz matrix with the symbol a(t) = (r — 2 + %)3. Toeplitz matrices with
this symbol are self-adjoint matrices. However, the study of non-self-adjoint Toeplitz
matrices, whose symbol is the cube of the linear Laurent polynomial and it has a
five-power derivative at the end of the interval equal to zero, can also be reduced to
this case. We note that all the asymptotic formulas for the eigenvalues obtained in this
paper, in essence, admit an uniform estimate for the remainder term, with respect to
the number of eigenvalue. It should be said that the symbol under consideration has
specific properties: it is a real, symmetric function, and the first five derivatives of
the symbol are equal to zero at the point + = 1. The last condition, namely the van-
ishing of the first five derivatives, significantly complicates the problem of finding an
asymptotic formula for the eigenvalues, since in this case the general research methods
developed in the previous works are inapplicable (see works [2—6, 9], which present
general approaches to finding the asymptotics of the eigenvalues for various classes
of Toeplitz matrices). In addition, the case we are considering is more complicated
than that considered in the work [1]. It should be mentioned that our asymptotic for-
mulas give a better approximation for the first eigenvalues than the classical formulas
obtained by Parter [16]. Note that although we are considering a special case of the
symbol described above, nevertheless, it seems to us, the method we use can also be
applied to study the asymptotic formulas of Toeplitz matrices with arbitrary symbol
defined above mentioned properties. In other words, we hope that the methods devel-
oped in this article can also be extended to Toeplitz band matrices with an arbitrary
real symmetric symbol that allows its derivatives to vanish up to the fifth order at some
marked point.

Our investigation is based on the formula for the determinant of the Toeplitz matrix,
obtained in [12] and after some transformations of this formula we reduce the finding
of eigenvalues to solving ordered set of n equations. Each of these equations has
a unique solution. We present an iterative algorithm and an asymptotic formula for
quickly calculating the eigenvalues and exploring their location. The formulas which
we use are different for the cases of even and odd eigenvalues. This fact follows from
the specificity of the formula for the determinant of the Toeplitz matrix [12]. Note that
the use of the fixed point method it possible to calculate eigenvalues with any given
accuracy and obtain a very high speed of convergence to the exact value. We note
also that the asymptotic formulas that we obtained in this article make it possible to
calculate approximately the eigenvalues with high accuracy of large Toeplitz matrices
(with size greater than 10 x 10°%) with the considered symbol, in the case when no
other numerical methods are applicable.
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The paper is organized as follows. Section?2 contains the main results of the work.
Section3 contains some auxiliary results. Section4 contains the proof of our main
results, and Sect.5 gives numerical examples illustrating the effectiveness of the
results.

2 Main results

In this section, we will present the main results of the article. We formulate a theorem
describing an asymptotic formula for the eigenvalues of a Toeplitz matrix with the
symbol mentioned above. The eigenvalues are calculated as the values of the function
g(p) = a(e?), where a(t) = (t — 2 + %)3, for fixed values of the argument ¢.

Furthermore, the function g(¢) = a(e'?) = — (2 sin %)6 defined on [0, 277 ] takes the
minimum value at the point 77 equal to m = —2° and has the following properties:

(i) The function g : [0, 2] — R, has range [m, 0], g(¢p — ) = g(p) forp >
and g(l)(go) < Ofor¢ € (0, ).
(i) g(m):=m, gV () =0, and g@ () > 0.
(iii) g(0) =0,g®0) =0k =1,...,5),and g (0) < 0.

Thus, the structure of the asymptotic formula for the eigenvalues is such that this
formula is a refinement, on the one hand, of Szego’s limit theorem, which describes
the limit spectrum of Toeplitz matrices as the image of the unit circle T under the action
of the symbol, and on the other, as mentioned in the introduction, is a refinement of
the results of Spitzer and Schmidt [19], which give the same answer in self-adjoint as
Szego’s limit theorem [8, 18].

Note that the problem is solved with respect to the variable ¢, from which the
eigenvalues X are expressed by a simple substitution A = g(¢). Let’s introduce some
functions. All functions will be defined on the interval ¢ € (0, 7).

B(p) == arccos (1 — (1 — cos@)e 3).  y(p) = B@).

2.1
c(@) :=NR(B(@), ble):=I(B(p)).
Ci(p) = me%, Calp) = s%n(ﬁ)ezi” ;
sin(¢) sin(¢)
sin (B) =xi sin (B) —zxi (2:2)
B(go)::iﬁ( - e3>, C(p):= —Tv( - e3>.
sin (¢) sin (@)

Arccos is multivalued function, B(¢) is one of its regular branches. The existence of
this branch when ¢ € (0, ) will be shown in the Sect. 3.

Theorem 2.1 Let & = g(¢). Then the equation det T,,(a — g(¢)) = 0 is equivalent to
the following set of equations:

¢ = [ j + arctan f (¢, n)], 2.3)

n+3
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and

. [rrj + % + arctan (g, n)] , (2.4)

where

3 3
f(‘Pa”)ZCI(w)tan(n; y)—cmo)tan(”’; ﬁ>,

1 1
. n+3 . n+3 8
an an

2 7 2
Remark 2.1 Note that the functions f (¢, n) and h(g, n) are real-valued and can be
written as:

2.5)

h(p,n) = —Ci(p) + Ca(p)

Flgn) =2 B(g) sin ((n + 3)c(¢)) + C(g) sinh ((n + 3)b(p))
vm= cos ((n + 3)c(g)) + cosh ((n + 3)b(p)) ’
—B(¢)sin ((n + 3)c(p)) + C(g) sinh ((n + 3)b(p))

—cos ((n + 3)c(p)) 4 cosh ((n + 3)b(¢))

h(p,n) =2

Let us introduce the following notation:

F="F(p, jn = [ j + arctan f (¢, n)], (2.6)
n+3
H=H(p, j,n) = 2 [n'—}—ﬂ—i—arctanh( n)] 2.7
= (2 T T3 J 3 (78 . .

Theorem 2.2 If n is sufficiently large then

(1) Forany j e {l,..., [’Zzil]} the Eq. (2.3) has exactly one root ¢ j_1 on the inter-

7Q2j=1) #2j+1) . ) .
3 T3 ). Moreover, the solution can be found using the recursive

formula gogjtll) =F (gog;)_l, n), where <p§3.)_1 =dj:= 2% and we can write

3
the following estimate:

val (

Sm
031 = 21| = = 0.6, 2.8)

W Birkhauser
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In(2(n + 3)) n 1

If at the same time j > >

® ] 1
P21 902]—1‘ = 0((n+3)k+1>7 2.9
where k is iteration number.
(i) Forany j € {1, ..., [%]} the Eq. (2.4) has exactly one root ¢, on the interval
(’2%, %). Moreover, the solution can be found using the recursive for-
mula (pg;ﬂ) = H(q)g;), n), where <p£(j).) =dy ;= ”(sfgl), and we can write the

following estimate:
‘(p(k.) - (pz" < T 0.6k, (2.10)
2J N=n+3

In(2(n + 3))
T

*) =0 : 2.11
Prj — P25 = W , (2.11)

where k is iteration number.

If at the same time j >

Let g := # Recall that the parameter dy j:=dp;j—1 = %

sented as ¢ = dy ; + g, and Eq. (2.3) can be rewritten as:

Then ¢ can be repre-

u = arctan f (dl,j + Z, n), (2.12)
q
where u € (=%, 7). Recall that the parameter d3 j :=dz; = % soif ¢ =
doj + %, then Eq. (2.4) can be rewritten as:
w
w = arctan h (dz,j + —, n), (2.13)
q

where w € (=%, 7).

Theorem 2.3 Leta(t) = (t—2+ %)3 and n is sufficiently large. If j >
then

®

21 3
2+
T

a2 MBS (] 2.14
©2j-1 = l’]+n+3+(n+3)2+ (l’l_?’)’ (2.14)
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where
ui ; = arctan (=i (Ci (1) + C2 (d1,7))) (2.15)
and
/ d . / d .
uj = —i Ci(d1,j) + Cy(d1,)) . 2.16)
L+ (i€ (d1j) = iCa (d1,))
(ii)
J 2w>1“’j 4w3"j 1 -
¢2j—2,j+n+3+(n+3)2+0(n—3>, (2.17)
where
w} ; = arctan (=i (C1 (do,j) + C2 (d2,)))
and

Ci(da,j) + Ch(dr,)) w?

wh = —i .
’ L+ (=iC (doj) —iCa (da )’

»J

21 3
Theorem 2.4 Letj<M+l. Then
T
27 i\’
== 40 , 2.18
P21 = 75t (((n+3)) 2.18)
and
TQ2j+1) 2w i\
= 0 2.19
2 nt3 anx3 T (n+3) 2.19)

where w} jis the unique solution to the equation

2(—1)/* 1 cos (wy)

(—1)J sin (w}) + cosh ((qdz,,- + wl)«/§>

w = arctan (2.20)

on the interval (=%, 5).
Theorem 2.5 Leta(t) = (t — 2+ %)3. Then starting from some n

W Birkhauser
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20n(n + 3
@ 1> 2O FD e
T

2u®t .
1 = gldi ) + g/ d1 ) —2
2j—1 sJ J n+3
4us g (dy,j) + 2@t )2g"(dr ) 1
5 J ’ 5] i
o0 , 2.21
+ (n +3)2 + ( ) ( )

and

A" = o(dr )+ g'(d »)sz’f'
2j —g( 2,])+g( 2,j n+3

4ws g/ (da, ;) + 2w )2g"(da,)) 1
N d L] Zro(—~).
(n+3)2

— (2.22)

where u J us I wy j and w} jare defined in the same way as in the Theorem 2.3.

2in(n 1 3
iy 1 j < 2T L en
T

:3
J
Ag;.),l =g(d,j)+ 0 (n—3> ; (2.23)

2w . 2(w* ')28//(112 ) .3

(n) 1 Lj L,j J J
M. =g(dr;)+ g'(dr ; + +0|=), 224
2] g( 2,]) g ( 2,]) 3 ( 3)2 ( 3) ( )

where wj j is defined in the same way as in the Theorem 2.4.

The following result gives us the asymptotic formulas for the extreme eigenvalues
near zero.
Theorem 2.6 Let g(¢) = a(e'¥) = — (2sin %)6 and j = o(n%) asn — oo.

2In(n + 3
W 1fj> 2D hen
T

1 33 d| .
(n) 6 8 Lj .
)‘213'71 =—dj;+ Zdl’f R + Ar(n, j), (2.25)
1 33 4 ;
6 8 , .
)‘(2’}) =—dy; + ZdZ,j T, +]3 + Aa(n, j), (2.26)

& . a3 .
where |A1(n, j)| < M, (% +d}?j>, |Aa(n, )| < My (% +d21f’j) where the

constant M1 does not depend on j and n.

) Birkhauser
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20n(n + 3
i) 1fj < 200D en
T

1) = =df j+ 0 ), (2.27)

(2j + D +2w* )0
(n) 1, 8
b =TT e T O@) e

where wj j is defined in the same way as in the Theorem 2.4.

Similar formulas can be written for broader applicability conditions.

Remark 2.2 Let g(¢) = a(e'¥) = — (2sin 553)6 and % s 0asn — oo
21 3
@ 1) > 220D pen
4
1
(n) 6 3 .
Ao =i+ 740, As(n. ), (2.29)
1 .
1) = —df o+ s+ Aan, ), (2.30)

dl . dl .
where |A3(n, j)| < M> <% +d}?j>, |Ag(n, )| < M <ﬂ +d21?j> where the

constant M> does not depend in j and n.

21In(n + 3
@) 1 j < 20D L hen
T

2 = —di 4+ 0] ), 2.31)
(2 + D + 2w )b
(n) 1,j 8
2= - P +0(ds ). (2.32)

where w7 j is defined in the same way as in the Theorem 2.4.

3 Chebyshev polynomial
To solve this problem, we need to solve the equation det 7,,(a — g(¢)) = 0,¢ € (0, 7).
To find the determinant we will use the results obtained in the paper [12]. Let’s define

Chebyshev polynomials {Q,}, {U,}, {V,.}, {W,}, which satisfy the same recurrent
formula

Onr1(x) =2x0,(x) — Op—1(x), n=1,2, ...

W Birkhauser
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and the different initial conditions are:

Qo(x) =Up(x) =1, 201(x) =Ui(x) =2x,
Wox) = Vo(x) = 1, Wi(x) = Vi(x) +2 = 2x + L.

It is easy to check that these polynomials satisfy the following conditions

sin (n + 1)6
QOn(cosf) =cosnf, U,(cosf) = ————,
sin 6 3.1
1 . 1 .
cos (n+ 5)60 sin (n + 5)0
V,i(cosO) = (—92), W, (cos0) = #
cos 5 sin 56

In [12], for the generating polynomial a(¢) = Zzz_r aktk, where a, # 0, ay = a—y,
the following theorem was proved.

Theorem 3.1 ([12, Theorem 1]) Let & and % be the (distinct) zeros of the polynomial
g1(t) =t"a(t). Then, for all p > 1 det T», equals

Vpla) ... Vp(ay) Wpla) ... Wpylay)
@’ Vo1 @) Vo a@)|  [Wprri(en) - Wy (ar)
2r=D [Tizicj<r (@j —ai) [l<icj<r (@) —ai)

and det T 11 equals

Up(al) Up(ar) Qp-i—l(al) Qp-i—l(ar)
(1@’ |Upprot@) - Upproi(@)| | Qpar(@1) -+ Qpor(@r)
2rr=2) [Ti<icj<r (@ —ai) [Ti<icjer (@j — i) ’
where o = %@k + é) (k = 1,...,r) are the zeros of the polynomial hi(x) =

ap+2 22:1 ax O (x).
In our case g1(f) = (t> — 2t + 1)> — Ar3, taking into account that 1 = g(¢) =
(2cos ¢ — 2)3 it is easy to get that:

o] = Cos ¢,

ar =1+ (cosg — l)e%,

—2mi

a3 =14 (cosp —1)e 3 .

Now we introduce auxiliary functions that are defined on the interval ¢ € [0, 7]:

B, = Be(¢) = v/cos2 ¢ —3cos ¢ + 3 = |aa], (3.2)

) Birkhauser
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«/g(cosgo -1

3 —cosg
By = By(¢) = |(1 —a2)2| = V(1 — cos 9)2(7 — 4cos g + cos? ), (3.4)
V33 —cos<p)>. 3.5)

Ve = Ye(p) = arctan = arg(e), (3-3)

2

Vs = Yy (@) = arg (1 — a%)%) _! <n + arctan
(=1 —cos¢)

Obviously, (1 — a%)% has two regular branches, and in formula (3.5) we have chosen
one of them.

Lemma3.1 Let ¢ € [0, ). Then

1. Bs(y) is increasing function, and B;(¢) € [0, 2(4/5].
Vs (@) is decreasing function, and Vs (¢) € [T, 51.
B.(¢) is increasing function, and B.(¢) € [1, /7).

V(@) is decreasing function, and ¥.(¢) € [— arctan \/731 0].

B cos () — By sin (yr5) > 0.

B cos (V) + By sin () > 0.

Proof To prove the first four points, we differentiate the corresponding functions, and

decompose them into multipliers. The values at the edges of the interval are found by
simple substitution:

Sk v

B — _ Sn@O—Tcos(p) +2 cos? (¢))

_ : —>0. (3.6)
2(1 — cos (¢))2 (7 — 4 cos () + cos? (p))?

So, the function Bs(¢) is increasing.

V/3ssin (p)
v =- " (3.7
2(7 — 4 cos (¢) + cos” (¢))
So, the function ¥ (¢) is decreasing.
Bé _ sin (¢)(3 — 2cos (¢)) (3.8)
2/ (3 — 3 cos (¢) + 3 cos? (¢))
So, the function B, (¢) is increasing.
/3 sin (¢)
Yl = : (3.9)

" 2(3 — 3cos (¢) + cos? (¢))

So, the function . (¢) is decreasing.

To prove points 5 and 6 we show that B, > B and cos (1/.) > sin (), from which
the statement of this item will follow. Since B, > 0 and By > 0, therefore B, > By
is equivalent to B* — B > 0.

B} — B} =2 —cos’ ¢ > 0.

W Birkhauser
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Now we show that cos (¥¢) > sin (). cos (Y¢) = sin (5 + V¥.), at the same time,
from the points (2 and 4), it follows that (% + ) and Vg, are in the first quadrant, so
sin (% + ¥¢) > sin () is equivalent to % + Yo — ¥ > 0. It’s not hard to get that

V/3sin () (4 — cos (¢))
2(7 — 4 cos (¢) + cos? (¢))(3 — 3 cos (¢) + cos? (¢))

I/fé—ws/=— < 0.

Which means Z + Ve — Py > % + Ye(m) — Ys(wr) = 7 — arctan “/—§ — % > 0, so
cos (Y.) > sin (1//s) This means that the statement (5) i 1s true. Frorn the statements
(1-4), it follows that both terms in the expression B, cos (¥.) + By sin () is positive,
which means that the statement(6) is also true. O

Next, we show that there are such regular functions 8 = B(¢) and y = y(¢),
¢ € (0, ] which will satisfy the equations:

cosf =1+ (cosp — l)e% = wy,

i (3.10)

cosy =14 (cosp —1)e 3 =a3.
To do this, it is enough to show that each of the multifunctions E, = —i Log(oz +
i(1— a%)%) and E3 = —i Log(az +i(1 — a%)%) has at least one regular branch for

¢ € (0, ]. Given the notation (3.2)—(3.5), it is not difficult to make sure that
o3 = Bcefi'p” =0

and also

Note that in this case, we choose one of the two regular branches. With this in mind,
it is sufficient to show that each of the functions E2 =—i Log(B e”"’C +iB e””‘) and
E3 = —i Log(B. eV 4 i By e_”/’S) has at least one regular branch for ¢ € €2,.

Lemma 3.2 There is such a region 2 O (0, ] that the multifunctions
B> = —i Log(Bee'Ve + iByelV)
and
E3 = —i Log(Bee V¢ +iBye™ V)
have regular branches B(¢) and 7 (@) in this region.

Proof Since the functions B~,3, 1ﬂ~c, Es, 1/;C are regular in fZ the function B~cei‘/;°' +

i Bge'Vs is also regular in < and continuously extendable to a point ¢ = 0. Since
the interval [0, 7] is compact and taking into account assertion 5 of the Lemma 3.1,

) Birkhauser
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it follows that there exists a simply connected region Qg((0, 7] C Qp C ) such
that for all ¢ € Qg N(B, eive 4 i By e””‘) > 0 and hence B. Ve 4 i By eivs # 0,
so the multifunction Ez have a regular branch in Qg, moreover, these branches are
continuously extended to the point ¢ = 0. The function Log has an infinite number
of regular branches, but to choose one of them, it is enough to determine its value at
one point, let’s put B(¢) = 0. Similarly, the multifunction E3 have a regular branch
in some simply connected region 2, ((0, 7] C ©, C fZ), with the value y(0) = 0.
Let’s put = Qg N Q,, so (0, 7] € Q2 and the lemma is proved. O

Remark 3.1 In Lemma 2.1 we not only proved the existence of regular branches for the
functions E» and E3 but also chose specific branches §(¢) and y (¢) which satisfy the
equalities (3.10), and are regular on the interval (0, 7] and continuous on the interval
[0, 7] and

cos (B) = Bee'?

sin (B) = Bye'V
@) A (3.11)
cos (y) = Bee Ve,
sin (y) = e Vs,
4 Proof of the main results
Lemma4.1 Let (p € [0, w] and ¢ small enough. Then
Lo c=1¢p— %>+ 0.
2. b= f¢3+0(w5>
Proof
(cos B) = —B'sin B,
)
g (s
sin B
from where it is not difficult to get that
g =9 = @.1)

sin 8

Similarly, we find derivatives up to the fifth order. To reduce expressions, we will use
the fact that sin?7 = 1 — cos? ¢, as well as the formula (2.1). As aresult, we get

, 31 —cos (9)?
F=——wp 4.2)

W Birkhauser
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V3¢5 (1 — cos())? sin(g)

m_ — =L
g = W B [1 + (1 —cosg)es ] , 4.3)
13(4) _ _\/gl(l - COS(¢))4
sin” (B)
[—1 + (44 5cos (p)e% + (2 — cos ¢ — cos® <p)e#] , 4.4
g _ Y3 (1= coste))*sin(e)

sin’ (B)
[4 —9cos(p) +3 cosz(<p) + cos3(g0) + (=9 4 18 cos go)ez%

+(21 — 6c0s ¢ — 15 cos> w)e%]. (4.5)

From where it is easy to get

/ _ . ’r_ i
BL(0) = wgg}roﬁ =e3, (4.6)
17 - 1 " _ . 4.
B (0) (pir(ﬁoﬂ 0 4.7
3 V3,
Y 0) = R Rmra (4.8)
B0 =0, (4.9)
15 /3
lim B® =—=— £i. (4.10)
©—040 16 4

Since 8 ®) is continuous on the interval (0, ] and its limit is finite as ¢ — 0, it is
bounded on (0, 7 ]. Taking into account (4.6), (4.7), (4.8) and (4.9) if ¢ € (0, 7]:

— Z — ) = = 4= . 4.11
B(g) ¢<2+ 2) <p(48+48> O(¢”) (4.11)
From where we get the statement of the Lemma. O

Proof of Theorem 2.1 If n = 2p then by Theorem 3.1 we have

Vp(cosp)  Vp(cosB)  Vp(cosy)
Vpt1(cos @) Vpii(cos B) Vpii(cosy)
_ 1 Vpya(cos @) Vpia(cos B) Vyia(cosy)
det(Tzpla = g(@)) = 20 x (cosy — cos B)(cosy — cosg)(cos f — cos )

Wp(cosp) Wy(cosB)  Wp(cosy)

Wpti(cos@) Wpyii(cos B) Wyii(cosy)
Wpa(cos ) Wpia(cos B) Wpyia(cosy)

(cosy — cos B)(cosy — cos @)(cos B — cos @)

) Birkhauser
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4.12)

It is easy to check that for ¢ € (0, ) cos ¢, cos y, cos B are pairwise distinct, which
means that the equation det (72, (a — g(¢))) = 0 is equivalent to the equation:

Vp(cosg)  Vp(cosB)  Vp(cosy)
Vpti1(cos@) Vpii(cos B) Vppi(cosy)
Vp42(c0s 9) Vpia(cos f) Vpia(cosy)
Wy(cosg)  Wy(cosB)  Wp(cosy)
X |Wpy1(cos@) Wpii(cos B) Wyiq(cosy)| =0. 4.13)
Wpia(cos @) Wpia(cos B) Wyia(cosy)

Taking into account the properties (3.1), the Eq. (4.13) will take the form:

cos ((p + $)@) cos ((p+ HB) cos (p+ Hy)
cos & cos g cos %

cos ((p + 3)¢) cos((p+3)B) cos((p+ 3)y)
cos § cos & cos &

cos ((p + %)go) cos ((p + %),B) cos ((p + %)y)
cos £ cos g cos &

sin ((p + $)¢) sin ((p + 5)B) sin ((p+ y)
sin § sin g sin &

8 Sln((l.? J;z)sl)) SIH((1'7 -;2)/3) sm((l.a—l;z)y) _o. 4.14)
s 5 Sin 5 Nt b

sin ((p + 3)¢) sin ((p + 3)B) sin ((p + 3)y)

. . . y
sin & sin g sin £

It is not difficult to check that sin(p) # 0, sin(8) # 0 and sin(y) # 0if ¢ € (0, 7).
Then, since n = 2 p, the set of solutions to the Eq. (4.14) coincides with the union of
the sets of solutions to the equations:

cos (51 ¢) cos (11 ) cos (“F1y)
cos (%gp) cos (%,3) cos (%y) =0 (4.15)

cos (“32¢) cos (12 B) cos (“Fy)
and

sin (") sin (“34 8) sin (“F1y)
sin (22 ¢) sin (%52 8) sin (“53y)| = 0. (4.16)

sin (“32¢) sin (*328) sin (*32y)
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If n = 2p + 1, similar reasoning will lead to the same Egs. (4.15) and (4.16). In the
formula (4.15), instead of the first and third lines, we write down their half sum and
half difference, then we get:

cos (“+ o) cos (L B) cos (L y)
cos(” 30) cos("+3,3) cos(” 3)=0<
cos ("F2¢) cos ("3 B) cos (“Fy)

( +3(p) COS ¢ COS (”+3/3) cos B cos ("+3 y)cosy

cos
cos("+3(p) cos (%ﬂ) cos("+3y) =0<&
sin (%(p) sing sin (#ﬂ) sin 8 cos (%y) sin y
0 cos ("T”,B)[cosﬁ — cos @] cos (#y)[cos y —cos¢]
cos(#q)) cos(#ﬂ) cos (#y) =0

("Fy)sing  sin (2 p)sin sin (22 ) sin y

sin
4.17)

n+3
2

Let us expand the determinant over the first column and denote for brevity g =
sin (g¢) sin ¢ cos (gB) cosqy)[cos B — cos @ — cosy + cos @] =
cos (qg)[cos (¢ ) sin (gy) sin y[cos B — cos ¢]

—cos (qy) sin (gB) sin B[cos y — cos ¢]]

From where we get

tan(q )
. . [cos B — cos ¢] . . [cos y — cos¢]
cos (¢B)sin (gy) siny [cos f—cos ()] cos (qy)sin (¢B) sin B [os f —cos ()]

sin ¢ cos (¢ B) cos (gy)

(4.18)
It is not difficult to make sure that

cos (B) — cos () = (cos () — 1)+/3i,

cos (@) — cos (B) = (cos (p) — 1) (E _ ﬁ) ’

2
3 3i
cos (¢) — cos (y) = (cos () — 1) (5 + %) .
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So:
cos (B) — cos (¢) 1 V3i i
—_—— =t —— =¢3,
cos(B) —cos(y) 2 2
(4.19)
cos (y) — cos (¢) _ 1 + V3i _omi
cos (B) —cos(y) 2 2 =
Then
tangy = Ci(¢) tan (gy) — Ca2(¢) tan (g B) (4.20)
i Slnﬁ 27i
where Ci(¢) = e3,C(p)=—e3
sin ¢
Similarly, the second set of formulas is obtained (2.5) O

Lemma4.2 Let ¢ € [0, w]. Then

B,
B is decreasing function.

1. c(y) is increasing function.

2. b(y) is increasing function.

3. /(@) is decreasing function, and ¢’ (0) = %, c(r) =0.
4. b'(p) is decreasing function, and b'(0) = */7§ b () =0.
5. C((ZJ) is decreasing function.

6. bff) is decreasing function, % > 0.5.

7.

8.

in ( ) is increasing function.

Proof 1t follows from the Eq. (4.1) that

(@) = R(B) = 2 o (2{ - ws),

By

b (p) = 3(B) = S‘;—‘” sin (27” - ws>.

Since ¥5(9) € (%, %), then ¢’(¢) > 0, b'(p) > 0 so the functions a(p) and b(¢p)
are increasing. From the formula (4.2) and also taking into account the fact that ¥, €
(7> 5) we will get

_ 2
s w (Z-30) <0
_Y3a —COS(<p))2 (n —31#)

"
b B3

so the functions ¢’ (¢) and b’(¢) are decreasing. From the formula (4.6) it follows that
0) = % and b’ (0) = ‘/T§ Well ¢’ (7r) and b’ (7r) can be found by a simple substitution.
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Find the derivative of the function bf/‘f) and show that it is negative.

(b(<p)>’ _ Vg —blp)
) @2 '

In order to prove that this derivative is negative, it is sufficient to show that b’ ()¢ —
b(p) <O.

b (g —blp) =b"(p)¢p < 0.

We obtain that b’ (@) — b(¢) < b(0) = 0, this means that 1% is decreasing function
and % > @. Fr.om Lemma 3.2 and equality (3.11) we will get that S(¢) =
—iIn(Bge'Ve + i Bge's). Taking into account the Lemma 3.1 we will get:

B(r) = —iln (2 VB i1+ i‘/ﬁi)) — il (((‘/Z — V3 (V4 + i‘/ii))
—iln eln((f/zf «4/§)\/ \/Z+\/§)+i arctan \‘yg
— arctan \ﬁ —iln (((‘/Z — BV + ﬁ) . 4.21)

Since b(p) = IB(¢), a simple check shows that

b(n) —In ((f/‘—l - %)m)

= > 0.5.
T T

So the statement (6) is true. The statement (5) is proved 51m11ar1y

Since B;‘ > 0, decreasmg B - is equivalent to decreasmg By taking the derivative

of the function % and expand into factors we get that:

< 0.

<B_?>/ _ 2sin(p)(3 —3cos(¢) + cos? (¢))(2 — cos (¢)) (3 + cos (¢))
BY) (1 — cos (¢))3(7 — 4 cos (¢) + cos? (p))?

This means that the functlon < decreases.

Since

> 0, increasing Sifw is equivalent to decreasing . By taking the

sin (Sw) 4 (O

and expand into factors we get that:

. . B}
derivative of the function —*
sin” ()

( B} ) 6(3 — cos ((p))(l—cos @”
sin* (¢) sin’ (¢) '
This means that the function increases. O

sm( )
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Lemma 4.3 For a sufficiently large n

1. If(,oe[ 7T3,7t> then

n+
|F' (¢, n)| < 0.62,

also

(n+3)p 1
F(o, =0(* > ) 0 ,
[F (@, n)] e + <n+3>

2InQ2(n + 3))
—— " then
n+3

1
|men=0(——)

and in particular if ¢ >

n+3

2 e | X th
. — 7 en
¢ n+3

|H' (¢, n)| < 0.62,

also

, _ _(@t3)e 1
H'(g.m] =0 (e 2)+0(mm>’
2In(2 3
2@ +3) ,

and in particular if ¢ >
P e n+3

, _ 1
|H (¢, m)| = O <m> .

Proof Let’s put for brevity the entries ¢ = #, then

1
F(p,n, j)=F(g,n):= 7 [ j + arctan (f (¢, n))],

where
fp,n) = Ci(p)tan (gy) — Ca(p) tan (¢B) ,
SO
/ _ 1 flen
Flom = T e
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1 1
—flo.n) = =(fi + f). (4.22)
q q

where

qy'Ci qB'Cy
coslqy  cos2gp’

f> = Cl(p)tan (gy) — Cy(p) tan (¢B)

Consider ﬁ Taking into account the formulas (4.1), (2.2) and taking into account
4a
that ' = B’ we get that

4mi

Cl)// = e%ﬂ’ CZ,B/ = eT, (423)

Then

N 1 —mi 1 anmi
—_— = e 3 — e 3
qg costqy cos? g8

Let’s estimate #b(q)). From Lemmas 4.2, 4.1 and condition ¢ € [n%, ) it follows,

that for sufficiently large n

”;31)(@2"”1)( T ):ﬁ”+o< ! ><1.36. (4.24)

2 n+3 4 n+3
q cos? gy (eqb+iqa + e—qb—iqa)z
N I |8 I
T | e29b+2iqa (1+ e—2qb—2iqa)2 — | e29b (1— e—2qb)2
— O(E_qu) (4.25)

In particular, due to the decreasing function in the formula (4.25), as well as taking
into account (4.24), an estimate can be made

‘ﬁ <0.61. (4.26)
q

fale, n)
14+ f2(p,n
[tan (qy) | = |tan (gB) |, as well as W = arg(tan (¢ B)) = — arg(tan (gy)).

Consider the expression and show its limitation. Let’s first estimate

sin(gf) _ sin(gp) cos(gy)
cos(gB)  cos(qp)cos(qy)

tan (g B8) =

) Birkhauser
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_ sin(g(B —y)) +sin(g(B+y)) _ sin(2gbi) +sin(2gc)

 cos(q(B—y)) +cos(g(B+y))  cos(2gbi) + cos(2qc)

_ sin(2gc) + i sinh(2gb) 4.27)
cosh(2gb) + cos(2gc)

From where, taking into account (4.24), we get:

\/sinh2(2qb) + sin®(2gc)

t = 1.2, |t 0.8 (4.28
|tan (gB) | cosh(2gb) T cos(2g0) < [tan (gB) | > (4.28)
sinh(2¢gb)
[tan(W)| = —————— (4.29)
| sin(2gc)|
Given that sinh(2¢gb) > 0, we get that
‘z—xy‘ <= (4.30)
2 10
From the formula (4.23) and the formula (4.2), it is not difficult to get
1 i ! " i 1— i
c) = <_/g“3> S A —cos@) iy 5,
B (B (1 + cos(g)) sin(B)
Similarly
1 —mi ! ” =i 3 1 — =i
cl = (_ea> _ Y BUeos@)
' V) (1 +cos(p)) sin(y)
Taking into account the evaluation of (4.28) we get:
V3(1 = cos(¢)) (I
= - " ltan (o T¥s=9)
| /2l (1 + cos(@)) Bs [tan (gy) |
— V3(1 — cos(p)) |tan (gB) |¢!(F Vst
(1 + cos(¢)) By
_ V3(1 — cos(p)) Itan (g7) | <ei(7%+1//y—‘11) _ ei(‘—g—v/w\p))
(1 4+ cos(¢)) Bs
3(1 —
<24. V301 — cos(9)) (4.33)
(1 4 cos(¢)) Bs
. ) ) 2
T 2= 14 (200 % gy — S0P 2 )
sin(¢) sin(¢)
B} 20, i(E—p—W) i t0)\2
=14+ ——[tan(gp)[" (e 3 "7 —e 3T
sin“ ()
2 ang B)P4sin® ( + v, + ) 4.34)
e a 1 — . .
sin2(g) 6 "
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Consider 2 cases. If ¢ € [n%, 71 then

V3(1 = cos(g))

<24. —(1 T+ cos(@) B (4.35)

' f2
1+ f2

And it is limited, since the right side of the expression (4.35) tends to 0 when ¢ — O,
and at other points the denominator does not turn to 0.

Ifp e (7, 7],
’ f /31 — cos(9)) sin* () I (4.36)
14+ 2|~ (I+4cos(p)Bs B2 |tan(gp)|?4 sinZ (% + Y + ‘11) '

Since on the interval [n%, 71 Bs2 is delimited from 0, and from the estimate (4.28)

and also taking into account point 2 of the Lemma 3.1 we obtain that

‘ f2 sin?(p) 1
T+ 2 = (U +cos(e)) sin (X + v + W)
1
— Vi , when ¢ — . 4.37)

07 sin? (£ + %+ W)

Then, from the estimate (4.30), we obtain the boundedness of this expression on the
interval (Z, 7r]. Thus

1 1
T =0 (?1) (439

Considering now (4.25), (4.26) and the fact that for sufficiently large n O (é) < 0.01

we obtain the statement of the first part of the theorem. For the function H'(¢, n) the
proof is similar. O

Proof of the Theorem 2.2 To solve the Egs. (2.3) and (2.4), we apply Fix Point Method.
Put

‘”53‘)—1 =dj-1. ‘Pg}fll) =F (wé’})_l, n) (4.39)
and
oy =dyj. @3 = H(@ n), (4.40)
where
dy = %, [=1,2,...,n.
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Since for real x arctan(x) € (-7, z 7) then according to the formulas (2.6), (2.7)

k 2j—1) w2j+1 k 2mj 2w (j+l1
Vk € N F@$4,>e(ﬂgﬂ,%;?)de@” n) € (4, 2Dy and

therefore for each fixed j, the mapping defined by the formula (4.39) maps the interval
( m2jih M) to the same interval, and for each fixed j the mapping defined by

n+3 > n+43
the formula (4.40) maps the interval (ﬁ%, %) to the same interval. To get an

estimate in the k-iteration, we will use the mean value theorem.

k+1 k k—1 k k k—1
ﬁ”éj I) _‘/’5/) 1‘ = )F(‘sz 1’ )_F(‘/’éjfl)’”) = |F/(92(j)71’”)| ‘/’éf 1 ‘Péj I) )

where 0( ) _; some number lying between g02 _, and <p§]j.:ll). If we denote Ly;_1:=
@2j=D) #72j+1D

max | F’ (go ml, ¢ € (=45, =3 ) then
(k-+1) (k) (k) (k—1) k (1) (0) k T
i —Paj| = Laj “/’2/' 1~ %2 1‘<L2] 1“/’2/' P S Ly —= nt3

If Ly;—1 < 1, then from Fixed Point Theory it follows that exists a point ¢2; 1 such
that @21 = F(¢2;—1,n), moreover:

(> - (l) 1) - T Lgl T
+ 1 J
I=k I=k -

Similar reasoning for <p2 ® 1f Ljj := max |H (p,n)| < 1,¢ € (if_é %), then
there exists a point ¢ such that ¢2; = H(¢2j, n), moreover:
k
I 2z (4.42)
0 =i I —Lyn+3 '
Introduce a new function:
Fl((pvnvj) = Fl((pvn) =¢ — F((psn)
Then for any fixed j Eq. (2.3) can be rewritten as
Fi(p,n) =0. (4.43)

From the Lemma 4.3 it follows that for sufficiently large n F{ (¢, n) = 1—F'(¢,n) >
0. Therefore, the function F' f((p, n) is increasing. Furthermore

S(T@i-D \_7@i-h 2 , 72j —1)
( n+3 ’")‘ 3 _n+3[”’_aman<f< 3 ))]

2 4 7(2j—1)
p— [—5 + arctan <f <ﬁ)>i| <0, (4.44)
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and

PEQIED ) LTOIED 3 [ (e D]
n+3 n+3 n+3 n+3

2 [n T2j—1
m |:E —+ arctan (f (ﬁ))] > 0. (445)

Therefore, the equation has exactly one root on the interval (%, %). From

the Lemma 4.3 and the inequality (4.41) it follows the estimates (2.8) and (2.9). The
second part of the theorem is proved similarly. O

Proposition 1 Let the function G(x,q) = G(x) be differentiable on the interval
1

(n1,m)and3A < 1:VxandVq |G'(x,q)| < A.Let|G*(x,q)—G(x,q)| < M|—;,
q

where M is a constant independent of q. Then if x; = x1(q) is the root of the equation

G*(x,q) =x (4.46)

1
ound up to O | — |, and xo = x0(q) is the root of the equation
q* 7

G(x,q) = x, (4.47)

1
then x1(q) — xo0(q) = O (;)
Proof Let x5 = x2(g) be the root of the Eq. (4.46) then

lx2 — x0| = |G™(x2) — G(x0)| < |G (x2) — G(x0)]
1 1
+M1; =|G/($)(x2_x0)|+M1Fa (4.48)

where £ is some number between x, and xg, whence

M1 My 1 (4.49)
C1-G®) > T 1-Ag¥ '

|x2 — xol

1
Since x2(g) is the root of Eq. (4.46) then |x2(g) — x1(¢)| < M2—2 where M is a
q

constant independent of g. As a consequence

M 1 1
|xl_X0|§< ! +M2)—2=0<—2).
1—-A q q

O
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1
Remark 4.1 A statement similar to Proposition 1 will be true if O (—2) is replaced
q

%) .
everywhere by O <J—2) where z — 0 when g — oo.
q q

Proof of the Theorem 2.3 Denote by j,, the smallest j for which the inequality j >
21n 3 ;
& + 1 is satisfied. Let dy,; = ”q—/ Since 2b > ¢, as shown in the 6 of the
4

Lemma 4.2, then

20 = 19 5 Tin=T 5 2D S 442,

In this case

_ ,—2gb—i2qc 1
_ l—e it Oy — —i 1 0
tan((gy)) = —lm =—i(1+ 0 ™) =—i+ 2)
11— e*quJrich . b . 1
tan((‘]ﬁ))z—lm=—l(—l+0(e N)=—i+0 ? .

Then the Eq. (2.12) can be rewritten as:

1
1 = arctan (—iC1 (dl,,- n 5) —ic (dl,,- + 5) +o (—2)) (4.50)
q q q

From where we get that there is some 61 ; € R : |6y ;| < |g| such that:

C\(dy,j) + C5(dy, )
L+ (<€) (di ) — iCa (d1 )

u = arctan (—i(Cy (d1,j) + C2 (d1,j))) — i 22

2 1
+O(d), +91,j)6”7+ 0 <q—2>, 4.51)

where O (¢) = % [arctan(—i (C1 + C2)]” (@).
Since ®(y) is bounded at ¢ € [0, ] we get that

u = arctan (—i(Cy (d1,j) + C2 (d1,})))
Ci(d1j) + C5(d1,)) . u (iz) , (4.52)
L+ (i€ (dj) —iCa(d))" 4 1

Letu = u;+ ”q—z where u 1 and u bounded with respect to the parameter ¢ the Eq. (4.52)
takes the form:

/ . ’ X
w4+ 2 = arctan (=i (Cy (d1}) + Ca (di ) — i fn(dl,]) +c2.(d1,,) o

q 1+(—1C1 (dl,j)—lcz(dl,j)) q
1
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Let

uj ; = arctan (—i(C1 (d1.j) + Ca (d1.5))

and

Ci(d1,j) + C(d )
L4 (=iC1 (d1g) = iCa (1))

*
Lj-

¥ o
M2’j— 1

then the proposition 1 implies the assertion of the first part of the theorem. The second
part of the theorem is proved in a similar way. O

For brevity, we define the functions Xgl) = X}l)(ul, j,n) and ng) =
2 .
Xﬁ)(wl,J,n):

n—+3
2

x{V = ¢y, j) tan ( y(dj) + V/(dl,f)m)

n+3 ,
—C>(d,,j) tan > B(di,j) + B (dr,j)ur ),
Ci(dy ; Cr(dy.
ng) _ 1(d2, ;) n 2(da, ;) .
n+3 , n+3 ,
tan > y(da,j) + v/'(da j)w) tan | — B(da,j) + B'(da,j)wi
13 5. _ 2In(n+3) .
Lemmad4d Leta(t) = (t —2+ ;). If j < ———— + 1 then starting from some
bid
n
1.
. TR VINRPY (4.53)
$2j-1 =41 n+3 (n+3)?2 n3)’ '
where “T,j is the solution of equation u; = arctan (Xgl)(ul)) and u;j =

R(l)(u’lk j) is bounded with respect to the parameter n (see proof of the lemma).

d 2w, 4w, o} 4.54
=Rt T T (n_3> (4.54)

where w]"’. is the solution of equation w; = arctan (X 52)(w1)) and wi"j =

R® (w]"’ j) is bounded with respect to the parameter n (see proof of the lemma).
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Proof Consider the Eq. (2.12). We will find a solution to this equation in the form

un .
u =u; + —, where u and u; are bounded with respect to the parameter g.

u u 1
Ci(p) = C <d1,j + —) =Ci(d1,j)+Ci(di,j)—+ O (—2)
q q q
, 23 1
=C1(d1,j)+C1(d1,.,');+0 q_2

u y/(dy.))u* 1
qy (@) = qy (dl,j + 5) =qy(dj)+y'(di ju+ z—qf +0 )

2 q
y"(dy j)u?

"(dy jHud | 1 1
= gy (i) + ' + [y/(dl,,-)uz T M} S0 —2)

Y/ (dr, juz + 1 1
2
2 / —~+0 ( 2)
cos*(qy (d1,j) +y'(d1 j)u1) q q

tangy = tan (qy(di,;) +y'(d1 j)ur) +

Then we have the following:

Ci(d1 )y (dy j)ui
2cos?(qy (di,j) + y'(d1,j)ur)

Citangy = Ci(dy j)tan (qy(di ;) + y'(d jur) + |:

+tan (qy(di,;) + ¥ (dr,j)ur) Ci(dy, juy

Ci(dy,j)y'(d1 juz ]1 0 (i)
cos?(qy (dy,j) + y'(di,j)ur) | q

72
Similarly

CrtangB = Ca(dy,j) tan (qB(dy,j) + B'(di, j)ur)

Ca(dy, )B" (dy, jyu?
2cos?(gB(d1,j) + B'(d1,j)ur)

, / Co(dy, B (d1,j)us ] 1 ( 1 )
+ By i)+ B'(d; C5(dy 4+ -+
tan (g6(21.7) (@, m) (e i cos?(gB(dy, ) + B'(d,ur) | q ¢ q*

Then the Eq. (2.12) can be written as

1 1
U + u2 = arctan <X§1) + (Xgl) + Xgl)uz) PR (_2)) ’
q ! !

where

XV = ci(d ) tan (gy(dr ) + v'(dr,ur) — Ca(dy ;) tan (¢B(dy ;) + B'(dy, jur)

¥ _ [ Ci(dy,j)y"(dy, jul
W=

2co(qy (i) + v/ )un) +tan (qy (d1,j) + ¥'(d1,j)u1) Cj (dl,j)uli|
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_|: Co(dy j)B"(dy,j)u?

eosghldn) + By P EP (d"’)"‘)cz(d"’)“‘}

(4.55)

and

O _ Ci(dy,j)y'(d1,)) 3 Ca(dy,j)B'(d1,))
3 7 cosX(qy(d ) +y'(djpur)  cos2(qB(dr ;) + B(dr jur)

from where we get

) )
X+ xPus 1 I
w+ 2 = arctan {4 S22 2320 4 0 (—2> . (4.56)
q 1+ M2 g T \g

Let i} j be the root of the equation,
— &)
uy = arctan X 4.57)

and i} j be the root of the equation

x4 x PV
uy = —(1) 5 .
1+ (X,7)

It is easy to get

)
x$ B
1 1

1+ x{2 — x{V

iy ;= RO @} ). (4.58)

Similarly for the Eq. (2.13) let’s put
w] = arctan Xiz) (4.59)

and

@

_ X3

= ®) 5)
1+ (x®)2 - x|

=k
Wy,

= RP @@} )

B Ci(da,) Cy(da, )
tan (qy (da,j) + v/(d2,j)u1) ~ tan(qB(daj) + B'(da,j)u1)

<O _ [ Ci(da,))y" (da, )} Ci(da, )y }

(2
X7 =

25in2(qy (o)) + ¥'(do, pwi)  tan (qy (da,) + y'(da,)wi)
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B Ca(d, B (da, j)wi B Cy(d, wi
2sin2(q,3(d2,j) + B'(d2,j))wy)  tan (Qﬂ(dlj) + ﬁ/(dlj)wl)
O _ Ci(d2, )y (d2,}) B Ca(da, j) ' (da, )

3  sin’(qy(da ) + y/(d1pwr)  sin’(gB(da. ;) + B (da. Hwr)

then the proposition 1 implies the assertion of the lemma. O

27 j
n+3
i j3 i j3
it is not difficult to obtain that y = d; je~ 3 + O <—3), B=djes +0 (7)
q q-
Then

Proof of the Theorem 2.4 Asd; ; = =0 ( ) taking into account Lemma 4.1
q

Cl(dl,j)=1+0<q2>s Cy(d,j)=—-14+0 <qz) (4.60)
tan(qy (d1,j) +y'(dy,j)u1) = tan (qdl je 5 tfue S +0 (g))
q
; (4.61)
tan(gB(dy j) + B'(dy juy) = tan (qdl je 5 +uge 3 + 0 12))
q

Then, taking into account the fact that d; ; = ”q—J we get:

XV = ¢(d ;) tan (g (di ) + ¥'(d1,j)u1) — Ca(dy j) tan (qB(dy j) + B'(dr,j)ur)

) ) -3
= tan (qdl‘je_-? + ule_Tl + O <J—2>>
q
+tan<qd1]e3 +u163 +0< )) <]—2>

2 sin (qdl,j + ul) )
cos (qd,j 4+ uy) + cosh ((qdl,] + ul)\/_

_ H . .3
_ 2(—1)’ sin (u7) 40 <J_2> . 4.62)
(—=1)/ cos (u1) + cosh ((qdl,j +u1)\/§) q

\
I\)

-3
Whence we obtain that u} = O1is asolution to the Eq. (4.57)up to O (J—2> . Consider
' q

X él) and X él). By analogy with the estimates (4.28) and (4.26), we obtain that in the

-3

formula (4.55) all factors in front of u; are limited, and since u = uj i T (0] <]—2>
- q
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then
1 A
xV=0+o0 (—2> . (4.63)
q

Also using a similar estimate as in the formula (4.26) and equality (4.23) we obtain

|C1(d1, )y’ (d1, ) _5 1

> / - . / <061 < 1.
|cos? (qy(dr,j) +y'(di, )| |cos? (qy(di ;) +y'(d1,))]

x| <2
(4.64)

:3

Then for sz = 0, we get that |u§/ — ﬂ§j| =0 (%) Taking into account the

remark 4.1 we get
j3
@j1=dj+ 0 (q—3> . (4.65)

From similar reasoning, taking into account the fact that gds ; = 7w j + 5

—2sin (qdz,j + wl) ) <£>
—cos (qdzgj + w1) + cosh ((qdij + wl)\/§> q?

i+l 3
o 2DMesw +0 <J—2> (4.66)
(—1)J sin (wy) + cosh ((qdz,,- + wl)ﬁ) q

@ _
X7 =

Let us assume that w} j is a solution to Eq. (4.59), taking into account the equality
(4.66). Since the expressions Cy(da,j)y" (da, ), Ca2(da, j)B" (d2,}), C{(da, ), Cy(da, )

are O (ci,) and in the expression for X ;2) they are multiplied by limited functions, we

get that Xéz) =0 (é) and as a consequence w3 =04 O (é) Then

wy 73
(p2'=d2"+—+0(—>.
J J q q3

O
21 3
Proof of the Theorem 2.5 1f j > M + 1 then
i
2u¥ . 4u’ . 1
M _ o™y — . Lj 2. =
hajo1 = 8(ej) =8 (dl” Tarstarar O (q3>>
= gt + gl (it My o (L
= 8T 3 (n+3)? q3
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+ L)) 2 + Y, +0<1> 2+0(1)
28 @+37 " O\ )

Expanding the brackets and leaving the terms of order no more than O (q ) we obtain

a statement of the theorem for )Lg;)_l. The rest of the cases are obtained similarly. O

21 3
Proof of Theorem 2.6 Consider the case when j > 2in(n +3) + 1. We know that
bis

)»(") (n)7 _

g(go(n)) for all m and n. Given that g = ”+3 u;’j + % +

o ((;—3) we get

i,j

d: u* . uX . 1
(M) _ A6 6% LJ 2,j
Ayjo1 = 2s1n<2+2q+2q2+0<q3>).

Taking Lemma 4.1 and equalities (2.2) into account, it is easy to obtain that

3
—i(C1 (d1) + C2 (d1j)) = %dij +0(df ).

Then from equalities (2.15) and (2.16) we get that

V3
uyj = ?dfj +0(d})). uxj=0®;). (4.67)

And as a consequence

d d* 1
Ag})1=—26sin6(12” \1/6_”+0( >+0<—3>>.
q q q

Since sinx = x — %x3 + 0(x5 ), x — 0, a simple calculation shows that

6
di;  3di 1
n)  _ 6 Lj _1,1__ 5 _
M =2 (—2 T 54 +0(d1’j)+0<q3>

3/3d]
= dj+—d1]——‘/_—”
’ 4 4 g
43 .
+0 (d“)j) o (—1’3’)
' q

Since j = o(n*/?) then for sufficiently large n the residual terms in the resulting
asymptotic expansion are significantly smaller than those taken into account. The rest
of the cases are obtained similarly. O
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Proof of Remark 2.2 The proof is similar to the proof of the Theorem 2.5. O

5 Numerical experiments

All numerical experiments were carried out in the Maple mathematical package. In
all calculations, all values were set with 50-decimal approximation. The exact value
of the eigenvalues means the eigenvalues calculated using the predefined function of
Maple.

In this paper, finding the eigenvalues was reduced to solving two sets of equations
(depending on the parity of the eigenvalues). Each of the equations is solved with
respect to the parameter ¢ and has a single root ¢,,, and each such root corresponds to
a single eigenvalue, which can be found by a simple substitution A,, = g(¢,,). Here
m is the number of eigenvalues that are ordered in ascending order of the module.

Theorem 2.2 makes it possible to calculate ¢, using the Fix Point Method. At the
k -th iteration, the approximate value of the root depending on the parity is found by
the formulas (2.3) and (2.4).

k 2 . k—1
@y = n+3 [7” +arCtanf(‘p§j—l)’”)]

2 T
. . k-1
vy = n+3 [”J Tty arctan h(g3;", ”)]

The Table 1 shows the dependence of the error Ay, = |<p,(,f ) _ @m| on the iteration
number k. And also an error is given for the corresponding eigenvalue |AA,, = Aﬁ,’f )
Am|, where )»,(,]f) = g((p,(,lf ) ). In the experiment, the matrix size is n = 200. This
dependence was considered for three eigenvalues m = 1, 100, 200.

The paper also presents asymptotics formulas (2.14), (2.17), (2.18) and (2.20) for
the roots of ¢,,. Denote

. J 2uy j 4u§j 5
=dj A —L = :
P2t =T TS T iy 3)2 ©.1)

AT 4w .
03 = doj+ —2 = (52)

n+3  (n+3)?%
. 27mj o 2j+D * * * *
where d; j := P dy = o and values UY j»Us s WY, W5 are calculated

by different formulas depending on the number of the corresponding eigenvalue. If
. 2In(n+3)
Jz

+ 1 then
uy ; = arctan (—i(Cy (d1,;) + C2 (d1,}))) , (5.3)
uy ;= —i @) + (1)) 5 (5.4)
’ L+ (=iC1 (d1;) —iCa (du))
wi ; = arctan (—i(Cy (da,j) + C2 (d2.7))) , (5.5)
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Table 1 Dependence of the error on the number of iterations

k 1 2 3 4 5

m=1 Ap  3.6x1078 63x10710  11x1071! 19%x 10713 33x10715
Ar o 62x1075  11x10710 19x10718 32x10720  56x 10722

m=100 A¢  28x107 1.6 x 1077 8.8x 10710 510712 28x 10714
Ax 6.6x 1074 3.7 x 1076 2.1x 1078 12x10710  68x10°13

m=200 A¢ 1.Ix107*4 8 x 1077 58 x 1077 42x 1071 310713

AX 1.7 x 1074 1.2 x 107 8.7 x 1079 63x10711  45x10°13

k 6 7 8 9 10

m=1 Ap  57x10717  1x10°18 17x10720  23x1072  51x107%#
Ah 97x107%#  17x107%  29x107%  51x107%  88x 103!

m=100 A¢ 1.6x1071%  01x1071® 52x1072  29x107B  1.7x107%
A 38x10715 22x10717  12x10710 7x 10722 4% 1072

m=200 Ag 22x10715  16x10717  1.1x107 83x10722  6x 107
A 33x10715 24x1077  17x107 12x1072 9x 107

Ci(dy. ;) + Ch(da, ;
w; — 1( 2,])+ 2( 2,]) (5.6)

1+ (—=iCi (d,j) —iCa (dz,j))z’

and |g, — gj| = O(C5).

It < 2In(n + 3)
b4

equation

* * *x * :
+ 1 then uy ;= 0, uy ;= 0, w; ;= 0 and wy ; solution of the

2(=1)J7t cos (wy)

(=17 sin (wy) + cosh (g, + w)3)

w] = arctan

, (5.7

3
and |¢, — ¢ | = 0(;7). The Table 2 shows the dependence of the maximum error

Ap* = max |¢,—¢; |andthe maximumrelative error A,¢* = max W(p;n:p’t’
[25]-7 [24]-

: . . > 2In(n+3) o
depending on the size of the matrix n. Where j, = ——— + 1. Similarly for
the corresponding eigenvalues, where 1, = g(¢;), AA* = max [A, — A} | and

I:mg—l ]>./n
A = max )"”}:f:"
[%}>jn

A similar dependence is given in the Table 3, only in this case the maximum is
found over all numbers m for which m < j,
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Table 2 Maximum error when using the formulas (5.1), (5.2) when ['”é“] > w +1

n 32 64 128 256 512 1024

Ag* 151074  22x1075  3x10°° 39x 1077 5x1078 6.2x 1077
Arg* 5% 1073 72x107%  96x1077  12x1077  16x1078  2x107Y
ALNF 52x1073  75x1074%  1x 107 13x107°  1.6x107% 2.1 x1077

ApE 1.3 x 1074 19x 1075  26x107%  33x1077 42x1078% 53x107°

Table 3 Maximun error when using the formulas (5.1), (5.2) when [ 21 | < 2053

n 32 64 128 256 512 1024

Ag* 05x1073  91x107% 15x107% 25x1075 31x107° 48 x 1078
Arg*  78x1073  24x1073  7.0x107%  2x107¢ 5.1 % 1079 1.4 x 1073
ANF 26x1073  39x1075  43x1077  39x107% 16x10711  12x10713
AA* 44x1072 14x1072  42x1073  12x1073  3x107* 8.5x 1073

Table 4 Maximum error when using the formulas (5.8) and (5.9)

n 32 64 128 256 512 1024

A 3x 1072 4.6 x 1073 6.2 x 1074 8 x 1075 1x 1073 1.3 x 107°
Ari 4.4 x 1072 1.4 x 1072 43 %1073 1.2 x 1073 3x 1074 8.6 x 1073

Theorem 2.5 presents formulas (2.21) and (2.22) for eigenvalues. Let ’s put

2u1,; 4 181 )) + 20} )?g" 1))

il = g(d )+ g/ (d ) —2] , (5.8
2j—1 = 8(d1,j) + &( 1,])n+3 132 (5.8)
. 2wl 4wy g'(da )+ 2(w] )?e"(da,))
hoj = gldr,j) +g'(d )~ +’g + —= T3P N . (59

where, u} It u It wy i w3 joare from the formulas (5.3)—(5.7) described above in this
section. '

The Table 4 shows the dependence of the maximum error Ak = 1max |im — Aml
=j=n

im —Am

m

of eigenvalues and the maximum relative error A, = max
I<j<n

of eigenvalues

depending on the size of the matrix n. Where Am are calculated using the formulas
(5.8) and (5.9). In this case, the maximum is taken for all eigenvalues.
The Theorem 2.6 presents asymptotic formulas for the eigenvalues of 1,,, provided

thatm = o(n 3 ). Let’s check Theorem 2.6 if the eigenvalue with the number m depends
on n as follows: m = [3In(n + 3)], where [x] is the rounding of the number x to an

5
integer value. In this case, the eigenvalue can be found up to 0(1“(’1++3)) by the
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Table 5 Error when using the formulas (5.10) and (5.11)

n 32 64 128 256 512 1024

m 11 13 15 17 19 21
AL 17x1072  16x107%  89x1077 36x107° 12x10711  32x10714
Arh o 14x1072 23x1073  29x104  33x1075  35x10°° 35x 1077

formulas

1o 33 d];

Rajot = =iy gl - (310
B} 1 33 dj
Paj =t g - 51D

The Table 5 shows the dependence of the error Ay = |l — A | of eigenvalues and

Am—Am

Am
n. Where 1, are calculated using the formulas (5.10) and (5.11).

By the Theorem 2.6, if m is a constant, the eigenvalues can be cleared using the
formulas (2.27) and (2.28). Let ’s put

the relative error A, A, = of eigenvalues depending on the size of the matrix

AN
) (2w j)
pYCOR A 5.12
2j—1 (n + 3)6 ( )
. 6
o _ (@ D 42w ) (5.13)
2 (n+3)° ’

where wi" - solution of the Eq. (5.7).

Let us compare our results with the results of the well-known works of Seymour Parter
devoted to the asymptotics of the first eigenvalues in the case when the symbol of the
Toeplitz matrix has a singularity of power order (see [16, 17]). Consider the class of
functions g satisfying: In [16] the author considered the class of functions g satisfying:

(a) g isreal, continuous, and periodic with period 277; min g = g(0) = m* andp = 0
is the only value of ¢ (mod 2m) for which this minimum is attained.

(b) If g satisfies (a), then it has continuous derivatives of order 2k (k € N) in some
neighborhood of ¢ = 0 and g*®)(0) = o> > 0is the first non-vanishing derivative
of gatp = 0.

Theorem 5.1 ([17, Theorem 1]) Let g be a function which satisfies Conditions (a) and

(b). Let A, ,(v = 1,2, ...n) be the eigenvalues of T, (a) arranged in nondecreasing
order. For fixed v, as n — oo we have

N 02A 1 1
e =t e G ) oG )
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20-01 X 81 20-01 X 9°€ 20-01 X €L 10-01 X ST 10-01 X ¥'€ 10-01 X 1'8 e
c0-01 X9 001 X ¥'T 001 X §'6 0-01 X L°€ 20-0T X ¥'1 20-01 X §°S gty
=01 X L' 01-01 X T'T 9001 X 8T 9001 X ¥'€ 001 X T'% 20-01 X L't e
101 X 8¢ =01 X9 01-01 X 9°€ 9001 X €8 c-01 X 81 c0-01 X TE uyy 9=u
20-01 X 8'1 20-01 X 9°€ 20-01 X €L 10-01 X T 10-01 X TE 10-01 X TL @V
90-01 X €9 c0-01 9T p0—01 X 1 001 X ¥ c0-01 X §'1 c0-01 X 8'S by
101 X 6°S () ) 01-01 X 6 L0-01 X T'T 00T X ¥'T 00T X §'T e
L1—01 X TT 101 X 'S =01 X €1 01-01 X '€ g0—01 X L'9 01 XT'1 uyy €=
20-01 X 81 20-01 X 9°€ 20-01 X TL 10-01 X ST 10-01 X T'€ 10-0T X T'L @
90-01 X TT 90—0T X L'8 JON() R p0—0T X €1 p0—0T X 'S 00T X 8T gty
p1—0l X ' -0 X €1 01-01 X T 9001 X 1'C 9001 X ST 001 X L'T @
101 X €1 9101 X €€ 101 X 8 =01 X 61 60—0T X ¥ 1001 X L ury T=w
20-01 X 81 20-01 X 9°€ 20-01 X TL 10-01 X ST 1001 X T'€ 1001 X L @
90—01 X §°9 c-01 X §T po—0T X 1 p0—01 X ¥ c0-01 X §'1 c0-01 X 9°G gty
91-01 X €6 (101 X T'1 =01 X &1 6001 X 8'1 10-01 X 1T c0-01 X +'T e
61-01 X 7€ 101 X 68 p1-01 X 1'T 21-01 X 8% 60—0T X 1 10-0T X 6'T uyy 1=u
201 s 95T 8C1 9 € u

(91°$)~(51°5) pue (£]°6)~(¢1°S) SB[NULIO} 3y} SUISN USYM IN[BAUSTIS 3y} JO 101 9 3|qe]
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where the numbers N\, are the eigenvalues arranged in nondecreasing order of

d\*"
[—(d—>} U—-AU=0, 0<x<1
X

with boundary conditions

d\' d\' ,
(E) U(0)=<E> Ui, i=0,1,...,0a—1.

Let g1(p) = —g(p) = (2sin ‘/’)6 Notice that g; satisfies Conditions (a) and (b)
withm* =0, =3 and g, ® (0) = 720 > 0. Therefore, from Theorem 5.1 in our case

we get
1 1

To find A,, it is also convenient to consider two cases when m is even and odd. After
finding A,,, the formula (5.14) will split into two cases and take the form

6
hajor = =D, <i> : (5.15)

no

Ayj = — (5.16)

(2j + D +2uwi )° (1>
6 Tol-%
n n
where w - solution of the Eq. (5.7). Note that formulas (5.15), (5.16) differ from
formulas (2 27) and (2.28) in the denominator of the main part, and have a greater
error. In addition, we proved in Theorem 2.6 that the remainder term (2.27)—(2.28) has
auniform estimate respect to n if quantity m = o(n 3 ), while it was shown in work [17]

that formula (5.14) is valid for a fixed number m. Next, we will compare the error of

the formulas (5.12) and (5.13) with the formulas s (5.15), (5.16). The Table 6 shows the

)""/\ A , Where
m

dependence of the error Akm = |Am — Am ‘, relative error A Am = ’

Jun calculated by the formulas (2.27) and (2.28), and the error Ak(p ) ))\(p ) — A

[l

(p)
: AP
relative error A, A\ = tm =t

e ’ when using formulas (5.15), (5.16). In this case, the
number of the eigenvalue m was fixed. The dependence is based on the size of the
matrix n. The experiment was carried out at m = 1, 2, 3, 6.
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