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Abstract

In this paper, we study local approximation properties of certain gamma-type oper-
ators. They generalize the Post—-Widder operators and the Rathore operators, and
approximate locally integrable functions satisfying a certain growth condition on the
infinite interval [0, co). We derive the complete asymptotic expansion for these oper-
ators and prove a localization result. Also, we estimate the rate of convergence for
functions of bounded variation.
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asymptotic expansion
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1 Introduction

The Post—Widder operator plays a crucial role in the inversion of the Laplace transform.
Let f : [0, 00) — R be locally integrable and let £ f denote its Laplace transform

(LF)(s) = /0 =5 £ (x) dx.
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If the integral converges for some s > 0, then the inversion formula
f ()= lim L, [Lf]
n—oo

is valid, for all positive x in the Lebesgue set of f [18, Chapter 7, Theorem 6a]. The
operator L, . is defined by the equation

Luslg]= (=" g (%) (f)"+l ,

X

for any real positive number x and any positive integer n [18, Chapter 7, Definition 6].
A simple calculation reveals that

n

Lox[Lf]= % Gh /0 M () dt (x> 0)

X

[18, Page 288]. For the sake of approximation, the Post—Widder operator P, is defined
in the slightly different form

(n/x)" (>
L) Jo

[2, Eq. (9.1.9)] (cf. [10, Eq. (3.5)]). The form (1.1) is an operator of exponential type
and these operators preserve linear functions [8]. The connection is as follows. Fix
x > 0. Define fI*¥1 () = e™/* f (). Then,

n+1 n+l1 00
(Pos1f) (1) = (” + 1) (n/x) f D3 £ () dy
0

(Puf) (x) = el de (x> 0). (1.1)

n n!
n+1
_ (n—i—l) Lo [Ef[x]].
n

Hence, in each Lebesgue point of f we have

n+l
lim (Pup1f) () = lim (”nil) Loy [LfM] =€ e/ f(x) = f(x).

The Post—Widder operators P, were intensively studied by several authors [3, 4, 9]. In
recent years, several authors defined and studied variants of the Post—Widder operator
which preserve several test functions [5-7, 13, 16].

In order to include the similar operator by Rathore [12] (see below), we study in
this paper a more general gamma type operator depending on a positive parameter,
which includes both, the Post—Widder operators and the Rathore operators as special
cases.

Let E be the class of all locally integrable functions of exponential type on [0, 4-00)
with the property | f (£)] < M oAl (t = 0) for some finite constants M, A > 0. The
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gamma-type operators P, . (cf. [10, Eq. (3.3) ]) associate to each f € E the function

(nc)ncx o

—nct ;nex—1
Toa < f@dt (x>0, (1.2)

(Pn,cf) (x) =

where ¢ is a positive parameter. We emphasize the fact that ¢ may depend on the
variable x. Note that the integral exists if nc > A. The definition can be rewritten in
the form

(Pucf) (x) =/0 Gn.c (x,1) f()dr

with the kernel function

(nc)"e*

efncttncxfl. (1.3)
I' (ncx)

¢n,c (x,1) =

In the special case ¢ = 1 these operators reduce to the Rathore operators R, = Py 1,
given by [10, Eq. (3.6)]

n

- /me*mt”*‘f(t)dz (x> 0).
(nx) Jo

(R f) () = -

If we substitute ¢ = 1/x, we obtain the Post—Widder operators (1.1).
In this paper we derive the complete asymptotic expansion for the sequence of
operators P, . in the form

(Pucf) )~ @)+ ax (fre,x) n™" (n— o0), (1.4)

k=1

provided that f admits derivatives of sufficiently high order at x > 0. Formula ( 1.4)
means that, for allg =0, 1, 2, .. ., there holds

q
(Pucf) ) =) ax(f.c,x) ¥ +0(n™) (n— o0)

k=0

where ag (f, ¢, x) = f (x). The coefficients ax (f, c, x), which are independent of n,
will be given in an explicit form. It turns out that associated Stirling numbers of the
first kind play an important role. As a special case we obtain the complete asymptotic
expansion for the Rathore operators R, and for the Post-Widder operators P,.

Secondly, we study the rate of convergence of the sequence (P,,,C f ) (x)asn — o0
for functions of bounded variation. More precisely, we present an estimate of the
difference (Py.c f) (x) — (f (x+) + f (x=)) /2.

) Birkhauser
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2 Main results

For ¢ € Nand x € (0, 00), let K [g; x] be the class of all functions f € E which
are ¢ times differentiable at x. The following theorem presents as our main result the
complete asymptotic expansion for the operators Py ..

Theorem 2.1 Let ¢ € N and x € (0,00). For each function f € K [2q; x], the
operators P, . possess the asymptotic expansion

a4k 2k () ,
(Pn,cf) x)=f ) —i—Z%ZSZ (G, j—k) %xj—k +0(n_4)
k=1 Jj=k '

asn — 00, where sy (j, 1) denote the associated Stirling numbers of the first kind.

The associated Stirling numbers of the first kind can be defined by their double
generating function

Z s2(, ) f'uf =e ™A+
20 i!
(see [1, page 295, Ex. *20]).

For g = 4, we obtain

(Pn,cf) (x)

B xfP @) 8xfD () +3x7 P ()

=S+ 24 (cn)?

N 12xf@ (x) + 8x2fO (x) + X3 £ © (x)
48 (cn)?

+1152x FO (x) 4+ 1040x% £ O (x) + 240x3 D (x) + 15x* f® (x)

5760 (cn)*
+o(n)

as n — oo. In particular, we obtain the Voronovskaja-type formula

n—o00

lim n ((Pacf) (x) — f (x)) = zicf@) (x), 2.1)

for f € K [2; x].
In the special case ¢ = 1 we have the complete asymptotic expansion for the
Rathore operators,

(=D
k

n

k 2k ()
f (x)xjfk

Yok
j=k a

(Raf) (¥) ~ f () + )
k=1
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as n — oo. In the special case ¢ = 1/x we have the complete asymptotic expansion
for the Post—Widder operators

W (X)

(Puf) (x) ~ f(x>+Z Zsz(JJ ol

asn — o0o.
Our second main result is an estimate of the rate of convergence for functions
f € E, which are of bounded variation (BV) on each finite subinterval of (0, c0).

Theorem 2.2 Let f € E be a function of bounded variation on each finite subinterval
of (0, 00). Then, for each x > 0, we have the estimate

(Pref) 0 - LEDTLED)

1 1 X +2 N xta/vk
s(—_lgmxw(n))wxﬂ faol+=——— ];vHN,;m)
+0 (exp (—=fn))

asn — 0o, where f = (1 —log?2) cx > 0 and the function f is defined as

f—-fGx-), 0<y<ux,
=3 fO)—-fG&+H), x<y<oo,

0, y=2X.

For the proofs of Theorems 2.1 and 2.2 we need a localization result for the operators
P, .. Since it is interesting in itself we state it as a theorem.

Theorem 2.3 Let x > § > 0. If f € E vanishes in a neighborhood (x — 8§, x + §) of
X, then it exists a positive constant B such that

(Pacf) (x) = O (exp(—Ben))  (n— 00).

The constant 8 can be chosen to be

5
ﬁ:é—xlog<i> >~ 0.
X

Note that § > x log ((x 4+ 8) /x) for x,§ > 0.

3 Auxiliary results and proofs

Firstly, we study the moments of the operators P, .. Throughout the paper, let e,
denote the monomials, given by ¢, (x) = x” (r =0, 1,2, ...). Furthermore, define

) Birkhauser



43 Page6of15 U. Abel and V. Gupta

Yy = e1 — xep, for x € R. In the following, the quantities [’71| denote the unsigned

Stirling numbers of the first kind defined by

=3 1y [’ﬂzf (m=0,1,2....).
=0

wherez0 = 1,7 =z (z—1)---(z—m+ 1),m € N, are the falling factorials. Using
(—2)2 = (=1)"(z + m — 1)™ we obtain the relations

m

(Z+m—1)m=2|:r;l]zj m=0,1,2,...). (3.1

j=0

We recall some known facts about Stirling numbers which will be useful in the sequel.
The Stirling numbers of the first kind possess the representation

2m m
[r _rm} = (—1>mi:stz i.i—m) (f) = (—1>ml_§sz (i +m,i) (l. +’m>
3.2)

for0 <m <r, (see[l, page 226-227, Ex. 16]). The coefficients s, (i, i — m), called
associated Stirling numbers of the first kind, are independent of r.

Lemma 3.1 The moments of the operators P, . are given by

(Pucer) (x) = ZL |:rik:|x’_k r=0,1,2,..).

= o)t

In particular, we have P, .eq = eg, Py.ce1 = e1 and

X
(Pn,c€2) (x) = x2 + —,
nc
(P e)(x)—x3+ﬁ+2—x
n,c 3 - ne (nc)z’

(Puces) (x) = x* + 6! + e | 6x
’ nc - (ne)?  (nc)’

Proof We have

(ne)"™* > . _ I (r + ncx)
P, — ncttr+ncx ldl I LR detal
( n’Cer) x) I (ncx) Jo ¢ I" (ncx) (ne)”
_ (nex+r—1)"F
N (ne)” '
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Application of formula ( 3.1) yields

_ [ j
(Pn,cer) (x) = (I’lC)r — |:]:| (ncx)

J

and the index transform j = r — k completes the proof. O

Lemma 3.2 The central moments of the operators Py . are given by

. k/ X /
(Pucvd) () = Z(j)k Z(‘ e ( +k>[rjk]

k=0

(j=0,1,2,...).

In particular, we have (Pn,clﬁ ) x) =1, ( RV ) (x) = 0 and
(Pn,cw)%) (x) = x/ (nc).

Proof Application of the binomial formula yields for the central moments

(Prcvd) ) = Z( —x) ( ) (Pa.cer) (0
- nir ()] ]
§<nc>k§< 4 <>[ —k
and an index shift ¥ — r 4 k yields the desired representation. O
Lemma3.3 Foreachx > 0and j =0, 1, 2, ..., the central moments of the operators

Py, ¢ satisfy the relation (Pn,clﬂ,{) x)=0 (n_L(f“)/zJ) asn — oo. More precisely,
they have the representation

. j xi—k
(Prevt) = 3 D (i=b.
k=1G+D/2]

Proof Taking advantage of the formula (3.2) we obtain

J j—k Jj— . +k
(Prcwd) ) =ZO go( Di- (+k)Zsz(z+kz)< k)

Note that (fillz) = 0,fori > r.Using the binomial identity (, /) (f]:],;)

for 0 <i < r, we obtain

' PNkl
(Prcvd) 0 = Z( )stz(l—i—kz)( k)rz:;(—l)fr<lrfiz>.

k=0

(L) C750,
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The inner sum is to be read as zero if i > j — k. Since

j—k _ , j—k—i . , 0G@<j—k),
N—T J—k—i _ _Nj—r—i J—k—i —
rz:;( b ( r—i >_ g b ( r )_

Li=j-h,

we conclude that

J i—k
. xJ o
(Prevl) =" 30 D (b,
k=[(j+1)/2]
which completes the proof. O

In order to derive Theorem 2.1, a general approximation theorem due to Sikkema
[14, Theorem 3] (see also [15]) will be applied. For j € N and x > 0, let HW (x)
denote the class of all locally bounded real functions f : [0, co) — R, which are
Jj times differentiable at x, and satisfy the additional condition f (f) = O (t_j ) as
t — 400. An inspection of the proof of Sikkema’s result reveals that it can be stated
in the following form which is more appropriate for our purposes.

Lemma3.4 Let g € N and let (Lp),en be a sequence of positive linear operators,
L, : H?? (x) = Cc,d], x € [c, d]. Suppose that the operators L, apply to w2q+l
and to 1/f2q+ Then the condition

(an){) (x) =0 (n*W“WJ) (n— 00), forj=0,1,...,2q+2,
implies, for each function f € H?® (x), the asymptotic relation

f< ) (x)

(Luf) () = Z = (Lavd ) @ 40 (n7) (1 o).

In the application used in the proof of Theorem 2.1, we restrict H/) (x) to consist
only of locally integrable functions. We proceed with the proof of the localization
result (Theorem 2.3), which will be applied in the proofs of Theorems 2.1 and 2.2.

Proof of Theorem 2.3 Let f € E.From | f ()] < Me“! (r > 0) we obtain the estimate

(nc)ncx > —(nc—A)t ;ncx—1
oncs) 0 2 M ([T ) emmmmea

§5%
M
I' (sx)

say, where s = nc > 0 and

x—48
I = / e OTME g = (s — A) Ty (sx, (s — A) (x — 8)),
0

W Birkhauser
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o0
L= f e~ M lgr — (s — A)TT (sx, (s — A) (x 4+ 6)),
x+6
where

b 00
y(z,b):/ e dr, I‘(z,b):f e 't ldt (Rez >0, b>0)
0 b

denote the lower and the upper incomplete gamma function, respectively. We use
the well-known asymptotic behaviour of the incomplete gamma function for large
parameters z and b. It holds

bie~?

y (z,b) ~ m7

(3.3)

[17, Eq. (7.3.18)], as z, b — oo such that the ratio A = b/z is bounded away from
unity, i.e., A < A9 < 1, where A is a fixed number in (0, 1). In a similar kind it holds

bz—le—b

I(z,b) ~ I ) (34)

[17, Eq. (7.4.43)], as z, b — oo such that the ratio « = z/b is bounded away from
unity, i.e., ¢ <o < 1.
If 6 = x the integral I; vanishes. Let us consider the case § < x. Since

_(s—A)(x—S)_)x—(S

SX X

A

<1l (s > 00)

and1 — A =46/x + A(x — )/ (sx), Eq. (3.3) implies that
L~@s+Ax—8)"1x—8)Fe =M= (5 .

Application of Stirling’s formula,

[(z) ~V2me 3712 (7 > 400),

leads to
M~ M vz X2V ppsraced) (5 L o).
I (sx) 2w 8s + A(x —96) X

Since

X

—5\*
(x )e5<1 0<6§<x),

) Birkhauser
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we conclude that le(yx) Iy = O (exp(—pi1s)) as s — oo, where f; = —§ —

x log (%) > (0. Now we turn to the estimate of /5. Since

SX X
o= — <1 (s —> 00)
(s —A)(x+9) x+346

and 1 —a = %, Eq. (3.4) implies that

1
I~ 5)5* —(s—A)(x+9d) )
) 8s—A(x+8)(x+ ) e (s > o)

Application of Stirling’s formula leads to

M §5% I~ M ' VAR x+94 SX675S+A(x+5) (s — 00).
I" (sx) V27 Ss—A@x+8) \ x
Since
8 X
(x+ ) e % <1 (x,6 >0),
X
we conclude that MFY(H)I = O (exp(—pas)) as s — oo, where f = § —
xlog (X+5) > (. Observe that ,81 > ﬁz because (X_S) < (%5 e 8.

I4+t) _
=) =
2 (t +83/34+82/54+17)7+- ), fort = §/x € [0, 1). Combining the above results
we obtain the desired estimate with the constant 8 = f». O

The latter inequality is equivalent to the obvious inequality 2¢ < log<

Proof of Theorem 2.1 Let x > 0 and put U, (x) = (x —r,x +r) N [0, +00), for
r > 0.Let 8§ > 0 be given. Suppose that f%) (x) exists. Choose a function
@ € C°° ([0, +00)) with ¢ (x) = 1 on Us (x) and ¢ (x) = 0 on [0, +00) \U3s (x).
Put f = ¢ f. Then we have f f on Us (x) which implies f(’) (x) = fP (x), for
j=0,...,2q, and f = 0 on [0, 400) \Uss (x). By the localization theorem (Theo-
rem 2. 3) ( n,c f f) (x) decays exponentially fast as n — oo. Consequently, f
and f possess the same asymptotic expansion of the form (1.4). Therefore, without
loss of generality, we can assume that f = 0 on [0, 400) \U3s (x). By Lemma 3.3,

we have (Pn,cl/ffj) (x) = O (n/) as n — oco. Under these conditions, Lemma 3.4
implies that

4 f(j) (x)
i

2
(Pach) @ =F @+ (Prctd) @0 +0 (™) @ — o0).
j=1

W Birkhauser
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By Lemma 3.3, we obtain

j—k

2q J
Xj (”(nmﬂ(>—§jf © DG,

j=1 : k=L(j+1)/2]

Interchanging the order of summation, we obtain

( l)k min{2k,2q} f(]) (x)
(ne)*

(Pucf) (x) = f@)+§j s (=R +o(n77)

1l
=~

as n — oo. Taking into account that

2 in{2k,2

2q: (—l)k min{2k,2q}
(ney*

k=q+1

f(])( )
J!

x Ky (i, j—k)=o0(n"7) (n— 00
=k

this implies the desired expansion (1.4) with the associated Stirling numbers of the
first kind s7 (i, j) as defined in Eq. (3.2). O

Now we turn to the estimate of the rate of convergence for BV functions. For
the proof of Theorem 2.2 we apply the following properties of the kernel function
Pn.c (x, 1) as defined in (1.3).

Lemma 3.5 The kernel function ¢, . (x, t) satisfies the following estimates:

/y¢n,c(xvt)dt§ O<y<x)
0

ne (x — y)?

and

(x <z <4).

/Ooqﬁn,c (x,ndr <

ne(z — x)2

Proof Since x —t >x —y > 0,for0 <t <y < x, we have

Y Y x—1)\> 1 2
/(; ¢n,c (x, t) dr = /O ¢n,c (X, t) (m) dr =< m (Pn,cwx) (x)
X

ne(x —y)*

The second estimate

/Ooqs (x t)dz<foo¢ (x t)(t_x>2dt<;(P ¢2)(x)
. n,c (X, = . n,c (X, T —x = (z—x)2 n,cYy
X

nc(z — x)2

) Birkhauser
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is obtained in an analogous manner. O

Lemma 3.6 For fixed x > 0,

X 1 1 1
x,H)dt=—-+——+—+0| - n— 00).
/0¢n,c( = 54— (n) ( )

Proof With s = ncx we have

X 1 ncx 1 1 S 1
, t dl, — —Uu_  ncx— d — —u,  S— d
/0 Pn.c(x,1) I (nex) /0 e "u u ) /0 e "u u
_ L'Gs)—T(s,s)

I' (s)

Following [11, Eq. 8.11.12], the (upper) incomplete gamma function satisfies the
asymptotic relation

Together with Stirling’s formula

['(s) = sse‘s,/z—” (1 + 1o (s_z)) (s = 400)
s 125
we obtain
ro-res ST E o)

T (s) s y2n/s (140 (s7))
T30

\/_+0(s—1)
o)
)

B 1+ 0 (s7!
(35 o) (40 (5)
1 1 1
2 3M+0<)

as s — +o00. Hence, for fixed x > 0,

e Uy hex— 1 1 1 <1>
du = .
r (”CX) / ‘e 3\/2nncx (r = c0)

W Birkhauser
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Proof of Theorem 2.2 Let x € (0, 0o). We start with the estimate

1
‘(Pn,cf) @) =5 (f ) + f(x—))‘

=<

|f ) = f o) - [ (Paesignre) )] + [(Puc fr) (0]

R =

Due to the fact that P, . preserve constant functions, we have

Py csignry) (x) = OO_ ) Gne (x,1)dr =2 l_ x¢nc(x’t)dt .
(Pn, ) , ,
x 0 2 Jo

Thus, by Lemma 3.6, we have

. 2 1
(Pa.csignyry) (x) = W +0 <;> (n — 00).

Next we estimate (Pn,c fx) (x) as follows:

(Pucfr) (x)
:/0 Pn.c (x, 1) fx (1) dr

x—x/n x+x//n 2x )
([T [ e noar
0 x—x//n x+x/n 2x

=h+DL+1+ 14
Define

y
Nn,c (x,y) = [) ¢n,c (x,1)dz.

Integration by parts yields

x—x/n
L :/O Jx (1) d; (nn,c (x,t))

x—=x//n
= fx <x_i> Nn,c (X’x_i) _f Nn,c (x,1)d; (fx(@®).
vn NG 0

Since | f (1)] < v (fx), we have

+

x o X/ x
[11] fvx_x/ﬁ(fx)'nn,c (xvx_ﬁ> /O Nn,c (X, 1) dy (_vl (fx))

) Birkhauser
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Applying Lemma 3.5, and in the next step integrating by parts, we get

A

nc

1, xRV o,
e avx,x/ﬁmw—fo T ()

x| 1 . ) x=x/\/n 1 d
= ; FU() (fx) + [) x )3Ut (fy)dt
x |1 1 &,
< | 7 (fo + x—ZI;vx_W,;<fx)
2 n
S R

X
nex — vx—x/«/% (fx)

Next for ¢ € [x —x//n, x 4+ x//n] and by fact fx+x/fd, (e (&, 1)) < 1, we
conclude that

1 - x+x/\f
|12|§;Z g (o)

Arguing analogously as in estimate of /1, we have

2 . x+x/Vk
I — ) -
Bl<—> w (f)

k=1

Since fy € E, the localization result (Theorem 2.3) applied with § = x implies that
14 = O (exp (—fBcn)) asn — oo with the constant 8 = (1 — log2) x > 0. Collecting
the estimates of Iy, I, I3, 11, we get the desired result. O
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