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Abstract
In this paper, we consider the generalized Lorentz space of periodic functions of

several variables and the Nikol’skii–Besov space of functions. The article estab-

lishes a sufficient condition for a function to belong from one generalized Lorentz

space to another space in terms of the difference of the partial sums of the Fourier

series of a given function. Exact in order estimates of the best approximation by

trigonometric polynomials of functions of the Nikol’skii–Besov class are obtained.

Keywords Lorentz space � Besov class � Best approximation � Logarithmic

smoothness

Mathematics Subject Classification 41A10 � 41A25 � 42A05 � 42A10

1 Introduction

Let Rm be a m – dimensional Euclidean space of points x ¼ ðx1; . . .; xmÞ with real

coordinates; Im ¼ fx 2 Rm; 0� xj � 1; j ¼ 1; . . .;mg — m – dimensional cube.

Definition 1.1 (see [21, Chapter 2, Sect. 2]). Two nonnegative Lebesgue

measurable functions f, g are called equimeasurable if
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lfx 2 Im : f ðxÞ[ kg ¼ lfx 2 Im : gðxÞ[ kg; k[ 0;

where le — Lebesgue measure of the set e � Im.

Let X be a Banach space of Lebesgue measurable functions on Im of functions f
with the norm kfkX . The space X is called symmetric

(1) if jf ðxÞj� jgðxÞj almost everywhere on Im and g 2 X, then f 2 X and

kfkX �kgkX;

(2) if f 2 X and |f| , |g| are equimeasurable, then g 2 X and kfkX ¼ kgkX (see [21,

Chapter 2, Sect. 4]).

The norm kvekX of the characteristic function veðtÞ of the measurable set e � Im is

called is the fundamental function of space X and is denoted by uðleÞ ¼ kvekX .

Further, the symmetric space X with the fundamental function u will be denoted by

XðuÞ.
It is known that the fundamental function of the symmetric space X is the

function uðtÞ ¼ kv½0;t�kX defined on the interval [0, 1]. She is a concave, non-

decreasing, continuous function on [0, 1], and uð0Þ ¼ 0 (see [21, p. 70, 137,

164]). Such functions are called U - functions.

For this function uðtÞ; t 2 ½0; 1�, put au ¼ limt!0
uð2tÞ
uðtÞ ; bu ¼ limt!0

uð2tÞ
uðtÞ : It is

known that for any symmetric space XðuÞ we have inequalities 1� au � bu � 2 (see

[26]).

One example of a symmetric space is LqðTmÞ — Lebesgue space 2p periodic for

each variable of the function f with norm (see [24, Chapter 1, Sect. 1.1])

kfkq ¼
� Z

Im

jf ð2pxÞjqdx
�1=q

; 1� q\1:

Here and in after, Tm ¼ ½0; 2p�m.

The space CðTmÞ consists of continuous functions f with the norm

kfk1 ¼ max
x2Im

jf ð2pxÞj.
Let the function w be continuous, non-decreasing, concave by [0, 1], wð0Þ ¼ 0

and 0\s\1. A generalized Lorentz space Lw;sðTmÞ is the set of measurable on

Tm ¼ ½0; 2p�m having 2p-period for each variable xj; j ¼ 1; . . .;m; of functions

f ðxÞ ¼ f ðx1; . . .; xmÞ, for which (see [27])

kfkw;s ¼
�Z1

0

f �
sðtÞwsðtÞ dt

t

�1=s

\1;

where f � denotes the nonincreasing rearrangement of the function jf ð2pxÞj, x 2 Im

(see e.g. [21, 27]). It is known that under the conditions 1\aw; bw\2, the space

15 Page 2 of 36 G. Akishev



Lw;sðTmÞ will be a symmetric space with the fundamental function w and the

functional kfkw;s will be equivalent to the norm

kfk�w;s ¼
�Z1

0

�
1

t

Z t

0

f �ðyÞdy
�s

wsðtÞ dt

t

�1=s

spaces Lw;sðTmÞ [27, Lemma 3.1].

Note that for wðtÞ ¼ t1=q the space Lw;sðTmÞ coincides with the Lorentz space

denoted by Lq;sðTmÞ, 1\q; s\1 (see [32, p. 228]).

For a given positive integer M, consider the set DM ¼ fk ¼ ðk1; . . .; kmÞ 2 Zm :
jkjj\M; j ¼ 1; . . .;mg: We will consider the multiple Dirichlet kernel

DDM
ð2pxÞ ¼

X
k2DM

eihk;2pxi; x 2 Im

and the convolution of a function f 2 Lw;sðTmÞ

rsðf ; 2pxÞ ¼
Z
Im
f ð2pyÞðDD2s

ð2px� 2pyÞ � DD
2s�1

ð2px� 2pyÞÞdy;

where s 2 N0 ¼ N [ f0g;N is the set of natural numbers.

Let EMðf Þw;s � EM;...;Mðf Þw;s ¼ inf
T2CDM

jjf � T jjw;s is the best approximation of the

function f 2 Lw;sðTmÞ by the set CDM
of trigonometric polynomials of order at most

M � 1 in each variable. For a given class F � Lw;sðTmÞ we put

EMðFÞw;s ¼ sup
f2F

EMðf Þw;s.

Let 0\h�1 and a number r[ 0: We consider the space of all functions

f 2 Lw;sðTmÞ for which

X1
s¼0

2srhjjrsðf Þjjhw;s\1

for 0\h\1 and

sup
s2N0

2srjjrsðf Þjjw;s\1

for h ¼ 1.

This space is denoted by the symbol Br
w;s;h and is called the Nikol’skii–Besov

space. In this space, we consider a unit ball

Br
w;s;h ¼ ff 2 Br

w;s;h : jjf jjBr
w;s;h

� 1g;

where
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jjf jjBr
w;s;h

¼ kfkw;s þ
X1
s¼0

2srhjjrsðf Þjjhw;s

( )1
h

;

for 0\h\1 and

jjf jjBr
w;s;h

¼ kfkw;s þ sup
s2N0

2srjjrsðf Þjjw;s

for h ¼ 1.

In the case wðtÞ ¼ t1=p and s ¼ p, the space Br
w;s;h is defined in [7, 24] and is

denoted by Br
p;h.

Note that the generalized Nikol’skii–Besov space in the Lebesgue space is

defined and investigated in [8, 15, 16].

One of the generalizations of the Nikol’skii–Besov space is the Nikol’skii–Besov

space with logarithmic smoothness, defined as a subset of LpðTmÞ (see [9–11, 13]).

Dominguez O., Tikhonov S. [13] established characterizations and embeddings of

Besov functional spaces with logarithmic smoothness.

In the space of continuous functions CðT1Þ S.B.Kashin and V.N.Temlyakov [18]

defined the following class:

LGr ¼ f 2 CðT1Þ : krsðf Þk1 � ðsþ 1Þ�r; s ¼ 0; 1; . . .
� �

; r[ 0:

Now we define a similar Nikol’skii–Besov space with logarithmic smoothness in the

generalized Lorentz space.

Let 0\h�1 and a number a[ 0: Consider the space of all functions f 2
Lw;sðTmÞ for which

X1
s¼0

ðsþ 1Þahkrsðf Þkhw;s\1;

for 0\h\1 and

sup
s2N0

ðsþ 1Þakrsðf Þkw;s\1;

for h ¼ 1.

This space is denoted by B0;a
w;s;h and is called the Nikol’skii–Besov space of

logarithmic smoothness in the generalized Lorentz space.

In this space, we consider a unit ball

B0;a
w;s;h ¼ ff 2 B0;a

w;s;h : kfkB0;a
w;s;h

� 1g;

where
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kfkB0;a
w;s;h

¼ kfkw;s þ
X1
s¼0

ðsþ 1Þahkrsðf Þkhw;s

( )1
h

;

for 0\h\1 and

kfkB0;a
w;s;1

¼ kfkw;s þ sup
s2N0

ðsþ 1Þakrsðf Þkw;s:

In the case wðtÞ ¼ t1=p and s ¼ p, the space B0;a
w;s;h ¼ B0;a

p;h is defined in [30, 31].

Other generalizations ofthe Nikol’skii–Besov space are given in [8, 15, 16].

In the case of s1 ¼ p, s2 ¼ q for the Nikol’skii–Besov class, Br
p;h in order exact

estimates of the best approximation in the space LqðTmÞ received A.S. Romanyuk

[25]. In the case s ¼ p, estimates of the approximative characteristics of the class

B0;a
p;s;h got S.A. Stasyuk [30, 31]. In [4], estimates of the best approximations of

functions of the class B0;a
w;s1;h

in the Lorentz space Lw;s2
ðTmÞ in the case of

wðtÞ ¼ t1=p. A survey of results on the theory of approximation of functions of many

classes of Sobolev, Nikol’skii and Besov is given in [14], also see the bibliography

in [34, 35].

It is known that Lw;s2
ðTmÞ � Lw;s1

ðTmÞ for 0\s2\s1\1 and the fundamental

functions of these spaces are equivalent to the function w.

In [5], the following statement was proved.

Lemma 1.1 Let 1\s2\s1\1 and the functions w1;w2 satisfy the conditions
aw1

¼ aw2
, bw1

¼ bw2
and

C0 ¼ sup
t2ð0;1�

w1ðtÞ
w2ðtÞ

\1:

Then Lw2;s2
ðTmÞ � Lw1;s1

ðTmÞ and kfkw1;s1
�Ckfkw2;s2

.

Therefore, the main goal of this article is to find the exact order

EMðB0;a
w1;s1;h

Þw2;s2

in various relations between the parameters p; s1; s2; h.

The article consists of three sections. In the Sect. 2, several statements are proved

necessary to prove the main results. In the Sect. 3, estimates for the value

EMðBr
w1;s1;h

Þw2;s2
.

In the Sect. 4, we establish estimates of EMðB0;a
w1;s1;h

Þw2;s2
. The main result of this

section is Theorems 4.1, 4.2.

For theorems, lemmas, formulas, double numbering is used. Further, aþ ¼
maxfa; 0g and the record AðyÞ 	 BðyÞ means that there are positive numbers C1 C2

independent of y such that C1AðyÞ�BðyÞ�C2AðyÞ. For brevity, in the case of the

inequalities B
C1A or B�C2A, we often write B[ [A or B\\A, respectively.

For a function g defined on [0, 1], the notation g " (respectively g #) means that

the function g is non-decreasing (respectively non-increasing) by [0, 1].
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2 Auxiliary results

Theorem 2.1 (see [23]). Let 1\p\1. Then for any function f 2 LpðTmÞ the

following relation holds

kfkp 	
����X1

s¼0

jrsðf Þj2
�1

2
���
p
:

Theorem 2.2 Let 1\s\1 and give U� function w, 1\aw; bw\2. Then for any

function f 2 Lw;sðTmÞ the relation

kfkw;s 	
����X1

s¼0

jrsðf Þj2
�1

2
���
w;s

:

Proof Let f 2 Lw;sðTmÞ. We consider the operator P:

Pðf ; 2p�xÞ ¼
�X1

s¼0

jrsðf ; 2p�xÞj2
�1

2

; �x 2 Im:

P is known to be a sublinear operator. By Theorem 2.1, this operator acts boundedly

in the space LpðTmÞ, 1\p\1. Therefore, by the Janson interpolation theorem [17],

this operator is bounded in the space Lw;sðTmÞ i.e. kPðf Þkw;s �C2ðp; sÞkfkw;s for any

function f 2 Lw;sðTmÞ.
The converse inequality follows from the duality principle. Let f 2 Lw;sðTmÞ,

g 2 L �w;s0 ðTmÞ, 1\s\1, 1
s þ 1

s0
¼ 1. Here and in the sequel �wðtÞ ¼ t=wðtÞ for t 2

ð0; 1� and �wð0Þ ¼ 0. Then, due to the orthogonality of the functions rsðf ; 2p�xÞ, we

have

Z
Im

f ð2p�xÞgð2p�xÞd�x ¼
Z
Im

X1
s¼0

rsðf ; 2p�xÞrsðg; 2p�xÞd�x:

Further, applying the Hölder inequalities for the sum and the integral, we obtain

			
Z
Im

f ð2p�xÞgð2p�xÞd�x
			� ����X1

s¼0

jrsðf Þj2
�1

2
���
w;s

����X1
s¼0

jrsðgÞj2
�1

2
���
�w;s0

for any function g 2 L �w;s0 ðTmÞ. Therefore, taking into account the well-known

relation (see [27])

kfkw;s 	 sup
kgk �w;s

0 � 1

			
Z
Im

f ð2p�xÞgð2p�xÞd�x
			 ð2:1Þ

and the boundedness of the operator P, we have
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kfkw;s\\
����X1

s¼0

jrsðf Þj2
�1

2
���
w;s

:

h

Lemma 2.1 Let U� function w satisfy the condition 1\aw; bw\21=s and 1\s� 2.

Then for an arbitrary system of functions fujgnj¼1 � Lw;sðTmÞ the inequality hold

����Xn
j¼1

jujj2
�1

2
���
w;s

�C
�Xn

j¼1

kujksw;s
�1

s
;

where the constant C is independent of uj and n.

Proof It is known that ðf �Þh ¼ ðjf jhÞ� for the number h[ 0. Therefore,

I ¼
����Xn

j¼1

jujj2
�1

2
���
w;s

¼
Z1

0

��Xn
j¼1

jujj2
�1=2��s

ðtÞwsðtÞ dt

t

2
4

3
5

1
s

¼
Z1

0

��Xn
j¼1

jujj2
�s

2
��
ðtÞwsðtÞ dt

t

2
4

3
5

1
s

:

ð2:2Þ

Now, using Jensen’s inequality (see [24, Lemma 3.3.3]) and taking into account that

the function f � is non-increasing from (2.2), we obtain

I�
Z1

0

�Xn
j¼1

jujj
s
��
ðtÞwsðtÞ dt

t

2
4

3
5

1
s

�
Z1

0

1

t

Z t

0

�Xn
j¼1

jujj
s
��
ðuÞdu

" #
wsðtÞ dt

t

2
4

3
5

1
s

:

ð2:3Þ

Applying the formula (see [21, p.89])

Z t

0

f �ðuÞdu ¼ sup
E�Im;lE¼t

Z
E

jf ð�xÞjd�x; ð2:4Þ

where lE is the Lebesgue measure of the set E and the properties of the integral we

have
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Z t

0

�Xn
j¼1

jujjs
��
ðuÞdu ¼ sup

E�Im;lE¼t

Z
E

Xn
j¼1

jujð�xÞjsd�x

¼ sup
E�Im;lE¼t

Xn
j¼1

Z
E

jujð�xÞj
s
d�x ¼

Xn
j¼1

sup
E�Im;lE¼t

Z
E

jujj
sð�xÞd�x

¼
Xn
j¼1

Z t

0

�
jujjs

��
ðuÞdu:

ð2:5Þ

Now it follows from inequalities (2.3) and (2.5) that

I�
Z1

0

Xn
j¼1

1

t

Z t

0

�
jujj

s
��
ðuÞdu

" #
wsðtÞ dt

t

2
4

3
5

1
s

¼
Xn
j¼1

Z1

0

1

t

Z t

0

�
jujjs

��
ðuÞdu


 �
wsðtÞ dt

t

2
4

3
5

1
s

:

ð2:6Þ

Changing the order of integration, we have

Z1

0

1

t

Z t

0

�
jujj

s
��
ðuÞdu


 �
wsðtÞ dt

t
¼

Z1

0

�
jujj

s
��
ðuÞ

Z 1

u

wsðtÞ dt

t2
du: ð2:7Þ

We will consider the function uðtÞ ¼ t1=s. By the assumption of the lemma,

bw\21=s i.e. au ¼ 21=s [ bw. Therefore, by [22, Lemma 4] there exists a U�
function g(t) such that uðtÞ=wðtÞ 	 gðtÞ and ag [ 1. Therefore, the [28, Lemma 3]

holds the estimate

Z 1

u

wsðtÞ dt

t2
¼

Z 1

u

�wðtÞ
t1=s

�s dt

t
¼

Z 1

u

� 1

gðtÞ

�s dt

t
�C

wsðuÞ
u

:

Now, according to this estimate, from equality (2.7) we obtain

Z1

0

1

t

Z t

0

�
jujjs

��
ðuÞdu


 �
wsðtÞ dt

t
�C

Z1

0

�
jujjs

��
ðuÞw

sðuÞ
u

du: ð2:8Þ

It follows from inequalities (2.6) and (2.8) that
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I�
Xn
j¼1

Z1

0

�
jujjs

��
ðuÞw

sðuÞ
u

du

2
4

3
5

1
s

¼
Xn
j¼1

Z1

0

�
u�
j ðuÞ

�s wsðuÞ
u

du

2
4

3
5

1
s

�C
�Xn

j¼1

kujksw;s
�1

s
:

h

Lemma 2.2 Let 2\s\1 and give a U� function w and 1\aw; bw\21=2. Then for

an arbitrary system of functions fujg
n
j¼1 � Lw;sðTmÞ the inequality hold

����Xn
j¼1

jujj2
�1

2
���
w;s

�C
�Xn

j¼1

kujk2
w;s

�1
2

;

where the constant C is independent of uj and n.

Proof By the property of nonincreasing rearrangment of the function, we have (see

(2.2))

I ¼
����Xn

j¼1

jujj
2
�1

2
���
w;s

�
Z1

0

1

t

Z t

0

�Xn
j¼1

jujj
2
��
ðuÞdu

" #s=2

wsðtÞ dt

t

2
4

3
5

1
s

: ð2:9Þ

We will consider the function uðtÞ ¼ t1=2, t 2 ð0; 1� and uð0Þ ¼ 0. By the

assumption of the lemma, bw\21=2 i.e. au ¼ 21=2 [ bw. Therefore, by [22, Lemma

4] there exists a U� function g(t) such that uðtÞ=wðtÞ 	 gðtÞ and ag [ 1. Therefore,

wsðtÞ ¼
�wðtÞ
t1=2

�s=2�
wðtÞt1=2

�s=2

	
� 1

gðtÞ

�s=2�
wðtÞt1=2

�s=2

:

The functions wðtÞ and uðtÞ ¼ t1=2 are concave, so their product is a concave

function. Therefore, Lwu;s=2ðTmÞ is a generalized Lorentz space and, moreover,

s=2[ 1. Now, taking into account that 1
gðtÞ decreasing on (0, 1] and applying the

triangle inequality, we obtain
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Z1

0

1

t

Z t

0

�Xn
j¼1

jujj2
��
ðuÞdu

" #s=2

wsðtÞ dt

t

2
4

3
5

1
s

�C

Z1

0

1

t

Z t

0

�Xn
j¼1

jujj2
��
ðuÞdu

" #s=2

ð 1

gðtÞÞ
s=2ðt1=2wðtÞÞs=2 dt

t

2
4

3
5

1
s

�C

Z1

0

1

t

Z t

0

�Xn
j¼1

jujj2
��
ðuÞ 1

gðuÞ du

" #s=2

ðt1=2wðtÞÞs=2 dt

t

2
4

3
5

1
s

�C
Xn
j¼1

Z1

0

1

t

Z t

0

�
jujj

2
��
ðuÞ 1

gðuÞ du


 �s=2

ðt1=2wðtÞÞs=2 dt

t

2
4

3
5

2
s

8><
>:

9>=
>;

1=2

:

ð2:10Þ

Since, by the assumption of the lemma, bw\21=2, then

limt!0

ð2tÞ1=2wð2tÞ
t1=2wðtÞ ¼ 21=2bw\2:

Therefore, according to Hardy’s inequality in the generalized Lorentz space , we

have

Xn
j¼1

Z1

0

1

t

Z t

0

�
jujj2

��
ðuÞ 1

gðuÞ du


 �s=2

ðt1=2wðtÞÞs=2 dt

t

2
4

3
5

2
s

8><
>:

9>=
>;

1=2

�
Xn
j¼1

Z1

0

�
jujj2

��
ðtÞ 1

gðtÞ


 �s=2

ðt1=2wðtÞÞs=2 dt

t

2
4

3
5

2
s

8><
>:

9>=
>;

1=2

¼
Xn
j¼1

Z1

0

�
u�
j ðtÞ

�2 1

gðtÞ


 �s=2

ðt1=2wðtÞÞs=2 dt

t

2
4

3
5

2
s

8><
>:

9>=
>;

1=2

�C
Xn
j¼1

Z1

0

�
u�
j ðtÞ

�2 wðtÞ
t1=2


 �s=2

ðt1=2wðtÞÞs=2 dt

t

2
4

3
5

2
s

8><
>:

9>=
>;

1=2

�C
Xn
j¼1

Z1

0

�
u�
j ðtÞ

�s
wsðtÞ dt

t

2
4

3
5

2
s

8><
>:

9>=
>;

1=2

¼ C
Xn
j¼1

kujk2
w;s

( )1=2

:

ð2:11Þ

Now, inequalities (2.9)–(2.11) imply the assertion of Lemma 2.2. h
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Remark 2.1 These lemmas in the one-dimensional case in the Lorentz weighted

space were proved by Kokilashvili and Yildirir [20].

Lemma 2.3 Let w a given U be a function. If 1\aw;bw\21=s and 1\s� 2 or

1\aw; bw\21=2 and 2� s\1, then for any function f 2 Lw;sðTmÞ the inequality

hold

kfkw;s\\
�X1

s¼0

krsðf Þks0

w;s

� 1
s0 ;

where s0 ¼ minfs; 2g.

Proof Let f 2 Lw;sðTmÞ. Then by Theorem 2.2 we have

���Xn
s¼0

rsðf Þ
���
w;s

\\
����Xn

s¼0

jrsðf Þj2
�1

2
���
w;s

:

From this inequality, according to the Lemma 2.1 and the Lemma 2.2, we obtain

���Xn
s¼0

rsðf Þ
���
w;s

\\
�X1

s¼0

krsðf Þks0

w;s

� 1
s0 ; 8n 2 N: ð2:12Þ

It is known that the Fourier series of the function f 2 Lw;sðTmÞ converges to it in the

norm of the space Lw;sðTmÞ. Therefore, in inequality (2.12), passing to the limit for

n ! 1, we obtain the assertion of Lemma. h

Lemma 2.4 Let U - the function w satisfy the condition 1\aw; bw\21=2 and

2� s\1. Then for an arbitrary system of functions fujgnj¼1 � Lw;sðTmÞ the

inequality hold

�Xn
j¼1

kujksw;s
�1

s
\\

����Xn
j¼1

jujj2
�1

2
���
w;s

:

Proof It is known that ðf �Þh ¼ ðjf jhÞ� for the number h[ 0. Therefore,

����Xn
j¼1

jujj2
�1

2
���
w;s

¼
Z1

0

��Xn
j¼1

jujj2
���s

2ðtÞwsðtÞ dt

t

2
4

3
5

1
s

: ð2:13Þ

We consider the function uðtÞ ¼ t1=2, t 2 ½0; 1�. This function is increasing, con-

tinuous, concave, and au ¼ bu ¼ 21=2.

By the assumption of Lemma 2.4, bw\21=2 i.e. au ¼ 21=2 [ bw. Therefore, by

[22, Lemma 4] there exists a U–function g(t) equivalent to the function u=w and

ag [ 1 (also see the proof of Lemma 2.2). Then wðtÞ ¼ wðtÞ
t1=2 t

1=2 	 1
gðtÞ t

1=2.

Therefore,

Estimates of the best approximations of the functions... Page 11 of 36 15



wsðtÞ ¼
�wðtÞ
t1=2

�s=2�
wðtÞt1=2

�s=2

	
� 1

gðtÞ

�s=2�
wðtÞt1=2

�s=2

:

The functions wðtÞ and uðtÞ ¼ t1=2 are concave, so their product is a concave

function. Therefore, Lwu;s=2 is a generalized Lorentz space and, moreover, s=2[ 1.

Take into account these considerations, we have

Z1

0

��Xn
j¼1

jujj
2
���s

2ðtÞwsðtÞ dt

t

2
4

3
5

1
s

¼
Z1

0

��Xn
j¼1

jujj2
���s

2ðtÞ
�wðtÞ
t1=2

�s=2�
wðtÞt1=2

�s=2 dt

t

2
4

3
5

1
s


C

Z1

0

��Xn
j¼1

jujj2
��
ðtÞ

�s
2
� 1

gðtÞ

�s=2�
wðtÞt1=2

�s=2 dt

t

2
4

3
5

1
s

¼ C

Z1

0

� 1

gðtÞ

�Xn
j¼1

jujj2
��
ðtÞ

�s
2
�
wðtÞt1=2

�s=2 dt

t

2
4

3
5

1
s

:

ð2:14Þ

Now in the space Luw;s
2
ðTmÞ applying Hardy’s inequality (see [27]) from (2.14) we

get

Z1

0

��Xn
j¼1

jujj
2
���s

2ðtÞwsðtÞ dt

t

2
4

3
5

1
s


C

Z1

0

1

t

Z t

0

� 1

gðuÞ
�Xn

j¼1

jujj
2
��
ðuÞdu

2
4

3
5

s
2�
wðtÞt1=2

�s=2 dt

t

8<
:

9=
;

1
s

:

ð2:15Þ

Now, taking into account that the function 1
gðuÞ decreasing from the inequalities

(2.13) and (2.15) we get
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����Xn
j¼1

jujj2
�1

2
���
w;s


C

Z1

0

1

t

Z t

0

� 1

gðuÞ

�Xn
j¼1

jujj2
��
ðuÞdu

2
4

3
5

s
2�
wðtÞt1=2

�s=2 dt

t

8<
:

9=
;

1
s


C

Z1

0

1

t

Z t

0

�Xn
j¼1

jujj2
��
ðuÞdu

2
4

3
5

s
2� 1

gðtÞ

�s
2
�
wðtÞt1=2

�s=2 dt

t

8<
:

9=
;

1
s


C

Z1

0

1

t

Z t

0

�Xn
j¼1

jujj2
��
ðuÞdu

2
4

3
5

s
2�wðtÞ

t1=2

�s
2
�
wðtÞt1=2

�s=2 dt

t

8<
:

9=
;

1
s

¼ C

Z1

0

1

t

Z t

0

�Xn
j¼1

jujj2
��
ðuÞdu

2
4

3
5

s
2

wsðtÞ dt

t

8<
:

9=
;

1
s

:

ð2:16Þ

Further, using equality (2.5), Jensen’s inequality (since 2
s � 1) (see [24, Lemma

3.3.3]) from (2.16) we get

����Xn
j¼1

jujj2
�1

2
���
w;s


C

Z1

0

Xn
j¼1

1

t

Z t

0

�
jujj2

��
ðuÞdu

2
4

3
5

s
2

wsðtÞ dt

t

8<
:

9=
;

1
s


C

Z1

0

Xn
j¼1

1

t

Z t

0

�
u2
j ðuÞ

��
du

2
4

3
5

s
2

wsðtÞ dt

t

8<
:

9=
;

1
s


C
Xn
j¼1

Z1

0

�
u�
j ðtÞ

�2s
2

wsðtÞ dt

t

8<
:

9=
;

1
s


C
�Xn

j¼1

kujksw;s
�1

s
:

h

Lemma 2.5 Let U-the function w satisfy the condition 21=2\aw; bw\2 and

1\s� 2. Then for the function f 2 Lw;sðTmÞ the inequality hold

���Xn
s¼0

rsðf Þ
���
w;s

�C
�Xn

j¼1

krsðf Þksw;s
�1

s
; n 2 N:

Proof Let f 2 Lw;sðTmÞ, g 2 L �w;s0 ðTmÞ, 1\s\1, 1
s þ 1

s0
¼ 1. Then, taking into

account the orthogonality of the function rsðf ; �xÞ, we have
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Z
Im

Xn
s¼0

rsðf ; �xÞgð�xÞd�x ¼
Z
Im

Xn
s¼0

rsðf ; �xÞrsðg; �xÞd�x: ð2:17Þ

Here and in the sequel �wðtÞ ¼ t=wðtÞ for t 2 ð0; 1� and �wð0Þ ¼ 0. Further, applying

the Hölder inequalities for the sum and the integral, we obtain

			
Z
Im

Xn
s¼0

rsðf ; �xÞgð�xÞd�x
			� Xn

s¼0

krsðf Þkw;skrsðgÞk �w;s0

�
�Xn

s¼0

krsðgÞksw;s
�1

s
�Xn

s¼0

krsðgÞks
0

�w;s0

� 1

s
0

ð2:18Þ

for any function g 2 L �w;s0 ðTmÞ. Now, taking into account the relation (2.1) from the

inequalities (2.17), (2.18) we have

���Xn
s¼0

rsðf Þ
���
w;s

�
�Xn

s¼0

krsðf Þksw;s
�1

s
�Xn

s¼0

krsðgÞks
0

�w;s0

� 1

s
0
: ð2:19Þ

Since 21=2\aw; bw\2 and 1\s� 2, then b �w\21=2 and 2\s
0
\1. Therefore, by

applying Lemma 2.4, from the inequality (2.19) we obtain the assertion of

Lemma 2.5. h

Lemma 2.6 Let the U - function w satisfy the condition 21=2\aw; bw\2 and

1\s� 2. Then for the function f 2 Lw;sðTmÞ the inequality hold

�Xn
s¼0

krsðf Þk2
w;s

�1
2 �

���Xn
s¼0

rsðf Þ
���
w;s

; n 2 N:

Proof To prove this lemma, we use the method applied by V.N. Temlyakov (see

[34, p.28-29] and [35, p.98]) . From the formulas (2.17), (2.1) we get

���Xn
s¼0

rsðf Þ
���
w;s


C sup
kgk �w;s

0 � 1

Z
Im

Xn
s¼0

rsðf ; �xÞrsðg; �xÞd�x ð2:20Þ

Consider the set

G �w;s0 ðeÞ ¼ g 2 L �w;s0 ðTmÞ : krsðgÞk �w;s0 � es; s 2 N0

n o
;

where 1
s þ 1

s0
¼ 1 and the number sequence fesg satisfies the condition

�X1
s¼0

e2
s

�1
2 � 1:

The set of such sequences fesg is denoted by K2.
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Since 21=2\aw; bw\2 and 1\s� 2, then 1\a �w; b �w\21=2 and 2� s
0
\1.

Therefore, according to Lemma 2.2, we have

kgk �w;s0 �
�Xn

s¼1

krsðgÞk2
�w;s0

�1
2 �C

�X1
s¼0

e2
s

�1
2 �C:

Therefore, from the inequality (2.20) we obtain

���Xn
s¼0

rsðf Þ
���
w;s


C sup
fesg2K2

Xn
s¼0

sup
g2G �w;s

0 ðeÞ

Z
Im

rsðf ; �xÞrsðg; �xÞd�x: ð2:21Þ

As in the article by V.N. Temlyakov (see [34, p.28-29] and [35, p.98]) we can prove

that

sup
g2G �w;s

0 ðeÞ

Z
Im

rsðf ; �xÞrsðg; �xÞd�x ¼ eskrsðf Þkw;s; s 2 N:

Therefore, from the inequality (2.21) and taking into account the properties of the

norm in the space l2, we obtain

���Xn
s¼0

rsðf Þ
���
w;s


C sup
fesg2K2

Xn
s¼0

eskrsðf Þkw;s ¼ C
Xn
s¼0

krsðf Þk2
w;s

( )1
2

:

h

Theorem 2.3 Let U - functions w1;w2 be given such that

sup
0\t� 1

w1ðtÞ
w2ðtÞ

\1;

1\aw1
¼ aw2

� bw1
¼ bw2

\21=s2 and 1\s2 � 2. If s2\s1 and the function f 2
Lw1;s1

ðTmÞ satisfies the condition

X1
s¼0


 Z1

ð2sþ1Þ�m

�w2ðtÞ
w1ðtÞ

� s1s2
s1�s2 dt

t

�s1�s2
s1

krsðf Þks2

w1;s1
\1;

then f 2 Lw2;s2
ðTmÞ and the inequality hold

kfkw2;s2
�C

�X1
s¼0


 Z1

ð2sþ1Þ�m

�w2ðtÞ
w1ðtÞ

� s1s2
s1�s2 dt

t

�s1�s2
s1

krsðf Þks2

w1;s1

�1=s2

:
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Proof Let the function f 2 Lw1;s1
ðTmÞ and the conditions of the theorem be

satisfied. Then using the inequality different for trigonometric polynomials (see [5,

Theorem 1]) we have

X1
s¼0

krsðf Þks2

w2;s2
�

X1
s¼0


 Z1

ð2sþ1Þ�m

�w2ðtÞ
w1ðtÞ

� s1s2
s1�s2 dt

t

�s1�s2
s1

krsðf Þks2

w1;s1
:

Therefore, taking into account that 1\s2 � 2, by Lemma 2.3 we obtain the asser-

tions of the theorem. h

Definition 2.1 (see [29, 33]). We denote by SVL the set of all non-negative

functions on [0, 1] of wðtÞ for which ðlog 2=tÞewðtÞ " þ1 and ðlog 2=tÞ�ewðtÞ # 0

for t # 0.

Here and below, the notation log x means the logarithm with base 2 of the number

x[ 0.

Corollary 2.1 Let U - functions w1;w2 satisfy the conditions of Theorem 2.3 and
w2

w1
2 SVL. If s2\s1 and the function f 2 Lw1;s1

ðTmÞ satisfies the condition

X1
s¼0

�w2ð2�sÞ
w1ð2�sÞ

�s2

ðsþ 1Þs2ð 1
s2
� 1

s1
Þkrsðf Þks2

w1;s1
\1;

then f 2 Lw2;s2
ðTmÞ and the inequality hold

kfkw2;s2
�C

�X1
s¼0

�w2ð2�sÞ
w1ð2�sÞ

�s2

ðsþ 1Þs2ð 1
s2
� 1

s1
Þkrsðf Þks2

w1;s1

�1=s2

:

Proof By condition, the function
w2

w1
2 SVL. Let 0\t1\t2 � 1 i.e. 1=t1 [ 1=t2 [ 0.

Consequently

�
log

2

t1

�e w2ðt1Þ
w1ðt1Þ

[
�

log
2

t2

�e w2ðt2Þ
w1ðt2Þ

for the number e[ 0. Put t1 ¼
Qm
j¼1

ðnj þ 1Þ�1
and t2 ¼ t. Then

15 Page 16 of 36 G. Akishev



Z1

Qm
j¼1

ðnjþ1Þ�1

�w2ðtÞ
w1ðtÞ

� s1s2
s1�s2 dt

t

�
w2ð

Qm
j¼1

ðnj þ 1Þ�1Þ

w1ð
Qm
j¼1

ðnj þ 1Þ�1Þ
ðlog 2

Ym
j¼1

ðnj þ 1ÞÞe

0
BBB@

1
CCCA

s1s2
s1�s2

�
Z1

Qm
j¼1

ðnjþ1Þ�1

�
log

2

t

��e
s1s2
s1�s2 dt

t
:

ð2:22Þ

Put e ¼ 1
2
ð 1
s2
� 1

s1
Þ. Then

Z1

Qm
j¼1

ðnjþ1Þ�1

�
log

2

t

��e
s1s2
s1�s2 dt

t
¼�

Z1

Qm
j¼1

ðnjþ1Þ�1

�
log

2

t

��1=2

dðlog
2

t
Þ

¼ � 2 ðlog 2Þ1=2 � ðlog 2
Ym
j¼1

ðnj þ 1ÞÞ1=2

" #
� 2ðlog 2

Ym
j¼1

ðnj þ 1ÞÞ1=2:

Therefore, for e ¼ 1
2
ð 1
s2
� 1

s1
Þ from inequality (2.22) we obtain

Z1

Qm
j¼1

ðnjþ1Þ�1

�w2ðtÞ
w1ðtÞ

� s1s2
s1�s2 dt

t
� 2

w2ð
Qm
j¼1

ðnj þ 1Þ�1Þ

w1ð
Qm
j¼1

ðnj þ 1Þ�1Þ

0
BBB@

1
CCCA

s1s2
s1�s2

log 2
Ym
j¼1

ðnj þ 1Þ

Now, using this inequality and Theorem 2.3 we obtain the corollary. h

Theorem 2.4 Let U–functions w1;w2 satisfy the conditions 1\aw2
� bw2

\aw1
�

bw1
\2 and 1\s1; s2\1. If function f 2 Lw1;s1

ðTmÞ and

X1
s¼0

�w2ð2�smÞ
w1ð2�smÞ

�s2

krsðf Þks2

w1;s1
\1; ð2:23Þ

then f 2 Lw2;s2
ðTmÞ and the inequality

kfkw2;s2
�C

X1
s¼0

�w2ð2�smÞ
w1ð2�smÞ

�s2

krsðf Þks2

w1;s1

( )1=s2

:
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Proof Using the formula (2.4) and [3, Lemma 5], we can prove that

1

t

Z t

0

f �ðuÞdu�C
Xn
s¼0

1

w1ð2�smÞ krsðf Þkw1;s1
þ
X1
s¼n

krsðf Þkw1;s1

( )
; 2�ðnþ1Þm\t� 2�nm:

Further, using this inequality due to the boundedness of the Hardy operator in the

generalized Lorentz space Lw2;s2
ðTmÞ we can verify that the statement of the the-

orem is true. h

Corollary 2.2 Let the functions w1;w2 satisfies the conditions of the Theorem 2.4. If
function f 2 Lw1;s1

ðTmÞ and
X1
n¼1

1

n

�w2ðn�mÞ
w1ðn�mÞ

�s2

Enðf Þs2

w1;s1
\1; ð2:24Þ

then f 2 Lw2;s2
ðTmÞ.

Proof We consider the Fourier sum

SDM
ðf ; 2pxÞ ¼

X
k2DM

akðf Þe
ihk;2pxi; x 2 Im;

where akðf Þ as usual denote the Fourier coefficients of the function f with respect to

the system feihk;2pxig. Then, by the property of the norm and the best approximation

of the function, the following inequalities hold:

krsðf Þkw1;s1
�kf � SD2s�1

ðfkw1;s1
þ kf � SD2s

ðfkw1;s1

�CE2s�1ðf Þw1;s1
�C

X1
l¼s

krlðf Þkw1;s1
:

ð2:25Þ

Further, from the properties of the functions w1;w2, the best approximation of the

function, and [2, Lemma 2] it follows that

X1
n¼1

1

n

�w2ðn�mÞ
w1ðn�mÞ

�s2

Enðf Þs2

w1;s1
\\

X1
s¼1

�w2ð2�smÞ
w1ð2�smÞ

�s2

E2s�1ðf Þs2

w1;s1

\\
X1
s¼1

�w2ð2�smÞ
w1ð2�smÞ

�s2
�X1

l¼s

krlðf Þkw1;s1

�s2

�C
X1
s¼1

�w2ð2�smÞ
w1ð2�smÞ

�s2

krlðf Þks2

w1;s1
:

ð2:26Þ

Now it follows from inequalities (2.25) and (2.26) that conditions (2.23) and (2.24)

are equivalent. Therefore, the assertion of Corollary 2.2 follows from Theorem 2.4.

h
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Remark 2.2 In case w1ðtÞ ¼ t1=p; w2ðtÞ ¼ t1=q for 1\s1 ¼ p\s2 ¼ q Corollary 2.2

is proved in [12, Theorem 2.3], and for 1\s1 ¼ p\q\1 and 0\s2\1 in [1,

Theorem 1].

3 On orders of approximation of functions of Nikol’skii–Besov
classes

In this section, we prove estimates of the best approximations of a function from the

class Br
w;s;h.

Theorem 3.1 Let U - the function w satisfy the conditions 1\aw � bw\2 and

1� s\1, 0\h\1. Then for the number r[ 0 the relation hold

EnðBr
w;s;hÞw;s 	 n�r; n 2 N:

Proof Let f 2 Br
w;s;h and a positive integer l such that 2l�1 � n\2l. Then by the

property of best approximation and norm we have

Enðf Þw;s �E2l�1ðf Þw;s �kf �
Xl�1

s¼0

rsðf Þkw;s\\
X1
s¼l

krsðf Þkw;s: ð3:1Þ

If 1\h\1, then applying the Hölder‘s inequality (1
h þ 1

h
0 ¼ 1) from (3.1) we obtain

Enðf Þw;s �
�X1

s¼l

2srhkrsðf Þkhw;s
�1

h
�X1

s¼l

2�srh
0� 1

h
0

\\2�lr
�X1

s¼0

2srhkrsðf Þkhw;s
�1

h
:

If 0\h� 1, then applying Jensen’s inequality (see [24, Lemma 3.3.3]) from (3.1)

we obtain

Enðf Þw;s �
�X1

s¼l

krsðf Þkhw;s
�1

h � 2�lr
�X1

s¼l

2srhkrsðf Þkhw;s
�1

h
:

Thus, Enðf Þw;s �Cn�r for any function f 2 Br
w;s;h, 0\h\1. The upper bound is

proved.

Let us prove the lower bound for EnðBr
w;s;hÞw;s. Let a natural number l be such

that 2l�1 � n\2l. We will consider the function

f0ð2p�xÞ ¼ 2�lr 2�lm

wð2�lmÞ
X

�k2D
2lþ1nD2l

eih
�k;2p�xi; �x 2 Im; n 2 N0:

According to the estimate of the norm of the Dirichlet kernel in the generalized

Lorentz space, we have (see [3, p.67])
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��� X
�k2D2snD2s�1

eih
�k;2p�xi

���
w;s

	 2smwð2�smÞ; ð3:2Þ

for 1\s\1; 1\aw � bw\2. Therefore,

�X1
s¼0

2srhkrsðf0Þkhw;s
�1

h ¼2lrkrlðf0Þkw;s

¼2lr2�lr 2�lm

wð2�lmÞ

��� X
�k2D

2lnD2l�1

eih
�k;2p �xi

���
w;s

�C0:

Therefore, the function F0 ¼ C�1
0 f0 2 Br

w;s;h. Now, by the best approximation

property and relation (3.2), we have

EnðF0Þw;s 
E2lðF0Þw;s ¼ C�1
0 krsðf0Þkw;s 
C2�lr 
Cn�r:

Consequently EnðBr
w;s;hÞw;s 
Cn�r; n 2 N: h

Remark 3.1 In the case wðtÞ ¼ t1=p and s ¼ p; 1� h\1 , Theorem 3.1 was

proved in [25, Theorem 1].

Theorem 3.2 Let U - functions w1;w2 satisfy the conditions of Theorem 2.3 and
w2

w1
2 SVL, 0\h�1. If 1\s2\s1\1, r[ 0, then the relation hold

EnðBr
w1;s1;hÞw2;s2

	 n�r w2ð1=nÞ
w1ð1=nÞ

ðlogðnþ 1ÞÞ
1
s2
� 1

s1 ; n 2 N: ð3:3Þ

Proof Let f 2 Br
w1;s1;h. If s2\h, then put q ¼ h

s2
[ 1; 1

q þ 1
q
0 ¼ 1. Applying the

Hölder’s inequality, we obtain

�X1
s¼0

�w2ð2�sÞ
w1ð2�sÞ

�s2

ðsþ 1Þs2ð 1
s2
� 1

s1
Þkrsðf Þks2

w1;s1

� 1
s2

�
�X1

s¼0

2srhkrsðf Þkhw1;s1

�1
h
�X1

s¼0

2�srs2q
0�w2ð2�sÞ
w1ð2�sÞ

�s2q
0

ðsþ 1Þs2ð 1
s2
� 1

s1
Þq0
� 1

s2q
0
:

ð3:4Þ

Since the function
w2

w1
2 SVL, then

w2ð2�sÞ
w1ð2�sÞ �

w2ð1Þ
w1ð1Þ

ðlog 2Þ�eðlog 2sþ1Þe ð3:5Þ

for e[ 0, s ¼ 0; 1; 2; :::. Therefore,
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X1
s¼0

2�srs2q
0�w2ð2�sÞ
w1ð2�sÞ

�s2q
0

ðsþ 1Þs2ð 1
s2
� 1

s1
Þq0

�
�w2ð1Þ
w1ð1Þ

�s2q
0 X1
s¼0

2�srs2q
0
ðsþ 1Þðeþ

1
s2
� 1

s1
Þs2q

0

\1:

ð3:6Þ

Therefore, it follows from (3.4) that the series

X1
s¼0

�w2ð2�sÞ
w1ð2�sÞ

�s2

ðsþ 1Þs2ð 1
s2
� 1

s1
Þkrsðf Þks2

w1;s1

converges for any function f 2 Br
w1;s1;h for s2\h. Therefore, according to Corol-

lary 2.1, the inclusion Br
w1;s1;h

� Lw2;s2
ðTmÞ for s2\h. If h� s2, then applying

Jensen’s inequality (see [24, Lemma 3.3.3]) and taking into account (3.5) we obtain

�X1
s¼0

�w2ð2�sÞ
w1ð2�sÞ

�s2

ðsþ 1Þs2ð 1
s2
� 1

s1
Þkrsðf Þks2

w1;s1

� 1
s2

�
�X1

s¼0

�w2ð2�sÞ
w1ð2�sÞ

�h
ðsþ 1Þhð

1
s2
� 1

s1
Þkrsðf Þkhw1;s1

�1
h

� w2ð1Þ
w1ð1Þ

ðlog 2Þ�e
�X1

s¼0

2srhkrsðf Þkhw1;s1
2�srhðsþ 1Þðeþ

1
s2
� 1

s1
Þh
�1

h

� w2ð1Þ
w1ð1Þ

�X1
s¼0

2srhkrsðf Þkhw1;s1

�1
h
:

Therefore, it follows from 3.4 that

X1
s¼0

�w2ð2�sÞ
w1ð2�sÞ

�s2

ðsþ 1Þs2ð 1
s2
� 1

s1
Þkrsðf Þks2

w1;s1
\1:

Therefore, again according to Corollary 2.1, we can state that

Br
w1;s1;h � Lw2;s2

ðTmÞ

for h� s2.

Now we prove relation (3.3). Let us prove an upper bound for the quantity

EnðBr
w1;s1;h

Þw2;s2
. Let a natural number l be such that 2l�1 � n\2l. For the function

f 2 Br
w1;s1;h

by Corollary 2.1 we have

Enðf Þw2;s2
�E2l�1ðf Þw2;s2

�kf �
Xl�1

s¼0

rsðf Þkw2;s2

\\
�X1

s¼l

�w2ð2�sÞ
w1ð2�sÞ

�s2

ðsþ 1Þs2ð 1
s2
� 1

s1
Þkrsðf Þks2

w1;s1

� 1
s2 :

ð3:7Þ

If s2\h\1, then put q ¼ h
s2
[ 1; 1

q þ 1
q
0 ¼ 1. Applying the Hölder’s inequality and
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taking into account the condition
w2

w1
2 SVL (see the proof of (3.6) from (3.7) we

obtain

Enðf Þw2;s2
�
�X1

s¼l

2�srs2q
0�w2ð2�sÞ
w1ð2�sÞ

�s2q
0

ðsþ 1Þs2ð 1
s2
� 1

s1
Þq0
� 1

s2q
0

�
�X1

s¼l

2srhkrsðf Þkhw1;s1

�1
h
\\

w2ð2�lÞ
w1ð2�lÞ ðlog 2lþ1Þ�e

�
�X1

s¼l

2�srs2q
0
ðsþ 1Þðeþ

1
s2
� 1

s1
Þs2q

0� 1

s2q
0
�X1

s¼0

2srhkrsðf Þkhw1;s1

�1
h

\\
w2ð2�lÞ
w1ð2�lÞ ðlog 2lþ1Þ�e

2�lrðlþ 1Þðeþ
1
s2
� 1

s1
Þ
�X1

s¼0

2srhkrsðf Þkhw1;s1

�1
h

¼C
w2ð2�lÞ
w1ð2�lÞ 2�lrðlþ 1Þ

1
s2
� 1

s1

�X1
s¼0

2srhkrsðf Þkhw1;s1

�1
h

ð3:8Þ

for any function f 2 Br
w1;s1;h in the case of s2\h\1.

If h ¼ 1, then from inequalities (3.5) and (3.7) we obtain

Enðf Þw2;s2
\\ sup

s2N0

2srkrsðf Þkw1;s1

�X1
s¼l

�w2ð2�sÞ
w1ð2�sÞ

�s2

ðsþ 1Þs2ð 1
s2
� 1

s1
Þ
� 1

s2

\\
w2ð2�lÞ
w1ð2�lÞ 2�lrðlþ 1Þ

1
s2
� 1

s1

for any function f 2 Br
w1;s1;1.

If h� s2, then applying Jensen’s inequality (see [24, Lemma 3.3.3]) and taking

into account the condition
w2

w1
2 SVL from (3.7) we get

Enðf Þw2;s2
�
�X1

s¼l

�w2ð2�sÞ
w1ð2�sÞ

�h
ðsþ 1Þhð

1
s2
� 1

s1
Þkrsðf Þkhw1;s1

�1
h

� w2ð2�lÞ
w1ð2�lÞ ðlog 2lþ1Þ�e

�X1
s¼l

2srhkrsðf Þkhw1;s1
2�srhðsþ 1Þðeþ

1
s2
� 1

s1
Þh
�1

h

� w2ð2�lÞ
w1ð2�lÞ ðlog 2lþ1Þ�e

2�lrðlþ 1Þðeþ
1
s2
� 1

s1
Þ
�X1

s¼0

2srhkrsðf Þkhw1;s1

�1
h

¼w2ð2�lÞ
w1ð2�lÞ 2�lrðlþ 1Þð

1
s2
� 1

s1
Þ
�X1

s¼0

2srhkrsðf Þkhw1;s1

�1
h

ð3:9Þ

for any function f 2 Br
w1;s1;h

in the case of h� s2. Now it follows from inequalities

(3.8) and (3.9) that
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EnðBr
w1;s1;h

Þw2;s2
� w2ðn�1Þ

w1ðn�1Þ n
�rðlogðnþ 1ÞÞ

1
s2
� 1

s1 :

The upper bound is proved.

Let us prove the lower bound for the quantity EnðBr
w1;s1;hÞw2;s2

. Let a natural

number l be such that 2l�1 � n\2l. We will consider the function

f1ð2p�xÞ ¼ 2�lrðlþ 1Þ�
1
s1

Ym
j¼2

ei2
l2pxj

X2lþ1�1

k1¼2l

cos ð2pk1x1Þ
ðk1 � 2l þ 1Þw1ð1=ðk1 � 2l þ 1ÞÞ ;

for �x 2 Im; l 2 N0.

Since j
Qm

j¼2 e
i2l2pxj j ¼ 1, xj 2 ½0; 1�; j ¼ 2; :::;m, then

jf1ð2p�xÞj ¼ 2�lrðlþ 1Þ�
1
s1

			 X2
lþ1�1

k1¼2l

cos ð2pk1x1Þ
ðk1 � 2l þ 1Þw1ð1=ðk1 � 2l þ 1ÞÞ

			:

Therefore, non-increasing rearrangement of these functions are equal. Hence,

���f1
���
w1;s1

¼ ðlþ 1Þ�
1
s1

2lr

��� X2lþ1�1

k1¼2l

cos ð2pk1x1Þ
ðk1 � 2l þ 1Þw1ð1=ðk1 � 2l þ 1ÞÞ

���
w1;s1

: ð3:10Þ

By the norm property and taking into account the boundedness of the conjugate

function operator in the space Lw1;s1
ðTmÞ we have

��� X2lþ1�1

k1¼2l

cos ð2pk1x1Þ
ðk1 � 2l þ 1Þw1ð1=ðk1 � 2l þ 1ÞÞ

���
w1;s1

¼
���X2l

m¼1

cos ððmþ 2l � 1Þ2px1Þ
mw1ð1=mÞ

���
w1;s1

¼
���X2l

m¼1

cos ðm2px1Þ
mw1ð1=mÞ

cos ðð2l � 1Þ2px1Þ �
X2l

m¼1

sin ðm2px1Þ
mw1ð1=mÞ

sin ðð2l � 1Þ2px1Þ
���
w1;s1

�
���X2l

m¼1

sin ðm2px1Þ
mw1ð1=mÞ

sin ðð2l � 1Þ2px1Þ
���
w1;s1

þ
���X2l

m¼1

cos ðm2px1Þ
mw1ð1=mÞ

���
w1;s1

�C
���X2l

m¼1

cos ðm2px1Þ
mw1ð1=mÞ

���
w1;s1

:

ð3:11Þ

In the article [6] it was proved that

���X2l

m¼1

cos ðm2px1Þ
mw1ð1=mÞ

���
w1;s1

�Cðlogð2l þ 1ÞÞ1=s1 :

Therefore, from the estimate (3.11) it follows that
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��� X2lþ1�1

k1¼2l

cos ð2pk1x1Þ
ðk1 � 2l þ 1Þw1ð1=ðk1 � 2l þ 1ÞÞ

���
w1;s1

�Cl1=s1 : ð3:12Þ

Therefore, from equality (3.10) we obtain
���f1

���
w1;s1

�C2�lr; l ¼ 1; 2; ::: Then

�X1
s¼0

2srhkrsðf1Þkhw1;s1

�1
h ¼ 2ðlþ1Þrkrlþ1ðf1Þkw1;s1

¼ 2ðlþ1Þrkf1kw1;s1
�C1:

Therefore, the function F1 ¼ C�1
1 f1 2 Br

w1;s1;h. In the article [6] it was proved that

���X2l

m¼1

cos ðm2px1Þ
mw1ð1=mÞ

���
w2;s2


C
w2ð2�lÞ
w1ð2�lÞ ðlog 2lÞ1=s2 :

on condition
w2

w1
2 SVL. Using this inequality, we can verify that

��� X2lþ1�1

k1¼2l

cos ð2pk1x1Þ
ðk1 � 2l þ 1Þw1ð1=ðk1 � 2l þ 1ÞÞ

���
w1;s1


C
w2ð2�lÞ
w1ð2�lÞ l

1=s2 : ð3:13Þ

Now, by the property of the best approximation of the function and inequality

(3.13), we obtain

EnðF1Þw2;s2

E2lðF1Þw2;s2

¼ kF1kw2;s2
¼ C�1

1 kf1kw2;s2

¼2�lrðlþ 1Þ�
1
s1

��� X2lþ1�1

k1¼2l

cos ð2pk1x1Þ
ðk1 � 2l þ 1Þw1ð1=ðk1 � 2l þ 1ÞÞ

���
w2;s2


C2�lr w2ð2�lÞ
w1ð2�lÞ l

1=s2�1=s1 
Cn�r w2ðn�1Þ
w1ðn�1Þ ðlogðnþ 1ÞÞ1=s2�1=s1 :

Hence,

EnðBr
w1;s1;hÞw2;s2


C
w2ðn�1Þ
w1ðn�1Þ n

�rðlogðnþ 1ÞÞð
1
s2
� 1

s1
Þ
:

h

4 Estimates of the best approximations of logarithmic smoothness
functions in a generalized Lorentz space

In this section, we prove estimates of the best approximations of functions from the

class B0;a
w1;s1;h

.

Theorem 4.1 Let U - functions w1;w2 satisfy the conditions of Theorem 2.3 and
w2

w1
2 SVL, 0\h�1. If 1\s2 � 2; s2\s1\1 and a[ ð 1

s2
� 1

s1
Þ þ ð 1

s2
� 1

hÞþ, then
the relation hold
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EnðB0;a
w1;s1;h

Þw2;s2
\\

w2ð1=nÞ
w1ð1=nÞ

ðlogðnþ 1ÞÞ�ðaþ 1
s1
� 1

s2
Þþð 1

s2
�1

hÞþ ; n 2 N;

where aþ ¼ minf0; ag. In the case of h� s2, this estimate is sharp in order.

In case 1\s2\h�1, if 21=2\aw2
; bw2

\2 and 1\s2 � 2 or 1\aw2
; bw2

\
21=2 and 2\s2\1, then

EnðB0;a
w1;s1;h

Þw2;s2
[ [

w2ð1=nÞ
w1ð1=nÞ

ðlogðnþ 1ÞÞ�ðaþ 1
s1
� 1

s2
Þþ1

c�1
h; n 2 N;

where c ¼ maxf2; s2g.

Proof Let f 2 B0;a
w1;s1;h

. If s2\h, then for q ¼ h
s2
; 1
q þ 1

q
0 ¼ 1Þ applying the Hölder’s

inequality we get

�X1
s¼l

s
ð 1
s2
� 1

s1
Þs2

�w2ð2�sÞ
w1ð2�sÞ

�s2
���rsðf Þ

���s2

w1;s1

� 1
s2

�
�X1

s¼l

ðsþ 1Þah
���rsðf Þ

���h
w1;s1

�1
h

�
�X1

s¼l

�w2ð2�sÞ
w1ð2�sÞ

�s2q
0

ðsþ 1Þ�ða�ð 1
s2
� 1

s1
ÞÞs2q

0� 1

s2q
0
:

ð4:1Þ

Since the function
w2

w1
2 SVL, then

w2ð2�sÞ
w1ð2�sÞ �

w2ð2�lÞ
w1ð2�lÞ ðlog 2lþ1Þ�eðlog 2sþ1Þe ð4:2Þ

for e[ 0, s ¼ l; lþ 1; lþ 2; :::. Therefore,

X1
s¼l

�w2ð2�sÞ
w1ð2�sÞ

�s2q
0

ðsþ 1Þ�ða�ð 1
s2
� 1

s1
ÞÞs2q

0

�
�w2ð2�lÞ
w1ð2�lÞ

�s2q
0

ðlþ 1Þ�es2q
0 X1
s¼l

ðsþ 1Þ�ða�ð 1
s2
� 1

s1
ÞÞs2q

0

ðsþ 1Þes2q
0

ð4:3Þ

for l ¼ 0; 1; 2; :::.

Since s2\h , then a[ ð 1
s2
� 1

s1
Þ þ ð 1

s2
� 1

hÞ. Therefore, you can choose a number e

such that 0\e\aþ ð 1
s1
� 1

s2
Þ � ð 1

s2
� 1

hÞ. Then the series

X1
s¼1

ðsþ 1Þ�ða�ð 1
s2
� 1

s1
ÞÞs2q

0

ðsþ 1Þes2q
0

converges and
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�X1
s¼l

ðsþ 1Þ�ða�ð 1
s2
� 1

s1
ÞÞs2q

0

ðsþ 1Þes2q
0� 1

s2q
0

\\ðlþ 1Þ�ðaþ 1
s1
� 1

s2
�eÞþ 1

s2
�1

h:

ð4:4Þ

Now it follows from inequalities (4.3) and (4.4) that

�X1
s¼l

�w2ð2�sÞ
w1ð2�sÞ

�s2q
0

ðsþ 1Þ�ða�ð 1
s2
� 1

s1
ÞÞs2q

0� 1

s2q
0

\\
w2ð2�lÞ
w1ð2�lÞ ðlþ 1Þ�eðlþ 1Þ�ðaþ 1

s1
� 1

s2
�eÞþ 1

s2
�1

h

¼ C
w2ð2�lÞ
w1ð2�lÞ ðlþ 1Þ�ðaþ 1

s1
� 1

s2
Þþ 1

s2
�1

h:

ð4:5Þ

for l ¼ 0; 1; 2; :::. From inequalities (4.1) and (4.5) we obtain

�X1
s¼l

ðsþ 1Þð
1
s2
� 1

s1
Þs2

�w2ð2�sÞ
w1ð2�sÞ

�s2
���rsðf Þ

���s2

w1;s1

� 1
s2

\\
�X1

s¼0

ðsþ 1Þah
���rsðf Þ

���h
w1;s1

�1
h w2ð2�lÞ
w1ð2�lÞ ðlþ 1Þ�ðaþ 1

s1
� 1

s2
Þþ 1

s2
�1

h

ð4:6Þ

in the case of s2\h\1, for l ¼ 0; 1; 2; :::.
If h ¼ 1, then

�X1
s¼l

s
ð 1
s2
� 1

s1
Þs2

�w2ð2�sÞ
w1ð2�sÞ

�s2
���rsðf Þ

���s2

w1;s1

� 1
s2

�X1
s¼l

s
ð 1
s2
� 1

s1
�aÞs2

�w2ð2�sÞ
w1ð2�sÞ

�s2
� 1

s2
sup
s2N0

ðsþ 1Þa
���rsðf Þ

���
w1;s1

\\
w2ð2�lÞ
w1ð2�lÞ ðlþ 1Þ�ðaþ 1

s1
� 1

s2
Þþ 1

s2 sup
s2N0

ðsþ 1Þa
���rsðf Þ

���
w1;s1

for any function f 2 B0;a
w;s1;1.

If h� s2, then applying Jensen’s inequality (see [24, Lemma 3.3.3]) we have

�X1
s¼l

�w2ð2�sÞ
w1ð2�sÞ

�s2

ðsþ 1Þð
1
s2
� 1

s1
Þs2

���rsðf Þ
���s2

w1;s1

� 1
s2

�
�X1

s¼l

�w2ð2�sÞ
w1ð2�sÞ

�h
ðsþ 1Þð

1
s2
� 1

s1
Þh
���rsðf Þ

���h
w1;s1

�1
h

¼
�X1

s¼l

ðsþ 1Þah
���rsðf Þ

���h
w1;s1

�w2ð2�sÞ
w1ð2�sÞ

�h
ðsþ 1Þ�ðaþ 1

s1
� 1

s2
Þh
�1

h
:

ð4:7Þ

Since aþ 1
s1
� 1

s2
[ 0 and

w2

w1
2 SVL, then using inequality (4.2) for e ¼ aþ 1

s1
� 1

s2

from the formula (4.7) we get
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�X1
s¼l

�w2ð2�sÞ
w1ð2�sÞ

�s2

ðsþ 1Þð
1
s2
� 1

s1
Þs2

���rsðf Þ
���s2

w1;s1

� 1
s2

�
�X1

s¼0

ðsþ 1Þah
���rsðf Þ

���h
w1;s1

�1
h w2ð2�lÞ
w1ð2�lÞ ðlþ 1Þ�ðaþ 1

s1
� 1

s2
Þ

ð4:8Þ

in the case h� s2 for l ¼ 0; 1; 2; :::.
In particular, for l ¼ 0 it follows from estimates (4.6), (4.8) that

X1
s¼0

�w2ð2�sÞ
w1ð2�sÞ

�s2

ðsþ 1Þð
1
s2
� 1

s1
Þs2

���rsðf Þ
���s2

w1;s1

\1

for any function f 2 B0;a
w1;s1;h

. Therefore, according to Corollary 2.1, the inclusion

B0;a
w1;s1;h

� Lw2;s2
ðTmÞ is true.

Now we estimate the value EnðB0;a
w1;s1;h

Þw2;s2
. Let a natural number l be such that

2l�1 � n\2l. Using the properties of the best approximation function and Corol-

lary 2.1, we have

Enðf Þw2;s2
�E2l�1ðf Þw2;s2

�
���f �Xl�1

s¼0

rsðf Þ
���
w1;s1

�
�X1

s¼l

�w2ð2�sÞ
w1ð2�sÞ

�s2

ðsþ 1Þð
1
s2
� 1

s1
Þs2

���rsðf Þ
���s2

w1;s1

� 1
s2 :

Further, using inequalities (4.6), (4.8) and the properties of the functions w1;w2, we

obtain

Enðf Þw2;s2
�C

w2ð2�lÞ
w1ð2�lÞ ðlþ 1Þ�ðaþ 1

s1
� 1

s2
Þþð 1

s2
�1

hÞþ

�
�X1

s¼0

ðsþ 1Þah
���rsðf Þ

���h
w1;s1

�1
h �C

w2ðn�1Þ
w1ðn�1Þ ðlogðnþ 1ÞÞ�ðaþ 1

s1
� 1

s2
Þþð 1

s2
�1

hÞþ

for any function f 2 B0;a
w1;s1;h

. Thus,

EnðB0;a
w1;s1;h

Þw2;s2
\\

w2ð1=nÞ
w1ð1=nÞ

ðlogðnþ 1ÞÞ�ðaþ 1
s2
� 1

s1
Þþð 1

s2
�1

hÞþ :

This proves the upper bound.

Now we prove the lower bounds. We will consider the function

f2ð2p�xÞ ¼ ðlþ 1Þ�ðaþ 1
s1
Þ Ym
j¼2

ei2
l2pxj

X2lþ1�1

k1¼2l

cos ð2pk1x1Þ
ðk1 � 2l þ 1Þw1ð1=ðk1 � 2l þ 1ÞÞ ;

for �x 2 Im; l 2 N0. By continuity, the function f2 2 Lw1;s1
ðTmÞ. Using estimate

(3.12) we have
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���rlþ1ðf2Þ
���
w1;s1

¼
���f2

���
w1;s1

\\ðlþ 1Þ�a:

If s 6¼ lþ 1, then
���rsðf2Þ

���
w1;s1

¼ 0. Therefore,

�X1
s¼0

ðsþ 1Þah
���rsðf2Þ

���h
w;s1

�1
h ¼ ðlþ 2Þa

���rlþ1ðf2Þ
���
w1;s1

�C2:

Therefore, the function F2 ¼ C�1
2 f2 2 B0;a

w1;s1;h
.

Further, taking into account the definition of the best approximation and using

inequality (3.12), we have

EnðF2Þw2;s2

E2lðF2Þw2;s2

¼
���C�1

2 f2

���
w2;s2

[ [
w2ð2�lÞ
w1ð2�lÞ ðlþ 1Þ�ðaþ 1

s1
� 1

s2
Þ

[ [
w2ðn�1Þ
w1ðn�1Þ ðlogðnþ 1ÞÞ�ðaþ 1

s1
� 1

s2
Þ

in the case h� s2. Hence,

EnðB0;a
w2;s2;h

Þw1;s1

C

w2ðn�1Þ
w1ðn�1Þ ðlogðnþ 1ÞÞ�ðaþ 1

s1
� 1

s2
Þ

in the case h� s2.

Let s2\h\1. We will consider the function

f3ð2p�xÞ ¼ðnþ 1Þ�
1
h

X2n

s¼nþ1

ðsþ 1Þ�ðaþ 1
s1
Þ Ym
j¼2

ei2pxj2
s�1

�
X2s�1

k1¼2s�1

cos k12px1

ðk1 � 2s�1 þ 1Þw1ð 1
k1�2s�1þ1

Þ

where �x 2 Im; n 2 N0. Then���rsðf3Þ
���
w1;s1

¼ðnþ 1Þ�
1
hðsþ 1Þ�ðaþ 1

s1
Þ

�
���Ym
j¼2

ei2pxj2
s�1

X2s�1

k1¼2s�1

cos k12px1

ðk1 � 2s�1 þ 1Þw1ð 1
k1�2s�1þ1

Þ

���
w1;s1

¼ðnþ 1Þ�
1
hðsþ 1Þ�ðaþ 1

s1
Þ
��� X2s�1

k1¼2s�1

cos k12px1

ðk1 � 2s�1 þ 1Þw1ð 1
k1�2s�1þ1

Þ

���
w1;s1

	ðnþ 1Þ�
1
hðsþ 1Þ�a

ð4:9Þ

for 1\p; s1\1, s 2 N0. By continuity, the function f3 2 Lw1;s1
ðTmÞ and using

relations (3.12) and (4.9) we obtain
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�X1
s¼0

sah
���rsðf3Þ

���h
w1;s1

�1
h ¼

� X2n

s¼nþ1

sah
���rsðf3Þ

���h
w1;s1

�1
h �C3:

Hence, the function F3 ¼ C�1
3 f3 2 B0;a

w1;s1;h
. Further, by definition of the best

approximation of the function, we have

E2nðF3Þw2;s2
¼C�1

3 kf3kw2;s2
¼ ðnþ 1Þ�

1
h

�
��� X2n

s¼nþ1

ðsþ 1Þ�ðaþ 1
s1
Þ X2s�1

k1¼2s�1

cos k12px1

ðk1 � 2s�1 þ 1Þw1ð 1
k1�2s�1þ1

Þ

���
w2;s2

:

ð4:10Þ

If 21=2\aw; bw\2 and 1\s2 � 2, then using Lemma 2.6 we get

kf3kw2;s2

C

� X2n

s¼nþ1

krsðf3Þk2
w2;s2

�1
2 ¼ Cðnþ 1Þ�

1
h

�
� X2n

s¼nþ1

ðsþ 1Þ�ðaþ 1
s1
Þ2
��� X2s�1

k1¼2s�1

cos k12px1

ðk1 � 2s�1 þ 1Þw1ð 1
k1�2s�1þ1

Þ

���2

w2;s2

�1
2


Cðnþ 1Þ�
1
h

X2n

s¼nþ1

ðsþ 1Þ�ðaþ 1
s1
Þ2
�w2ð1=2sÞ
w1ð1=2sÞ ðlog 2sÞ1=s2

�2

" #1
2

:

Further, taking into account that
w2

w1
2 SVL we get

kf3kw2;s2

C

w2ð1=2nÞ
w1ð1=2nÞ ðnþ 1Þ�ðaþ 1

s1
� 1

s2
Þþ1

2
�1

h: ð4:11Þ

Now, from equality (4.10) and inequality (4.11) it follows that

E2nðF3Þw2;s2

C

w2ð1=2nÞ
w1ð1=2nÞ ðnþ 1Þ�ðaþ 1

s1
� 1

s2
Þþ1

2
�1

h:

in the case 21=2\aw2
; bw2

\2 and 1\s2 � 2.

If 1\aw2
; bw2

\21=2 and 2� s2\1, then using Lemma 2.4 and after similar

reasoning we get

E2nðF3Þw2;s2

C

w2ð1=2nÞ
w1ð1=2nÞ ðnþ 1Þ�ðaþ 1

s1
� 1

s2
Þþ 1

s2
�1

h:

Hence,

ElðB0;a
w1;s1;h

Þw2;s2

C

w2ð1=lÞ
w1ð1=lÞ

ðlogðlþ 1ÞÞ�ðaþ 1
s1
� 1

s2
Þþ1

2
�1

h:

in the case 21=2\aw2
; bw2

\2 and 1\s2 � 2 and
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ElðB0;a
w1;s1;h

Þw2;s2

C

w2ð1=lÞ
w1ð1=lÞ

ðlogðlþ 1ÞÞ�ðaþ 1
s1
� 1

s2
Þþ 1

s2
�1

h

in the case 1\aw2
; bw2

\21=2 and 2\s2\1, h\1.

If h ¼ 1, then we will consider the function

f4ð2p�xÞ

¼
X1
s¼1

ðsþ 1Þ�ðaþ 1
s1
Þ Ym
j¼2

ei2pxj2
s�1

X2s�1

k1¼2s�1

cos k12px1

ðk1 � 2s�1 þ 1Þw1ð 1
k1�2s�1þ1

Þ ;

where �x 2 Im. Then taking into account (3.12) we get

sup
s2N0

ðsþ 1Þakrsðf4Þkw1;s1
�C4:

Hence, the function F4 ¼ C�1
4 f4 2 B0;a

w1;s1;1.

If 1\aw2
; bw2

\21=2 and 2� s2\1, then using Lemma 2.4 and in the case

21=2\aw; bw\2 and 1\s2 � 2, using Lemma 2.6 we get

E2nðF4Þw2;s2
[ [

� X2n

s¼nþ1

krsðf4Þkcw2;s2

�1
c
[ [

w2ð1=2nÞ
w1ð1=2nÞ ðnþ 1Þ�ðaþ 1

s1
� 1

s2
Þþ1

c;

where c ¼ maxfs2; 2g. Hence,

ElðB0;a
w1;s1;h

Þw2;s2
[ [

w2ð1=lÞ
w1ð1=lÞ

ðlogðlþ 1ÞÞ�ðaþ 1
s1
� 1

s2
Þþ1

c

in the case h ¼ 1. h

Theorem 4.2 Let 1\aw � bw\2 and 1\s� 2 or 1\aw � bw\21=2, 2� s\1,

1� h�1, s0 ¼ minfs; 2g. If a[ ð 1
s0
� 1

hÞþ, then

EMðB0;a
w;s;hÞw;s 	 ðlogðM þ 1ÞÞ�aþð 1

s0
�1

hÞþ ;

where aþ ¼ maxfa; 0g.

Proof Let f 2 B0;a
w;s;h and a positive integer n such that 2n�1 �M\2n. It follows

from Lemma 2.1 and Lemma 2.4 that

kfkw;s �C
�X1

s¼0

krsðf Þks0

w;s

�1=s0

: ð4:12Þ

Now applying this inequality to the function f �
Pn
s¼0

rsðf Þ 2 Lw;sðTmÞ we will have
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EMðf Þw;s �E2nðf Þw;s �kf �
Xn
s¼0

rsðf Þkw;s �C
�X1

s¼n

krsðf Þks0

w;s

� 1
s0 : ð4:13Þ

If h� s0, then applying Jensen’s inequality (see [24, Lemma 3.3.3]) from (4.13) we

obtain

EMðf Þw;s\\
�X1

s¼n

krsðf Þkhw;s
�1

h
\\ðnþ 1Þ�a 	 ðlogðM þ 1ÞÞ�a

for any function f 2 B0;a
w;s;h in the case h� s0. Hence,

EMðB0;a
w;s;hÞw;s\\ðlogðM þ 1ÞÞ�a;

in the case h� s0.

Let s0\h. Then applying the Hölder’s inequality ðb ¼ h
s0
[ 1; 1

b þ 1

b
0 ¼ 1Þ and

taking into account the inequality a[ 1
s0
� 1

h from (4.13) we have

EMðf Þw;s\\
�X1

s¼n

ðsþ 1Þahkrsðf Þkhw;s
�1

h
�X1

s¼n

ðsþ 1Þ�as0b
0� 1

s0b
0

\\ðnþ 1Þ�aþ 1
s0
�1

h 	 ðlogðM þ 1ÞÞ�aþ 1
s0
�1

h:

Therefore,

EMðB0;a
w;s;hÞw;s\\ðlogðM þ 1ÞÞ�aþ 1

s0
�1

h;

in the case s0\h.

If h ¼ 1, then taking into account the inequality a[ 1
s0

from (4.13) we have

EMðf Þw;s\\
�X1

s¼n

ðsþ 1Þ�as0

� 1
s0

sup
s2N0

ðsþ 1Þakrsðf Þkw;s

\\ðnþ 1Þ�aþ 1
s0 sup

s2N0

ðsþ 1Þakrsðf Þkw;s\\ðlogðM þ 1ÞÞ�aþ 1
s0 :

This proves the upper bound.

Let us prove the lower bounds. Let s0\h. We will consider the function

f5ð2p�xÞ ¼ ðnþ 1Þ�
1
h

X2n

s¼nþ1

ðsþ 1Þ�a 2�sm

wð2�smÞ
X

�k2D2snD2s�1

eih
�k;2p�xi;

for �x 2 Im, n 2 N0.

By the estimate of the norm of the Dirichlet kernel in the generalized Lorentz

space (3.2), we have
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X1
s¼0

ðsþ 1Þahjjrsðf5Þjjhw;s

( )1
h

¼
X2n

s¼nþ1

ðsþ 1Þahjjrsðf5Þjjhw;s

( )1
h

\\ðnþ 1Þ�
1
h

X2n

s¼nþ1

1

( )1
h

�C5:

Thus, the function F5 ¼ C�1
5 f5 2 B0;a

p;s;h for 1\p; s\1, 1� h\1.

Let 1\aw � bw\2, 1\s� 2, i.e. s0 ¼ s. We select the number q[ ðlog2 awÞ
�1

i.e. 21=q\aw. Then, using Theorem 2.3 and the method of proving Lemma 2.6, we

can prove that

X1
s¼0

ð2sm
q wð2�nmÞÞskrsðf Þksq

( )1
s

�Ckfkw;s; ð4:14Þ

for f 2 Lw;sðTmÞ; 1\s\1.

Now we apply this inequality to the function F5 ¼ C�1
5 f5 2 B0;a

w;s;h. Then, given

the estimate of the norm of the Dirichlet kernel (see relation (3.2)), we obtain

E2nðF5Þw;s ¼C�1
5 kf5kw;s [ [

X2n

s¼nþ1

ð2sm
q wð2�smÞÞskrsðf5Þksq

( )1
s

[ [ ðnþ 1Þ�
1
h

X2n

s¼nþ1

ðsþ 1Þ�as

( )1
s


Cðnþ 1Þ�aþ1
s�1

h:

Thus, E2nðF5Þw;s [ [ ðnþ 1Þ�aþ1
s�1

h for 1\aw � bw\2, 1\s\1. Hence,

EMðB0;a
w;s;hÞw;s 
EMðF5Þw;s 
E2nðF5Þw;s [ [ ðnþ 1Þ�aþ1

s�1
h

for 1\aw � bw\2, 1\s\1. This inequality shows the exactness of the estimate

in Theorem 4.2 for 1\s� 2 , s0 ¼ minfs; 2g\h, 1\aw � bw\2.

If h ¼ 1, then we will consider the function

f6ð2p�xÞ ¼
X1
s¼1

ðsþ 1Þ�a 2�sm

wð2�smÞ
X

�k2D2snD2s�1

eih
�k;2p�xi; �x 2 Im

for 1\aw � bw\2, 1\s� 2.

Using relation (3.2) and inequality (4.12), it is easy to verify that f6 2 Lw;sðTmÞ
and

sup
s2N0

ðsþ 1Þajjrsðf6Þjjw;s �C6:

Hence, the function F6 ¼ C�1
6 f6 2 B0;a

p;s;1.

Further, using inequality (4.14), we can verify that
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E2nðF6Þw;s ¼C�1
6 kf6kw;s [ [

X1
s¼nþ1

ð2sm
q wð2�smÞÞskrsðf6Þksq

( )1
s

[ [ ðnþ 1Þ�
1
h

X2n

s¼nþ1

ðsþ 1Þ�as

( )1
s

[ [ ðnþ 1Þ�aþ1
s�1

h:

Hence,

EMðB0;a
w;s;hÞw;s 
EMðF6Þw;s 
E2nðF6Þw;s [ [ ðlogMÞ�aþ1

s

for 1\aw � bw\2, 1\s� 2.

Now we prove lower bounds for bw\21=2, 2� s\1 and 2 ¼ s0\h. We will

consider the function

f7ð2p�xÞ ¼ ðnþ 1Þ�
1
h

X2n

s¼nþ1

ðsþ 1Þ�a
2�sm

2

Ym
j¼1

RsðxjÞ;

where RsðxjÞ ¼
P2s�1

k¼2s�1

ekeik2pxj is the Rudin–Shapiro polynomial and ek ¼ �1. It is

known that kRsk1\\2s=2 (see [19, p. 146]). Therefore,

jjrsðf7Þjjw;s ¼ðnþ 1Þ�
1
hðsþ 1Þ�a

2�sm
2 jj

Ym
j¼1

RsðxjÞjjw;s

�ðnþ 1Þ�
1
hðsþ 1Þ�a

2�sm
2

Ym
j¼1

kRsðxjÞk1 � ðnþ 1Þ�
1
hðsþ 1Þ�a:

Hence,

X1
s¼0

ðsþ 1Þahjjrsðf7Þjjhw;s

( )1
h

¼
X2n

s¼nþ1

ðsþ 1Þahjjrsðf7Þjjhw;s

( )1
h

�C7

i.e. the function F7 ¼ C�1
7 f7 2 B0;a

w;s;h. Since bw\21=2, 2� s\1, then Lw;sðTmÞ �
L2ðTmÞ and kf k2 �Ckfkw;s, for f 2 Lw;sðTmÞ. Therefore, according to Parseval’s

equality, we obtain

E2nðF7Þw;s ¼ C�1
7 kf7kw;s [ [ kf7k2

[ [ ðnþ 1Þ�
1
h

X2n

s¼nþ1

ðsþ 1Þ�2a

( )1
2


Cðnþ 1Þ�aþ1
2
�1

h

ð4:15Þ

for bw\21=2. Hence,
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EMðB0;a
w;s;hÞw;s 
EMðF7Þw;s
E2nðF7Þw;s 
Cðnþ 1Þ�aþ1

2
�1

h

in the case bw\21=2, 2� s\1 and 2 ¼ s0\h.

Now we prove the lower bound for h� s0. We will consider the function

f8ð2p�xÞ ¼ ðnþ 1Þ�a 2�nm

wð2�nmÞ
X

�k2D
2nþ1nD2n

eih
�k;2p �xi; �x 2 Im; n 2 N0:

Then, taking into account relation (3.2), we have

X1
s¼0

ðsþ 1Þahkrsðf8Þkhw;s

( )1
h

¼ 2�nm

wð2�nmÞ

��� X
�k2D

2nþ1nD2n

eih
�k;2p �xi

���
w;s

�C8:

Therefore, the function F8 ¼ C�1
8 f8 2 B0;a

p;s;h. Now using relation (3.2) will have

E2nðF8Þw;s ¼ kC�1
8 f8kw;s [ [ ðnþ 1Þ�a:

Hence,

EMðB0;a
w;s;hÞw;s 
EMðF8Þw;s 
E2nðF8Þw;s [ [ ðnþ 1Þ�a

in the case h� s0, for 1\aw � bw\2 1\s\1.

If h ¼ 1, then we will consider the function

f9ð2p�xÞ ¼
X1
s¼1

ðsþ 1Þ�a 2�sm

wð2�smÞ
X

�k2D2snD2s�1

eih
�k;2p�xi;

for �x 2 Im.

By the property of the Rudin-Shapiro polynomial, we obtain sups2N0
ðsþ

1Þakrsðf9Þkw;s �C9: Hence, the function F9 ¼ C�1
9 f9 2 B0;a

w;s;1. Further, as in the

proof of (4.15), one can verify that

E2nðF9Þw;s ¼C�1
9 kf9kw;s [ [ kf9k2

[ [
X2n

s¼nþ1

ðsþ 1Þ�2a

( )1
2

[ [ ðnþ 1Þ�aþ1
2:

Hence,

EMðB0;a
w;s;1Þw;s [ [ ðnþ 1Þ�aþ1

2 [ [ ðlogMÞ�aþ1
2

for bw\21=2, 2� s\1. h

Remark 4.1 In the case wðtÞ ¼ t1=p and 1\s ¼ p\1, 1� h� minf2; pg from

Theorem 4.2 we obtain [30, Theorem, item (i)]. For the function wðtÞ ¼ t1=p and

1\s; p\1, 1� h�1 Theorem 4.2 is proved in [4, Theorem 2.1].
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In the case w1ðtÞ ¼ w2ðtÞ ¼ t1=p, t 2 ½0; 1�, 1\p\1 Theorem 4.1 was proved in

[4, Theorem 3.4].

Remark 4.2 In the case, 1\aw2
� bw2

\aw1
� bw1

\2 and 1\s1; s2\1 using

Theorem 2.4, we can study the estimate of the quantity EMðBr
w1;s1;hÞw2;s2

. In

particular, for w1ðtÞ ¼ t1=p, w2ðtÞ ¼ t1=q and s1 ¼ p; s2 ¼ q, 1\p; q\1 this

problem was investigated by A. S. Romanyuk [25, Theorem 1].

Remark 4.3 We note that the results of this paper can be applied to estimate the best

M� term approximations, trigonometric widths, linear widths of classes Br
w1;s1;h

and

B0;a
w1;s1;h

in the Lorentz space Lw2;s2
ðTmÞ (see special cases for example in [3]).

Remark 4.4 Let 1\s2\s1\1, 1\aw1
¼ bw2

\2 and

Z 1

0

�w2ðtÞ
w1ðtÞ

� s1s2
s1�s2 dt

t
\1;

then Lw1;s1
ðTmÞ � Lw2;s2

ðTmÞ (see [29, p. 916]). Therefore, we can consider an

analogue of Theorem 2.2, Theorem 3.2, Theorem 4.1, and Theorem 4.2 in this case.
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17. Janson, S.: On the interpolation of sublinear operators. Stud. Math. 75, 51–53 (1982)

18. Kashin B.S., Temlyakov V.: On a norm and approximation characteristics of classes of functions of

several variables. Metric theory of functions and related problems in analysis (Russian). Izd.

Nauchno-Issled. Aktuarno-Finans. Tsentra (AFTs), Moscow (1999)

19. Kashin, B.S., Saakyan, A.A.: Orthogonal series. Aktuarno-Finans, Tsentra (AFTs), Moscow (1999)

20. Kokilashvili, V., Yildirir, Y.E.: Trigonometric polynomials in weighted Lorentz spaces. J. Funct.

Spaces Appl. 8(1), 67–86 (2010)

21. Krein, S.G., Petunin, YuI, Semenov, E.M.: Interpolation of linear operators. Nauka, Moscow (1978)

22. Lapin S.V.: Some embedding theorems for products of functions, Manuscript N 1036-80Dep,

deposited at VINITI (Russian). pp. 31 (1980)

23. Lizorkin, P.I.: Generalized Holder spaces B
ðrÞ
p;h and their relations with the Sobolev spaces LðrÞp . Sib.

Mat. Zhur. 9(5), 1127–1152 (1968)

24. Nikol’skii, S.M.: Approximation of functions of several variables and embedding theorems. Nauka,

Moscow (1977)

25. Romanyuk, A.S.: The approximation of the isotropic classes Br
p;h of periodic functions of many

variables in the space Lq. Tr. Inst. Mat. Ukrain. 5(1), 263–278 (2008)

26. Semenov, E.M.: Interpolation of linear operators in symmetric spaces. Sov. Math. Dokl. 6(),

1294–1298 (1965)

27. Sharpley, R.: Space KaðXÞ and interpolation. J. Funct. Anal. 11, 479–513 (1972)

28. Sherstneva, L.A.: On the properties of best Lorentz approximations and certain embedding theorems.

Izvestiya Vysshikh Uchebnykh Zavedenii. Matem. 10, 48–58 (1987)

29. Simonov, B.V.: Embedding Nikol’skii classes into Lorentz spaces. Sib. Math. J. 51(4), 728–744

(2010)

30. Stasyuk, S.A.: Approximating characteristics of the analogs of Besov classes with logarithmic

smoothness. Ukr. Math. J. 66(4), 553–560 (2014)

31. Stasyuk, S.A.: Kolmogorov widths for analogs ofthe Nikol’skii - Besov classes with logarithmic

smoothness. Ukr. Math. J. 67(11), 1786–1792 (2015)

32. Stein, E.M., Weiss, G.: Introduction to Fourier analysis on Euclidean spaces. Princeton Univ. Press,

Princeton (1971)

33. Temirgaliev, N.: On the embedding of the classes Hx
p in Lorentz spaces. Sib. Mat. Zh. 24(2),

160–172 (1983)

34. Temlyakov, V.N.: Approximation of functions with bounded mixed derivative. Tr. Mat. Inst. Steklov.

178, 3–112 (1986)

35. Temlyakov, V.: Multivariate approximation. Cambridge University Press, Cambridge (2018)

15 Page 36 of 36 G. Akishev

http://arxiv.org/abs/1811.06399v2

	Estimates of the best approximations of the functions of the Nikol’skii--Besov class in the generalized space of Lorentz
	Abstract
	Introduction
	Auxiliary results
	On orders of approximation of functions of Nikol’skii--Besov classes
	Estimates of the best approximations of logarithmic smoothness functions in a generalized Lorentz space
	Acknowledgements
	References




