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Abstract
We mainly deal with the relationship between the local spectrum as well as propery

(b) and decomposability of certain 2� 2 operator matrices with that of its individual

entries. As application of these results, we obtain several relevant conclusions of

Hamilton type operator.
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1 Introduction

The study of operator matrices arises naturally from the following fact: if T is a

bounded linear operator on a Hilbert space and M is an invariant subspace for T,
then T has a 2� 2 oparetor matrix representation of the form

T ¼
T1 T2

T3 T4

� �
: M �M? �! M �M?;
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and one way to study operators is to see them as entries of simpler operators (see

[10]). This is a working theory which is based on the problem that studied operator

matrices.

Throughout this paper, let X be a Hilbert space and let BðXÞ denote the set of all
bounded linear operators from X to X. For T 2 BðXÞ, the local resolvent set qTðxÞ of
T at the point x 2 X is defined as the union of all open subsets U of C for which

there is an analytic function f : U ! X which satisfies ðT � kIÞf ðkÞ ¼ x for all

k 2 U. The local spectrum rTðxÞ of T at x is then defined as rTðxÞ :¼ CnqTðxÞ.
Evidently, qTðxÞ is open, and rTðxÞ is closed. As already mentioned, the resolvent

set qðTÞ is always a subset of qTðxÞ, so rTðxÞ � rðTÞ. For each subset F of C, we

define the local spectral subspace of T, XTðFÞ ¼ fx 2 X : rTðxÞ � Fg. Evidently,
XTðFÞ is a hyperinvariant subspace of T, but not always closed. An operator T 2
BðXÞ has Dunford’s property (C), if the local spectral subspace XTðFÞ is closed for

every closed set F � C.
An operator T 2 BðXÞ is decomposable if every open cover C ¼ fU;Vg of the

complex plane C by two open sets U and V effects a splitting of the spectrum rðTÞ
and of the space X, in the sense that there exist T-invariant closed linear subspaces

M and N of X for which X ¼ M þ N; rðTjMÞ � U and rðT jNÞ � V . An operator

T 2 BðXÞ has property (d) if X ¼ XTð �UÞ þ XTð �VÞ for every open cover fU;Vg of

C, where XTð �UÞ consist of all x 2 X for which there exists an analytic function

f : Cn �U ! X that satisfies ðT � kIÞf ðkÞ ¼ x for all k 2 Cn �U. An operator T 2
BðXÞ has Bishop’s property (b), if, for every open subset U � C and every sequence

of analytic functions fn : U ! X with the property that ðT � kIÞfnðkÞ ! 0 as

n ! 1, uniformly on all compact subsets of U, it follows that fnðkÞ ! 0 as n ! 1,

again locally uniformly on U.

Remark 1 The following table summarizes the implications between the above

various conditions from local spectral theory. For related results, we refer to

[1, 2, 9, 13, 14]

propertyðbÞ ( decomposable ) propertyðdÞ
+ +

propertyðCÞ T� : propertyðbÞ:

Recently, many authors have studied the local spectral properties of different

operators, see [4, 8, 13]. In [3], Bračič and Müller investigated the local spectrum of

an operator at a fixed vector. In [11], the author have studied local spectrum of a

family of operators. In this paper, we find several kind of operator matrices and

discuss the local spectrum and local spectral properties of these operator matrices.

In addition, some local spectral properties are studied with certain entry operators

are Hamilton type operator, including property (C), property (d), property (b) and
decomposability.
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2 The local spectrum, property (b) and decomposability of operator
matrices

First, we study local spectrum, property (b) and decomposability of skew diagonal

operator matrices.

Theorem 1 Let T ¼ 0 T2
T3 0

� �
2 BðX � XÞ.

(i) rTðx� yÞ � f�k 2 C : k2 2 rT2T3ðxÞ [ rT3T2ðyÞg for any x; y 2 X.
(ii) If T2T3 ¼ T3T2, T2has property (b)and T3 is algebraic, then T has property

(b).

Proof (i) Let k20 2 qT2T3ðxÞ \ qT3T2ðyÞ. Then there exist open subsets U and V of C

and analytic functions f1 : U ! X and f2 : V ! X such that k20 2 U \ V and

ðT2T3 � sIÞf1ðsÞ ¼ x; 8s 2 U; ðT3T2 � tIÞf2ðtÞ ¼ y; 8t 2 V :

Put

W ¼ fk 2 C : k2 2 U \ Vg:

It is clear that W is an open subset containing k0. Since

ðT � kIÞðT þ kIÞ ¼ ðT þ kIÞðT � kIÞ ¼ T2T3 � k2I 0

0 T3T2 � k2I

" #
;

so if we choose

f ðkÞ ¼ ðT þ kIÞðf1ðk2Þ � f2ðk2Þ; k 2 W ;

then f : W ! X � X is analytic and

ðT � kIÞf ðkÞ ¼ ððT2T3 � k2IÞf1ðk2ÞÞ � ððT3T2 � k2IÞf2ðk2ÞÞ ¼ x� y

for every k 2 W , which means that k0 2 qTðx� yÞ. Similarly, �k0 2 qTðx� yÞ.
This completes the proof that �k0 2 qTðx� yÞ.

(ii) It suffices to show that T2T3 has property (b), since T2 ¼ T2T3 � T2T3. Be-
cause T3 is algebraic, then there exist l1; l2; l3; � � � ; lk on C such that

ðT3 � l1IÞðT3 � l2IÞðT3 � l3IÞ � � � ðT3 � lkIÞ ¼ 0;

where k is a fixed positive integer. Let p0ðkÞ ¼ k, piðkÞ ¼ ðk� l1Þðk� u2Þðk�
l3Þ � � � ðk� liÞ for i ¼ 1; 2; 3; � � � k. Assume that, for every open set U � C and

every sequence of analytic functions fn : U ! X we have

lim
n!1

kðT2T3 � kIÞfnðkÞk ¼ 0

uniformly on every compact sets in U. Then limn!1 kpiðT3ÞfnðkÞk ¼ 0 uniformly

on every compact sets in U for i ¼ 0; 1; 2; . . .; k. Indeed, we can use mathematical
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induction on i. Since pkðT3Þ ¼ 0, then it is true for i ¼ k. Assume that there exist i
with 0\i	 k such that limn!1 kðpiðT3ÞfnðkÞk ¼ 0 uniformly on every compact sets

in U. Since T2T3 ¼ T3T2, we have

lim
n!1

kðT2T3 � kIÞfnðkÞk ¼ lim
n!1

kðT3 � liIÞT2fnðkÞ þ liT2fnðkÞ � kfnðkÞk ¼ 0

uniformly on every compact sets in U. Therefore, it follows that

lim
n!1

kðliT2 � kIÞpi�1ðT3ÞfnðkÞk ¼ 0

uniformly on every compact sets in U by induction hypothesis. Hence

limn!1 kpi�1ðT3ÞfnðkÞk ¼ 0 uniformly on every compact sets in U since T2 has

property (b), that is to say, limn!1 kpiðT3ÞfnðkÞk ¼ 0 uniformly on every compact

sets in U for i ¼ 0; 1; 2; . . .; k. So T2T3 has property (b). h

Now, we consider upper triangular operator matrices. In particular, we first

consider the case of main diagonal operator matrices.

Theorem 2 Let T ¼ T1 0

0 T4

� �
2 BðX � XÞ.

(i) rTðx� yÞ ¼ rT1ðxÞ [ rT4ðyÞ for any x; y 2 X.
(ii) ðX � XÞTðFÞ ¼ fx� y : x 2 XT1ðFÞ; y 2 XT4ðFÞg for any subset F of C.
(iii) If T1 has the property that, property (b) implies decomposability, then

(a) T is decomposable implies T1 is decomposable.
(b) If T4 is decomposable, then T is decomposable if and only if T1 is

decomposable.

Proof (i) It is easy to see that rTðx� yÞ � rT1ðxÞ [ rT4ðyÞ and so we just have to

prove rT1ðxÞ [ rT4ðyÞ � rTðx� yÞ. Let k0 2 qTðx� yÞ. Then there exist open

subset U and analytic function f ¼ f1 � f2 : U ! X � X such that ðT � kIÞf ðkÞ ¼
x� y for all k 2 U, it follows that

ðT1 � kIÞf1ðkÞ ¼ x;

ðT4 � kIÞf2ðkÞ ¼ y

�

for all k 2 U. Therefore, k0 2 qT1ðxÞ \ qT4ðyÞ. Hence, rT1ðxÞ [ rT4ðyÞ ¼ rTðx� yÞ.
(ii) For any x� y 2 ðX � XÞTðFÞ, we have rTðx� yÞ � F, it follows that

rT1ðxÞ [ rT4ðyÞ � F by statement (i). Then we get that x 2 XT1ðFÞ and y 2 XT4ðFÞ
for any x� y 2 ðX � XÞTðFÞ. Conversely, we can obtain fx� y : x 2 XT1ðFÞ; y 2
XT4ðFÞg � ðX � XÞTðFÞ by similar method.

(iii) (a) Assume that, for every open set U in C and every sequence of analytic

functions fn : U ! X such that

lim
n!1

kðT1 � kIÞfnðkÞk ¼ 0
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uniformly on every compact sets in U. Then

lim
n!1

kðT � kIÞðfnðkÞ � 0Þk ¼ lim
n!1

kðT1 � kIÞfnðkÞk ¼ 0

uniformly on every compact sets in U. Since T is decomposable, then

lim
n!1

kfnðkÞk ¼ lim
n!1

kðfnðkÞ � 0Þk ¼ 0

uniformly on every compact sets in U, it follows that T1 has property (b). Therefore,
T1 is decomposable by the assumption of T1.

(b) Assume that T1 and T4 are decomposable, then they both have property (b).
Let gn be analytic functions defined on an open set D in C such that

lim
n!1

kðT � kIÞgnðkÞk ¼ 0

uniformly on every compact sets in D. Let gn ¼ gn;1 � gn;2, then we get that

limn!1 kðT1 � kIÞgn;1ðkÞk ¼ 0;

limn!1 kðT4 � kIÞgn;2ðkÞk ¼ 0

�

uniformly on every compact sets in D. On the other hand, since T1 and T4 have

property (b), then

lim
n!1

kgn;1ðkÞk ¼ lim
n!1

kgn;2ðkÞk ¼ 0

uniformly on every compact sets in D. Therefore, T has property (b). Hence, it
follows from Remark 1 that T has property (C).

To show that T is decomposable, it remains to prove that the identity X � X ¼
ðX � XÞTð �U1Þ þ ðX � XÞTð �U2Þ holds for every open cover fU1;U2g of C by [9,

Theorem 1.2.23]. Since T1 and T4 are decomposable, then we have, again by [9,

Theorem 1.2.23], the identities

X ¼ XT1ð �U1Þ þ XT1ð �U2Þ

and

X ¼ XT4ð �U1Þ þ XT4ð �U2Þ

hold for every open cover fU1;U2g of C. Let x� y 2 X � X, then there are xi 2
XT1ð �UiÞ and yi 2 XT4ð �UiÞ for which x ¼ x1 þ x2 and y ¼ y1 þ y2 for i ¼ 1; 2.

Therefore, x� y ¼ ðx1 � y1Þ þ ðx2 � y2Þ 2 XTð �U1Þ þ XTð �U2Þ by (ii). Thus T is

decomposable. h

Corollary 1 Let T ¼ T1 0

0 T4

� �
2 BðX � XÞ, T1 has the property that, property (b)

implies decomposability, and T4 is decomposable. Then the following assertions
hold:

(i) T1 has property (b) if and only if T has property (b).
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(ii) T1 has property (d) if and only if T has property (d).
(iii) T1 has property (C) if and only if T has property (C).

Proof We can derive these results from Theorem 1.2.29 of [9] and Remark 1 and

Theorem 2. h

Theorem 3 Let T ¼ T1 T2
0 T4

� �
2 BðX � XÞ.

(i) If T2
2 ¼ 0 and T1T2 ¼ T2T1, then

(a) rT1ðT2xÞ [ rT4ðyÞ � rTðx� yÞ for any x; y 2 X.
(b) ðT2 � IÞððX � XÞTðFÞÞ � ððX � XÞT1�T4

ðFÞÞ for any subset F of C.

(ii) If T1 and T4 have property (b), then T has property (b).
(iii) T is decomposable and T1 has the property that, property (b) implies

decomposability, then T1 is decomposable.

Proof (i) (a) Assume that k0 2 qTðx� yÞ, then there exist a neighborhood U of k0
and an analytic function f ¼ f1 � f2 : U ! X � X such that

ðT � kIÞf ðkÞ ¼ x� y

on U. Thus we have

ðT1 � kIÞf1ðkÞ þ T2f2ðkÞ ¼ x;
ðT4 � kIÞf2ðkÞ ¼ y:

�

Then it follows that k 2 qT4ðyÞ. On the other hand, since T2
2 ¼ 0 and T1T2 ¼ T2T1, it

follows that k 2 qT1ðT2xÞ. So we complete the proof.

(b) Let x� y 2 ðX � XÞTðFÞ, then we have rTðx� yÞ � F. Since

rT1ðT2xÞ [ rT4ðyÞ ¼ rT1�T4ðT2x� yÞ

by Theorem 2, we get that rT1�T4ðT2x� yÞ � F from (a). Hence,

ðT2 � IÞðx� yÞ 2 XT1�T4ðFÞ. Therefore, it is easy to see ðT2 � IÞððX � XÞTðFÞÞ �
ðX � XÞT1�T4

ðFÞ for any subset F of C.

(ii) Let fn ¼ fn;1 � fn;2 be a sequence of analytic functions defined on open set U
in C such that

lim
n!1

kðT � kIÞfnðkÞk ¼ 0

uniformly on every compact sets in U. Then we get that

limn!1 kðT1 � kIÞfn;1ðkÞ þ T2fn;2ðkÞk ¼ 0;
limn!1 kðT4 � kIÞfn;2ðkÞk ¼ 0

�

uniformly on every compact sets in U. Since T1 and T4 have property (b), it follows
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that limn!1 kfnðkÞk ¼ 0 uniformly on every compact sets in U. So T has property

(b).
(iii) The proof is similar to the statement (iii) of Theorem 2. h

Finally, we focus on the more general case, the local spectrum, property (b) and
decomposability of 2� 2 operator matrices.

Theorem 4 Let T ¼ T1 T2
T3 T4

� �
2 BðX � XÞ. Suppose that T2

2 ¼ 0 and T2
3 ¼ 0, then

we have

(i) If T1T2 ¼ T2T1 and T3T4 ¼ T4T3, then

(a) rT1ðT2xÞ [ rT4ðT3yÞ � rTðx� yÞ for every x; y 2 X.
(b) ðT2 � T3ÞððX � XÞTðFÞÞ � ðX � XÞT1�T4

ðFÞ for any subset F of C.

(ii) If T1T3 ¼ T3T1 and T2T4 ¼ T4T2, then T1 and T4 have property (b) if and
only if T has property (b).

Proof (i)(a) Let k0 2 qTðx� yÞ, then there exist a neighborhood U of k0 and an

analytic function f ¼ f1 � f2 : U ! X � X such that ðT � kIÞf ðkÞ ¼ x� y for any

k 2 U. Thus we have

ðT1 � kIÞf1ðkÞ þ T2f2ðkÞ ¼ x;

T3f1ðkÞ þ ðT4 � kIÞf2ðkÞ ¼ y:

�

Since T2
2 ¼ 0; T2

3 ¼ 0 and T1T2 ¼ T2T1; T3T4 ¼ T4T3, it follows that

ðT1 � kIÞT2f1ðkÞ ¼ T2x

on U and

ðT4 � kIÞT3f2ðkÞ ¼ T3y

on U. Therefore k 2 qT1ðT2xÞ \ qT4ðT3yÞ, thus rT1ðT2xÞ [ rT4ðT3yÞ � rTðx� yÞ for
every x; y 2 X.

(b) Let x� y 2 ðX � XÞTðFÞ, then we get that rTðx� yÞ � F. Since

rT1ðT2xÞ [ rT4ðT3yÞ ¼ rT1�T4ðT2x� T3yÞ

by Theorem 2, we have, from statement (i),

rT1�T4ðT2x� T3yÞ � rTðx� yÞ � F:

Hence, T2x� T3y 2 ðX � XÞT1�T4
ðFÞ, thus we have ðT2 � T3ÞððX � XÞTðFÞÞ �

ðX � XÞT1�T4
ðFÞ for any subset F of C.

(ii) Suppose that T2; T3 6¼ 0 and T has property (b). Let U be an open subset of C,

and fn : U ! X be a sequence of analytic functions such that

1724 W. Zhang, G. Hai, and A. Chen



lim
n!1

kðT1 � kIÞfnðkÞk ¼ 0

uniformly on every compact sets of U. Then

lim
n!1

kðT � kIÞðT3fnðkÞ � 0Þk ¼ lim
n!1

kT3ðT1 � kIÞfnðkÞ � 0k ¼ 0

uniformly on every compact sets of U. Therefore, kT3fnðkÞk ! 0, Since T is

assumed to have the property (b). It follows that

lim
n!1

kðT � kIÞðfnðkÞ � 0Þk ¼ lim
n!1

kððT1 � kIÞfnðkÞÞ � ðT3fnðkÞÞk ¼ 0

uniformly on compact sets in U. As a result, kfðkÞk ¼ kfnðkÞ � 0k ! 0 uniformly

on compact sets in U. This shows that T1 has property (b). Similarly, T4 also has

property (b).
Conversely, Assume that T1 and T4 have property (b). we obtain T has property

(b) follows easily from assumption. h

Remark 2 The different results in statement (i) of Theorems 3 and 4 show that

Theorem 3 is not the special case of Theorem 4 under the same condition, which

should be noticed in the comparison. In fact, it can be attributed to the difference of

the proofs. We can draw a conclusion as follows when T3 ¼ 0 in statement (i) of

Theorem 4:

rT1ðT2xÞ [ rT4ð0Þ � rTðx� yÞ

for every x; y 2 X and

ðT2 � 0ÞððX � XÞTðFÞÞ � ðX � XÞT1�T4
ðFÞ

for any subset F of C. Obviously, it is stronger than the statement (i) of Theorem 3.

3 Applications to Hamilton type operator

In this section, we consider Hamilton type operator and give applications of the

previous results. For this, let us introduce research background of Hamilton operator

and some basic notions which will be used later.

The Hamilton system is an important branch in dynamical systems, all real

physical processes with negligible dissipations, no matter whether they are classical,

quantum, or relativistic, and of finite or infinite degress of freedom, can always be

cast in the suitable Hamiltonian form. While infinite dimensional Hamilton

operators come from the infinite dimensional Hamilton systems, and have deep

mechanical background [5–7]. Let T : DðTÞ � X � X ! X � X be a densely

defined closed operator. If T satisfies ðJTÞ� ¼ JT , where J ¼ 0 I
�I 0

� �
; then T is

called an infinite dimensional Hamilton operator. Now we introduce an operator

related to Hamilton operator. An operator T 2 BðXÞ is called a Hamilton type

operator if there exists an unitary operator J on X such that J2 ¼ �I and ðJTÞ� ¼ JT .
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In this case, we say that T is a Hamilton type operator with J. Clearly, infinite
dimensional Hamilton operator is Hamilton type operator. In what follows we

always assume that J is a linear unitary operator which satisfies J2 ¼ �I.
The following two Lemma are taken from [12].

Lemma 1 Let T 2 BðXÞ be a Hamilton type operator with J. Then

(i) rT� ðJxÞ ¼ �rTðxÞ and rTðJ�xÞ ¼ �rT� ðxÞ for all x 2 X.
(ii) JXTð�FÞ ¼ XT� ðFÞ for any subset F of C.

Lemma 2 Let T 2 BðXÞ be a Hamilton type operator. Then T has property (b) or
property (d) if and only if T is decomposable.

Proposition 1 Let T ¼ 0 T2
T3 0

� �
2 BðX � XÞ where T2 and T3 are Hamilton type

operator with same J.

(i) rTðx� yÞ ¼ �rT� ðJy� JxÞ for any x; y 2 X.
(ii) ðX � XÞTðFÞ ¼ J ðX � XÞT� ð�FÞ for any subset F of C, where

J ¼ 0 J
J 0

� �
.

(iii) If T2T3 ¼ T3T2, T2 has property (b) and T3 is algebraic, then T is
decomposable.

Proof It is easy to prove that T is Hamilton type operator with J ¼ 0 J
J 0

� �
.

Therefore, (i) and (ii) hold from Lemma 1.

(iii) To show T is decomposable, it remains to prove that T has property (b) from
Lemma 2. In fact, it is immediate consequence of Theorem 1. h

Proposition 2 Let T ¼ T1 T2
0 JT�

1J

� �
2 BðX � XÞ.

(i) If T1 is a Hamilton type operator and T is decomposable, then T1 is
decomposable.

(ii) If T2 is a Hamilton type operator with J, then we have

(a) rTðx� yÞ ¼ �rT� ðJy� JxÞ for any x; y 2 X.
(b) ðX � XÞTðFÞ ¼ J ðX � XÞT� ð�FÞ for any subset F of C, where

J ¼ 0 J
J 0

� �
.

(c) If T1 is decomposable, then T is decomposable.

Proof (i) The proof is immediate conclusion of the statement (iii) of Theorem 3.

(ii) In fact, by simple calculation, we can obtain that T is Hamilton type operator

with unitary operator J ¼ 0 J
J 0

� �
. Therefore, We can derive the results (a) and
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(b) from Lemma 1.

(c) Let T1 be decomposable, then both T1 and T�
1 have property (b). Moreover,

we can deduce that JT�
1J has property (b). Therefore, T has property (b). Hence, T is

decomposable by Lemma 2. h

Remark 3 In the statement (i) of Proposition 2, T1 is Hamilton type operator with

some unitary operators not necessarily J.

Proposition 3 Let T ¼ T1 T2
�T2 T1

� �
2 BðX � XÞ where T1 and T2 are Hamilton

type operator with same J.

(i) rTðx� yÞ ¼ �rT� ð 1ffiffi
2

p ðJxþ JyÞ � 1ffiffi
2

p ðJx� JyÞÞ for any x; y 2 X.

(ii) ðX � XÞT1�T1
ðFÞ ¼ ðJ� � J�ÞððX � XÞT�

1
�T�

1
ð�FÞÞ for any subset F of C.

(iii) If T2
2 ¼ 0 and T1T2 ¼ T2T1. Then T1 has property (b) if and only if T is

decomposable.

Proof It is easy to prove that T is Hamilton type operator with J ¼ 1ffiffiffi
2

p J J
J � J

� �
.

Therefore, we have rTðx� yÞ ¼ �rT� ð 1ffiffi
2

p ðJxþ JyÞ � 1ffiffi
2

p ðJx� JyÞÞ for any x; y 2 X

and ðX � XÞT1�T1
ðFÞ ¼ ðJ� � J�ÞððX � XÞT�

1
�T�

1
ð�FÞÞ for any subset F of C by

Lemma 1. So we complete the proof of (i) and (ii).

(iii) As an immediate corollary of Theorem 4 we have T1 has property (b) if and
only if T has property (b). Since T is Hamilton type operator with J , T is

decomposable by Lemma 1. h

Corollary 2 Let T ¼ T1 T2
�T2 T1

� �
2 BðX � XÞ where T1 and T2 are Hamilton type

operator with same J, and T2
2 ¼ 0 and T1T2 ¼ T2T1. If T1 has property (b), then the

following assertions hold:

(i) T has property (b), property (d), property (C), and SVEP.
(ii) T� has property (b), property (d), property (C), and SVEP.
(iii) If T is a supercyclic operator, then jkj ¼ rðTÞ for every k 2 rðTÞ, where

r(T) is spectral radius of T.
(iv) Suppose that f : U ! C is an analytic function on an open neighbourhood

U of rðTÞ. Then f(T) is decomposable. Moreover, if T has real spectrum on
X � X, then exp(iT) is decomposable.

(v) ðX � XÞ�T� ðFÞ ¼ ðX � XÞTðCnFÞ
? for all closed sets F � C.

(vi) ðX � XÞTð0Þ ¼ fx� y 2 X � X : limn!1 kTnðx� yÞk
1
n ¼ 0g.

Proof (i) It is immediately from Proposition 3 and Remark 1.

(ii) Since T is Hamilton type operator with J ¼ 1ffiffi
2

p J J
J � J

� �
, from (i) and [12]

we conclude that T� has property (b), property (d), property (C), and SVEP.
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The proof of (iii), (iv), (v) are immediately follow from Proposition 3 and page

239,225,151 of [9], respectively.

(vi) Since T has the SVEP, then, by [9, Proposition 3.3.13], we conclude that

XTð0Þ ¼ XTð0Þ ¼ fx� y 2 X � X : rTðx� yÞ ¼ 0g;

where rTðxÞ is the local spectral radius of T at x. Moreover, we have rTðx� yÞ ¼
limn!1 kTnðx� yÞk

1
n ¼ 0 by [9, Proposition 3.3.17] since T has property (b).

Hence, ðX � XÞTð0Þ ¼ fx� y 2 X � X : limn!1 kTnðx� yÞk
1
n ¼ 0g, which com-

pletes the proof. h
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