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Abstract
Let A be a unital C*-algebra with unit 1 4 and let a € A be a positive and invertible
element. Suppose that S(A) is the set of all states on A and let

Sa(A) = {% L f eS8, f) 7&0}.

The norm || x|, for every x € A is defined by

lxlla = sup p(x*ax).
9eSa(A)

In this paper, we aim to investigate the notion of Birkhoff-James orthogonality with
respect to the norm || - ||, in A, namely a-Birkhoff-James orthogonality. The char-
acterization of a-Birkhoff-James orthogonality in .4 by means of the elements of
generalized state space S, (A) is provided. As an application, a characterization for the
best approximation to elements of .4 in a subspace B with respect to || - ||, is obtained.
Moreover, a formula for the distance of an element of A to the subspace B = C1 4 is
given. We also study the strong version of a-Birkhoff-James orthogonality in .A. The
classes of C*-algebras in which these two types orthogonality relationships coincide
are described. In particular, we prove that the condition of the equivalence between
the strong a-Birkhoff-James orthogonality and .4-valued inner product orthogonal-
ity in .4 implies that the center of A is trivial. Finally, we show that if the (strong)
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a-Birkhoff-James orthogonality is right-additive (left-additive) in A, then the center
of A is trivial.
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1 Introduction and preliminaries

Let A be a unital C*-algebra with unit 1 4. We denote by A’ and Z(A) the topological
dual space and the center of A, respectively. The adjoint of any element x € A is

denoted, as usual, by x*. Also, Re(x) = E(x + x*) is reserved to indicate the real

part of x. An element a of A is called positive (written by a > 0), if a is selfadjoint
whose spectrum o (a) is contained in [0, c0). It is known that if a € A is positive, then
there exists a unique positive element b € A such that a = b%. Such an element b is
called the positive square root of a and is denoted by a?.The symbol AT stands for
the cone of positive elements in A. If in addition « is invertible, then a? is invertible
too and its inverse is denoted by a~?. A linear functional f on A is called positive
if f(a) > 0 for every positive element a € A. Given a positive functional f on A,
the following well-known version of the Cauchy—Schwarz inequality holds for every
X,y € A [P < FOR0) f(FY).

A state on A is a positive linear functional whose norm is equal to one. It is well-
known that a linear functional on A is positive if and only if f(1 4) = || f|I; see [17,
Corollary 3.3.4]. Let S(A) be the set of all states on 4. Then

SA={fedA : fAn=Ifl=1.

Birkhoff-James orthogonality of elements in a normed linear space was introduced by
Birkhoffin[11] and developed by James [14] to generalize the concept of orthogonality
in inner product spaces. If x and y are vectors of a normed linear space (X, || - ||), then
x is said to be Birkhoff—James orthogonal to y, in shortx Lp; y, if

X+ 2yl = llx] (VA € C).

The concept of the strong Birkhoff-James orthogonality in C*-algebras as a natural
generalization of Birkhoff—James orthogonality was introduced and studied in [4, 6].
Let x, y € A. Then x is said to be strong Birkhoff-James orthogonal to y, denoted
byx Ls_psy,if

lx + ybll = x|l (Vb € A).
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We also recall that two elements x and y of A are orthogonal with respect to the
A-valued inner product (x, y) := x*y if (x, y) = 0. It was shown in [4] the following
relation between the strong and the classical Birkhoff—James orthogonality:

(x,9)=0=>x Lls pry=x1Llpsy (¥Vx,yeA.

It is well-known that the Birkhoff—James orthogonality of vectors in normed linear
spaces can be characterized in terms of linear functionals [14]. Over the years, the
problem of finding characterizations of Birkhoff—James orthogonality of matrices and
generally of the elements of C*-algebras has been considered by many mathemati-
cians. A complete characterization of Birkhoff—James orthogonality of bounded linear
operators defined on Hilbert spaces obtained by Bhatia and Semrl [10] (see also, [3,
9, 18]). Some famous and useful Characterizations of the (strong) Birkhoff-James
orthogonality in C*-algebra .4 and in a more general setting Hilbert C*-modules over
A in terms of the elements of state space S(A) have been obtained in [5, 9, 16].
The characterization of the (strong) Birkhoff-James orthogonality for elements of a
C*-algebra by means of its state space were obtained as follows:

Theorem 1.1 [5, Theorem 2.7] An element x € A is Birkhoff-James orthogonal to
another element y € A, if and only if there is f € S(A) such that f(x*x) = |x|?
and f(x*y) =0.

Theorem 1.2 [4, Theorem 2.5] An element x € A is strong Birkhoff-James orthogonal
to another element y € A if and only if there is f € S(A) such that f(x*x) = ||x||?
and f({x,y) (y,x)) = 0 ifand only if there is f € S(A) such that f(x*x) = |x|*
and f({x, y)b) = 0 forall b € A.

The classes of C*-algebras in which any two of these orthogonality relationships
coincide have been described in [4, 6]. More precisely,

Theorem 1.3 [6, Corollary 4.10] Let A be a nonzero C*-algebra. Then the following
statements are equivalent:

(1) Forallx,y € A, x Ls_py yifandonly if (x, y) = 0.
(2) Forallx,y e A, x Lpy yifandonlyifx Ls_py y.
(3) A is isomorphic to C.

Let a be a nonzero positive element of A. A generalization of state space of A was
introduced in [1] as follows:

Su(A):=fpe A :9>0, 9@=1)= {% : feSA), f(a)#O}-

Observe that if a = 1 4, then S;(A) = S(A). It has been proved in [1] that S, (A) is
anonempty convex and w*-closed subset of A’. But, unlike S(A), the set S, (A) may
not be w*-compact. In fact, according to the following result, S, (A) is w*-compact
if and only if a is invertible.
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Proposition 1.4 [1, Proposition 2.3] Let A be a unital C*-algebra and let a € A be a
positive element. Then the following statement are equivalent:

(1) Si(A) is w*-compact.
(2) a is invertible.

For any element x € A, the a-operator semi-norm || - ||, : A — [0, 00) is defined
by

e = sup {Vio(ax) : ¢ € Si(A}.

Due to the Proposition 1.4, if a is not invertible, then S, (A) is not w*-compact, and
so it may happen that || x|, = oo for some x € A; see [1, Example 3.2]. Denote by
A = {x € A: ||x|ls < oo}. It was shown in [1] that || - ||, is a submultiplicative
semi-norm on A%; i.e., |xy|la < [Ix[lally|l. for all x, y € A%. Also, ||x|, = 0 if and
only if ax = 0. In addition, if a is invertible, then || - ||, is a norm on 4. Consequently,
Il - ll14 is equal to the C*-norm || - || of A.

An element x* € A is called an a-adjoint of x € A if ax* = x*a. The set of all
a-adjointable elements of A is denoted by A, . Note that A, = A if A is commutative.

In [1, Corollary 4.9] it was proved that if x € A, and x* is an a-adjoint of it, then

Ixl12 = llxx* e = Ix%x e = [x7]12. (1.1)

An element x € A is said to be a-selfadjoint if ax is selfadjoint; i.e., ax = x*a.
Moreover, any element x € A, can be written as x = x| + ixp, where x| and x; are
a-selfadjoint. In fact, if xPisan a-adjoint of x, then

x—i—xii x —xf
= j . 1.2
> +i T (1.2)

This decomposition is not unique, since there might be many (or none) a-adjoints x*
of x; see e.g., [1, 8]. Note that if we assume that a is invertible, then x has the unique
a-adjoint x = a~lx*a, and, therefore, the decomposition (1.2) is unique.

The notions, S, (A) and || - ||, were introduced in [1] to generalize algebraic numer-
ical range and algebraic numerical radius of elements of C*-algebra A. To study
abundant results related to these concepts the reader is referred to [1, 2, 5].

In this paper, we investigate the notions of Birkhoff-James orthogonality and its
strong version in an unital C*-algebra A with respect to the norm || - ||,, whenever
a € Ais a positive and invertible element.

In Sect. 2 first, the main properties of a-Birkhoff-James orthogonality are studied
and a variety of examples in simple C*-algebra M, (C) are presented to illustrate the
relationship between a-Birkhoff-James orthogonality and Birkhoff-James orthogo-
nality. Next, a complete characterization of a-Birkhoff-James orthogonality in terms
of elements of the generalized state space S,(.A) is presented. As an application,
a characterization for the best approximation to elements of A in a subspace B is
obtained with respect to | - || ,. Moreover, a generalization of the well-known distance
formula which obtained by Williams in [19] is given.
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Section 3 is devoted to the study of strong a-Birkhoff—James orthogonality in unital
C*-algebras. The classes of unital C*-algebras in which the a-Birkhoff-James orthog-
onality coincides with the strong a-Birkhoff—James orthogonality are described.

In particular, we prove that if x L5 5, vy implies (x, y), := x*ay = 0, for all
x,y € A, then the center of A is trivial, i.e., the only central elements of A are
multiplies of the identity. Moreover, we prove that the right additivity (left additivity)
of (strong) a-Birkhoff-James orthogonality in A concludes that Z(A) = C1 4.

2 a-Birkhoff-James orthogonality in C*-algebras

Let B(H) be the C*-algebra of all bounded linear operators on a complex Hilbert space
‘H with inner product (-, -). If dim’H = n, then we identify B(H) with the simple C*-
algebra M, (C) of all n x n complex matrices and denote the identity matrix by 7,,.
Assume that A € B(H) is a positive operator, which induces a positive semi-definite
sesquilinear form (-, -} 4 : H x H — Cdefined by (x, y)4 = (Ax, y). The semi-norm
-1l 4 induced by (-, -) 4 is defined by || x || 4 = +/{Ax, x) forevery x € H. Furthermore,
the set of all A-bounded operators on H is defined by

BA%(H) ={T e B(H) : 3¢ >0, |Tx|la <cllx|la, Vx e H}.

In fact, BA ! ('H) is a unital subalgebra of B(H) which is equipped with the semi-norm

ya(T) = sup /(ATx,Tx) (T € BA% (H)).

Ixlla=1

The Birkhoff-James orthogonality with respect to the semi-norm y4(-) (called A-
Birkhoff—James orthogonality) was studied by Zamani in [20]. An operator T €
BA ! (H) is called A-Birkhoff—James orthogonal to the operator S € BA 1 (H), denoted

by T J_‘gj S, if ya(T + AS) = ya4(T) for all A € C. The following characterization
of A-Birkhoff-James orthogonality which extends the Bhatia and Semrl Theorem for
A-bounded operators has been obtained as follow:

Theorem 2.1 [20, Theorem 2.2] Let T, S € BA% (H). The following conditions are
equivalent:

(1) T L4, 8.

(2) There exists a sequence {hy,} of A-unit vectors (||h,lla = 1) in H such that

lim [|[Thulla = ya(T) and lim (Thy, Shy)a = 0. @2.1)
n—0oo n— 00

We recall that by the Gelfand—Naimark Theorem, any unital C*-algebra A can be
considered as a norm closed *-subalgebra of B({) for some Hilbert space H . In fact,
there exists an unital faithful %-representation 7 : A — B(H) suchthat ||x|| = || (x)]|
forall x € A; seee.g., [12, 17]. It was proved that in [1], if 7 : A — B(H) is a unital
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faithful *-representation of .4, then
Ixlla = Yr@ (T (x)) (2.2)

for any x € A. As a direct consequence of this fact, we have A4 = BA 1 (H) for
A = B(H) and all positive operator A € B(H).

Let A be a unital C*-algebra and let a € A be a nonzero positive element. It was
proved in [1, Theorem 3.9] that A, C A%. Now, if we assume that a is a positive and
invertible element of A, then for every x € A the equation ax® = x*a has the unique
solution x* = a~'x*a, and so every x € A is a-adjointable. Therefore A% = A.

From now on we assume that A4 is a unital C*-algebra and a € A is a positive and
invertible element. Let us introduce the concept of a-Birkhoff-James orthogonality
with respect to the norm || - ||, in C*-algebras.

Definition 2.2 Let .4 be a unital C*-algebra and @ € A be a positive and invertible
element. We say that an element x € A is Birkhoff-James orthogonal with respect to
the norm || - ||, (a-Birkhoff-James orthogonal) to anelement y € A, inshortx L%, y,
if

lx +2ylla = llxlla (V2 € C).

First, note that a-Birkhoff-James orthogonality reduces to the Birkhoff—James
orthogonality when a = 1 4. Also, it is easy to see that a-Birkhoff-James orthog-
onality is homogenous; i.e.,ifx 1%, y, thenax L%, By foralla, § € C. Itis trivial
foraa = 0 or B = 0. So, suppose that o and 8 are nonzero complex numbers. For each

A € C, we have
o <x+éky> (x+éx\y>
o o

It follows that ax L%, By.

Also, a-Birkhoff-James orthogonality is non-degenerate. Indeed, let 0 = x € A
andx L%; x. Then [x + Ax|ls > [lx]lq forall A € C. For A = —1, we get || x|, = 0,
and so ax = 0. Therefore x = 0, since «a is invertible.

Moreover, for any two nonzero elements x, y € A, if x is orthogonal to y in the
a-Birkhoff-James sense, then x and y are linearly independent. In fact, if we assume
to the contrary that there exists k € C such that y = kx, then x L%, kx. It follows
that x L%, x, since a-Birkhoff-James orthogonality is homogenous. Hence ax = 0,
and so x = 0, which is a contradiction.

Let f € S(A). According to [1], the linear functional defined by

llex +ABylla = = || > lalllxlla = llaxlla.

a a

o()=f (a_%za_%) (ze A (2.3)

W Birkhauser
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belongs to S, (A). Now, let x € A and let a € A be positive and invertible such that
ax = xa. Then

X2 = sup @(ax)= sup f(a—%x*axa—%)= sup f(x*x) = [lx)I%.
ESu(A) FeS(A) FeS(A)
2.4)

1

Also, note that x* = a—1x*a is a-adjoint of x, and so it follows from (1.1) that

2 -1 -1 -1 2
Ixll; = llxa™ x*alls = lla™ x*ax|la = lla” x*a|;.
Hence
2 2
lxllz = llxx*lla = Ix*xlla = Ilx™15-

Since there is at most one norm on a x-algebra making it a C*-algebra, the following
result is obtained.

Corollary 2.3 [f A is a commutative and unital C*-algebra and a € A is positive and
invertible, then || - ||, agrees with the C*-norm of C*-algebra A. In this case, the
a-Birkhoff-James orthogonality and the Birkhoff-James orthogonality are equivalent
on A.

It should be noted that || - ||, does not satisfy to the C*-condition in noncommutative
C*-algebra, even when a is invertible. To make this clear, we present the following
example.

Example 2.4 Let M, (C) be the C*-algebra of all 2 x 2 complex matrices, and let Tr
be the usual trace functional on M, (C). According to the Example 2.2 of [1], for any
positive matrix 7 € M (C), let ¢, be the positive linear functional given by

on(x) :=Tr(hx), (x € My(C)).

It is known that any state on M, (C) is of the form ¢;, with Tr(k) = 1. For a positive
matrix a € M (C), we have

Sa(Ma(C)) = {gp : h e Mp(C)t and Tr(ha) = 1}.

Now, leta = |:2 0

01 ] . Then with some simple matrix computations, we conclude that

SaMa(C)) ={gn : h € L},

where

L, = {h = |:ﬁ11 h12:| € Mz(@)+ hip€eC, hig,hypy >0and 2k + hy = 1} .
hia hao
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Hence for x = |:(1) §:| , we get

iE= s an = s 1 ([2 8
on€Sa(Ma(C)) hely hiz 8hy

= sup h11 + 8hxp = 8.
2hy1+hp=1,h11,h22>0

But similarly, we have

||x*x||§ = sup on(x*x)a(x*x)) = sup 2h11 + 16hyn = 16.
r€Sa(M2(C)) 2hy1+ho=1,h11,h22>0

The following provide us with examples reveal that the a-Birkhoff-James orthog-
onality is independent from the Birkhoff-James orthogonality in unital and noncom-
mutative C*-algebras, even when « is positive and invertible.

Example 2.5 In the context of the same a = [(2) (l):| as, and similarly to the method

we applied in the previous example, let x = |:8 _]1 ] and y = |:8 } i| be matrices in
M, (C). Then

IxI2= sup  @n(x*ax) = sup Tr(h(x*ax))
on€Sa(M2(C)) hely

— sup Tr<|:ﬁ“ h12:| |:0 01|> _ sup 3hy = 3.
hely hiz hy 03 2h11+hpn=1,h11,h22>0

Also, for every A € C, we have

lx 4+ Ayl2 = sup @n((x +2y)*a(x + 1y))
hel,

= sup (31 + 1A% = 2Re())ha2
2hy1+hp=1,h11,h22>0
=3(1 + |A>) — 2Re(R).

1 8
However, for A = 3 we see that ||x + )Ly||5 = — < 3 = ||x||2, which yields that

3 @
x L%, y. On the other hand, it can easily be seen that [x]> =2 and ||x 4+ Ay||? =
2 +2|a|* forall A € C. Hence ||x + Ay||?> =2(1 + [A]*) = 2 = ||x||, forall » € C.

Thusx Lpy y.

1
Now, letx = [8 _21i| andy = |:8 }:| .Thenx L%, y,since (x, y)q = x*ay = 0.

But, for every A € C, we have
2 5 2
lx +2ayl” = 7 +2|Al" = Re()|.

W Birkhauser
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1 9 5
So for A = 7 we have ||x + Ay|? = 3 < 1= lx1I?, and therefore x L, y.
Assume that A is a unital and commutative C*-algebra, x,y € Aand a € A is
positive and invertible. If x L g; y, then by Theorem 1.1, there must exist f € S(A)
such that f(x*x) = [|x||> and f(x*y) = 0. Since A is commutative, by Corollary 2.3
we conclude that

p(ax) = f (ax"axa™?) = f(r'n) = ) = 2,
and
p(ay) = f (a2 x"aya™?) = f(x*y) =0,

where ¢ € S,(A) is defined in (2.3). This fact motivates us to obtain a similar charac-
terization for a-Birkhoff—James orthogonality in unital C*-algebras. More precisely,
we shall present a characterization of a-Birkhoff-James orthogonality in a unital C*-
algebra A based on the elements of its generalized state space S, (A). In fact, we use
a simple way to obtain the next fundamental result through the standard Gelfand—
Naimark representation of A as a concrete C*-subalgebra of B() and displayed
formula (2.2). However, for completion of the subject and the convenience of the
reader, we present a short proof for it. Note that this characterization is a generaliza-
tion of the well-known Theorem 1.1 when we take a = 1 4, and plays a fundamental
role to achieve our forthcoming main results.

Theorem 2.6 Let A be a unital C*-algebra, x,y € A and let a be positive and
invertible element of A. Then the following statements are equivalent:

) x J_%J y.
(2) Thereis ¢ € Sy(A) such that p(x*ax) = ||x||2 and p(y*ax) = 0 (p(x*ay) = 0).

Proof (1) = (2) Let x L%, y and letw : A — B(H) be a unital faithful -
representation of A. Since a is invertible, it follows from (2.2) that 7 (x), 7 (y) €

B @ ! (H), and so 7 (x) J_Z(J“) 7 (y). Hence Theorem 2.1, concludes that there exists
m(a
a sequence of 7 (a)-unit vectors {h,} € H such that

Tim (7@l = Vot (7)), 25)
im0, (i) = 0. 2.6)

The linear functionals ¢, : A — C defined by ¢,,(z) = (7 (z)h,, h,) belong to S, (A)
for all n € N (see [1, Theorem 3.5]). Now, (2.2) and (2.5) imply that

lim @, (x*ax) = lim (w(x*ax)h,, h,) = lim (7(a)7(x)h,, 7(x)h,)
n—0oo n—oo n—oo

= lim_[l70) ()l a) = Vo (7)) = [z
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In addition, from (2.6), we infer that

lim ¢,(y*ax) = lLim (7w (y*ax)h,, h,) = lim (7w (a)7(x)h,, 7(y)hy,)
n— 00 n—00 n— 00

= lim (7 (x)h,, ”(y)hn>n(a) =0.
n—0o0
Thus
lim @, (x*ax) = x|, lim @,(y*ax) = 0. 2.7
n—0oo n—0o0

In addition, by Proposition 1.4, S,(A) is w*-compact. So there is ¢ € S,(A) such
that ¢, = ¢. Therefore, (2.7) implies that

p(x*ax) = ||x|l; and @(y*ax) =0.

(2) = (1) Assume that there is ¢ € S, (A) such that p(x*ax) = ||x||§ and ¢ (y*ax) =
0. Then for each A € C, we get

x4+ Ay12 = @((x 4+ Ay)*alx + 1y))
= g(x*ax) + 2Re(hg(y*ax)) + Ao (y*ay)
= p(x*ax) + [Afp(y*ay) = p(x*ax) = ||Ix|2.

Therefore x L%, . O

As the first direct consequence of Theorem 2.6, it is easy to see that for given linearly
independent vectors x, y € A, there exists a unique & € Csuch thatx 1§ 7 (ax+y).
Indeed, we take o = 0 if x L%, y. Now, suppose that x L%, y. Since a € A is
invertible, there exists ¢ € S,(A) such that p(x*ax) = ||x||§, by Proposition 1.4.

%
Furthermore, ¢(x*ay) # 0, by Theorem 2.6. Let o = —M. Then
p(x*ax)
x*a
prtatax + ) = — 25D o (an) 1 g (xay) = 0.
p(x*ax)

Therefore x L%, (ax + y).
Further, the next result gives us some more examples of a-Birkhoff-James orthog-
onality for elements of A to some appropriate elements.

Corollary 2.7 Let A be a unital C*-algebra and let a € A be positive and invertible.
Foreach x,y € A, we have

J_a 2 % _ —%
X BJ “x”aya ya <x7x>a .

W Birkhauser
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Proof For the convenience, x*ax and x*ay are shown with the symbols (x, x), and
(x, y)a, respectively for all x, y € A. For x = 0 or y = 0, the statement is trivial.
Now, assume that x, y are nonzero elements of A. Since a is invertible, there exists
¢ € S;(A) such that p({x, x),) = ||x||§ by Proposition 1.4. The Cauchy—Schwarz
inequality and (1.1) tell us

o (b Ix12 ya? — ya= x.x)a), )|
= |o(Ix12 (x, Y)a a? — (x, y)aa 2 (x, x)a) |

(e, allxlZa? — a2 (x, x))I?

< o((x, ¥)ay. )a) e(lIx 13 a = 201x1I3 (x, x)a + (¥, x)aa " (x, x)a)
= o((x, ¥)aly. x)a) (IxII§ (@) = 2/Ix |7 p((x. X)a) + @((x*x)*a(x"x)))
< o((x. Y)a(y. x)a) (Ixllg = 2llx g + lxfx]12)

(¢, Ya (. x)

@ (0, Y)a(y, X)) (Ix I = 201x ]2 + [1x]I2) = 0.

It follows that ¢ ({x, ||x||§ ya% — ya’% (x,x)q)a) = 0. Consequently, Theorem 2.6
implies that

1 _1
x 14, (Ixl2yat = ya =3 (x, x)a) .
The a-algebraic numerical range of any element x € A is defined by
Va(x) = {p(ax) : ¢ € Sa(A)}.

It has been proved in [1, Theorem 4.7] that V,,(x) is a nonempty convex and compact
subset of complex numbers for all x € A% = A, since a is invertible. An extension
of the William’s Theorem [19, Theorem 1] is obtained in [2, Theorem 2.14].

The following direct result of Theorem 2.6 gives us an alternative proof for this
fact.

Corollary 2.8 Let x € A. Then 0 € V,(x) if and only if ||x — Al glla > |A| for all
1 e C.

Proof Since 0 € V,(x), there is ¢ € S,(A) such that (1 gax) = ¢(ax) =
Also, we have go(l*AalA) =@ =1=| 1A||§. It follows from Theorem 2.6 that
14 L%, x, which implies that [[x — A1 4llq > |A| forall A € C.

Now, if [[A14 — x[la = lx — Al glla = [ forall 2 € C, then 14 L%; x, by the
homogeneity of the Birkhoff-James orthogonality. So there is ¢ € S,(A) such that
¢(ax) = 0. Therefore 0 € V,(x). O

Let A be a unital C*-algebra and let x € A. Suppose that B is a subspace of A. An
element yp € B3 is said to be a best approximation to x in B if

lx — yoll = dist(x, B) := inf{|lx — y|| : y € B}.
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The problem of finding characterizations of orthogonality of an element to subspace
B is closely related to the best approximation problems. A specific question is when
is the zero vector a best approximation to x from 3? This is the same as asking when
is x orthogonal to B? Due to the Theorem 1.1, it has been proved in [5, 9] that for any
elements x and y of C*-algebra A, 0 is a best approximation to x in B = Cy if and
only if there exists f € S(A) such that f(x*x) = [|x||> and f(x*y) = 0. Moreover,
a generalized version of this fact has been proved in [13] for any element x and for
any subspace B of A. As an application of Theorem 2.6, we present the following
characterization of the best approximation for an element of A with respect to the
norm || - ||4. To achieve this goal, we need the following nice result from [2].

Theorem 2.9 [2, Theorem 2.13] Let A be a unital C*-algebra and let a be a positive
element of A. Let f : aA* — C be a linear functional such that f(a) = 1 and
| f(az)| < |zllaforallz € A%. Then there exists ¢ € S,;(A) such that (az) = f(az)
forall 7z € A“.

Theorem 2.10 Let A be a unital C*-algebra, a € A be a positive and invertible
element and let B be a subspace of A. Then yy € B is a best approximation to an
element x € A with respect to || - ||, if and only if there exists ¢ € S,(A) such that

P((x — yo)*a(x — y0)) = llx — yoll2
and

p(x*ay) = ¢(ygay) (Vy € B).

Proof If A is commutative, then the desired result immediately follows from [13,
Theorem 1.1] and Corollary 2.3. Now, suppose that .4 is a noncommutative C*-algebra
and yp € B is a best approximation to x with respect to || - ||,. Since

dis(x — yo, B) = inf [x —yo — ¥'lla = inf_[lx — (yo 4+ ¥)[la = dis(x, B),
y'eB yeB

without loss of generality, we may assume that yy = 0.

Now, suppose that x € A and there exists ¢ € S;(A) such that p(x*ax) = ||x||§
and ¢(x*ay) = 0 for all y € B. By Theorem 2.6 and homogeneity of a-Birkhoff—
James orthogonality, we conclude that || x —Ay|, > ||lx|, forall y € Bandall A € C.
Hence

lxlla = inf |lx — ylla = dis(x, B).
yeB

Therefore yg = 0 is a best approximation to x in B.

Conversely, suppose that yo = 0 is a best approximation to x in B. Then we have
lxlla < llx 4+ Ayl forall y € Bandall A € C. Theorem 2.6 tells us for each y € B
there exists ¢, € S;(A) such that ¢, (x*ax) = ||x||§ and ¢y (x*ay) = 0.

Let M = {ax*ax+Ba+x*ay : «a, B € C, y € B} beasubspace of A generated by
x*ax, a and x*aB. Since a is invertible, it is known that x has a unique decomposition
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; .. x 4+ xF
x = x1 + ixp such that x; and x, are a-selfadjoint. In fact, x; = 5 and xp =

x — xt
—. Hence
2i

M ={alx; +ixp)*a(x; +ixp) + Ba+ (x1 +ixp)*ay : a, B €C, y € B}
={a(xja —ixja)(x; +ix2) + Ba + (xja —ixja)y : a, B € C, y € B}
= {a(ax; —iaxy)(x1 +ix2) + Ba + (ax; —iaxy)y : a,8€C, y € B}
= {a (a(x; —ix)(x1 +ix2) + Blag+ (x1 —ix2)y) : o, €C, y € B}.
Define the mapping ¢ : M — C by
Y(ax*ax + Ba + x*ay) = oz||x||§ + B.

Clearly ¢ is a linear mapping. To show that i is well defined, it is enough to prove
that if ax*ax 4+ Ba 4+ x*ay = 0, then ¥ (ax*ax + Ba + x*ay) = 0. Note that for
each o, 8 € Cand any y € B, we have ¢, (ax*ax + fa + x*ay) = a||x||ﬁ + B,
since ¢y(a) = 1, ¢,(x*ax) = ||x||§ and ¢y (x*ay) = 0. Now, let u(a, B,y) =
a(x) —ixp)(xy +ixp) + Bl g+ (x; —ixp)y foralle, B € Cand all y € B. Then by
the Cauchy-Schwartz inequality, we get
[ (ex*ax + Ba + x*ay)| = | x|} + B | = lpy(ax*ax + Ba + x*ay)]
L1
= lgy(aula, B, y)| = loy(@zau(a, g, y))|
< Jo @),y B yyaue. . y))

= \/(py(u(ot, ﬂ, y)*a M(aa 187 y))
< Jue, B )l = llaer — ix2)(x1 +ix2) + Bla + (1 — ix)yla.  (28)

Ifax*ax+pa+x*ay = 0, thena(a(x;—ix2)(x;+ix2)+B1 44+ (x1—ix2)y) =0, and
so [la(x1 —ix2) (x1+ix2)+B1 4+ (x1—ix2)ylle = 0. Thus ¥ (ax*ax+pa+x*ay) =
¥ (0) = 0, by (2.8).

Define NV : aA — [0, 00) by N(az) = ||z||, for all z € A and note that \ is a
norm on a.A. Moreover, (2.8) follows that

[V (ax*ax + Ba + x*ay)| < N(a(a(x; —ix2)(x1 +ix2) + Blg + (x1 —ix2)y))
= N(ax*ax + Ba + x*ay).
Hence ||| < 1 with respect to the norm A/, and therefore ¥ : (M, N (-)) € aAd —
C is a bounded linear functional. The Hahn—Banach Theorem tells us ¥ can be extend
to a linear functional f : a A — Csuchthat | f|| = [[¥]| < 1, flima ) = ¥ and
f(a) = 1. In addition,

|f(az)] < I fIN(az) < N(az) = llzlla (Vz € A).
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Taking the above considerations into account, by Theorem 2.9 one can find ¢ € S,(A)
such that ¢(az) = f(az) for all z € A. Therefore, there exists ¢ € S,(A) such that

p(x*ax) = e((x1 +ixp)*a(x) +ix2)) = @(a(x; — ix2)(x1 + ix2))
= fla(x; —ix2)(x1 +ix2)) = f((x1 +ixp)*a(x; +ix2))

= f(x*ax) = Y(x*ax) = x|,

and

p(x*ay) = o((x1 + ix2)*ay) = g(a(x; —ix2)y) = f(a(x; —ix2)y)
= f((x; +ixp)%ay) = f(x*ay) = y(x"ay) =0 (Yy € B). O

As a direct consequence of Theorem 2.10, we get the following characterization of
a-Birkhoff—James orthogonality to a subspace in a unital C*-algebra.

Corollary 2.11 Let B be a subspace of a unital C*-algebra A and let x be an element
of A. Then x is a-Birkhoff-James orthogonal to B if and only if there is ¢ € S;(A)
such that p(x*ax) = ||)c||£2Z and ¢(x*ay) = 0 forall y € B.

The next result present a generalization of the well-known distance formula which
obtained by Williams in [19].

Corollary 2.12 Let A be a unital C*-algebra, a € A be a positive and invertible
element and let x € A. Then

dist? (x, C14) = min lx — 214]3 = max{p(x*ax) = |p(@x)|* : ¢ € Sa(A)}.

Proof Let o € C be such that ||x — a1 4], = dist(x, C1 4). For any ¢ € S;(A) such
that ¢ (ax) = o, we have

p(r*ax) — lp@an)? = o((x —al »%alx — al) < x — ala]? = dis?(x, C1 4).
Hence
max{p(x*ax) = lp(@x)* : ¢ € Su(A)} < dist*(x, Clg) = min |lx — A1 4llg.
On the other hand, by Theorem 2.10, there is ¢ € S, (A) such that
o((x —al Falx —aly)) = |lx — 011,4”31 and ¢(ax) = a.
Therefore ¢(x*ax) — |@(ax)|* = dist?(x, Cl4), and so
max{p(x*ax) — |p(ax)|* : ¢ € Sy(A)} > dist*(x, C14). -
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3 Strong a-Birkhoff-James orthogonality in C*-algebras

Our main goal in this section is to introduce and study the notion of strong Birkhoff—
James orthogonality with respect to the norm || - ||, in unital C*-algebras. It should
be noted that what is obtained in this section is an extension and modification of
some results of [4, 6]. We start this section with introducing the concept of strong
a-Birkhoff—James orthogonality.

Definition 3.1 Let A be a unital C*-algebra and a € A be a positive and invertible
element. An element x € A is said to be strongly a-Birkhoff-James orthogonal to an
element y € A, inshortx LG, v, if

lx + yblla = Ixlla (Vb € A).

Obviously, x 1§, yimplies x L%, y forall x, y € A. So forevery x,y € A,
we obtain:

(X, Y)a=x"ay=0=x LS g,y = x LG, ». 3.1)
Indeed, if {(x, y), = 0, then for each b € A, we have
Ix +ybll = sup @((x + yb)*a(x + yb))

9eSa(A)

= sup (@((x,x)a) + 2Rep((x, y)ab) + @((yb, yb)a))
e84 (A)

= sup (p((x,x)a) +@((yb, yb)a)) = sup @((x,x)a) = |Ix|2.
K/)ESa (A) ‘/’ESa (A)

Also, note that
x 1S gy x Ly, 90 (Ybe A. 3.2)

The converses in (3.1) do not hold in general. The following example explains this
fact.

Example 3.2 Leta = |:§ (1)] Ifx=DLandy = |:(1) (1):| , then for every A € C, we

have

lx 4+ Ayl2 = sup @n((x + Ay)*a(x + 1))

hel,

= sup ((2+ [ADA1 +2Re(2% + Mh12) + QA7 + Dhn)
hel,

A2 2
Zl+721:”x”a,
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1

since hg = |:(7) 8:| € L,.Hencex L%, y.But, we may easily check thatx L 5, y.

1 1
To this end, note that for b = [ 23 :| , we get

1
2713

lx + ybllg = sup Tr(h(x + yb)*a(x + yb))

hely,
hit h12] [3 OD
=sup Tr|( | - 4
hel ([hlz hn |03
3 3 3 5
= sup —hi1 + —h22> =-<l1l=|x|.
2hy1+hp=1,h11,h2>0 <4 8 8 ¢

Now, let x = I, and y = |:(1) 8:| fb = [Z;i Z;i:| € My (C) is arbitrary, then

sup ¢ ((x + yb)*a(x + yb))
hel,

=S?(@+Wuﬁmi+ﬂ%@nﬂ+Eﬂhﬁ+u+bm%m)
hely

Ilx + ybl|2

b 2
1+ P o,

. 00
So x J—g‘—B.’ y, while Clearly, (x, y>a = |:1 O:| # 0

Our nextresult gives us a characterization of strong a-Birkhoff-James orthogonality
based on elements of generalized state space S, (A) of unital C*-algebra A. Actually,
this result extend Theorem 2.5 of [4] for the norm || - ||, on A.

Theorem 3.3 Let A be a unital C*-algebra, x, y € A and let a € A be a positive and
invertible element. Then the following statements are equivalent:

(I x J—g_BJ ys

2) x J—%] Y(ys X)as

(3) Thereis ¢ € S;(A) such that p(x*ax) = ||x||3 and ¢({(x, y)a(y, x)a) = 0;

(4) There is ¢ € S,(A) such that p(x*ax) = ||x||(% and ¢({(x, y)ob) = 0, for all
be A

Proof (1) = (2) If x LG _p; v, thenx L%, yb forall b € A, by (3.2). Now, let
b= {(y,x)q. Thenx LG, y(y, x)4.
2)= @3 Ifx J_‘;“ y{(y, x)q, then it follows from Theorem 2.6 that there is ¢ €

Sa(A) such that p(x*ax) = [lx[|7 and ((x, y)a (¥, X)a) = 9((x, ¥(y, X)a)a) = 0.
(3) = @) If there exists ¢ € S,(A) such that p(x*ax) = ||x||§ and
o({x, ¥)a(y, x)q) = 0, then by the Cauchy—Schwarz inequality, we have

lp((*ay)b)? < e((x*ay)(y*ax)) p(b*h) =0, (Vb € A),
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which follows that ¢({x, y),b) = 0 for all b € A.
(4) = (1) It follows directly from Theorem 2.6 and the definition of strong a-
Birkhoff-James orthogonality. O

Proposition 3.4 Let A be a unital C*-algebra, x,y € A and let a € A be a positive
and invertible element. If (x, y), > 0, then

x 1S gy x LG, y.

Proof Assume that x L%, y. By Theorem 2.6, there exists ¢ € S;(A) such that
o((x,x)q) = ||x||2 and ¢({x, y)4) = 0. Since (x, y), > 0, by the Cauchy—Schwarz
inequality, for every b € A, we get

1 1
lo((x, YYab) P = lo((x, )a (x, y)a b)I?

1

< o((x, y)2 (x, y)3) @(b* (x, ¥)2 (x, y)2b)
< ox,y)a) p(b*(x, y)ab) = 0.

Thus ¢({(x, y)qb) = 0 for all b € A. Therefore, Theorem 3.3 shows that x L5 5, y.
O

Theorem 3.5 Let A be a unital C*-algebra and let a € A be positive and invertible.
If
x 1S pgryex 1y, y (Vx,yeA),

then the C*-algebra A is commutative.

Proof First, note that A4Y = A, since a is invertible. We shall show that for every
x,b € A there is a scalar 0 # « € C such that

xb L% 5, (xb? 4 axb). (3.3)

If xb = 0, obviously (3.3) holds. Now, let x be an element of A such that xb # 0.
Thenxb L%, x.Indeed,if xb L, x, thenxb LS, x, by the assumption and thus
xb L%, xb, by (3.2). It follows that xb = 0, which is not possible.

Moreover, by the definition of || - ||, and invertibility of a, there is ¢ € S, (A) such
that o ((xb, xb),) = ||xb||§. Hence by Theorem 2.6, we conclude that ¢((xb, x),) #

—|lxb
0. Now, take o = M Thus
o ({xb, x)q)
@((xb, xb + ax)y) = ||Ixbl|3 — ww(wb, x)q) = 0.
“ o((xb, x)a)

The assumption and the Theorem 2.6 yields that xb L_ 5, (xb+ax). Hence xb L%,
(xb% + axb), by (3.2), and so

xb L% g, (xb* + axb),
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by the hypothesis.

If A is not commutative, there will a nonzero b € A with b*> = 0 (see [12], p. 68).
By (3.3), for x = b* there is a scalar @ # 0 such that xb L1§_,, axb. Hence
b*b = xb = 0, and so b = 0. This contradiction shows that .4 is commutative. O

The next two results are direct consequences of Theorem 1.3, Corollary 2.3 and
Theorem 3.5.

Corollary 3.6 Let A be a unital C*-algebra and let a € A be positive and invertible.
The following statements are equivalent:

(1) Forallx,y € A, x L%, yifandonly if (x, y)qa = 0;
(2) Forallx,y € A, x L%, yifandonlyifx LS 5, y;
(3) A is isomorphic to C.

Corollary 3.7 Let A be a unital C*-algebra and let a € A be positive and invertible.

If
x 1S gy (0, y)a=0 (Yx,y e A,

then Z(A) = Cl 4.

Let A be a unital C*-algebra and a € A be positive and invertible. If z € A
is a noninvertible element of A, then zz*a is not invertible, and so 0 € o(zz*a) =
04(zz%a) € V4(zz*a), by [15, Remark 2.13 and Corollary 3.9]. Hence there exists ¢ €
Sa(A) such that o((1 4, 2)a(z, LA)a) = @(azz*a) = 0. Also, we have (p(l*AalA) =
@) =1=]1 A||§. Consequently, Theorem 3.3 implies that

gL sz, andso 14 L% z. (34)

It has been shown in [7] that the left-additivity (right-additivity) of the (strong)
Birkhoff-James orthogonality on a unital C*-algebra implies that A is isomorphic
to C1 4. As a final result of this section, we will prove that if the (strong) a-Birkhoff—
James orthogonality is right-additive on a unital C*-algebra A, then the center of A
is trivial; i.e., Z(A) = Cl 4.

Theorem 3.8 Let A be a unital C*-algebra and let a be a positive and invertible
element of A. If (strong) a-Birkhoff-James orthogonality is right-additive on A, then
Z(A) = Cly.

Proof First, assume that A is commutative. Then Z(A4) = A = Cl 4, by Corol-
lary 2.3 and [7, Remark 2.8]. Now, suppose that .4 is noncommutative and x € A is a
noninvertible element of A. Then by (3.4), 1 4 L% ; x*x. If we assume that ax = xa,
then (2.4) follows that ||x*x||, = |[x*x||. Hence ||x*x|s1 4 — x*x is not invertible,
since

Ix*xlla = llx*x]l € o (x*x).
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Thus 14 L%, (Ilx*x[la1.4 — x*x). The right-additivity of a-Birkhoff-James orthog-
onality follows that 1 4 L%, llx*x[la14. So [lx*x|l, = ||x||§ = 0, because of the
non-degeneracy of a-Birkhoff-James orthogonality. Hence x = 0. Therefore we
have proved that every nonzero element of C*-subalgebra Z(A) is invertible, and
so Z(A) = Cl 4 by the Gelfand-Mazur Theorem. A similar argument works for
strong a-Birkhoff-James orthogonality. O

Remark 3.9 Suppose that a-Birkhoff-James orthogonality is left-additive in unital C*-
algebra A and let x € A be positive and noninvertible such that xa = ax. Then
the C*-subalgebra, B := C*(1 4, a, x), generated by 1 4, a and x is commutative.
According to the Corollary 2.3, Birkhoff-James orthogonality is left-additive on 55.
Hence x = 0, by [7, Remark 2.8]. It follows that every nonzero element of Z(A) is
invertible, and so Z(A) is trivial. It should be noted that the same proof works for
right-additivity of a-Birkhoff-James orthogonality. However, a different approach is
presented to study right-additivity in the previous Theorem.
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