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Abstract

The main objective of this article is to consider a biharmonic problem with Navier
boundary conditions. Among others, some criteria for the existence, multiplicity and
nonexistence of positive solutions are established by employed fixed point theorems
in a cone. In addition, we not only consider the sublinear case, but also we will study
the case of appropriate combinations of superlinearity and sublinearity.
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1 Introduction and main results

Biharmonic elliptic equations with various boundary conditions come from the study
of traveling waves in suspension bridges [5] and static deflection of a bending beam
[16], and have attracted the interest of many researchers. Some classical methods
have been widely used to study biharmonic elliptic equations: the Pohozaev identi-
ties and decay estimates, see Guo-Liu [12] and Guo-Wei [13]; comparison principles,
see Cosner-Schaefer [6] and Mareno [22]; degree argument, see Tarantello [28]; per-
turbation theory, see Wang-Shen [29]; bifurcation theory, see Lazer-McKenna [19];
the method of upper and lower solutions, see Ferrero-Warnault [10] and Pao [25];
computational methods for numerical solutions, see Pao [26] and Pao-Lu [27]; phase
space analysis, see Chang-Chen [4], Diaz-Lazzo-Schmidt [9]; fixed point theorems,
see Kusano-Naito-Swanso [18]; variational method, see Micheletti-Pistoia [23, 24],
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Xu-Zhang [31], Zhang [33], Zhou-Wu [36] and Ye-Tang [32]; Morse index, see Li-
Zhang [35], Davila-Dupaigne-Wang-Wei [7], Khenissy [17] and Wei-Ye [30], and the
moving-plane method, see Lin [20] and Guo-Huang-Zhou [14].

We recall some recent results of Abid-Baraket [1], Guo-Wei-Zhou [15], Arioli-
Gazzola-Grunau-Mitidieri [3] and Liu-Wang [21]. In [1], Abid-Baraket applied the
maximum principle to analyze the existence of singular solution to the following
biharmonic elliptic problem

A%y =u’ in Q,
{u:Au:O on Q2. (d.D

Recently, Guo-Wei-Zhou [15] employed the entire radial solutions of a equation
with supercritical exponent and the Kelvin’s transformation to obtain positive singular
radial entire solutions of the biharmonic equation with subcritical exponent. Then,
they constructed solutions with a prescribed singular set for problem (1.1) by using
the expansions of such singular radial solutions at the singular point 0.

In [3], Arioli-Gazzola-Grunau-Mitidieri studied the boundary value problem

A%u = Le" in Q,
{u:ﬂ:Oonaﬂ (1.2)
on ’

where A > 0 is a parameter, €2 is the unit ball in R” (n > 5) and g—r"l denotes the
differentiation with respect to the exterior unit normal. They proved the existence of
singular solutions for problem (1.2) by means of computer assistance when 5 < n <
16.

In [21], Liu-Wang employed a variant version of Mountain Pass Theorem to study
the existence and nonexistence of positive solution to the biharmonic problem

A%u = f(x,u) in Q,
u=Au=0 ondf2,

where €2 is a smooth bounded domain in R” (n > 4), and f satisfies
(C) f(x,1) € C(2 x R); fx,0) =0, Vx € Q f(x,t) >0, Vt >0, x €
Qand f(x,1)=0, V1 <0, x € Q;
(C) lim L&D = p(x), lim f<’;*’> =1(0 <[ < 400) uniformly in a.e. x €
t—0 t—400

where |p(x)]|oo < A1, A1 is the first eigenvalue of (A2, H2() N HOI(Q));

(C3) forae. x € , hm f(x D s nondecreasing with respect to ¢ > 0.

However, to our best knowledge in the literature, there are almost no papers using
the fixed point theory in cons for completely continuous operators to study the exis-
tence, nonexistence and multiplicity of positive solutions for analogous biharmonic
elliptic problems. More precisely, the study is still open for the Navier boundary value
problem

(1.3)

A%u = Af(x,u) inQ,
u=Au=0 ondQ,
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where 1 # 0 is a parameter, 2 is a smooth bounded domain in R"” (n > 2), and the
nonlinearity f satisfies:

(f1) f € C(Q x [0, +00), [0, +00)).

If A =1and f(x,u) = uP, then problem (1.3) reduces to the problem studied by
Abid-Baraket [1] and Guo-Wei-Zhou [15].

Let
f0:= lim forw) uniformly for x € Q;
u—>0t u
£ = lim foxu) uniformly for x € Q;
Uu——+00 u
foo := lim f(x,u) uniformly for x € Q.
u——+00

The main results of this paper are the following theorems.

Theorem 1.1 Under condition (fy), if f* =0, £ = 0and fs € (0, +00), then, for
any given t > 0, there exists & > 0 so that, for .. > &, problem (1.3) admits at least

two positive solutions uil) (x), uiz) (x) and max u&l)(x) > T.

x€Q

Remark 1.2 One of the contributions of Theorem 1.1 is to use a simpler method, i.e.
index theory of fixed points on cones to prove the multiplicity of positive solutions for
biharmonic problems.

Remark 1.3 The approach used in Theorem 1.1 is completely different from those
used in Abid-Baraket [1], Guo-Wei-Zhou [15], Arioli-Gazzola-Grunau-Mitidieri [3],
Liu-Wang [21] and other related papers. In particular, comparing with Liu-Wang [21],
the main difficulties of Theorem 1.1 lie in three main directions:

(1) A > 0is considered;
(2) multiple positive solutions are obtained;
(3) in the proof process, we do not need the monotonicity condition (C3).

Theorem 1.4 Under condition (f1), (i) if0 < f° < 400, then there are ly > 0 and
ro > 0 such that, for every O < r < ly, problem (1.3) admits a positive solution u,
satisfying ||\u,||c = r associated with

L =X € (0, Mol (1.4)

(i) if fO = 400, then there are I* > 0 and \* > 0 such that, for any 0 < r* < I*,
problem (1.3) admits a positive solution u,« satisfying ||u,«||c = r* for any

A= € (0, A7].

(i) if fO < 400 and f* < 400, then there exists A > 0 such that problem (1.3)
admits no positive solutions for A € (A, 00).

Corollary 1.5 Under condition (f1), if f* = 0 and f> = 0, then problem (1.3) admits
no positive solution for sufficiently large A.
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Next, in Theorems 1.6-1.9 and Theorem 1.11, we will employ some techniques
different from that used in Theorem 1.1 to prove some existence and multiplicity
results. Conclusions to be demonstrated in Theorems 1.6—1.9 and Theorem 1.11 are
true for any positive parameter A. We hence may suppose that A = 1 in problem (1.3)
for simplicity.

We introduce the following notations.

S (x,u) S x, u)

¥ = lim sup max , f, = liminf min ,
peb o Y - ﬁ
u—y xeQ U U=y xeQ U

where y denotes 0T or 400, a, B € (0, +-00).
We consider the following three cases for «, 8 € (0, 4+00) :

a=150<a,f<landa > 1.

Case o = 1 is treated in Theorems 1.6-1.7.

Theorem 1.6 Under condition (fy), if f©=00r f* =0, and there exist n > 0 and
I > 0 so thatu > nand x € Q2 implies

flxu) =1, (1.5)
then problem (1.3) possesses at least one positive solution.

Theorem 1.7 Under condition (fy), if f©=0and f>* = 0, and there exist n > 0 and
! > 0 such that u > n and x € Q implies (1.5) holds, then problem (1.3) possesses at
least two positive solutions u™ and u™* with

0 < u*llc <n < lu™lc,

where || - ||c denotes the norm of real Banach space C ().

Theorems 1.8—1.9 deal withthe case 0 <o < 1l and 0 < 8 < 1.

Theorem 1.8 Under condition (fy), if
fo=o0and f>* =0,
then problem (1.3) possesses at least one positive solution.

Theorem 1.9 Under gondition (f1), if f°° = 0 and there exist n > 0 and | > 0 such
that u > n and x € 2 implies (1.5) holds, then problem (1.3) possesses at least one
positive solution.

Remark 1.10 The method applied in the proof of Theorems 1.6—1.7 is invalid when we
employ it to demonstrate Theorems 1.8—1.9 forthe case 0 <o < land0 < 8 < 1.
Therefore we need to introduce a different technique to verify Theorems 1.8-1.9.
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Next we study the case « > 1 in Theorem 1.11.

Theorem 1.11 Under condition (f1), if f° = 0 and there exist n > 0 and | > 0 such
that u > n and x € Q implies (1.5) holds, then problem (1.3) possesses at least one
positive solution.

Remark 1.12 The fixed point index theorem on cones is valid in the proof of Theo-
rem 1.11, but the approach used in the proof of Theorems 1.6-1.9 is invalid.

The rest of the paper is organized as follows. In Sect. 2, we first apply an idea from
Guo-Huang-Zhou [14] to transfer problem (1.3) into a second-order elliptic system.
Then, we obtain the Green’s function of problem (1.3) by means of the Green’s function
of the corresponding second-order elliptic boundary value problem. Consequently we
get the expression of the solution for problem (1.3). In Sect. 3, we apply index theory of
fixed points for completely continuous operators to study the existence, nonexistence
and multiplicity of positive solutions to problem (1.3). Sections 46 are, respectively,
devoted to the study of existence and multiplicity of positive solutions to problem (1.3)
under the case A = 1.

2 Second-order elliptic system
In this section, we first apply an idea from Guo-Huang-Zhou [14] to transfer problem
(1.3) into a second order elliptic system. Then, we obtain the Green’s function of
problem (1.3) by means of the Green’s function of the corresponding second order
elliptic boundary value problem. Consequently, we get the expression of the solution
for problem (1.3).
Let —Au = w. Then, we can transfer the biharmonic problem (1.3) into the fol-
lowing second order elliptic system
—Au=w in Q,
—Aw=XAf(x,u) in Q, 2.1
u=0=w onaf.

It follows from (2.1) that

u) = [ 6w emi. 22)
w(x) = )»/QG*()C, Wy, uly)dy, (2.3)
where G*(x, y) is the Green’s function of — A on 2, which verifies
0<G*(x,y) = Clx =y,
where n > 3, the constant C depends only on 2.
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Moreover, for x, y € Q, x # y, one finds that

0<G"(x,y) < ————, n
4rlx — vl

d
Ix — yl’

3

1
OsG*(x,y)S—2 In n=2,
T

where d denotes the diameter of 2.

Since, for x, y € Q cR (n = 2), G*(x, y) is nonnegative, continuous (when
x # y) and symmetric, there must be two points xg and yo with xo # yg, which are
interior points of €2, such that

G*(x0, y0) = G*(yo, x9) > 0.

Thus, there are 71, 72, 73 > 0 and two disjoint small closed balls By, B>, B3 € Q2 such
that

G*(x,y) =11, Y(x,y) € (B] x By) U(By x By),
G*(y,2) = 12, Y(y,2) € (B2 x B3) U (B3 x By), (2.4)
G*(x,z) > 13, Y(x,z) € (B; x B3) U (B3 x By),

where

By ={x € Q:|x —xol =4},
By ={x € Q:|x —yol <6},
By ={xeQ:|x—2z0 <8}

It is easy to see that
mesB; = mesBy = mesB3.
On the other hand, from (2.2) and (2.3), we have

u(x) = — [ G*(x, y)w(y)dy
=2 [5G (x,y) [5 G*(v,2) f (z, u(z))dzdy

= g f5, G*(r. )G (3. 2) £ (z. u(2))dzdy )
= [ G(x,2) f(z,u(2))dz,
where
G(x,z) = fQG*(x,y)G*(y,z)dy. (2.6)

Thus, we give the expression of Green’s function for problem (1.3). Obviously,
G(x,z2) =G(z,x)and G(x,z) > Oforx, z € Q.

W Birkhauser
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3 Proof of Theorems 1.1 and 1.4

In this section, we first consider the multiplicity of positive solutions for problem (1.3)
by using the fixed point index in a cone, which is used in Zhang [34].

Lemma 3.1 ([8]) Let E be a real Banach space and K be a cone in E. Forr > 0,
define K, = {x € K : |x|| < r). Assume that T : K, — K is completely continuous
such that Tx # x forx € 0K, = {x € K : ||x|| =r}.

@) If\ITx|| = ||x|| for x € 0K, theni(T, K,, K) = 0.

@) If | Tx|| < ||x|| for x € 0K,, theni(T, K,, K) = 1.

Let E = C() be the real Banach space with supremum norm || - ||c, and define a
cone K in E as

K={u:uekE, uix) >0, xeQ}. 3.1
For ¢ > 0, we also define
Dy ={u:ueckE, |ulc <o}
and
0K, =KNoDy, ={u € K : |ullc =0}

Foru € K, we define Ty, : K — E tobe
T = [ G fOu)dy. (32)
Q

where G (x, y) is defined in (2.6).
When (f1) hold, it is well known that 7, : K — E is completely continuous.

Proof of Theorem 1.1. For any given T > 0, it follows from fo, € (0, 400] that there
exist » > 0 and [/ > t such that

fx,u)=>n VxeQ, u>1L. (3.3)
. Letting £ = (1721 (mesB;)(mesB3)) 1, then for 0 < A < &, one can prove that
T, : K — K is completely continuous.
Considering f% = 0, there exists 0 < r < [ such that
f,u)<eu, VxeQ, 0<u<r, (3.4)
where g; > 0 satisfies

retligilicligalle < 1, (3.5

) Birkhauser
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and fori € {1,2}, ¢; € C*(Q) gratify

—A¢; =1 in Q,
{q&i =0 ondQ. (3.6)
So, for u € K N dD,, we have from (2.5), (2.6), (3.2), (3.4) and (3.5) that
| Taullc = magk Jo GG, y) f(y,u(y))dy
xXe
= magzzw\fgz Jo G*(x,2)G*(z, ) f (v, u(y))dzdy
X€E
= magzz(kfg G*(x,2)dz [o G*(z, y) f (v, u(y))dy
XeE
< xetllulle [o G*(x, 2)dz [ G*(z, y)dy
< retllullcligiliclizllc
< lullc.
It hence follows from (ii) of Lemma 3.1 that
i(Th,K,, K)=1. 3.7
Now turning to f°° = 0, there exists ¢ > 0 so that
f(x,u) <eu, Vx e Q, u>o,
where g > 0 satisfies
2xerlp1liclig2llc = 1. (3.8)
We hence have
0< f(x,u) <eu+My, Vx €Q, u>0, (3.9
where
My, = max  f(x,u)+1>0.
xeQ, 0<u<o
Let
R > max {l, 2k9ﬁall¢1llcll¢2llc}~ (3.10)

W Birkhauser
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Thus, for u € K N dDg, we derive from (2.5), (2.6), (3.2), (3.8), (3.9) and (3.10)
that

I Tullc = maxx\fg G(x,y) f(y, u(y)dy
= max)»fg2 Jo G*(x, )G*(z, y) f (y, u(y))dzdy
= mafoQ G*(x, 2)dz [q G*(z, y) f(y, u(y)dy
< A(Szllullc + My) [o G*(x,2)dz [o G*(z, y)dy
< xezllullc + M) lp1liclio2llc
<9+ 5 =ulc.
It hence follows from (ii) of Lemma 3.1 that

i(T,Kgr,K)=1. (3.1

On the other hand, foru € Kf = {u € K : |lullc <R, mil? u(x) > 1}, (2.5), (2.6),
X€EDb3
(3.2), (3.8), (3.9) and (3.10) yield that

[Thullc < R.

Furthermore, for u € KIR, from (2.4) (2.5), (2.6), (3.2), and (3.3), we obtain that

min (Z,u)(x) = & min Ja GG, ») f(y, u(y)dy
> Ai‘é%i S8, [, G*(x, 2)G*(z, y) f (v, u(y))dzdy

> At T2n(mesBy) (mesB3)
> £111on(mes By) (mes B3)
=1.

Letting ug = H'R and H(t,u) = (1 — t)T)u + tug, then H : [0, 1] x KR — K is
completely contmuous, and from the analysis above, we obtain for (¢, u) € [0, 1]x K R

H(t,u) € Kf. (3.12)

Therefore, forr € [0, 1], u € KR, we have H (t, u) # u.Hence, by the normality
property and the homotopy invariance property of the fixed point index, we obtain

i(To, KR, K) =i(uo, KX, K) = 1. (3.13)

Consequently, by the solution property of the fixed point index, 7 admits a fixed
point uﬁ\l) with u&l) € KIR, and

maxu( )(x) > mln u( )(x) >1[>r.
xeQ €B3

) Birkhauser
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On the other hand, it follows from (3.7), (3.11) and (3.13) together with the additivity
of the fixed point index that

i(T,., Kr\(K, UK[), K)
=i(Ty. Kg, K) —i(T, KX, K) — i(Ty, K,, K) (3.14)
=1-1-1=-1.

According to the solution property of the fixed point index, 7} so possesses a fixed
point uf) with uiz) € Kg\(K, U IEZR). It is easy to see that u&l) #* u&z). This finishes
the proof of Theorem 1.1. O

Next, we will prove the existence and nonexistence of positive solution to problem
(1.3). To this goal, we need to state one well-known result of the fixed point index on
cones for completely continuous operators, which is the base of our approaches.

Lemma 3.2 (Corollary 2.3.1, Guo and Lakshmikantham [11]) Let K be a cone in a
real Banach space E and let $2 be a bounded open set of E. Assume that the operator
A K NQ — K is completely continuous. If there exists a uy > 0 such that

u— Au # tug, Yu e KNa, t >0,
then

i(A,KNQ,K)=0.

Proof of Theorem 1.4. Itis well known that problem (1.3) is equivalent to the following
nonlinear integral equation

u(x) = ?»/QG()C, W f(y,u(y)dy, (3.15)

where G (x, y) is defined in (2.6).
Consider the operator

Fut) = /Q Gx. ) f (. u(y))dy. (3.16)

Since G(x, y) and f(x, u) are nonnegative, it is easy to see that T:K — K is
completely continuous.

Part (i). It follows from 0 < f© < +oo that there exist 0 < /| < [, and > 0
such that

hu < f(x,u) <lhu (VxeS_Z, 0<u<np. (3.17)

Let Ao = (I;71TamesBomesB3) ! and Iy = p. We now demonstrate that A¢ and [
are the numbers to be required.

W Birkhauser
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On one hand, foru € K N dD,, we have
O<ulx)<r<ly=upu, x e Q.
On the other hand, we may suppose that
u—xrTu+#0 (Yue KNaD,). (3.18)

If not, then there is u, € K N 3D, such that Aof"u, = u, and so (1.4) already holds
for A, = Ao.

Define ¢ (x) = 1 for x € Q. Then, ¥ € K gratifying ||¥]c = 1. We now
demonstrate that

u—roTu ¢y (Yue KNaD,, ¢ > 0). (3.19)

Assume that there are u; € KNJdD, and {; > OAsuch that u —kof”ul = {1y, then
(3.18) indicates that ¢; > 0, and u; = 1 + AoTuy > &Y. Let ¢* = sup{¢|u; >
ZYy}. Then ¢ < ¢* < 4ooand u; > ¢*y. Therefore,

"= lle < luille =r. (3.20)

Consequently, for any x € Bj, we derive from (2.4), (2.5), (2.6), (3.16), and (3.17),
that

ur(x) = ro fo Gx, ») f (v, ur(y)dy + §19(x)
=20 g Jo G*(x,2)G*z, y f (v, u1(y))dzdy + {19 (x)
> 20 [ Jo G*(x, 2)G*z, yliuy (y)dzdy + £ (x)
> 20 [ Jo G*(x, 2)G*z, yl1£* Y (2)dzdy + £1 (x)
> hol1t* [, G*(x, 2)dz [, G¥z, ydy + 19 (x)
> rol1¢*TiTomesBomes Bz + £ (x)
="+ avx)
="+ v (x),

which indicates that 1 (x) > (*+¢1)¥ (x) forx € Bj. This contradicts the definition
of ¢*. Thus, (3.19) holds and hence it yields from Lemma 3.2 that

iT, KN Dy, K)=0. (3.21)
It is widely known that
i0,KND,,K)=1, (3.22)
where 6 denotes the zero operator.
Therefore, it derives from (3.21) and (3.22) arld the homotopy invariance that there
areu, € KNoD, and 0 < v, < 1 so that v,AgT u, = u,, which indicates that

0 < A = AoV, < Ag.

) Birkhauser
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This gives the proof of (1.4).
Part (ii). If fO = +o0, then there are /3 > 0 and u* > 0 so that

fx,u)>hu, ¥xe€Q, 0<u<pu*.

Next, we verify that [* = u* and A, = (37 TomesBymesB3) ! are required. Thus,
foru € K N 0D,+, we derive that

O<u(x)<r*<l*=u* xeQ.
Similar to the proof of (i), replacing (3.18), one can suppose that
u—rTu#0 (Yu € KNIDw),
and replacing (3.19) we can demonstrate that
u—rTu#¢y (Yue KNaDy, ¢ >0).

It follows from Lemma 3.2 that i(A*f, K N Dy«, K) = 0. Seeing that i(#, K N
D,, K) = 1, one can easily demonstrate that there are u,+ € KNI D+ and0 < v+ < 1
so that vr*k*f"ur* = u,+. So, Theorem 1.4 (ii) holds for A« = A v+ < Ay

Part (iii). If f 0 - soand [ < o0, then there are positive numbers 1 > 0, 1y >
0, hy >0and hy > Osothath; < hp and forx € , 0 < u < hy, we derive that

fx,u) < mu, (3.23)
and for x € Q, u > h», we derive that
fx,u) < mnu. (3.24)

Set

n*:max{m,ng, max{f(x’u) tx €Q, Sufhz}} > 0.
u

Then, we derive that
fx,u) <n*u, x € Q, u € [0, 00). (3.25)

Assume that v € K is a positive solution to problem (1.3). We will demonstrate
that this leads to a contradiction for A < A = (n*||¢1]lclld2llc) "

W Birkhauser
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In fact, for A < A, we derive from (2.5), (2.6), (3.2), and (3.25) that

ITwvllc = maX?»fQ G(x, y) f(y,v(y)dy
- maxx Jio Jo G*(x, DG*(z, ) £ (3, v(y))dzdy
= magxfQ G*(x,2)dz [o G*(z, y) f(y, v(y))dy
xXe

< an*|vllc fq G*(x, 2)dz [5 G*(z, y)dy
< an*lvlicliorlicli¢zlc

< an*lvlicligrlicligz2lle

= |vllc.

which indicates that

lvllc = Twvllc < lIvlie-
This is a contradiction. |

Proof of Corollary 1.5. The proof of Corollary 1.1 is a direct consequence of the proof
for Theorem 1.4 (iii). Under the conditions of Corollary 1.5, we can obtain the intervals
of A so that problem (1.3) admits no positive solutions. O

Remark 3.3 If we consider the following Navier boundary value problem

(3.26)

AA%u = f(x,u) inQ,
u=Au=0 ondQ,

where A # 0 is a parameter, €2 is abounded domainin R” (n > 2), and the nonlinearity
f satisfies (f1), then we have the following conclusions.

Theorem 3.4 Under condition (f1) holds, if 0 < f0 < 409, then there exists [y > 0
such that, for every 0 < r < lo, problem (3.26) admits a positive solution u, satisfying
lluyllc = r associated with

A = Ar € [A0, Aol

where Ao and Lo are two positive finite numbers.

Proof The proof is similar to that of Theorem 1.4 (i). We hence omit it here. O

4 Proof of Theorem 1.6 and Theorem 1.7

In this section, we will prove Theorem 1.6 and Theorem 1.7. To achieve this goal, we
first state a well-known result of the fixed point, which is the base of our approaches.
Lemma4.1 (Theorem 2.3.3, Guo and Lakshmikantham [11]) Ler Q 1L and 2, be two
bounded open sets in a real Banach space E such that 0 € Q1 and 21 C 2. Let P
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be a cone in E and let operator A : P N (2\Q1) — P be completely continuous.
Suppose that one of the following two conditions
(a) Ax 2 x,¥V x € PN3Q and Ax £ x,Vx € PNIQY
and
(b) Ax £ x,Vx € PNIQand Ax ¥ x,¥ x € PN
is satisfied. Then, A has at least one fixed point in P N (Q22\21).

Remark 4.2 1t is clear to see that the fixed point of A in Lemmas 4.1 can not reach the
boundary of €21 and ;.

Proof of Theorem 1.6. Itis well known that problem (1.3) is equivalent to the following
nonlinear integral equation

u(x) = /Q Gx. ) £ (. u(y))dy @.1)

when A = 1, where G (x, y) is defined in (2.6).
Consider the operator

Tlu(X)Z/QG(x,y)f(y, (u(y))dy, 4.2)

It is generally known that 77 maps K into K is a completely continuous operator.
Case (1), [0 =0.
Considering f 0 — 0, there exists » > 0 such that

flx,u) <er, VxeQ, 0<u<r, “4.3)

where ¢ > 0 satisfy ¢||¢1]cll¢2llc < 1, and ¢; are defined in (3.6) fori € {1, 2}.
We can prove that

AuPu, uek, |ulc=r. (4.4)

In fact, if there exists u1 € K N 0D, such that Tyu; > uq, then from (2.5), (2.6),
(3.6), (4.2) and (4.3) we have

0<ui(x) <Tiui(x)
= [6G(x, y) f(y,ur(y)dy
=[5 o G*(x, 2)G*(z, y) f (v, u1(y))dzdy
= o G*(x,2)dz [5 G*(z, y) f(y, u1(y))dy
< er [o G*(x, 2)dz [q G*(z, y)dy
<cerllgilicligz1lc
<r=|luillc.

This leads to |lu1||c < llu1]lc, which is a contraction. It so follows that (4.4) holds.
Case (2), f*° =0.
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Considering f°° = 0, there exists R > r > 0 such that
f(x,u) <&u, Vx € Q, u > R,

where ¢ > 0 satisfies %é”q&] lcllig2llc < 1.
We hence have

0< f(x,u) <eu+M, VxeQ, u=>0, (4.5)
where
M= max _ f(x,u)+1>0.
x€Q, 0<u<R
Let
R > max {R, 29ﬁll¢1llcll¢2llc}. (4.6)

Then, one can prove that
T]M}fu, uek, |ullc=R. 4.7

In fact, if there exists up € K with ||uz||c = R so that Tiuy > u,, then it follows
from (2.5), (2.6), (3.6), (4.5) and (4.6) that

0 <ux(x) < Tiuz(x)
= [5G, y) f(y, uz2(y))dy
= Jg Ja G*(x,2)G*(z, y) f(y, u2(y))dzdy
= [5 G*(x,2)dz [ G*(z, y) f(y, ua(y))dy
< eCElluzllc +M) [5 G*(x, 2)dz [5 G*(z, y)dy
< Elluzllc +Md1liclidzlic
< lgle 1 X —us|ic,

which leads to ||uz||c < ||luz|lc. This is a contraction. It so follows that (4.7) holds.
Next, we demonstrate that

Tiufu, uek, |ulc=n, (4.8)

where R < < R.
In reality, if there is ug € K with |lug||c = n so that Tiug < uyp.
It so follows from (1.5), when a 7 is fixed, there is a/ > 0 so that

n

x,u)=l> —m—
f T1TomesBymes B3

,VxeQ, u> n. 4.9)
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We notice that u > n implies that ||u||c > n. Therefore, for u € 0K, we derive
from (2.4), (2.5), (2.6), (3.2) and (4.9) that

X € By = up(x) > Tiup(x)
= [o G(x, ) f(y, uo(y)dy
> [, [5, G*(x. G*(z, ) f (v, uo(y))dzdy
> 11172l (Mes By) (mes Bz)
> 7.

This is a contraction. It so follows that (4.8) holds.

Applying Lemma 4.1 to (4.4) and (4.8) or (4.7) and (4.8) yields that operator T}
possesses one fixed point u withu € K, , oru € K, g. It hence follows that problem
(1.3) admits at least one positive solutions u with r < |lullc < norn < |ullc < R.
This gives the proof of Theorem 1.6. O

Proof of Theorem 1.7. Take 0 < 1 < n < 2. When f© = 0, similar to the proof of
(4.4), one can demonstrate that

Tlu,)fu, uek, |ulc=ni. (4.10)
When f°° = 0, similar to the proof of (4.7), we derive that
Tw?u, uek, |ulc=n. 4.11)
Under condition (1.5), similar to the proof of (4.8), one can prove that
Twtu, ueck, lulc=n. (4.12)
Therefore, from (4.10), (4.11) and (4.12), Lemma 4.1 yields that 77 possesses two
fixed point u*, u™* gratifying that u™ € K, ,, u™ € K, 5,. It so follows that problem
(1.3) possesses at least two positive solutions u*, u** gratifying that
0 < llullc <n < llu™lc.

This completes the proof of Theorem 1.7. O

5 Proof of Theorems 1.8 and 1.9

In this section, we will employ the following fixed point theorems on cones to prove
Theorem 1.8 and Theorem 1.9 forthe case 0 <@ < land 0 < 8 < 1.

Lemma 5.1 (See[2], Theorem 12.3) Let P be a cone in a real Banach space E. Assume
Q1, Q9 are bounded open sets in E with0 € Qp, Q C Q. If

A:PN(\Q) — P
is completely continuous such that either
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(a) there exists a ug > 0 such that u — Au # tug,Yu € PN 03O0, t > 0; Au #
uu,Yu € PNoQy, u > 1, or
(b) there exists a ug > 0 such that u — Au # tug,Yu € PN 3R, t > 0; Au #

uu,Yu € PNo2y, u > 1. B
Then A has at least one fixed point in P N (2\$21).

Remark 5.2 Obviously, the fixed point of A in Lemmas 5.1 can not reach the boundary
of 1 and 5.

Proof of Theorem 1.8. We assume that there is r; > 0 so that
u—Twu#06,VueK, 0<|ulc<r. 5.1
If not, then there is u,, € K N dD,, so that
Tiup, = uyy.
Considering fy = oo, there is ¢ > 0 and r, > 0 so that
f,u)>ou? (vxeQ, 0<u<nr). (5.2)
Let ¢ (x) = 1 forx € Q. Then ¢ € K with |[¢/||c = 1. Next, we demonstrate that
u—Twu#¢y Yue KNAD,, ¢ > 0), 5.3)

where

1

0 < r < min{ry, rp, (tomesBs) I-F }.

In reality, if there are u; € K N 3D, and ¢; > 0 such that u; — Tju; = {1¥, then
(5.1) indicates that ; > 0. But, u; = &1 + Tiuy > ¢1y. Set

¢" =sup{¢lur = ¢y

Thus, we have ¢ < ¢* < 4ooand u; > ¢*y. So,

1
=" lle < lluille =r < (r1ToomesBymesB3) -7 . 54

Therefore, for any x € By, we follow from (2.4), (2.5), (2.6), (3.2), (5.2) and (5.4)
that

ur(x) = fo Gx, y) f(y, ur(y)dy + &1 (x)
> [5G, youl (Ndy + 1 (x)
> [ Glx, Yo (t* Y (0)Pdy + o1y (x)
>0t [5, G*(x, 2)dz [, G*(z, )y + 1 (x)
> o(g‘*)’srltzmengmesB3 + 1 (x)
>+ ay(x)
="+ )Y ().
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This contradicts the definition of ¢*. So (5.3) holds.
Next, turning to f*° = 0, then there are / > 0 and r, > 0 so that

flx,u) <lu*(x), Yu > r).
Let

L= max f(x,u).

x€Q,0<u<r,
Then we derive that
f,u) <lullg +L, Vx e Q, u € [0, +00). (5.5)
Take R be large enough (R > r) such that

Ligilcli¢zllc n lHigilicli¢alle

R Ri—a < 1. (5.6)
Now, we are going to prove that
Yue KNoDg, u>1= Tiu # uu. 5.7

In fact, if there are up € K N dDg and po > 1 such that Tiur, = pouy, then it
follows from (2.5), (2.6), (3.2), (3.6) and (5.5) that

rou2(x) = fo G(x, ) f(y, ua(y)dy
= J5 /o G*(x,2)G*z, y f (y, ua(y))dzdy
< Jg /o G*(x, 2)G*(z, y)(L + [u®(z))dzdy (5.8)
< (L+1ull®) [g [5 G*(x,2)G*(z, y)dzdy
< (L +Hul)l¢ilclidzllc.

Thus it follows from (5.8) that

moR = polluzllc
<L+ HulHNetliclioz2llc
< (L +IRYe1lcld2lic.

It hence derives from (5.6) that

- Llétlicliozlic + lHigilicligzllc

0= R lea < 1.

This contradicts ;g > 1, which indicates that (5.7) holds.

Therefore, according to (b) of Lemma 5.1, it yields from (5.3) and (5.7) that operator
T1 possesses a fixed point u in K N (Dr\D,) with r < |lullc < R. This follows that
problem (1.3) has at least one positive solution u# with » < |u||c < R, and so the
proof of Theorem 1.8 is completed. O
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Proof of Theorem 1.9. Take 0 < n < n;. When f* = 0, similar to the proof of (5.7),
we can prove that

Yu € KNODy, u>1= Tiu # pu. 5.9)
Let ¥ (x) = 1 for x € Q. Then, y € K with ||y||c = 1. Next, we can prove that
u—Twu#¢y Yue KNoD,, ¢ >0). (5.10)

In reality, if there are up € K N 3D, and ¢, > 0 such that u, — Tjup = ¢, then
(5.10) indicates that ¢, > 0. But, uy = o + Tiun > O, Set

¢ =sup{¢*luz = £

Then we derive & < {** < 400 and uy > ¢**. We so have

1
" ="Ylc < lluzllc = n < (riT2omesBymesB3) T-F . (5.11)

On the other hand, it follows from (1.5), when a 7 is fixed, there exists al > 0 such
that

n

—_——  VxeQ, u>n. (5.12)
T1Tomes Bymes B3

flx,u)>1>

Thus, for any x € By and u € 9K, we follow from (2.4), (2.5), (2.6), (3.2), (5.11)
and (5.12) that

ur(x) = [5 G(x, ) f(y, ua(y)dy + &9 (x)
=[5 Jo G*(x, 2)G*(z, y) f (y, ua(y))dzdy + &9 (x)
> 1 [y [, G*(x. 23)G* (2. y)dzdy + 29 (x)
> ltyomesBymes B3 + {1 (x)
>+ LY(x)
> 4 HY(x)
= (™ + )Y ().

This contradicts the definition of ¢ **. Therefore (5.10) holds. This completes the proof
of Theorem 1.9. O
6 Proof of Theorem 1.11

In this section, we intend to apply the following fixed point theorem on cones to
demonstrate Theorem 1.11 for the case o > 1.

Lemma 6.1 (Theorem 2.3.4, Guo-Lakshmikantham [11]) Let P be a cone_in a real
Banach space E. Assume 21, 23 are bounded open setsin E with6 € Q1, Q1 C .
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If
A:PN(WH\Q) — P

is completely continuous such that either

(a) |Ax|| < |Ix|l, Vx € PNA3RQy and |Ax]|| > ||x]||, Vx € P N3y, or
(b) IIAx|l = llx|l, Vx € PN3Q and |Ax| < [Ix]l, Vx € P N3y,
then A has at least one fixed point in P N (22\21).

Remark 6.2 Comparing with Lemma 4.1 and Lemma 5.1, the fixed point of A in
Lemmas 6.1 can reach the boundary of €21 and €2;.

Proof of Theorem 1.11. Since f° = 0, then there is 0 < r < 1 such that
fe,u) <elullg, Vx e Q, 0<u <r, (6.1)
where 1 > 0 gratifies

etligrlicliénlic <1,

and ¢; are defined in (3.6) for i € {1, 2}.
Thus, for x € Q, u € K NdD,,, it hence follows from (3.2), (3.6), (6.1), « > 1
and 0 < r = |lu|]lc < 1 that
Tullc = max Jo G, ) f(y, u(y)dy
= max fQ Jo G*(x,2)G*(z, y) f (v, u(y))dzdy
< 81 IIMIIC max [o G*(x, 2)dz 5 G*(z, y)dy
xeQ
<eilulgloiliclidzllc
< llulig
< lullc.
This indicates that
ITiullc < llullc, Yu € KNID;. (6.2)
Take n > 1. Next, we demonstrate that

ITulc > lullc, Yu € KNaD,. (6.3)

If (1.5) holds, when a 7 is fixed, then there is al > 0 so that

n -
x,u) >1> = ,VxeQ, u>n (64
i ) 71Tomes Bimes Bymes B3 (mes Q)1 n. (64)
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Therefore, for u € K N 9D,, we get from (2.4), (2.5), (2.6), (3.2) and (6.4) that

(mes Q)| Tyullc > [5(Tiu)(x)dx
= Jodx [5 G(x,y) f(y, u(y))dy
= Jodx [ [q G*(x,2)G*z, y f (y, u(y))dzdy
> 1 [, dx [, [, G*(x,2)G"z, ydzdy
> [t1Tomes Bymes Bomes B3,

which indicates that

ITiullc = ItiTomes Bymes Bymes B3 (mesQ2) ™! > n = |lul|c.

This indicates that (6.3) is true.

Therefore, according to (a) of Lemma 6.1, (6.2) and (6.3) yields that operator T;

possesses a fixed point u in K N (Dn\D,) with r < |jul|c < 7. This derives that
problem (1.3) admits at least one positive solution u with r < ||x|c < 7. O
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