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Abstract

In this work, we study the existence of a capacity solution for a nonlocal thermistor
problem in Musielak—Orlicz—Sobolev spaces. We get the existence of capacity solution
using the approximate techniques and we prove the existence of a weak solution by
introducing a sequence of approximate problems converging in a certain sense to a
capacity solution. As a consequence, we obtain the existence of a capacity solution of
the original problem in Musielak—Orlicz—Sobolev Lebesgue spaces.
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1 Introduction

In recent decades, Sobolev spaces and Musielak—Orlicz spaces have become of great
interest in the study of different problems [10]. In the context of Musielak—Orlicz
spaces, the first work was done by Orlicz in 1930, followed by the work of Nakano
in 1950 [24], in which the author presented a general study of these spaces. On the
other hand, Czechoslovak and Polich investigated the modular function spaces. When
the Leray Lions operator satisfies the nonpolynomial growth condition, the study of
variational problems becomes more interesting in the applications to electro-rheology.
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Ruzicka and Rajagopal proposed a mathematical model of electro-rheological fluids
(see [27, 28] for more details).

We consider the following problem modeling the temperature produced by a mate-
rial crossed by an electric current flow:

o W

-~ u - —’ n QS’
ds (Jq [ (u)dx)? L1
u(x,0) = uo, in Q, .1y
u=020, on 02x]0, S|,
where f(u) is the electrical resistance of the conductor and Lz represents
(Jq f(w)dx)

the nonlocal term of (1.1). Whereas Qg is defined as follows Qg = Q x [0, S]
where Q2 is an open-bounded subset of RN N>1,Sisa positive constant, and
10, S[ denotes the time horizon. The first equation in problem (1.1) describes the
diffusion of temperature in the presence of a nonlocal term as a consequence of Joule
effect in the second member. A is a constant without dimension and can be identified
by the square of the applied potential difference at the ends of the conductor. The
function u represents the temperature generated by the electric current flowing through
the material [9, 22]. There are various motivations behind the analysis of the heat
and current flow in thermistors. One is the obvious question of design: how do the
characteristics, such as the switch-off time in response to a current surge, depend
on the physical parameters. Another is an issue of quality control: some thermistors
can crack, because rapid thermal expansion caused by large temperature gradients
stresses the material too much. In 1833, Micheal Faraday (1791-1867) discovered
the thermistor and remarked that the augmentation of temperature implies a decrease
of the Silver Sulfides resistance. The thermistor is defined as a temperature sensing
device.

The thermistor problem has been excessively used by many authors (Antontsev
and Chipot [4], [13] ). They proved the existence of solution for thermistor problem
in the context of vector-valued Sobolev spaces or in the standard Sobolev spaces.
Hence, it is interesting to develop and analyze thermistor problem in the context of
Musielak—Orlicz—Sobolev spaces.

Our aim is to prove the existence of a capacity solution in the sense of Definition
4.2 to system (1.1) which is the transformation of a coupled system consisting of an
elliptic equation describing the quasistatic evolution of the electric potential and a
nonlinear parabolic equation, which describes the temperature [22]. The literature on
problems (1.1) and coupled system recall above is vast (see [1, 7, 14-16, 20, 25, 29]).

The rest of this paper is organized as follows: in Sect. 2, we state some basic concepts
and a few known results that are useful for the results that will be established in this
paper. In Sect. 3, we give the compactness results and the assumptions on data. In
Sect. 4, we introduce the concept of capacity solutions. In Sect. 5, we develop the state
of the main result of this paper. Finally, we give a conclusion and some perspectives.
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2 Preliminaries

In this section, we introduce some definitions, proprieties, and basic notions of this
work needed in the next sections.

Definition 2.1 (See [10]) Let ¥ : @ x R — R, then v is Musielak—Orlicz functions
if it satisfies two following conditions:

1. ¥ (., s) is a measurable function for all s in R.
2. For each x in 2, we have ¥ (x,.) is a N-function; also, it is convex in R and
increasing in R™, such that
Y(x,s)

. X, S .
lim Y s) =0, lim o0,
s—>0 s §—>00 Ky

V(x,s) >0, forall s > 0,
Y(x,s) =0, fors =0.

Definition 2.2 (See [23]) Let ¢ and ¥ be two Musielak—Orlicz functions defined in
Q x R with values in R, then ¥ dominates ¢ globally (¢ << ) if 3Ir > 0 and
dso > 0, such that

¢(x,s) < (x,rs)foreach x € @ and for all s > 59,

we also say ¥ dominates ¢ globally if so = 0 and beside infinity if 5o > 0.

We define the space
Fy(Q) := {u : @ —> R mesurable: gy o(u) < oo},
where oy, o) = [ ¥ (x, u(x))dx.
Let L (€2) the Musielak—Orlicz space generated by Fy, (€2), such that this last space
is the Musielak—Orlicz class and it is the smallest vector space of the following space:

Ly (2) := {u : @ —> R mesurable: gy o(u/1) < oo for each A > 0}.

We define the complementary function of the Musielak function v (x, r) in the sense
of Young with respect to variable ¢ as follows:

W(x, t) = supf{tr — ¥ (x,r)}.

r>0
Then, Young Fenchel inequality is defined by
| rt |< ¥(x, 1)+ ¥(x,r)forallr,t € Rand x € Q.

We endow the space L (£2) by Luxemburg norm

Il g lly,o=inf {k > O// ¥ (x, @) dx < 1},
Q A

) Birkhauser



12 Page4of33 I. DAHl and M. R. Sidi Ammi

or by Orlicz norm

I'g lly).= sup {/Qg(X)h(X)dx 1 8 € Ef(Q), oy oh) < 1}-

Moreover, the following inequality holds:

/Ql/f(X,u(x))dx <l u lly), Q. where || u [).o=<1. (2.1)

Using the above inequality, we get

/ Y, ux)/ |l ully,e)dx <1, forallu € Ly (2)\{0}. 2.2)
Q
Also, we have the equivalent between Luxemburg norm and Orlicz norm

Iully.eslully.@=<2lulye- (2.3)

For the proof, we refer to [23]. We also have the Holder’s inequality holds

/Qg(x)h(x)dx <l g .l Iy, g forallg € Ly () and h € Ly(Q):  (2.4)

if 2 has a finite measure, the inequality (2.4) implies the following continuous inclu-
sion: Ly () C L'(£2) which is strict in general.
We denote by Ey, (2) the set of the closure of bounded measurable functions with
compact support in the closure of Q denoted by  with respect to the norm of Ly (R2).
Throughout this paper, we will use the standard reference for Musielak—Orlicz—
Sobolev spaces [23]; see also [3]. Now, we introduce some definition and lemmas
useful hereafter.

Definition 2.3 Let (u,)nen C Ly (2), we say (#,)neN converges to u € Ly () if
there exists [ > 0, such that

. Uy, — U
nh—>nlole//’s2 ( [ ) =0.

For all p € N, we defined a Musielak—Orlicz—Sobolev spaces as follows:

WPLy(Q) :={u € Ly(Q)/D%u € Ly (Q) foralle, | o |< p},

where o = (a1, 02, @3, .oy W—1, ) € Z", | [= a1 +a2+ a3+ +am—1 +an
and

DY =97 .857..9% with  9; = —.
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DY is the distributional derivative of multi-index «.
For each Musielak—Orlicz—Sobolev space W” Ly (€2), we define the modular as
follows:

o) =Y op.a(Du),

le|<p

which is convex in W” Ly (2). We can equipped Musielak—Orlicz—Sobolev space
with

I (1= inf{a > 0/0\ 4u/x) < Vyorwith || u llpy.e= Y | D |y

le|<p

The above two norms are equivalent on W7 Ly, (2). The pair (W” Ly (2), || u ||f/f)9)

is a Banach space [23], if 3z9 > 0, such that

ess inf ¥ (x, 1) > zp. 2.5)
xeQ

Then, (WP Ly (), || u ||p,y.2) is a Banach space.
Hereafter, we suppose that the condition (2.5) is satisfied. The space W” Ly, (2) can
be identified to a o (Iljg|<p Ly (€2), [ja|<p Ey;(£2))-closed subspace of ITj|<p Ly (£2).

Let Wl Ly (Q) = D(Q)a(n“"s”L‘”<Q)’n"”§”EW(Q)) and W” E () the spaces of func-

tions u, where 1 and its distribution derivatives up to order m lie in Ey, (£2). Moreover,
W(wa (£2) is the norm closure of D(£2) in W? Ly ().

Lemma 2.4 (Poincaré’s inequality see [2]) Let Q2 a subset of RN a bounded Lipchitz-
continuous set, then there exists a constant C = C(2) > 0, such that

| ully,@< C |l Vu lly,q, forallu € Wé)LIp(Q). (2.6)

Remark 2.5 Letu € W(f Ly (£2) where v is a Musielak—Orlicz function, we suppose
that there exists a positive constant C, such that

/ Y(x, Vu)dx < C,
Q

then

Using the convexity of ¥ (x, .) and if C > 1, we get

v
Ce {x > 0// " <x, T”) dx < 1},and hence, || Vu [|y.0< C.
Q
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if not, i.e., C < 1, we obtain ]Q Y(x,Vu)dx < C <1, then || Vu |y o< 1.

In view of the fact that u € Wop Ly (2), we apply Lemma 2.4, we get that there
exists a positive constant C = C(£2), such that

Il ully,@< C | Vu lly.q forallu € WLy ().
On the other hand, we have || u [|1,y. o=l u lly,@ + | Vu |ly, o, and hence
lulliyes(C+1D I Vulyo= (C+1)max(C,1).
Then
e ll1y.0< (C+ 1)max(C, 1).

In the next of this paper, we suppose that i and ¢ are two generalized N-function, such

that << ¢. We also assume that the following conditions hold for complementary
functions i and ¢

lim ess inf yx. ) = 00, 2.7
|s|—> 00 xe2 s |

lim ess inf M = o0. (2.8)
Is]l—o00  xeQ | s |

Remark 2.6 (See [18], Remark 2.1) We suppose (2.7) and (2.8) hold, then

sup esssup ¥(x,s) <4oo, forall 0 < K < +o0, 2.9
seB(x,K) xe
sup esssupo(x,s) < +oo, forall 0 < K < +o0. (2.10)

seB(x,K) xe

Definition 2.7 Let (u,),eny C WP Ly (), we say that (), convergestou € WP L ,s5i(2)
for the modular convergence in W” Ly, (€2) if and only if

n——oo " ¥.82 [

lim Q(p) (u,, —u) =0, for some [ > 0.

Also, we can define these spaces of distributions as follows:

WPLy(Q) i={geD(Q):g= Z (—D)*IDg, for each g4 € L;(Q) ¢ .

le|<p

WPE;(Q) :=1geD(Q):¢g= Z (—1)*'D%g, for each g € Ej(Q)

le|<p

W Birkhauser
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Lemma 2.8 Let (up)nen C Ly (2), If¢ << r and (uy)nen convergestou € Ly (R2),
in the sense of modular convergent, then (up)neN converges to u strongly in
Ey(S2). In particular, the following continuous injection hold: Ly (2) C Ey(S2) and
Ly(€2) C E(S).

Proof By hypothesis, for £ > 0 and ¢ > 0, we have

lim v <x, u) dx =0.
Q £

n—-o0

Then, there exists hg € L'(£2), such that

Up — U .
¥ x, 7 <ho and u, — u, a.ein2,

for a subsequence of (u,),cN Which is still denoted (u,), N for convenience. Know-

ing that ¢ << v, then by applying Definition 2.2, there exists k > 0, such that
¢ (x, ks)

limg_, oo sUp, cq ) = 0. As a consequence, there exists so > 0, such that
¢ (x, ks)
¥ (x,s)

< 1, for each x €  and for all s > s9.

Y4 t
Letsetk = —and s = 7 where t = u,, — u, and hence
£

¢ (x, n —u) <y (x, une—u> for each x € Q and for all r > £sg.
e

Using the characteristic function xq, we get

Up — U Uy — U Uy — U
¢\ x, - <¢|~x, A X[0,e50] + @ | %, - X1es0,00[ -

Then

Uy, — U U, — U
¢ | x, - < sup esssupp(x,s)+o|x, A X150, 000>

s€[0,€s0] xe

Up —u Up — U
¢><x, A )5 sup esssup¢(x,s)+1/f(x,—>.

sel0,bs]  xeQ 14

From Remark 2.1 in [18], we get sup¢(g 5,1 €58 SUPyeq @ (X, §) < +00.
Then, there exists #; > 0, such that

ho+ sup esssupo(x,s) <hj.
s€[0,4s0] xeQ2

) Birkhauser
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Thanks to Lebesgue’s dominated convergence theorem, we have

Uy — U . .
o | x, —> 0 as n— o0 in L (Q);
e

for n near infinity, we obtain
| up —u llp,o< e, then u, —> u in Ly(L2).

The continuous embedding Ly (€2) C E4(£2) is trivial, because the convergence in
Ly (£2) implies the modular convergence. On the other side, we have ¢ <<  is
equivalent to 1/ << ¢; as a consequence, the following embedding Lz(2) C E(R2)
is continuous. O

Lemma 2.9 (See [12]) Let (fu)neN and (gn)neN be two convergent sequences in
Ly (2) and L (€2), respectively, and denote by f € Ly (2) and g € L (€2) their
corresponding limits in the sense of modular convergence, then

lim g,,fdx:/gfdx,

n—-o0

lim gn fndx = / gfdx.
Q Q

Lemma 2.10 (See [6]) Let §2 be a bounded, Lipchitz-continuous subset of RN, v a
Musielak—Orlicz function and  its complementary. Then

o D(R2) is dense in Ly (2) with respect to the modular convergence.
e D(Q) is dense in W} Ly (Q) and D(RQ) is dense in W' Ly ().

The previous densities are with respect to the modular convergence. Moreover, all the
previous densities hold true if the following conditions are satisfied:

1
(1) There exists a constant > > 0, such thatVx,y € 2, | x —y |< 3 implies

A

P, 0 < Eilog(|x——y|) forall € > 1. (2.1D)
¢y, 0)

(2) There exists a constant B > 0, such that
Yx,1) <B, aein. (2.12)

Remark 2.11 Define the measurable function g : 2 —>]1, oco[ and suppose that there

exists a positive constant C, such that forall x, y € Q with | x — y |< > we have

C
lg(y) —q(x)| = 7.
[log [y — x||

W Birkhauser
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Then, the following Musielak—Orlicz functions:

(1) Y(x, ) =40,
(2) ¥(x, ) =49 log(1 + ¢),
(3) ¥(x, ) =£log(l + £)(log(e — 1 + £))7™),

satisfy the inequality (2.11).

Now, let us introduce inhomogeneous Musielak—Orlicz—Sobolev spaces. Let @ ¢ RY
be an open-bounded set and ¥ a Musielak—Orlicz function defined in Qg := 2x]0.S[
with § > 0. We denote by DY the distributional derivative on Qg of order o € N,

where « is a multi-index with respect to the variable x. We define the inhomogeneous
Musielak—Orlicz—Sobolev spaces as follows:

WPYLy(Qs) :={g € Ly(Qs)/Dfg € Ly(Qs) for alla,| a |< p},
WPYEy(Qs) :={g € Ey(Qs)/Dfg € Ey(Qs) for alla, | a |< p};

we equip the spaces W”* Ly, (Qs) and WP* Ey, (Qs) with the norm

lgl= Y 1l D€ lly.os-

lel<p

For p = 1, the pairs (W”" Ly (Qg), || . |I) and (WP*Ey(Qs), |l . ||) are Banach
spaces [17]. The two last spaces are considered as subspaces of the product space

H Ly(Qs) = l_[Lw-

loe|<m

We consider the weakly star topology o (Iljyj<pLy(Qs), H|a‘§pE$(QS)) and
0 (Mjaj<pLy (Qs), Miaj<pLi(Qs)). If u € WP*Ly (Qs), then the following map-
ping:

u :10.S[ — WL, (Qs).

s —> u(s)

is well defined. Moreover, if u € wlx Ey(Qy), this function is a w! Ey (Q)-valued
function and is strongly measurable. We cannot assure the measurability of the function
u(s) on ]0.S[. However, the functions — || u(s) |ly,q belongs to the space L 10.5D.

We define the space W(} ’wa(QS) as follows:

Wi Ey(Qs5) = D(Qs) " Evtes)

If Q is a Lipschitz-continuous domain, we can show as in [6] that each element u in the
closure of D(Q ) with respect of weak-* topology associated (o (1_[ Ly, 1_[ EJ)) is
a limit in WI’XL¢(QS), of subsequence (u,),en C D(Qs). We emphasize that the

) Birkhauser
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modular convergence, i.e., there exists a positive constant ¢, such that for all | @ |< 1,
we have

n—-o0

D%, — D
lim [ o (x, M) dxds = 0,
Os ¢

implies that the sequence (uj),eN converges to u in wlx Ly (Qys) for the weak-x
topology o (l_[ Ly, 1_[ LW)' Consequently, we obtain

A TILy. HLT/,) e T Ly, HE¢)

D(Qs) = D(Qs)

This space is denoted by W(;’x Ey(Qs). Moreover, we have
Wo™ Ey(Qs) = Wy Ly (Qs) N[ ] B4

In W(} Ly (Qy), the following Poincaré’s inequality holds:

Z “D)?”HI/,,QS =C Z HDgqub,QS' (2.13)

o] =1 la]=1

We denote by wbx Ly (Qs) the topologic dual of W& ~E v (Qs) characterized by

W LE(Qs) = 18 = D Digu 8a € Ly(Qs) foralla p .

la|<1

which can be equipped by the usual quotient norm

I ¢ ||I=inf Z || D¢ go ”W,Qs forall g, € Ly (Qs) where g = Z DY gy.

lo|<1 la|<1

Furthermore, we denote whx EJ(QS) the subspace of whx LW(Q s) consisting of
linear forms which are (o (l_[ Ly, 1—[ EJ))-continuous. It can be shown that

W EH(Qs) = {g = Z DYgy : 8o € Ey(Qs) foralla

o] <1

In the sequel, we need the following lemma.
Lemma 2.12 We assume that ¢ is a Musielak function verifying the condition (2.8)
and we suppose that s> < Y (x,s) forallx € Qands € R. Then, the following
embedding:

Ly(Q) = L*(Q) — Lz(Q),

W Birkhauser
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are continuous. In particular, W(} Ly(2) — H& () and H~1(Q) — W’lLa(Q).
Moreover, if ¥ is a Musielak function verifying (2.7) and ¢ << , then the following
embeddings:

Ly(Q) — L*(Q) — L (),

are continuous. Consequently, the following embeddings WolL,/,(SZ) — Hé (2) and
H™! () — w! LJ(Q) are continuous.

Proof By hypothesis, we have v? < @(x,v) forall x € Q, from whence follows
that:

/ v2dx < / Y(x,v)dx forallx € Qand v € Fy(R),
Q Q

we set v = andu #0

u
I u ll@),e

u
/ uldx <| u ||%¢),Q / ¢ (x, W) dx forall x € Qand v € Fy().
Q Q (9),Q

It yields that

Iull2=Ilu llg).e

which proves the first embedding.
Now, let ¢ << o, for r €]0.S[

d(x,8) < Y(x,rs) foreach x € 2 and for all s > sg. (2.14)

Then, for v € Fy(2) and using Remark 2.1 in [18], we deduce the existence of a
positive constant C1, such that

/ v2dx < / ¢ (x, v)dx +/ ¢ (x,v)dx forallx € Qand v € Fg(R2),
Q {lv|=s0} {lvl<so}
/ vidx < f ¥ (x, rv)dx 4+ Cy forallx € Qand v € Fy(R),

Q Q

/ v2dx < r/ ¥ (x,v)dx + C; forall x € Qand v € Fy(Q).
Q Q

We replace v in the above inequality by where © # 0, and we use (2.2)

u
I u e
and we get

lullz= Collully)Q. u € Ly(S2),

) Birkhauser
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where Cr, = (C} +r)]/2. m]

Remark 2.13 We assume that the hypothesis of Lemma 2.12 is satisfied, then
L2 (]O.S[; H! (sz)) > WLS(Q5) > WNTEL(Qs).

For the proof, it suffices to assume that g € Lz(]O.S[; H_I(Q)),thenforga € L2(QS),
g = ) juj<1 DY g« and by Lemma 2.8, we have

L*(Qs) C L (Qs) C E; (Qs)

and thus

g€ W Ls(Qs) = W E;(Qs).
We introduce the truncation operation Sg : R — R, appearing in [8]

r if [r| <R,
r

Then, its primitive is defined as follows:

r2/2 if |r| <R,

R|r| — R%/2 if |r| > R. (2.16)

Tr(r) = /r Sgr(s)ds = {
0

3 Compactness results

In this section, we state trace and mollification results.

Let Q be an open-bounded subset of RY with a Lipschitz-continuous boundary, and
Y be a Musielak function. We set Qg =]0.S[x Q2. Foru € L' (Qs),n>0,r €0, 5]
and x € 2, we define u,, as follows:

uy(x,ry=n fr u(x, 1) exp(n(t —r))de, 3.1

where (x, 1) = u(x, t) xj0,s[-
The following lemmas play a crucial role in the sequel of this paper.

Lemma 3.1 (See [11]) The following assertions hold:

(1) Givenany functionu € Ly (Qs), thenuy € C([0, S1; Ly () andlim, oo u;) =u
in Ly (Qs) for the modular convergence.

(2) Letu € W' Ly (Qs), we have u, € C([0, ST; W' Ly (2)) and lim,—, 0o uy = u
in WI’XL¢, (Qys) for the modular convergence.

W Birkhauser
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(3) Letu € Ey(Qs) (resp,u € WI’XEI/,(QS)). lim; oo uy = u stronglyin Ey (Qs)
(resp, strongly in Wl’wa(QS)).

1,x 8M’? 1,x
(4) Letu € W "Ly (Qs), then a5 =n(u—uy) € W-*Ly(Qs).

(5) Let (uy)uen be a sequence in Wl’wa(QS) and u € WI‘XL,/,(QS), such that
u, — u asn — oo strongly in WI’XL¢(QS) (resp, for the modular conver-
gence). Then, for each n > 0, we obtain (u,), —> uy strongly in Wl’xL,/,(QS)
(resp, for the modular convergence).

Lemma 3.2 (See [11]) The following embedding:
Ey (Qs) = L' (0,5 Ey(Q), (3.2)

is continuous.

Lemma 3.3 (See [11]) The following embeddings:

WIE, (Qs) < L' (0, s; Wle(Q)), (3.3)

W E; (Qs) > L (o, s: W*IEI,—,(Q)) , (3.4)

are continuous.

The Lemmas 3.4 and 3.6 play a key role in the proof of Theorem 5.2, whereas the
Lemma 3.5 plays an important role in the Step III.

Lemma 3.4 (See[12]) Given a Banach space Y, such that LY(Q) < Y isacontinuous
embedding. If H is bounded in W(}’xLlp(Qs) and relatively compact in LY0,S;Y),
then H is relatively compact in LY(Qy) and in Ey(Qs) forevery ¢ << .

Lemma 3.5 (See [12]) Let Q2 be an open-bounded subset of RN with the segment

property. Then, the following inclusion:

0
F={ue Wy Ly (Qs): 5= € WLy (Q5)+ L' (29) € C(0. SI: L'(€)

holds with a continuous embedding.

Lemma 3.6 (See Theorem 2 in [12]) Let W be a Musielak function. If H is a bounded
0
subset of Wol’wa (Qs) and {a—f/g € H} is bounded in W’I’XL¢ (Qys), then H is
relatively compact in L' (Q5).
In our study, we obtain the existence of a weak solution by applying Theorem 3.7.
We define the partial differential operator as follows:

B:D(B) C WLy (Qs) — W Ly (Qs), such that B(u) = —div a(x, s, Vu)
where a(.,.,.) : @x]0.S[xRY — R¥ is a Carathéodory function, and for all

) Birkhauser
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(x,s) € Qg, two real numbers A > 0, k > 0 and z, y € R where z # y, the
following conditions hold:

la(x,s.2) |< Mer(x,s) + ¥ (x, p(x, klzD)). (3.5)
(a(X,S,Z)—a(.X,S, y))(Z_Y) >07 (36)
a(x,s,z2)z = ay(x, |z]). 3.7

For each function g € W_I'XLII; (Qs) and for all ug € L3(S2), we consider the
following parabolic problem:

du . .
a5 diva(x,s,Vu) = g, in Qg,
S

u(x,0) = up,  in S, G-8)

u=0, on 02x]0, ST.

The following theorem plays a key role in the proof of Theorem 5.2.

Theorem 3.7 (See [26]) We suppose that the conditions (3.5) to (3.7) are satisfied, then
the problem (3.8) has a weak solutionu € D(B) N W(}’wa (05)NC([0, S1; L*())

0
where a(x,s,Vu) € W_l’xLI’,-, (Qs), and for all v € W(}‘XL¢, (Qs) with a_a) €
s
W_I’XL¢ (Qs) and for all r € [0, S], we have

8 r
—<—w,u> +/ u(x,r)a)(x,r)dx—}—/ /a(x,s,Vu)Va)dxds
s [o, Ja 0 Ja

= (g, ), +f u(x,0)w(x,0)dx,
Q

where (., .) g, Moreover, for allr € [0, S], the follow-

=0 '>W‘”L¢(Qs),W(;’XL«//(Qs)'
ing energy identity holds:

/|u(x r)| dx—i—/ /VuVudxdt (g, u)p, + /Iu(O x)| dx.

4 Concept of capacity solution

Here, we define the concept of capacity solution for problem (1.1) in the context of
the Musielak—Orlicz—Sobolev spaces. Now, let 2  R" be an open-bounded set and
let ¥ a Musielak function verifying the inequalities (2.11) and (2.12).

1.x dw —1,x
F=1oeWy Ly (Qs): 7= €W "Ly (Qs)r.

W Birkhauser
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We equip the space F by the following norm:

B w
lollr = Nl o0+ | 55

Wox L (Qs)

The pair (F, || . ||F) is a Banach space.

In the sequel of this paper, we consider (., .)o, = (., .) d

WIS L5 (Qs). Wy Ly (Qs5)> 41
we assume the following conditions:

¢ << ¢ and 52 < ¢(x,s) foreach x € Q and for all s € R. “.1)

Let ¢ and ¢ be two complementary functions of the Musielak functions ¢ (x, r) and
¥ (x, r), respectively, satisfying the conditions (2.9) and (2.10), respectively. We con-
sider also the operator

B:D(B)C WLy (Qs) — WLy (Qs).
where Bu = —diva(x, s, Vu), such that a(., ., .) is a Leray—Lions operator where

a(x,s,Vu) =| Vu |P~2 Vu. In our case, we take p = 2 where V : RY — RV
satisfies the following assumptions, for all (x, s) € Qgs:

Vul = & [eCes) + 07 e klul) . (42)
ayr(x, |[Vu = Vo) < |Vu — Vol?, 4.3)

where c(x, s) € E]/-/(QS), o, k, ¢ > 0 are given real numbers.
The initial condition is given by

ug € L*(S). (4.4)
We suppose that f isalocally L1-Lipschitz function and there exists a positive constant
o, such that
o < f(t), forallr € R. 4.5)
Remark 4.1 Under the condition (4.3) and for Vv = 0, we get

oy (x, |Vul) < |Vu|? forall u € RV, (4.6)

We introduce the notion of capacity solution as follows:

Definition 4.2 The pair (u, f) is called a capacity solution for the problem (1.1), if
the following conditions hold:

(1) u € Fand Vu € L (V.

) Birkhauser
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(2) (u, f) satisfies the following equation:

ou _ Af(u) .
3 Au = —(fgz Fada?’ in Qs.

3) u(.,0) = ug, in Q.

We obtain using the Lemma 3.5 and the regularity of u that u € C(]O, S[; LY(Q)).
Then, u is well defined in L' (2).

5 An existence result

In this section, we develop the proof of the main result.

Theorem 5.1 We assume that hypotheses (2.7), (2.8), (2.11), (2.12) and (4.2)—(4.4)
hold, then the problem (1.1) has a capacity solution in the sense of Definition 4.2.

To prove this result, we need to apply the following theorem.

Theorem 5.2 We suppose that the conditions (2.7), (2.8), (4.3) and (4.4) hold. Then,
there exists a weak solution for the problem (1.1), that is

e Wy Ly (Qs) N C(0, S1; LA(Q), Vue Ly (05",
u(.,0) =up, in Q,

s 1oy s f)
— . 9)d VuVudxds = (A————, J
[ Gere)ass [ [ vuvuanas < (Jo @)’ >Q

foreach ¢ € W(;’XLI/, (Qs) and s € [0, S].

Proof To show the existence of a weak solution, Schauder’s fixed point theorem will
be applied. To this end, applying Theorem 3.7, we get the existence of a solution to
the following problem, for all v € WOl ’XLII, (Qs) :

(et v veasas = {2 )
u - Vodxds 5
55"l o, (fo(w)dx) 0

S
Zfo A f<w>dx>2 (/ AL ”dx>

(5.1)

u(.,0) = up, in Q.
From (4.5), we obtain

H Af(w)
(o f(w)dx)?

(0.5 H-1@) = o mess@y M @ so @)

W Birkhauser
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We have to prove that

If )2 0.5.5-1(2)) = K.

where K is a positive constant.
In view of the fact that L?(Q) — H~'(Q), we get

IF 2 0.5:m-1(2)) = I1IF W liz2(0.5:22(2)) -
Since f is a Lipshitz function, then we get
12
| £ @) 20522y = Ll w 2522 + (/)2 - (meas(0)))
1/2
+ (20 1w Ba5.020) -

All terms in the right-hand side are bounded duetow € Ey (Qs) <> L0, S; H-1(Q)).
Then, there exists a positive constant C, such that

5.2)

Af(w)

C. 5.3
H o fw)dn? = B

L2(0,8; H=1(Q))

Hence

A f(w)

—_— 2 |
(Jo f w)dx)? €L (0’ S;H (Q)).

Using the following continuous embedding L? (O, S;H™! (Q)) o Wwhx Ej (Qs)
obtained by applying Lemma 2.12 and Remark 2.13, we get that:

A f(w)

- JAmT —Lxp_
(o Fwyany <7 F0 (09)

Now, we are in a position to employ Theorem 3.7, and we get the existence of a weak
solution. Now, we prove that | Vu |€ Fy (€2) and the following estimates:

N
/ f Y(x, |Vul)dxds < C. 5.4
0 Ja
IVullg. g, < Ca. (5.5)
where C and C» are a positive constant. Let us prove (5.4). To this end, we use (4.3),

to obtain
ay(x, |Vul) < |Vul? (5.6)

S S
a/ /¢(x,|Vu|)dxds 5/ /|Vu|2dxds. (5.7)
0 Q 0 Q

) Birkhauser
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From (5.1), we get

f(w) 1 2 _1/ 2
/ /VuVudxdt < 70 T Fad?’ >Qr+2/;2|u(x,0)| dx 5 QIu(x,r)l dx. (5.8)

Using (4.5) and the hypothesis on f, we get that

r 1 ) A r
/(; AVMVM < —|lu(,r) ”L2(§2) +m/ fw)-|u|

(o meas(Q))Z (/ /If(w) FO)- lul + £0) - f /|u|>

Y ” M( r) ”LZ(Q)

(U meas(m)2 (/ /|w| ul + £(0) - / /|u|>

+ EHM(’ r)”LZ(Q)

<o (N2 0, + 101220, ) + 2
= 2(0 - meas())2 \'"2@n) 1209) T S 1HGI g)-

Owing to Ly (2) < LZ(Q) and w € Ey(Qs) < L! (0, S; Ew(Q)) —
L'(0, S; L2(Q)), there exists a positive constant C, such that

/r/Vu-Vqu. 5.9)
0 JQ

From (5.7) and (5.9), we obtain

S S
a/ / Y(x, |Vul)dxds < / f Vu - Vudxdt < C; (5.10)
0o Ja 0 Ja

it yields that | Vu |e Fy ().
Now, we state to prove the inequality (5.5). Knowing that

S
/ [ (Vu — Vo) (Vu — Vp)dxds > 0.
0 Q

This implies that

1 S S S
-U / |Vu|2dxds+/ /|V<p|2dxds:|2/ /|Vu||Vg0|dxds.
21Jo Ja 0 Ja 0o Jo

Applying (5.9) and using (4.1), we get

S S
/ /|V<p |2dxdss/ /w(x,wwdxds,
0 Q 0 Q

W Birkhauser
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1
for each ¢ € W(}’x Ey (Qs) where [|Volly, 05 = 1 Consequently, we get

S
/ /|V<p|2dxds§C,
0 Q

from whence follows, there exists a positive constant C», such that

S
/ /|Vu||V<p|dxds§ Cs.
0 JQ

It yields that ||Vu||&’QS < C(C,, as a consequence Vu € E&(QS); hence, Au €

—1,x

Wy 7 Ej(Qs). Keeping this in mind, using the following inclusion:

Af(w)

_— 2 . -1 “Ix
(Jq f(w)dx)? €L (0’ S H (Q)) — W Ey (Qs),

and the first equation of the problem (5.1), it follows that:

u 1y ou
— €W E;(Qs) and | — < Cs. (5.11)
Js as W—I,XLV_I(QS)
We introduce the following operator:
G:E,(Qs) — F (5.12)

v — G(v) = u,

where u is the solution for the problem (5.1). G is compact operator. Indeed, F C
E, (Qs) (i.e., Fis included in E, (Qs) with the compact injection), we can show
this embedding using Lemmas 3.6 and 3.4. From the inequality (5.11), we find that
a
set {a_u u e F} is bounded in W—l,va_/ (Qs). From Lemmas 3.6 and 3.4, where
s
Y = LY(Q),we get the following compact embedding F' < E, (Qs). This combined
with (5.11) and (5.10) yields to the compactness of the mapping G.
We define

B, :={w € E, (Qs) /llwllp.o < v}.
B, is bounded and closed. Keeping this and (5.10) in mind, we obtain G(B,) C B,.
To achieve the proof of the existence of a weak solution, it suffices to show that G is

a continuous operator. To this end, we assume that (v,),en C By, such that v, — o,
also, let us consider G(w) = u and G(v,) = u,. Hence

(Unnen C By C Ey(Qs) C Ly(Qs) C L*(Qs).

) Birkhauser
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Since L2(Qy) is a Banach space, then v, — w in L2(Qs), so there exists a subse-
quence still denoted by (vy),eN, such that v, —> w a.e in Q5. Knowing that

(Un)nen C By C Ly(Qs).
Then, (v,),en 1s bounded. Hence, there exists a subsequence, such that
u, — Vin E,(Qs), (5.13)

and
Vu, —> VV weakly in L>(Q5)". (5.14)

We choose v = u, — u in (5.1), and we obtain

<8u —u> / / Vu - V(u, —u)dxds —< &2,% —u> ,
o 0s (Jo f(w)dx) 05

<% u —u> +/ /Vu -V(u —u)dxds—<)»¢ u —u>
os " oy o Jo T N\ g fedo?

By subtracting the above two equations, we get

<a(””_”) > / / | Vi, — u) | dxds
as 05

(5.15)
B <A @) ) >
= 5 — 5olp —u) .
Jo Fomd? " (Jg fw)dx) 05
On the other hand, we have the following identity:
3y — u) IR 2 g — L 2
Tvun_uQS—E o Q'un(s)_u(s)l x—z”’/ln—””Lz(Qs)
(5.16)

Then, from (5.15) and (5.16), it yields that

I ) < £ (o) £(w) >
oy — <(x A uy—u) . (517
2 M=t 200 = \M i punan? ~( famanz 74, O
Putting
£ (o) Fw)
n(x,s) := A —A .
V(68 = A e (T f (w)dx)?
Then
£ o) — fw) ol w) = Fdx [ LF @) + f(un)]dx
n = A+ A
vl 8) =M T W) oy S @02 ([, f (on)dx)?

W Birkhauser
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Hence

W I = fw)
%ﬂmmz”
Jo lf ) = fnldx [q [fw) + f(vx)]dx

+A n =),
Fow) o £ )d0)2(fo, f (0n)dx)? (b =)

Yn(x,8) - (up —u) =

(5.18)
Then
S
[ /Vn(X,S)~(un—u)dxds
0
= A / / lvn — w| - |up — uldxds
(meas(Q)0)2
+AL1 rneas(Q)/ [f( Mg —w| - - |(/(f( )+ f( ))d)dd
(meas()o)* WHtn =W u Un w))dx | dxds.

Knowing that (i,,),en is bounded in L?(2), by applying the convergence dominate
theorem, we get

N
lim / / Yn(x,8) - (up —u)dxds = 0. (5.19)
n— o0 0 Q

Combining (5.17) with (5.18), we get

1 S
S =z, = [ [ vntrs) - un = s, (5.20)

11,2
From (5.17)—(5.20), we get u, Bl Knowing that u, — V in E,(Qys) C

Il HL (Q)

L,(Qs) C L*(Qs), we obtain that u, ——> V. This implies that V = u, then
G(v;) — G(w) = u. Hence, G is continuous. This completes the proof of Theorem
5.2. m|

We now proceed to prove Theorem 5.1.

Proof The proof consists of four steps. We begin by presenting a sequence of
approximation problems, establishing a priori estimates for them, and demonstrat-
ing intermediate results, namely strong convergence in LYQ) of (Vuy)pen.

Step 1
For every n € N, we consider the following approximate problem:

duy Af (un) .

B T U Sy MO
uy(.,.) =0, on a2 x]0, S[, (5.21)
un (., 0) = uop, in 2.

) Birkhauser
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Under the assumption (4.1), we obtain
| Vu — Vo P< ¢ (x, [Vu — Vo|) + ¥ (x, 5).
From assumptions (4.2)—(4.3), we get
| Vi |= ¢ [eCes) +9 e klu) ).
ay(x, |Vu — Vu|) < |Vu — Vo|?.

Applying Theorem 5.2, to get the existence of a weak solution to the approximate
problem (5.21). We use u, as a test function in (5.21). Then, we get

<8ﬂu> +/S/Vu-Vudxds—<Mu>
as " log Jo Jo T T (g flund0)? T

Hence

/Iun(x | dx+f /|Vun| dxds—/ / AS (up) "
o (Jo fundo)?

+—/ it (x, O dix.
2 Ja

Consequently

AS G
//|Vu,,| dxds < / /mfg ];(tu>21 3t + 1 0,1 g

Keeping this and (5.6) in mind, we obtain

Af (up
/ / ¥ (x, | Vuy, |)dxds < / /;2 (fgz f];ib:)()i )2 up~+ |l un(.,0) “iZ(Q)'

On the other hand, using the condition (4.5) and Holder’s inequality, we get

A r 2
/ / ¥ (x, | Vup |)dxds < W-/ /Q|f(un)| Nun| + ||’4n(-70)||L2(Q)

A r
Smfo /;Z(If(un)—f(0)|+|f(0)|)‘|un|

+ 1 n (- 0) 172

# 1/2 /r/ 2
= (meas(Q)0)? (Ll + f(0)(meas($2)) ) b Jo lunl”.
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Since (#,),¢N is a bounded sequence in L2(Q s). Then, there exists a positive constant
Cs, such that

,
a/ /1/f(x,|Vu,, )dxds < Cs.
0 JQ

/r/ ¥ (x, | Vu, [)dxds < C. (5.22)
0 Q

Recall from Remark 2.5 that
| un ll1,y.0< (Co+ 1)max(C, 1);

this implies that (#,),en is a bounded sequence in Wol’wa (Qys). Then, there exists

a subsequence still denoted (u,,),en Weakly converges in WO1 ’XL,/, (Qs)asn — 00
to a limit u, such that

= in W Ly (Qs) foro (an, nEu—,) . (5.23)

On the other hand, for any function ¢ € Wol’x Ey (05N, such that | Vg ly,0s=

1
ﬁ where m is a positive real number, we have
m

S 1 S S
//Vun.vwdxdsf—[//|Vu,,|2dxds+//|V<p|2dxds:|
o Ja 21Jo Ja 0 Ja

1 S

—/ / ¥ (x, | Vuy, |)dxds

2Jo Ja

1 S
+—f /Iﬂ(x,|V<p|)dxds
2Jo Ja

< v
—2 2 (pstS'

IA

Using the equivalence between the Luxemburg norm and the Orlicz norm, and using
(5.22), there exists a positive constant Cg, such that

S
/ / Vu, - Vodxds < Ce,
0o Ja

from whence follows, (Vu,),en is bounded in Ll; (Qs)N. This implies that there
exists a subsequence still denoted (Vu,),eN, such that

up—uin Ly (Q5)" foro (nLl,-,, nE,,,). (5.24)

) Birkhauser
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(Jq f (up)dx)?

Hence, using the first equation of the problem (5.21), we get that the sequence

ad

< ;" ) is bounded in W’I'XLTZ (Qs). Consequently, (1,),en is bounded in F. In
S/ neN

view of %lele fact that F' < E (Qs) is compact, then, for a subsequence still denoted

in the same way, we get

Since the sequences (Vu, ) N and (A ) are bounded in W‘“‘Llﬁ (Qys).
neN

u, — u strongly in Ey4 (Qs) and a.e. in Qg, (5.25)

where u € Wé’xL¢ (Qys) is also the same limit appearing in (5.23).
Step 11

We introduce the following regularized sequences for i, j € N:

() vj > uin WOI’XL]/, (Qs) with the modular convergence;
(2) v;j > uand Vv; — Vu aein Qg;

(3) wi — ugp in L2(2) with the strong convergence;

@) llwill2@) < 2lluollf2(q) , foralli > 1.

These fourth points are satisfied for all w € D(2) and v; € D(Qy).

Let R > 0 a real number, and we define the truncation function as in (2.15). Then,
for each R, n > 0 and for i, j € N, we consider the function a)j” € WOI’XLI/, (Qs)
defined as follows wi” = Sr(vj)y + exp(—ns)Sgr(w;), such that Sg(v;), is the
mollification with respect to the time variable of Sg(v;) appearing in (3.1). From
Lemma 3.1, it follows that:

dol . . . .
L= Sk =) ;). @) (.0 = Sk@). o) ;| < Racin Q5. (5.26)
a);.j — wﬁ, = Sg(u)y + exp(—ns)Sg(w;) as j —> oo in WOI’XL¢ Qs), (5.27)
Sr )y +exp(—ns)Sg(w;) —> Sg(u) asn —> coin WOI”‘L,,, (Qs)., (5.28)
with the modular convergence in the two last convergences. O

We consider subsequences in (5.26)—(5.28), without loss the generality that con-
vergences in (5.26)—(5.28) hold a.e. in QOgs.

Proposition 5.3 Let u,, be a solution to the problem (5.21). Then, for a subsequence,
we have the following convergence:

Vu, — Vu asn — oo a.e. in Qs. (5.29)

Proof Throughout this paper, we use x; and x, as the characteristic functions of the
following sets:

0l ={(x,s) € Os/ | VSr(vj) I< 7}, Oy =1{(x,5) € Qs/ | VSrw) |<r}.

W Birkhauser
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For any real numbers n, 9 > Oand fori, j, n € N, we use the admissible test function
¢n G = = Sy (u, — w; j) in the first equation of the approximate problem (5.21), and

we get
dun | Vsi YW, dxd
e n]l? o (up — o )Vupdxds

f(un) i >
= Sy(up—a ) .
< Ua Flamdn 2 = @)

On the other hand, using the condition (4.5), and by the same reasoning done to get
(5.2), we obtain

(5.30)

MW < ¢ where Cr > 0 531
QWX_ 7, where C7 > U. ()

From (2.15), we obtain
- Sy (uy < AV
/ /sz o famang 5 =enp) o g fundo?”
Using (5.31), we get

3 s .
< tn ¢n,ﬂ> +/0 /;ZVSg(un—a);’j)Vundxds < Cy9. (5.32)
S

Now, we split the first term on the left side of the above inequality into two parts and
estimate each one separately

du, du, OJo ow
<u ¢,”1,> <% n]§> < ¢,”1,> (5.33)

We start by estimating the first term on the right side of the above identity

duy dw 9, ol
e AT f Ty (un (S) — o, ,(S))dx — /Q Ty (o — S (@)dx.

(5.34)
From (2.16), it can be shown that

0 < Tgr(r) < RJr|, forallr € R.

It follows that:
0 5/ T o — sﬁ<w,->)dxsﬁ/ o — Sy (@)]dx
Q Q
1/2
< ﬁ(meas(sz»”z( / lug — Sﬂ(wi>|2dx>
Q
< 3¢ (meas(2))"/? [luoll 12(q) := Cg?.
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Then, for all n, 9 > 0 and i, j,n > 1, and from (5.34), we get

du daly ; j
—Cg? 5< T e P ) (5.35)

Now, we derive an estimate for the second term on the right side of (5.33). Under
assumption (5.26), we get

8(1)19j i _ s g i Vdxd 536
95 Pniw | =T ( R(v}) — @) )So(Uy — ), )dxds. (5.36)

Then

n—>00 j—>o00 \ 0§

. . awi%j n,i _ 5 i i
lim lim , P, io ) =1 (Sr(u) — wn)Sﬁ(u — a)n)dxds.
e 0 JQ

Under hypotheses (5.26)—(5.27), we have |a)f7| < R,andduetorSy(r) >0, r e R,
we get that forall n, 9, R > Oandi > 1

lim lim %hy gri \ o 0 (5.37)
n—c0ojsoo\ ds mhY [ = '
Keeping this and (5.35) in mind, we get
lim inf lim inf{ 24 7 ) = _cg (5.38)
n— 00 j—oo aS miv = 87 ’

On the other hand, we have

l AR / / VSﬂ(Mn a);’j)Vundxds

_f (Vu, — Vwi,j)Vundxds
{lun—a, ;1<0} ’

/ . Vu, — Va); j)Vundxds
{lun—wl) ;|<0}N{lun|>R) '

+/ Vu, — Va)z j)Vu,,dxds.
{lun—o! | <O}IN{|un| <R} ’
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Then
Ii jno :/ _ (Vu, — Va)il j)Vundxds
{lun—0)) ;1<) Jun| >R} ’
+/ . (Vu, — Va)i7 )Vuydxds
{lun—f ;|<0)N(Jun| <R} ’
=/  (VSg(un) — Vo, )VSg(up)dxds
{ISr (un) =0, ;<0
- f . | Vi |* dxds
{lun—of, ;1<9}0{jun|> R}
\J
—/ Va);jVundxds,
{lun—f) 1< {lunl >R}
where

higno = [ (VSulun) - Ve, )VSelun)drds,
{‘SR(Mn)_CU;7 j|§19}

2
i jno =/ _ | Vu, |~ dxds,
{‘un_wln_jlfﬂ}m{lun|>R}

D jny =/ . Va);jVu,,dxds.
(un =) 1<)l >RY

Under assumption (4.3), we have

Nijms > @ / ¥ (x. [Vuydxds = 0.
{lun—0! |<O}IN{|un|> R}

nJ =

Then, I; jn9 > l0,i,jn0 — 12,i,j,n,9; from (5.26), we have | a)f” |< R, ae.in Qg,

and this implies that

| tn |<lun — @) ; |+ @y ;1< R+9. (5.39)

It follows that forn > R + ¢
L jnp =/ _ Vo ;VSyir(up)dxds,
{lun—w}, ;|<03N{Jun|>R) ’

which gives

Lijjno= lo,ijno — 12 jno

> /  (VSkGu) — Vel )VSpGun)dads — By
ISk )0l 1<)

(5.40)
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Using again inequality (5.39), we get by definition Sy4g(u,) = u,, and hence,
VSy+Rr(Wn) = Vuy,. Inview of the fact that (Vu,),en is bounded in L (0N, we get
that (VSy+r(4n))nen is also bounded in Llp(Qs)N. Then, there exists a, such that

VSys+rWUp)—ajasn — o0oin Lw(QS)N for the weak topologyo(l_[ Ly, 1_[ E¢).
In view of the fact that

V! — Vol

0. X{lun—e!, ;1<030{jun] >R} n.j X{lu—of |<9)0{jul>R)

strongly in Ey (Qs)Y asn —> oo, we get

lim ng)jVS19+R(un) =/ Vol ;a1
{lu— a) |<19}ﬂ{|u|>R}

n—00 {|un_w |<19}ﬂ{\u,,|>R}
Under assumptions (5.27) and (5.28), we obtain
VSR UV i Xijuy-ai 1<00llnl>R) > VSRV 1 X1u—ai <010 (1ul> RY:

asn, j —> 0o. We apply Lemma 2.8, and letting ¥, j —> o0, we obtain

/ VSﬂ+R(u)VCl)7]]X{|u o, |<OIN(lul>R) — I3 ::/ VSrua.
0 B {lu—wi ;|<O)N{lul>R)

For |u| > R, we get Sg(u) = 0, which yields /3 = 0. Thus

L jny — 0.
i, j, 0 —> o0.

(5.41)
By using (5.40), we obtain
Lijnoy > f (VSR (un) — Vo, )VSg(up)dxds — I.
{ISR(un)—o}, ;1<0} '
/ (VSg(upn) — V6057,]-)VSR(btn)dJCdS <ILijno+Dijny.
(ISR (un)—, ;1<9)
Using (5.32), we get
814,1
Lijny < C0 — ¢n IR
Os
Owing to (5.38), it follows that:
Bun
qbn i < Cg?.
Os
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Then
Lijny < (C7+Cg)d := Cv.

We have

(VSR — Vo, )VSg(u,)dxds
(1SR Gun) =0, 1<0)

- /A(VSR(un) — VSr(vj)X})V Sk (up)dxds (5.42)

+ / (VSR(U]')X; — Va)i],j)VSR(un)dxds
A
=14 jny+ I5ijnn

where A := {|Sg(u,) — w; =)
Now, we show that I5; j »,, —> 0. Knowing that (Sg (#,))sen is bounded. Hence,

there exits ag, such that
Sr(uy)—ag as n — oo.
Since
I(v)) = (VSr))x} — Vo, )xa
— (VSRODX) = Vo, DX((sp00-0f, p=o) M EG(Q5).

It follows that (I"" (v))en is bounded in EJ,(QS). Hence, (VSg(un) ™ (Vj))nen is
bounded as well. Applying the dominated convergence theorem, we get

lim  Is; jay =/ lim  (VSg(j)xj — Vel )VSg(uy)dxds = 0.
A

i,j,n,n—>00 i,j,n,n—>00
Is; jny—> 0asi, j,n,n—> oo. (5.43)

Recall (5.40) and (5.42), we get

Iaijonng + 150 jnn < lijjonw + D jnw,
Laijonn < lijjnw + Dijny = 15ijnn < CO+ D jny — 15 jnn

From (5.41) and (5.43), we can take €(n,i,n,j) = Il jny — 15, jnny Where

e(n,i,n,j) —> Oasi,j,n,n —> oo. This implies that Iy; j,, < C¥ +
en,i,n, j).

Putting

Ny = (VSr(un) — VSR(u))(VSg(un) — VSru)),
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which is a nonnegative quantity. Since (VSg(u,)) is bounded in L (Q )N, then the
same holds for N,. Letus J; = er N,fdxds for each 0 in 0, 1[, we get

0 (1-0)
/ N,?XAcdxds < < N,,dxds) </ XA('d_XdS)
Or 0, .

Comeas(A°).

IA

Using Holder’s inequality, we obtain

0 (1-0)
/ N,‘?XAdxds < ( Nndxds> (/ XAdxds)
Qr Qr r
6
< Cio </ Nndxds) .
0,NA

It follows that:

6
J' = NY%xds < (Cgmeas(AC) + Cio ( / N,,dxds) ) .
o, 0,nA

On the other hand, for s > r and r > 0, we have

f N,dxds 5/ (VSr(n) — VSR@))(VSg(un) — VSg(u))dxds
0,nA 0,nA
S/Q A(VSR(un) — VSr) xs)(VSg(un) — VSg () xs)dxds
N

S/Q A(VSR(un) — VSr(j) xs) (VSR (un) — VSg(vj) xs)dxds
N

<Jinj+Ionj+ B+ Jan;,

where

Jinj = /A(VSR(Mn) — VSr(j) x;)(VSg(un) — VSg(vj)x;)dxds,

Do j = /A (VSR(U./)X; - VSR(M)XS> (vsR(u,,) - VSR(U./)XJS) dxds,
Fonj = /A (VSktun) — VSr(,)x]) (VSr@wx] — VSa(v)x*) drds.
Jonj = /A (VSR(vj)X;‘ - VSR(M)XS> (VSR(vj)X;‘ - VSR(vj)XS) dxds.
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Then
Tin :/ (VSR(un) - VSR(UJ-)X;) V Sk (ty)dxds
A
_/ VSR (VSR(M,,) - vsR(u,)X;) dxds
A
< i~ [ TSk} (VSun) = V(w3 drds
A
<Cv+en,i,n,j)— / VSR(vj)X; <VSR(u,,) — VSR(vj)X]S.) dxds.
A

Putting

Mjn = VSr@x; (VSrGua) = VSp(w))x)
= VSr(j)x;VSr(un) — VSr;j)XjVSr(vj)X;-
ByvirtueofVSR(vj)X;. —> VSgr(u)x®as j —> ocoand VSg(u,)—VSg(u) weakly

in E1/,(QS)N, it follows that M; , —> 0 as n, j —> oo. Since (VSR(vj)X;)j con-

verges to VSg(u)xs strongly in E¢(Q5)N . Applying the dominated convergence
theorem, we get Jy, ; —> 0 asn, j —> oo. For J3, ;, knowing that sequence
(VSg(uy))nen is bounded and (VSR(vj)X;)j converge strongly to VSg(u)x® in

Ey (05)V, then (VSR(un) — VSR(vj)xf) is bounded. Using again the convergence
of (VSR(vj)X;)j to VSg(u)x*,then J3 ,, ; —> Oasn, j —> oo.For Jp , j, we have

(VSR = VSR xs) —> 0as j —> 00, (VSk(n)nen and (VSr()x});

are convergent. Consequently, (VSR(un) — VSr(;) Xj.), is bounded. Applying
again the convergence dominate theorem, we get J; , j —> Oasn, j — o0, and

lim M; ,dxdr = 0.
A

n, j— 0o

Letting n, j, then n, i, s, ¥ to infinity, we get

lim supJ, = lim N?dxds = 0.

li
n—0o0o n—0o0 Qr
On the other hand, from (4.3), we obtain

05/ [V (x, [VSg () — VSrw)]]’ dxds 5/ Ndxds.
0,

r

We recall that
VSg(u,) — VSgr(u) asn — oo,
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almost everywhere in Q,. Since r > 0 is arbitrary, we recall that for another subse-
quence VSg(u#,) —> VSgr(u) almost everywhere in Q. Finally, for R > 0 arbitrary,
we get

Vu, — Vu a.e.in Qg. (5.44)

This concludes the proof. O
Step 111
We obtain the first condition of Definition 4.2, by applying (5.31), (5.24), and (5.26).
For the second condition of the same definition obtained using the convergence (5.44)
and the smoothness of the function f. For the regularity of the solution u#, we use
(5.11) and we apply directly Lemma 3.5, we get that u € C ([(), S1; Ll(Q)). This
concludes the proof of Theorem 5.1 O.

6 Conclusion and perspectives

In this paper, we showed the existence result for a capacity solution to a nonlocal
thermistor problem in Musielak—Orlicz—Sobolev spaces. In the future, we plan on
studying the regularity of a global attractor. Other intriguing problems about this
capacity solution surround the development of specific qualitative properties [5], such
as the calculation of an energy estimate, the study of long-term behavior, or even the
possibility of a blow-up event.

Acknowledgements The authors are thankful to the referees for remarks and suggestions that helped
improve this paper.
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