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Abstract

In this paper, we give new singular value inequalities for matrices. It is shown that if
A, B, X are n x n matrices such that X is positive semidefinite, and if f : [0, oc0) — R
is an increasing nonnegative convex function, then

3 <f (lAXB*I)) | ()] -

X1l - X1l
and
5 (AXB*) < © HA—A2 + BB anisis @0
2hnAn= sl
for j = 1,2, ...,n. Some of our inequalities present refinements of some known

singular value inequalities.
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1 Introduction

Let M, (C) be the algebra of all n x n complex matrices. For A € M, (C), the singular
values of A, denoted by s1(A), ..., s,(A), are the eigenvalues of |A| = (A*A)l/2
arranged in decreasing order and repeated according to multiplicity.

A norm [[|-||| on M, (C) is called unitarily invariant if |||UAV]|| = [||A]|| for all
A € M,(C) and all unitary matrices U, V € M, (C). Some of the typical examples of
unitarily invariant norms are the spectral norm [|A|| = 51 (A) and the Ky Fan k-norm
Al = Z'}:1 sj(A)fork =1,2,...,n.

One of the most famous inequalities for the singular values of matrices (see, e.g.,
[4, p. 75] or [7, p. 27]) asserts that if A, B, X € M, (C), then

sj(AXB) < [[All I B]ls; (X) (1.1)

for j =1, 2, ..., n. Another important result is the celebrated matrix Young inequality
(see, e.g., [2]), which says that if A, B € M,(C) and p, ¢ > 1 with % + [ll =1, then

1 1
si(AB*) <s; (Z |A|”+5|B|q> (1.2)

for j =1, 2, ..., n. Since unitarily invariant norms are increasing functions of singular
values, we have

llaB7[[] <

1 1
'— JAIP + ~ B
p q

for every unitarily invariant norm. The case p = ¢ = 2 of the inequality (1.2), which
is a matrix arithmetic—geometric mean inequality, has been obtained earlier in [5].
It has been shown in [1] that if A, B, X € M,,(C) are positive semidefinite, then

X
s;(A2XB1/?) < ”—2”sj(A + B)

forj=1,2,,..,n.
For A, B € M,,(C) and p, g > 1 with % + ; =1,letCpap = %A*A + ClIB*B.
It has been shown in [3] that

si(AB*) <s;(C\2 .cl? ) (1.3)

r.A.B~q.A.B

forj=1,2,,..,n.
It has been shown in [11] that

ZSj(K)Ss]-<|:[]¥*§i|>,j=1,2,...,r (1.4)
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K , where M € M,,,(C), N € M,,(C), and

for any positive semidefinite matrix |: K* Ni|

r = min (m, n).
It has been shown in [9] that if X, Y € M, (C), then
S5;i(X+Y)<25;(XDY) (L.5)

forj=1,2,..,n.

In this paper, we give singular value inequalities for matrices. In Sect. 2, we give
new inequalities involving singular values and unitarily invariant norms of products
of matrices. In Sect. 3, we give applications of some of our results given in Sect. 2. In
fact, we introduce a refinement of the inequality (1.1) when X is positive semidefinite.
This refinement enables us to investigate the equality conditions of the inequality (1.1)
in this special case. In addition, we establish the inequality (1.4) using a new approach
of analysis. Moreover, we introduce a general version of the inequality (1.5) when the
matrices X and Y are positive semidefinite.

2 Main results

We start with the following lemmas. For the first lemma, see, e.g., [4, p. 291]. The
second lemma is a consequence of Theorem 3.2 in [6]. For the third lemma, see, e.g.,
[4, p. 72] or (IT.19) in [4].

Lemma 2.1 Let A € M,(C) and let f : [0, 00) — R be a nonnegative increasing
function. Then,

sj (f (JAD) = f (s; (A))
forj=1,2,.. n

Lemma2.2 Let A, X € M, (C) be such that A is positive semidefinite and X is
contraction. If f : [0, 00) — R is convex, then

si(f(X*AX)) < s;(X* f(A)X)
forj=1,2,.., n
Lemma2.3 Let A, B € M, (C). Then,

k k
[[siaB) < []siA)s; (B)

j=1 j=1
fork=1,2,.. n

The notions of weak majorization and weak-log-majorization are defined for
sequences of real numbers as follows: Let a = (aj);le and b = (bj)';.zl be two
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sequences of real numbers arranged in such a way that a; > a» > - - > a, and
by > by > - -- > b,. We say that a is weakly majorized by b, written as a <, b, if
ZI;'=1 aj < ZI;-=1 bjfork =1,2,..., n. Inaddition, whena, > Oand b, > 0, we say
that a is weakly log-majorized by b, written as a <y log b, if ]_[];:1 aj < ]_[];:1 b for
k =1,2, ..., n.Itis known that weak log-majorization implies weak majorization (see,
e.g., [12, p. 19]). Moreover, a function f : [0, c0) — R is said to preserve weak-log-
majorization if f (a) <wlog f (b) Whenever a <y 1og b, Where f (a) = (f (aj));;]
and f (b) = (f (b;))]_,- For more details on such functions, we refer the reader
to [8]. In addition, f is called submultiplicative if f (xy) < f(x)f(y) whenever
x,y € [0, 00).

Theorem 2.4 Let A, B, X € M,(C), let p,q > 1 with % +% =1, and let f :
[0,00) — R be a nonnegative increasing submultiplicative convex function that
preserves weak-log majorization.

(a) If X is a positive semidefinite contraction, then
£ 2
[Tsi (£ (14xB°F)) < 15 (Cran) || £ (Cpon) Hs (X)
j=1

fork=1,2,...,n
(b) If X is a nonzero positive semidefinite matrix, then

o (14xB P\ 1 (€)1 (Cann)l
Jljllsf <f< X )) < 1X |1 l_[ 7 (X)

j=1

for k = 1,2, ..., n. In particular, letting f (t) = t, we have
k . L k
[1s7 (axB*) < [Cpas|" |Cqnn] []s7 0
Jj=1 j=1
fork=1,2,...,n

Proof Suppose that X is a positive semidefinite contraction and let A =AX!/2,
B =BX'2. Then,

si (f(Cpan)) =5, (f (XI/ZCP’A’BXI/Z»
5 (Xl/zf (CP,A,B)XI/Z) (by Lemma 2.2)

=5 (£2(Cpan) X1 (Cpoas))
< | f(Cp.a.8)|s; (X) (by the inequality (1.1)).  (2.1)

IA

A
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Similarly, we have

si (f (Cq.a)) = |/ (Cq.as) | 55 O 22)

Now,

]_[s,(|AXB*| ) = Hs (AX B*)
j=1 j=1
k
= [[siaBH

j=1

IA
=
\h.\;

(€)% 5C) ) (by the inequality (1.3)

~.
Il
—

12 12
' (CP{A,B) (C / ) (by Lemma 2.3)

IA
=
\O’.\)

~.
Il
—

|
:]»

5 (Cp.aB)5j (Cq.a8) 2.3)

~.
Il
—_

fork =1, 2, ..., n, which means that
n
(s7AXB™P)) | <wies (s (Cp.a5) 57 (Coa))]_,

Since f preserves weak-log-majorization, we have

(£ (550axB* D)) <wiox (£ (57 (Cpam) i (Coas)))iy @4

and so,
]l:[]s]( (|AXB* )) - ]]:[1 f (sj (’AXB*|2)>

f(s; (Cp.aB)sj(Cq.4.8)) (by the inequality (2.4))

IA
1=

~.
Il

£ (55 (Cpan)) f (s (CqaB))

IA
':I»

~
Il
-

(since f is submultiplicative)

1_[ Cp.a8))s; (f (Cq.a8))

Jj=1
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k
< £ (Cpas) | (Conn) [ TTsF X
j=1
(by the inequalities (2.1) and (2.2))

for k = 1, 2, ..., n. This proves part (a). Part (b) follows by applying part (a) to the
positive semidefinite contraction matrix ﬁ O

For A, B € M, (C), the Ky Fan dominance principle asserts that |||Al||| < |||B]||
for all unitarily invariant norms if and only if || All ) < | Bllx) fork = 1,2, ..., n (see,
e.g.,[4,p.93]or[7,p.72]). Since weak log-majorization implies weak majorization, the
Ky Fan dominance principle, enables us to give the following application of Theorem
2.4.

Corollary 2.5 Let A, B, X € M,,(C), p, g > 1 with % +L1 =1, andlet f : [0, 0) —
R be anonnegative increasing submultiplicative convex f?mction that preserves weak-
log-majorization.

(a) If X is a positive semidefinite contraction, then

7 (jaxe P = 17 €onmll 17 €qanl [[1xe]]

for every unitarily invariant norm.
(b) If X is a nonzero positive semidefinite, then

I1x1? I1x1?

H‘f(IAXB*V)m _ 17 (Coan)l £ (Cons)] e

for every unitarily invariant norm. In particular, letting f (t) = t, we have

l14x5 ]| = 17 (€onml 15 Conn)l ||| 122

for every unitarily invariant norm.

For p = g = 2, a stronger version of our result given in Theorem 2.4 can be seen
as follows.

Theorem 2.6 Let A, B, X € M, (C), and let f : [0,00) — R be a nonnegative
increasing convex function.

(a) If X is a positive semidefinite contraction, then

A*A+ B*B
—) sj(X)

o (7 (laxe)) < | 7 (545

for j=1,2,.. n

W Birkhauser



Singular value inequalities... Page70of14 7

(b) If X is a nonzero positive semidefinite matrix, then

Yo G

I1X1 X1l
for j = 1,2, ..., n. In particular, letting f (t) = t, we have

|A*A + B*B]|

sj (AXB*) < 5

57 (X)

for j=1,2,..,n.

Proof Suppose that X is a positive semidefinite contraction, and let A =AX!/2,
B =BX'/2. Then,

sj(f(|AXB*|)) = f(s;(AXB™))

= f(s;(ABY))
< f(sj (C2,4,8)) (by the inequality (1.3))
=5; (£ (X" Conpx'?)) @5)

=5j (Xl/zf (Cp.a.B) Xl/z) (by Lemma 2.2)

< | £ (C2.a.8)| sj (X) (by the inequality (1.1))

(25

5 5j(X). (2.6)

This proves part (a). Part (b) follows by applying part (a) to the positive semidefinite
contraction matrix ﬁ O

We need the following special case of Theorem V.2.3 in [4].

Lemma 2.7 Let A € M, (C) be positive semidefinite, and let f : [0,00) — R be a
convex function with f (0) = 0. Then, f (@A) <o f (A) foralla € [0, 1].

It can be seen that if f : [0, 00) — R is a nonnegative convex function with
f(0) =0, then f is increasing.

Theorem 2.8 Let A, B, X € M,,(C) be such that A*A + B*B < 21I,, X is positive
semidefinite, andlet f : [0, 00) — R be anonnegative convex functionwith f (0) = 0.
Then,

|A*A + B*B]|

5 (f (Jaxse))) = 1447

s; (f (X))
forj=1,2,.., n

) Birkhauser
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Proof Tt follows from Theorem 2.6 that

|A*A + B*B||

sj (AXB*) < 5

5j(X)
The function f is nonnegative and convex with f (0) = 0, so it is increasing. Conse-
quently,

2
|A*A + B*B||
< - -
- 2
|A*A + B* B

- — (f (X)),

. IA*A + B*B||
si(f(|[AXB*|) < f <—Sj (X)>

f(sj (X)) (by Lemma 2.7)

as required. O

3 Applications

In this section, we give applications of some of our results given in Sect. 2. First, we
start with an application of the particular case given in Theorem 2.6 (b). Our result can
be regarded as a refinement of the inequality (1.1) when X is positive semidefinite.

Corollary 3.1 Let A, B, X € M, (C) be such that X is positive semidefinite. Then,

*

S AXB
i ‘2H||A||2 1812

IANNBI s; (X) (3.1

forj=1,2,...,n

Proof The result follows from Theorem 2.6 (b) by replacing A and B by TAT and %
respectively.

Remark 3.2 It can be seen that for the case when X € M, (C) is positive semidefinite,
the inequality (3.1) is sharper than the inequality (1.1). Indeed, the triangle inequality
implies that

sj (AXB¥)

IAINBIs; (X)

” ||A||2 ||B||2

<H IIAII2

IANNBIs; (X)

)IIAII I1Blls; (X)

forj=1,2,...,n

The following lemma can be found in [10].

W Birkhauser
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Lemma3.3 Let A, B € M, (C) be nonzero positive semidefinite matrices. Then,
1A+ BIl = IAI+ 1B ifand only if |A'2BY2| = 4121 B)"2.
As an application of Corollary 3.1, we investigate the equality conditions of the

inequality (1.1) when X is positive semidefinite.

Corollary3.4 Let A, B, X € M, (C) be nonzero matrices such that X is posi-
tive semidefinite. If s; (AXB*) = ||A|IBlls; (X) and s; (X) # 0 for some
j€{1,2,...n}, then |AB*| = |A|l || B|| and || A*A + B*B| = | AlI* + | B~

Proof Suppose that s; (AXB*) = ||A||l |Blls; (X) and s; (X) # O for some j €
{1, 2, ..., n}. It follows from Corollary 3.1 that

5 (axB7) < 1 H 1Al 0
< IAIIIBII's; (X)
=s; (AXB¥).
Therefore, ﬁ + HBHZ =2= H 1AL + ” 1817 . This, together with Lemma 3.3,
implies that
I 1AL IBI = IAINIBI,

which is equivalent to
|AB*| = IlAIlIBI .
On the other hand, since || |A| |B| || = ||A|| || Bl|, we have
|(44) (B*B)"?| = [47a] " | B7B] . (32)
Consequently, the relation (3.2) together with Lemma 3.3, implies that
|A*A + B*B| = |AI* + I BI*.

as required. O

Remark 3.5 It should be mentioned here that the converse of Corollary 3.4 is not always
true as the following example reveals: Let A = |:(O) (1) ,B = 8 (1)] ,and X = } }
Then, X is positive semidefinite and s; (AXB*) = 1 < 2 = ||A| || B]| s1 (X), while
IAB*|| = | Al |B]| = 1 and || A*A + B*B| = |A|* + | BII* = 2.

An application of Theorem 2.4 can be seen as follows.

) Birkhauser
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K* N
positive semidefinite. Let r = min (m,n) and p,q > 1 with % + L =1, and let
f :[0,00) — R be a nonnegative submultiplicative convex function that preserves
weak-log majorization.

Corollary 3.6 Let M € M,,(C) and N € M, (C) be such that X = [M K:| is

(a) If X is contraction and f is increasing , then

[ (s (5) = (7 (3) 2 (3) TT 500

fork=1,2,...,r
(b) If X is nonzero and f is increasing, then

s (f (1)) (7)) ¢ [0

X% X%

for k =1,2,...,r. In particular, letting f (t) = t, we have
]_[s,(K)<max( )]_[s,(X)
j=1

fork=1,2,...,r
(©) If f(0) =0, then

Jljsf (£ (1K) = max (Lz ),ljs’ (£ 0)

fork=1,2,...,r

Proof Let A = [I

=~

< £ (Cpas)|* |7 (Cqnn) ]_[ ' (X) (by Theorem 2.4)

This proves part (a).

W Birkhauser
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Part (b) follows by applying part (a) to the contraction matrix =T X”
For part (c), the particular case of part (b) is equivalent to a <y 10g b, Where

— (20 _ 1Y 2x) L si log-
a= (sj (K)>j:1 and b = (max <p2’ qz) y (X))jzl. Since f preserves weak-log

majorization, we have f (a) <y1og f (D), and so

k k
17 (sj2 (K)) ]_[ <max< q]—2>sJ2~ (X)). (3.3)
j=1 j=1

Since 0 < max (l ) < 1 and f is convex with f (0) = 0, the inequality (3.3),

1
el
together with Lem: 2 , implies that

ﬁsj (f (|K|2)> = max <p12k’ 2k> l_[ f (s (X)) (3.4)

j=l1
Now, part (c) follows from the inequality (3.4) and the submultiplicativity of f. O

The following result is an application of Corollary 3.1. In this result, we establish
the inequality (1.4) using a different approach of analysis other than that used in [11].

Corollary 3.7 Let M € M,,(C) and N € M, (C) be such that X = [11;/1* ]I\i:| is

positive semidefinite. Let r = min (m,n) andf : [0,00) — R be a nonnegative
convex function with f (0) = 0. Then,

(a)
25j (K) < sj (X) (3.5

for j=1,2,..,r.
(b)

2s; (f (KD) =5 (f (X)) (3.6)

and

(1K 3.

for j=1,2,...,r
I, 0 00

Proof Let A = 00 and B = 01, . Then, A*A + B*B = I,,4+,. Applying
Corollary 2.8 to the function f (¢) = ¢, we have
A*A + B*B
s;j (AXB*) < %sj (X)

) Birkhauser
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1
= 25 (X, (3.8)
Now, the inequality (3.5) follows from the inequality (3.8) and the fact that
si (AXB*) =5; (K).

For part (b), applying both sides of the inequality in part (a) to the increasing function

f, we have
X
sj (f (K]) <5 <f (3)) : (3.9

Since f is convex with f (0) = 0, the inequality (3.6) follows from the inequality
(3.9) and Lemma 2.7. Part (c) follows by an argument similar to that used in the proof
of the inequality ( 3.6). O

In the rest of this section, we give inequalities related to the inequality ( 1.5), from
which we get a general version of this inequality for the case when X and Y are positive
semidefinite matrices.

We start with the following application of Theorem 2.4.

Corollary 3.8 Let A, B, X,Y € M,(C), p,g > 1 with L +1 =1 and let f :
[0,00) — R be a nonnegative increasing submultiplicative convex function that
preserves weak-log majorization.

(a) If X and Y are positive semidefinite contractions, then

si (1 (Jax +vB))

j=1

< 2max (”f (Cpoaa)l g

£ (Caz0) )

k
T xen
j=1

k

9

X max (Hf (Cq,A,In)

f (CPslen)

fork=1,2,.. n
(b) If X and Y are nonzero positive semidefinite matrices, then

k %12
_ |AX + Y B¥|
jl:[ls’ (f (max(||X||2, ||Y||2)))
2max ([ £ (Cpoar)|* - [ £ (Coun)
<
N max (| X%, Y1)

)

k

b

k
f(Cpma) ) T3 x @)

J=1

X max (||f (Cq.a.1)

W Birkhauser
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k

k
[T (Ax +vB*) < 2max (|Cpoas, |, |yt

)

k
) S2X@Y)
j=1

k

xmaX(“Cq,A,ln CP»BvIn‘

fork=1,2,.., n

A0 | 1,0 | X0 . ..
Proof Let A = |:O In:|’ B = |:0 Bi|, andX_[O Y]' Then, X is positive

semidefinite. Now,

=2s; (f (|AXB*|)). (3.10)

The results now follow from the inequality (3.10) by applying Theorem 2.4 to the
matrices A, B, and X. O

When p = g = 2 astronger version of Corollary 3.8 can be obtained using Theorem
2.6. The proof is similar to that given for Corollary 3.8. We leave the details for the
interested reader.

Corollary 3.9 Let A, B, X,Y € M, (C), and let f : [0,00) — R be a nonnegative
increasing convex function.

(a) If X and Y are positive semidefinite contractions, then

2 2
5 (F (14X + 7 B*])) < 2 max <f<||A||2+1>’f(||B||2+1)>sj Ko

for j=1,2,..,n
(b) If X and Y are nonzero positive semidefinite matrices, then

si(XeY)

5] <f ('AXJF—YB*'» - 2 max (f (”A“;“) f (HBH;H))

max (| X1l [[Y[]) max (| X1l [[Y[l)

for j = 1,2, ..., n. In particular, letting f (t) = t, we have

si (AX +YB*) < (max (||A||2, ||B||2> + 1) s;i(X®Y)

for j=1,2,..,n.

As a consequence of the particular case of Corollary 3.9, we have the following
result.

) Birkhauser
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Corollary3.10 Let A, B, X,Y € M,,(C) be such that X and Y are positive semidefi-
nite. Then,

sj (AX + YB*) < 2max (JIA[l, [ BI) s; (X ®Y)

forj=1,2,.., n

Proof In the particular case of Corollary 3.9, replacing A and B by r A and ¢ B, respec-
tively, where t > 0, we get

2 max (J|AI, I1BI?) + 1
t

si (AX +YB*) < siX®Y) (3.11)

for all + > 0. Now, the result follows by taking the infimum to both sides of the
inequality (3.11) over all positive real numbers ¢ and observing that

L+ 2max (A2, 1B]2
inf (t ) = 2max (| All, |BI) .
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