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Abstract

Let L=—A+V be a Schrodinger operator with the potential V belonging to the
reverse Holder class B, g > n/2. Denote by CMOy(p) the vanishing mean oscilla-
tion type space associated with L. By the aid of the regularity estimates of the frac-
tional heat kernel related with L, we investigate the weighted boundedness and com-
pactness of the commutators of operators generated by fractional heat semigroups
related to L and functions belonging to CMO,(p).

Keywords Commutator - Compactness - Schrodinger operator - Heat semigroup -
Weight function

Mathematics Subject Classification 22E30 - 42B35 - 35J10 - 47B38

Communicated by Wenchang Sun.

P< Pengtao Li
ptli@qdu.edu.cn

Tiantain Dai
1581526260@qq.com

Qianjun He
qjhe@bistu.edu.cn

Kai Zhao

zhkzhc@aliyun.com

School of Mathematics and Statistics, Qingdao University, Qingdao 266071, Shandong,
People’s Republic of China

School of Applied Science, Beijing Information Science and Technology University,
Beijing 100192, People’s Republic of China

% Birkhauser


http://orcid.org/0000-0003-1202-8468
http://crossmark.crossref.org/dialog/?doi=10.1007/s43034-022-00220-6&domain=pdf

77 Page2of46 T.Daietal.

1 Introduction

As an important concept in the functional analysis, the compactness of operators
is widely used in the research of many fields, such as partial differential equa-
tions, the potential theory and so on. A linear operator L from a Banach space
X to another Banach space Y is called a compact operator if the image under L
of any bounded subset of X is a relatively compact subset of Y. As a class of
bounded linear operators, compact operators have many good properties. For
examples, it is well known that if Y is a Hilbert space, the class of compact opera-
tors can be defined alternatively as the closure of the set of finite-rank operators
in the norm topology. The compact operators on an infinite-dimensional separa-
ble Hilbert space form a maximal ideal and the related quotient algebra is simple.
Since the embedding of Sobolev spaces is compact, by the aid of the Girding
inequality and the Lax—Milgram theorem, an elliptic boundary value problem can
be converted into Fredholm integral equations, see [54]. We refer to Conway [21],
Folland and Stein [25] and Kutateladze [34] and the references therein for further
information on compact operators.

In the literature, the compactness of commutators of different operators has
been widely investigated by many researchers. In 1978, Uchiyama [49] first stud-
ied the compactness of commutators of a class of singular integral operators T
and proved that the commutator [b, Tg] is compact on L/(R"),1 < p < oo, if and
only if b € CMO(R"), where CMO(R") denotes the closure of C?(R”) in the topol-
ogy of BMO(R"). The compactness of commutators of linear Fourier multipliers
and pseudodifferential operators was considered by Cordes [22]. Peng [39] gave
the compactness of paracommutators TZ”. Beatrous and Li [6] studied the bound-
edness and compactness of the commutators of Hankel type operators. Krantz and
Li [32, 33] applied the compactness characterization of the commutator [b, T,]
to study Hankel type operators on Bergman spaces. Wang [50] showed that the
commutators of fractional integral operators are compact from L(R") to L1(R").
In 2009, Chen and Ding [18] proved that the commutators of singular integrals
with variable kernels are compact on L”(R") if and only if b € CMO(R"). In [19],
the authors also established the compactness of Littlewood—Paley square func-
tions. After that, Chen et al. [20] obtained the compactness of commutators for
Marcinkiewicz integrals on Morrey spaces. Liu and Tang [38] studied the com-
pactness for higher order commutators of oscillatory singular integral operators.
For more information about the compactness problems of commutators, see also
[7-9, 14-17, 23, 24, 27-31, 47, 48, 52, 55-57] and the references therein.

In recent twenty years, the semigroup of compact operators are widely inves-
tigated and used by many researchers on numerous topics of PDEs. In the setting
of a Banach space X, Bahuguna and Srvastavai [4] studied the local and global
existence of mild solutions to a class of integro-differential equations in an arbi-
trary Banach space associated with operators generating compact semigroup.
In 2009, the results in [4] were extended to the time-fractional case by Rashid
and El-Qaderi, see [40]. In [3], Avicou, Chalendar and Partington investigated
the analyticity and the compactness of semigroups of composition operators on
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Hardy and Dirichlet spaces on the unit disc. Let {e™"*} 5 be the Schrodinger heat
semigroup on L?(R") generated by the self-adjoint linear operator —L = A — g(x).
In [2], Alziary and Takac focus on the equivalence of the intrinsic ultra-contrac-
tivity of {e™*},5, and the compactness of this semigroup. For further information
on this topic, see [1, 5, 41] and the references therein.

Consider the Schrodinger operator: L =—A +V in R", n > 3, where A is the
Laplacian operator on R” and V is a nonnegative potential belonging to certain
reverse Holder class RH, with an exponent g > n/2, that is, there exists a constant
C > 0 such that for every ball B(x, r) in R",

1 Va c
va )d) < / V(y)dy.
<|B(x, DN Sy O B Jury O

Recently, Bongioanni et al. [10] proved LP(R") (1 < p < o0) boundedness for
commutators of Riesz transforms associated with Schrédinger operators with
BMO,(p)(R") functions which include the class of BMO functions. In [11], Bon-
gioanni et al. established the weighted boundedness for Riesz transforms, fractional
integrals and Littlewood—Paley functions associated to Schrodinger operators with
weight Ag class which includes the Muckenhoupt weight class. Tang and his col-
laborators [45, 46] established weighted norm inequalities for some Schrodinger
type operators, which include commutators of Riesz transforms, fractional integrals,
and Littlewood—Paley functions related to Schrodinger operators (cf. [12, 13]). Li
and Peng [37] investigated compact commutators of Riesz transforms associated to
Schrodinger operators. Li et al. [36] established a compactness criterion with appli-
cations to the commutators associated with Schrodinger operators.

In this paper, we investigate the weighted compactness of commutators of maxi-
mal operators and fractional operators generated by fractional Schrodinger heat sem-
igroups. Let {<I>IL’W2 }1>0 be a family of operators related L with the kernels satisfying
the conditions (2.3) and (2.4) below. Define the maximal operator related with

L
{(Dl»}’l 2 }[20 as

L (F)(x) 1= iEg{l‘I’L (f)(x)]}- (1.1)

Y1572 LY1:Y2

Let b € CMO,(p)(R") in Theorem 3.3 and w € A[‘j"g. We consider the compactness
of commutators [b, ¢>¢;*y7] on the weighted Lebesgue spaces L”(w). In the literature,

the proof of the compactness on the classical Lebesgue spaces is based on the fol-
lowing Frechet—Kolomogorv theorem.

Theorem 1.1 [58, page 275] A subset G of I’(R"), 1 < p < o0, is strongly precom-
pact if and only if it satisfies:

(1) supseg IFIl, < oo;
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(i) For any € > 0, there exists a closed region K;_and 6, > 0 such that for any
fea, |lf||1f(1<g ) <&,
(iii) Forany f € G, lim_ [lf (- +2) = fC)l, = 0, uniformly.

In the proofs of the main results of [37] and [36], when verifying the condition
(iii), the authors used the translation invariance of classical Lebesgue spaces, i.e.,
WG+ 2N = WO, see [37, page 731]. Obviously, this translation invariance is
invalid for the weighted Lebesgue spaces L”(w) and hence, Theorem 1.1 mentioned
above is invalid for the compactness on weighted Lebesgue spaces. In 2021, Xue et al.
established a weighted version of Theorem 1.1, which holds for weights beyond A_.
As applications, the authors obtained the weighted compactness theory for the com-
mutators of multilinear vector-valued Calderén—Zygmund type operators, including the
commutators of multilinear Littlewood—Paley type operators. In essence, the method
used in [57] is a the smooth truncated method. Roughly speaking, let » € BMO and
T be a linear operator 7" which is bounded on weighted Lebesgue spaces L”(w). We
utillize a sequence of commutators {[b, 7]}, to approximate [b, T] in the sense of
LP(w)ase — 0, where b, € C(‘;". Since the elements in C(°)° are sufficiently smooth, this
method avoids the difficulty caused by the lack of translation invariance of L”(w), and
can be applied to deal with the weighted compactness of operators on many function
spaces, see [27, 51, 57].

Inspired by [51, 57], by conditions (2.3)—(2.4) and the weighted estimates for maxi-
mal functions, we first prove that the ” weighted boundedness of the maximal function
@5;’;2 and the related commutator [b, CDif"yz], see Theorem 2.13 and Proposition 2.14.
Via a function in C*([0, o)), we introduce a family of truncated operators {Qﬁ;j‘yz,y}
and prove that {[b, <1>§l~j‘y2’y] } is compact on the weighted L? space. Hence the compact-
ness results for [b, @ﬁfyz] can be deduced from [58, p.278, Theorem (iii)], see
Theorem 3.3.

We point out that the Z-compactness of the commutator [, <I>’y‘lf“y2] obtained in The-

orem 3.3 covers many maximal functions associated with Schrodinger operators. Let
{e " }is0» @ € (0,1), be the fractional heat semigroup associated with Schrédinger
operators with the kernel K{i (-, +) and let pif(-, -) be the generalized Poisson operator
related with L, respectively. Define the operators

TS () 1=/ KL fody, i=1,2,...,6,
[Rn

where
KT, (0 y) i= K% (6, y); Ky (6, y) 1= pri(ey);
Ky (x,y) 1= 1"7°9V KL (x,); K5 (6 y) 1= 1V, pri(x,y);
K3L,l(x, y) = t’”dl’"Kit(x, y),m> 0. Két(x, y) 1= tvat“pf’f(x, y), 0> 0,
(1.2)
and
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[e]
—rpL

dr
T J, ¢ Ka,zzﬂ/(4r)(x’y)r1__

Priy) 1= -, 0<o <L (1.3)

The corresponding maximal operators are defined as
TH (&) = sup [TEAO@), i=1,2,....6.
>0 ’

By the regularity estimates of the fractional heat kernel Klf (-, ), we can verify that
the kernels Kl.Lt(-, 9, i=1,2,...,6, satisfy the conditions (2.3) and (2.4) for some
71> Vo- Therefore the weighted LP-compactness of [b, Tl.L’*], i=1,2,...,6, are imme-
diate consequences of Theorem 3.3.

In Sect. 4, we focus on the weighted (L7, L?)-boundedness and compactness of the
fractional operators and their commutators generated by Schrodinger operators. Let

10 1= | THeyfo)dy, i=1.2,

R7

where

Thx,y) i= / KE (e, )/ *
o .

Zé(x, y) 1= / plLG(x, y)tﬂ/z_ldt,
o ,

and
1 « dr
L _ —r L
pt,o-(xsy) - F(G) A e K,z/(4r)(x,)’)rl_6-

In Theorems 4.3 and 4.4, an application of weighted estimates of maximal functions

~L ~IL
indicates the yﬁighted (L7, L9)-boundedness of Il ,i=1,2,and|[b, Il 1,
mutators [b, Il ],i=1,2, are compact from L”(w”) to LI(w?), where w € Al’; » S€€
Theorem 4.5.

We point out that our compactness results generalize those obtained in [51]. Let
a = 1. Then the weighted compactness for [b, T]L "*]1in Theorem 3.4 (i) comes back to
[51, Theorem 1.1]. The compactness results for [b, TiL‘*],i =2,3,...6, are new even
for « = 1 or the setting of the Lebesgue measure, i.e., w(x) = 1. Also, noting that for

a=1, If = L7, the fractional integrals related with L. Hence, Theorem 4.5 can be
seen as a generalization of [51, Theorem 1.2].

Notations Throughout this article, we will use A and C to denote the posi-
tive constants, which are independent of main parameters and may be different at
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each occurrence. By B; ~ B,, we mean that there exists a constant C > 1 such that
C'<B,/B,<C.

2 Preliminaries

2.1 Fractional Schrodinger heat kernels and weight functions

As in [42], we will use the auxiliary function p defined on R” as

p(x) = sup {r : nl_z / V(ydy <1 } 2.1
r>0 r B(x,r)

Definition 2.1 Let L=-A+V, V € B, be a Schrodinger operator. Assume that
71 > 0andy, € (0,2). Let {thLy1 " } >0 be a family of operators related to L and with

. L,yl .
the integral kernel Kh’t (-,-),1e.,

q)f:h Y2 (f)(x) = /[R: K}Z,,ytl (.X, )’)f()’)d)’a (22)

where K;yl‘ (+,-) satisfies the following conditions.

(i) Forany N > 0, there exists a constant Cy, > 0 such that

Coth 1/r, /v -
Ly, N t t
K7(x,y)| < 1+ + . 2.3
Ky o) (t1/72+|x—y|)”+7172< ) p(y)) &2

(i) For any N >0, there exists a constant Cy > 0 such that for every
0 < 6 < min{y,, 1 —n/q}and all |h| < ¢'/7,

Cy (|| /1" /72)0m <1 . Aln . Aln >—N 0
/7 + |x = y|)rtnn px)  p(y) ' '

L, L,
|Ky2?;] (x + hd’) - K}’z.};] (x,)’)| <

Below we state some preliminaries on the fractional heat semigroup associated with
L. The fractional heat kernel associated with L is defined via the subordinative formula
(cf. [26]). Precisely, for 0 < a < 1, there exists a continuous function #7(-) on (0, co)
such that

KL () = / nf (K (x, y)ds, 2.5)
0

% Birkhauser



On weighted boundedness and compactness... Page70f46 77

where 777 (-) satisfies:

1 «
/1

t
a .
I’]t(S)SCW Vs, t>0;

ni(s) =

/ s7ni(s)ds < o0, y > 0;
0

ny(s) = s‘% Vs> >0.

\

The following regularity estimates of Ké .(,+) were obtained by Li et al. in [35].

Lemma 2.2 [35, Propositions 3.1 and 3.2] Let « € (0, 1).

(i) Forany N > 0, there exists a constant Cy > 0 such that

Cyt < L e e ) N
+ .
(11/Q0) 4 |x — y|)t2e p(x) p(y)

KL )| <

(i) For any N >0, there exists a constant Cy > 0 such that for every
0<6<8y=min{1,2—n/q}and all|h| <t/

L L
KL G+ hy) = K- (x, y)|

Cy(|h] /11Dyt <1 {1/Cw . t1/<2a>>‘N
T (O + |x =y px) — p(y) '

Lemma 2.3 [35, Propositions 3.6 and 3.9] Suppose a >0 and V € B, for some
q > n.

(i) Forevery N > 0, there exists a constant Cy > 0 such that for all x,y € R" and

t>0,
-N
eny gl - Cyt /0 41/2a)
4 A l(x’ y) — (+1/Qa) n+2a +
’ (t +|x =yl p(x) p(y)

(ii) Leté =1-n/q. Forevery N > 0, there exists a constant Cy, > 0 such that for
allt > 0 and x,y € R" with|h| < |x — y|/4,
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VKL (x+h,y) — V. K- (x,y)’

xat Xt

<C h \° 1 ¢ - 1/ N A/ea\ N
S Gy 11/Qa) 11/Qa) (tl/(2a) +|x— yl)n+2a p(x) 2(y)

Lemma 2.4 [35, Propositions 3.11 and 3.12] Let a € (0,1), m>0 and
VeB,q>n/2

(i) Forevery N > 0, there exists a constant Cy > 0 such that

Cyt™ 1/Qa)  A/ea\ N
tmamKL (x’y) < N 1+t +t
o (/@0 + |x — y|yr+2am P p(y)

(i) Let0 < 6 < min{2a, 6, }. For every N > 0, there exists a constant Cy, > 0 such
that for all |h| < t'/C9,

|0 KL (x + hoy) = 07 KE (. )|
K] s m A/ee  preo\ N
< Cy 1+ +
tl/(Za) (tl/(Za) + |x — yl)n+2am p(x) p(y)

Let B be a ball centered at x. For 6 >0, denote by W,(B) the function
¥,(B) := (1 +r/p(x))?. Denote by D the set of dyadic cubes in R". We also need the
following dyadic maximal operator MvA ,0 <1 < o0, which is defined as

21w 1= su / FOldy.
" rcoen 7,010 ‘I‘o(Q)”IQI
Let 0 <7 < oo and fQ = ﬁ fQ f(x)dx. The dyadic sharp maximal operator M?/n is
defined by
f ) 1
My, (HE) i= sup [f () = foldy

x€QED,r>p(x,) |Q| Q(xo r)

+  sup / [F1dy
XEQED,r<p(xy) lPQ(Q)” |Q| Q(xg,r)

~ sup inf— [f(») — Cldy
X€QED,r>p(x,) ¢ |Q| 0O(xp,r)

+ [f1dy,

7l
sup _—
x€QED,r<p(xy) ‘PQ(Q)" |Q| O(xq,1)

where the supremum is taken over all dyadic cubes Q(x, r) centered at x;, with the
radius 7.
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A variant of the dyadic maximal operator and the dyadic sharp maximal operator are
defined by

A —_ A 5\1/68
ME (D@ = My (F19)/° )
and
# _ t 5\1/6
M; (N = My, (1) ).
Definition 2.5 (BMO,(p)(R") space, [10]) For all x € R", r > 0 and 6 > 0, the class
BMO,(p)(R") is defined as the set of all locally integrable functions f satisfying

1
IB(X’ }”)| B(x,r)

0
[f(y)—f3|dysc<1+L> : (2.6)
p(x)

A norm for f € BMO,(p)(R") is given by the infimum of the constants satisfy-
ing (2.6), after identifying functions that differ upon a constant. For conveni-
ence, the norm for f € BMOy(p)(R") is denoted by ||f|lgmo,(,)- It is clear that

BMO(R") € BMO,(p)(R") C BMOy, (p)(R") for0 < 6 < ¢'.

~L
For b € BMO,(p)(R"), the commutators of <D§;*y2 and Ii,i =1,2, with b are
defined by

(b, @7 1) 1= sup

>

/ K ) (b0) = O () @7
and

(b, 7?](}‘)()6) = /[R ) T (x, y)(b(x) = b)) (y)dy. (2.8)
Let B = B(x,r) and A > 0. Denote by AB the A-dilate ball centered at x and with
radius Ar. For a cube Q with sides parallel to the axes, we use AQ, 4 > 0, to denote

the cube Q dilated by A.

Lemma 2.6 [42, Lemma 1.4] There exist ky > 1 and C > 0 such that for all x,y € R",

Ix — y| ko/(ko+1)
p(x) > '

lx =yl

—k
> <p(y < Cp(X)<1 +
p(x)

Clp(x) <1 +

In particular, p(x) ~ p(y) if|x — y| < Cp(x).

Definition 2.7 (Azﬁ weights class, [11]) Let w be a nonnegative locally integrable
function on R".

% Birkhauser
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(i) Forl < p < o0, we say that a weight w belongs to the class AZ*H if there exists
a positive constant C such that for all balls B = B(x, r),

p—-1

(i) For p =1, w is said to satisfy the A’]J * condition if there exists a constant C
such that for x € R" a.e.,

My(w)(x) = = S0P G BBl (B)IBI /Iw(y)ldy < Cw(x), (2.10)
x 0

where the supremum is taken over all balls B centered at x with radius .

Definition 2.8 (Ag’z weights class, [45]). We say that a weight w belongs to the class

Ag’z forl < p < oandl < g < oo, if there is a constant C > 0 such that for any cube

Q = Q(x, 1),

1 » 1/q 1 o by (p-D/p c
o e
<TAQNQLéW@)y> <?wgngméw@) y> <

Remark 2.9 1t is easy to see that w'/? € A2 if and only if w € A2 for 1 <p < o

0
andw € A” if and only if w? € Al+q/p

Lemma 2.10 [11, Proposition 5] and [45, Lemma 2.2] Let 1 <p < oo and
wE AZ’°° = U020 Ag’g. Then

(1) Ifl £p, <p, < oo, then App’lg C A;f.

(i) we A2 ifand only if w™'/¢~1 € A’/j;o, wherel/p+ /p' = L.
(i) Ifw € AP, 1 < p < oo, then there exists € > 0 such that w € AP
iv) Ifwe Ag’g, 1 < p < o0, then for any cube Q, we have

1/p
1 1
TNl dy<C — Pwtdy )
¥, (010 /Qlf(y)| = <w(5Q)/Qlf(y)| w(y) y>

where w(E) = fE w(x)dx. In particular, for any set E C Q, let f = y,. Then

IE| <c<W@)ym
¥,(Q)10] ~  \w(50)

% Birkhauser



On weighted boundedness and compactness... Page 11 0f46 77

2.2 Weighted boundedness of maximal functions and commutators related
with L

To prove the boundedness of [b, éﬁ;*yz], we consider the following variant of maxi-
mal operator Mv,n’ 0 < 7 < o0, defined as

1
My, () = SUPW/BV(Y)M)’

x€B

and its commutator

e — L
b, My, 1()(x) 1= i:g (¥,(B)y'|B] /B

where the supremum is taken over all balls B centered at x with radius .
Tang in [45] introduced a fractional variant maximal operator My, , defined by

|b(x) = bW (»)Idy,

Mﬁ’v’n(f)(x) T=su !

dy, O < o0,
xeg (\PG(B))”(‘PG(B)lBDI-ﬂ/n/Blf(y)| ly, 0 <5< o

and obtained the following weighted strong type (p, g) inequality.

Lemma 2.11 [45, Theorem 2.10] Let 0< f<n, 1 <p<n/p, p'=p/(p—1) and
1/g=1/p—p/n. If we A? and n>(1 - B/n)p’ /q, then there exists a constant
C > 0 such that

Mgy, Pl zaguay < CIF oy

As a corollary of Lemma 2.11, for § = 0, we can get

Corollary 2.12 Let1 < p < o0, p' = p/(p — 1) and suppose that w € Azﬂ. Then there
exists a constant C > 0 such that

1My Oy < CF Ny

Theorem 2.13 Let 1 <p < o0, y,¥, > 0n and weA;ﬂ. The operator (I);’*Vz is
bounded on L’ (w) whenw € A[’;ﬂ.

Proof We first divide CDf;*% (f) into two parts:

@L* (f)(x) < sup { / KL Gyl lf(y)ldy} 1= 1) + 110,
: .

>0

where
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106) = sup { JL y)Ilf(y)Idy};
>0 [x=yl<p(x)

1(x) :=sup { / K7 G, y)IU”(y)Idy}-
>0 [x=yI2p(x)

The term I(x) is further divided into three parts, i.e., I(x) < I;(x) + I,(x) + I;(x),
where

L,

L(x) 1= sup {/ |Kyz,ytl(x,y)|lf()’)|d)’}§

0<r'/712<p(x) [x—y|<t'/72
LX) = sup {/ |K£’,y,' (X,Y)|V(Y)|dy}2
0<1'/72 <p(x) /72 <|x—y|<p(x)
L,

Li(x) := sup {/ IKyz,i‘(x,y)Ilf(y)Idy}-

172> p(x) Jx=y|<p(x)

L

By (2.3), we have

t
L,(x) <C sup { / V()’)ldy}
! 0<r'/12<p(x) [x—y|<t!/72 (fl/y2 + |x = y|)rtnr
<C sup {/ (tl/h)_"lf(y)ldy}
0<1'/12<p(x) [x—y|<t'/72

201 1
<C sup { / lf(Y)Idy}
0<t1/72 < p(x) |B(x, t1/72)| I+ % /p(x))Hn [x—y|<t!/72
< CMy,,(f)x).

For I,(x), noting that y,y, > 6n, we can get
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77

hw<C i/ -
x) < sup _— y
: o<t <o) \ ot Jvmylnatain |X = yrin

¢ | 1
<C sup y Yy / [FO)Idy
O<ll/72<p(x) {]; (Zk)}’l}’z (2kt1/7’2)n |x—y|~2kf]/y2

< 1 1
<C _— su
= I; 2k(y172—0n) 0<t1/,22p(x) { |B(x, 2kt1/y2)| 1+ 2kt1/y2/p(x))6n

X/ lf(Y)ldy} < CMy,,(H()
lx=y|~2k1'/72

and

1
I ()C) < (o sup {/ _lf(y)ldy}
’ tzp S eoyi<pw @772)"

1
<C / )ld }
rl/fzg(x> { (P J x—yi<p) vy

sup { (1 + )/ p)™ 1
112> p(x) |B()C, p(x))l (1 + p(x)/p(x))e'l

<C

></| | lf(y)ldy} < My, (HX).
x—y|<p(x)

For II(x), by (2.3) again, taking N large enough, we obtain

b m tl/}’z N
II(x) < Csup / —(1 + —> lfO)ldy
>0 { k:zf [x=y|~2% p(x) [x — y|Hnr p(x)
had m tl/}’z > - /
< Csu — 1+ — )ld
t>(I)) {; (zkp(x))nﬂqyz < p(x) [x=y[~2k p(x) Vldy

oo 1/y =N+711r,
< Csup z L 1+ t_z 1
=0 2ky 172 p(x) 2k p(x))

k=1

X/ lf(y)ldy} < My, ,(F)(x).
[x=y[~2k p(x)

The estimates for I(x) and /I(x), together with Corollary 2.12 and p’ < 5 < oo, imply

that
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125, Pl < ClMy (DD Ny < CW sy

This completes the proof. a

Proposition 2.14 Let 1 <p < o0, y,y, > 0n and w € Alﬂ’”. For b € BMO,(p)(R"),
there exists a constant C such that

I[D, q’f}’jﬂyz](f)”mw) < Cllbllgmo, o) 1l 2wy -
Proof Similar to the procedure of the Theorem 2.13, we can get
b, @ 1| < Clb, My, 1(F)().

Then using [44, Lemmas 3.3—3.5, Theorem 2.2 and Proposition 2.2], we can see that
Proposition 2.14 holds. O

3 Compactness of commutators of semi-group maximal function

Let X and Y be Banach spaces. Suppose that 7 and {7, } are operators from X to Y.
The weighted compactness of commutators are based on the following lemmas.

Lemma 3.1 [58, p. 278, Theorem(iii)] Let a sequence {T,} of compact opera-
tors which converge to an operator T in the uniform operator toplogy, i.e.,
lim, . [|T—=T,|| =0. Then T is also compact.

Lemma 3.2 [57, Theorem 1.1] Let w be a weight on R". Assume that w1/ @o=1) g
also a weight on R" for some p, > 1. Let 0 < p < o0 and F is sequentially compact
in LP(w) if the following three conditions are satisfied:

(1) F is bounded, i.e., supser ||f 1) < 00;
(1) F uniformly vanishes at infinity, i.e.,

lim sup [f&)Pwlx)dx = 0;
Nooo re 7 Jix>N

(i) F is uniformly equicontinuous, i.e.,
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lim sup F¢+h) —fEPPwl)dx = 0.
[7]—0 feEF JRn

Let CMO,(p)(R") denote the closure of C2(R") in the BMO,(p)(R") topology.

Theorem 3.3 Let 1 <p < o0, 7,7, > 1+kybn, we A”H and b € CMO,(p)(R").
Then the commutator [b, dJL * deﬁned by(2.7)isa compact operator from LP(w) to

itself.

Proof Firstly, we will consider a smooth truncated function to prove this theorem.
Let ¢ € C*([0, o0)) satisty

1, x€[0,1],
0<@<1 and pkx) = 0. x €2 00) 3.1
For any y > 0, let
Ky y) = K20y (1= oG = yD). 3.2)
Define
L,y
oL, () = sup { | /R n Kh,,{,(x,y)f(y)dy’} (33)
and

>0

(b, @7, y1<f>(x>=sup{ / K™ y)(b(x) — b(y))f(y)dy’}. (34)
R~

Forany b € C*(R")and y,0,n > 0, by (3.2), (3.4) and (2.3) with N = 0#, one has
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(b, @ 1)) — [b, @)*
< su(p;{ / K, (e, y)(b(x) = b)) ()’)dY}
> R~
~ sup ‘ / L1 (e )(b0) — O )y

>0

1H @

J

5sup{‘ / K, e, y) (b(x) - b(y)>f<y>(1—1+(p(r‘|x—y|))dy’}

>0

[ = yIF ) < t1/7’2>_N o
< Csu 1+ — X — d
z>g{ /Rn @t/ + |x —y|yrnn p(x) lp(r™" lx = yDIdy
< L) + Ly(x),
where
tr — -1 _ 1/y -N
L = Sup{ / = YO e~ x = yDI <1 L > N }
20 [ Jpmyiay @24 e —ylhrnr ()
and
1’ — -1 _ 1/y -N
L) = Sup{ / = O eG 1 = yDI (1 +t_z> " }
>0 woyiz2y @0+ [x =y p(x)

For L,(x), since |x — y| > 2y, we have @(y~'|x — y|) = 0. Then we can get

1B, ®5* 1)) = [b, L, 1)

<C / m <1 tl/}’z >_le(y)|d
S su + —

’ f>0p loyl<ay (8172 4 |x = y|yrnn p(x) Y
< Cy{J,(x) + 1,(x0) + J3(0) },

|

where

-

7(1 + /7 N
109 1= sup {/| P+ 71/p) lf(y)ldy};

1<y —y|<tl/r2 (11/72 + |x — y|yrtnr
(1 + 17 /pC)) ™
q /2(0) 1= sup {/ 77 o FOldy ¢
<y 112 <|x—y|<2y (/r + |~x _yl) nr
A+ /p)~N
J5(x) 1= sup {/ m ——-fldy ¢.
1>y |x—y|<2y (t 2+ I)C - yl)n nr

L

For the terms J,(x) and J;(x), we have
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n\ "
1) < sup {(1# y> / Mdy} < CM,, (@), (3.5)
|

<y p(x) x—y|<t'/72 /1

and

J3(x) < / (/7 )’"(1 + >_le(y>|d
X) < Su 2 _
’ t]/yZEy |x—y|<2y p(x) Y
—on 3.6
<201 sup (2?)_"<1+2—y> / IFo)|dy (36)
1122y p(x) lx=yl<2r

< CMy ().

It remains to estimate J,(x).

100 < i/ m <1 [1/y2>_N[f(y)|d
X) S Su —_— + —
2 tl/yzlzy = S xmyl ki 2kt /ryrtnn p(x) Y

had 1 tl/h —on
<'s —_—— | 1+ —
o /ggy { k; Qknr)(2kg /2 )n < p(x)) 3.7

<[ o]
|x—y|~2ke1 /72

< CMy,, (.
By using (3.7), (3.5) and (3.6), the above fact leads to

b, @ (@) = [b, ®* [ < CrMy,, ().

V1YY

Then Corollary 2.12 with p’ < n < oo gives

1 q)ﬁl’ikh](f) —[b, @ 1Oy < CrIFllpons

perg

which implies that
: L% _ L,* —
}lgg b, @7 1) — b, @, 1Py = 0. (3.8)

On the other hand, if b € CMO,(p)(R"), then for any & >0, there exists
b, € C®(R") such that||b — b£||BMO€(p) < €. Then
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L, L L,
I, ©5* 1) = [ber @ 1Py < b = ber O 1Pl

1272
<Cllb- bg”BMOg(p)lV”U’(W) < Ce.

Thus, to prove [b, Qf;*yz] is compact on LP(w) for any b € CMO,(p), it suffices to

verify that [b, @f;*yz] is compact on LP(w) for any b € C(R"). By (3.8) and Lemma
3.1, it suffices to show that [b, CDﬁl’*yz y] is compact for any b € CP*(R") wheny > O is
sufficiently small. To this end, for arbitrary bounded set F in L (w), let

F= {[b, O () : feF}.

YiY2sY

Then we need to verify that F satisfies the conditions (i)—(iii) of Lemma 3.2 for
b e C(R").
From the definition K- | we can see that |K£ )| < IK“"(x,y)|. Then

V2.1Y° V2ot
@ () < sup { / IKfz’,yt[y(x,y)Ilf(y)Idy}
>0 R»
, 3.
< sup{ K (x,y)llf(y)ldy} 39)
>0 R~

< CMy, (N,

and

[b. @ 1(F)@) < sup { /R K ) - b(y))f(y)ldy}

>0

>0

< Clb, My, 1(H).

< sup { / K7 (e )1 (b(x) — b(y))f(y)ldy}
er

According to Theorem 2.13 and Proposition 2.14, (Dif*yzy and [b, @5;*},”] are
bounded from IP(w) to L”(w). We have

sup [I[6, @5 1Nl ey < Csup Ifll oy < Cr
feg A ZI(0) feg rw = CF

which yields the fact that the set F is bounded.
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To verify the condition (ii) of Lemma 3.2, we also need the following pointwise
estimate for the kernel function, which can be found in [53, Theorem 3].

Cy o=yl =yl \ 7"
IK57 (e, y)| < <1+ + . 3.10)
ot SIS T p(x) () (

Suppose that b € C‘C"’(IR") and supp b C B(0, R), where B(0, R) is a ball of radius R

and centered at origin in R”. For v > 2, set B° = {x € R? : |x| > vR}. Then we have
L, p
A B O WP

p
> C/| | <S“P /| | |KZ’?<x,y>llb(y>|lf(y)|dy> w(x)dx.
x|>VR y|<R

>0

It can be deduced from Lemma 2.6 and the scaling technique directly that for any
x,y €ER"andc € (0, 1],
! <c— 1 <c < ,
C+ x = yl/p)tt = " T4clx—yl/p(x) = (1 + |x = ylp(y)!/ I+
(3.11)

where the constants k; and C are as same as in Lemma 2.6.
Since |x| > vR implies |x —y| > (1 — 1/v)|x| with v > 2, applying (3.10) and
Holder’s inequality, we have

sup /| | K7 e DO FO)Idy
yI<R

>0

< / C L bo)iro)ldy

i<k (1 +1x=y1/(p(x) + pONV |x = y|"
< / C L b)IlF)Idy

i<k L+ (L= /Wl p) (1 = 1/l
< ClPll 1 ( lf(y)ldy>

A= 1wy R (L + (1= 1 xl/oeN \ Jyyj<x

Cyllbll Nl o) o 1=1/p

= W= 1wl (4 (= W/ s </|y|<RW oy ) '

Thus, by using (3.11), it follows that
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L ) 1/p
PLE W GO
x|>VR

(1 -=1/v)™"QvR)™
(I + (1 = 1/V)2IVR)/ p(0))N/ koD

< Clbll Wl Y,

j=0

1/p 1-1/p
X </ w(x)dx> </ w_l/(P_l)(y)dy>
2/ vR<|x|<2/t1VR [yI<R

- (1—1/V)™"(2vR)™"
< c||b||muf||mw>g(; 50 = /@R O T

1/p 1-1/p
X < / w(x)dx> < / w_l/("_l)(x)dx> }
B(0,2/*1vR) B(0,R)

Taking Q = B(0,2*'vR) and E = B(0, R), we use (iv) in Lemma 2.10 to obtain

P p
(IQE)IIQI> o)

w(5Q) < C<

Rn
< Cw(B(0,R))(1 + 2*'vR/ p(0)) PP (271 vy .

j+1 0 (nj+1 n\ P
< Cw(B(0, R))<(1 + 2R/ p(0))" (27 VR) )

From the above estimation, we have

1/p
</m>m 16, q’f;fyz,ykf)(xﬂ"w(x)dx)
had (21
< ClIbll oy 1l 2;, TR
o (1 +2*1vR/p(0))’
(1+ (1 = 1/v)(2IvR) / p(0))N/ koD

1/p 1-1/p
X < / w(x)dx) < / w_l/("_l)(x)dx>
B(O,R) B(O,R)

1/p 1
< Wl 1 =

o  (1+2vR/p(0))*
* jzzo (14 (2vR)/ p(0)N/ Ko+ D)

We can see that the series
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i (1 +2vR/p(0))*
S L+ @vR)/p(0))/ K+

is convergent. If R > p(0), since R > p(0) implies
1/(1 +(2VvR)/p) < 1/(1 +2v) < 1/2v, it holds for N > 20(k, + 1),

o0

i (1L+2VR/p(O)*  _ ) 1 ._C
(1 + (ZJvR)/p(O))N/(kOH) - = (QJV)N/(k[)+1)—20 - VN/(k0+1)—29'

i=0

On the other hand, for the case R < p(0), since R and p are finite, there exists a finite
integer N, > [log,(p(0)/R)] + 1 such that 2MR > p(0). Therefore, similar to the case

R > p(0), we can get

Ms

(1 +2/vR/p(0))* 1 - C2No N/ (ko +1)=26)
(1 + (2/VR)/p(O)N/ kot D Z (QivN/ kg tD=20 = N/ (ky+1)~20

II
o

b

By the above arguments, we obtain

. , 1/p
O s
x|>VR

1
(LN P 1 /p

Ny(N/ (ko +1)-20)
= C(] _ 1/v)d+N/(k0+I)VN/(k0+1)—20 max {27 ’ 1

which implies that for any p > land N > 26(k, + 1),

lim |[b, q)ﬁ*y .
V7 Jix|>vR

1O @ Pwx)dx =0

holds whenever f € F.
It remains to show that the set F is uniformly equicontinuous. It suffices to verify
that for any € > 0, if 14l is sufficiently small and only depends on €, then

lim lltb, @ 1N+ = [0, @ OOl = Ce (3.12)

holds whenever f € F.
In what follows, fix y € (0, 1) and |k| < y/4. Then

1O+ ) = [b, 2 1] < 1) + 1 (x), (3.13)

Y1sY2s¥

|lb, -

Y1Y2:Y

where
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1) :=sup{ KL (o hyy) = KT8 Gy |G+ h) — b(y)llf(y)ldy};

>0

i) :=sup{ / | ,L?,(x,y>||b<x+h>—b(x>||f<y)|dy}.

>0

For II(x), it holds

11(x) = |b(x + h) — b(x)| sup {/ IKyzyt‘y(x,y)Ilf(y)Idy} < ClhMy,(F)(x).
Rn

>0
Then Corollary 2.12, together with p’ < 5 < oo, gives

111wy < CLAIMYy (Dl p oy < CLAN Nl 2o (3.14)
We write I(x) < I,(x) + I,(x), where

L, L,
I,(x) := sup { |Ky2ify(x +h,y) — Kyzi{y(x, )|
[Rn

/12> |
X |b(x +h) — bl lf(y)ldy}

and

L(x) := sup {/ |K/;y(x+h y) - ym(x I
R»

1<l
X [b(x + h) — b(y)| V(y)ldy}-

For I,(x), if || < ¢'/7, then by (2.3) and (2.4), we have
|, G+ ) = Ky )|
< |k et by = K )|
(K T+ hy) = KT, y)|(p(y“ e +h—yl)

K y>||(p<y Hxth= 3D = oG =) (3.15)

h Y 1y n\ N
<o il 1+= 4L
i/ (11/72 + |x —y|)"+7172 p(x) p(y)

h 71 1/r 1y -
O — (1+22+22)
v ] (@ 4 |x = y|ynn P p(y)
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Therefore, we have
3
h hl \ " |b(x+h)—b
LI <C sup {/ <%i>+L1 b+ ) = b))
arzp e \ N1/ v ) @/rx =yl

(1 N A/r . tl/“>_Nd } (3.16)
X
o o)

=C{ 0 + 1) + 1 3(x) + 1174(x)},

where

)

h h| \'|b(x+h)—b
mm:sw{/ <U>+u 965+ 1)~ bOIFO)
’ tazt UL peoyianm \ \21/72 Y /7 + |x — y|rtnr
]/77 l/7’2
x<1 }
p(x) p(y)

o |h| |h| " |b(x + h) — bO)IIF ()
I1,(x) 1= sup

t1/72>1 —y|>zl//z ll/"z /72 + |x — y|)rtnn

/n tl/}’z
1+ d
X( oD P }

. 1 [hl \ 21]b(x + h) — bO)IIf (V)]
I, 5(x) := sup 7 + —
’ |h<iin <1 =yl <i1/72 ti/n 4 /7 + |x — y|)rtnn
<1 tl/Yz tl/}’z >_Nd }
X + + ;
@ e)
._ B \° . 1kl \ 116G + ) = bO)IIF )
I 4,(x) := sup -5 = 1
’ </ <1 lx—y|zi1/72 /7 y @/ +|x— y|yrtnr
<1 tl/}’z tl/}’z >_Nd }
X + + .
@ e)

If #1/7> > 1, then (#'/2)~% < 1. For I, 1(x), choosing N = 6, we have
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| A\ Ihl
ooz (ot [ () +2)
[1/}’2 N
X (1 + —> lf(y)ldy}
p(x)

1 A\ 7 (3.17)
<Cyr Y (|hl° + |h|) su { <1+—>
y (l | | |) [I/YZIZ)I (tl/yz)n p(x)

x / lf(y)ldy}
[x—y|<i!/2

< Cy7'(1h1° + |h) My, ().

For I ,(x), we get

[So] "
1,(x) < Cy~'(|h)° + |hl) sup { Z/ _MFol
k=1

— n+
/> |x—y|~2ke!/72 |x — y|+nr

<1 + ’%)_Nd }
X
p(x) Y

0 1 2k9'1t?’1
<Cr Y (|hl° + |h]) su /
< Cr (1Al +] |)tl/r2§1 1; hyl~2tntf 2KeH/ Ty kel /raynr

2kpl/r\ T
><<1+ p(x)> [FO)Idy

o0

1 1
<CyY(|h° + |h —— su {—
Y (I | | |) ; 2k(y172—9}1) 11/7221 |B()C, 2kt1/72)|

2kl /v \ 0
«[1+ / F@)ldy
p(x) [x—y|~2%71/72

< CrH(1A1° + [R1) My, (0.

(3.18)
If /72 <1, then (¢'/7)7% < r"V/%. For I 5(x), choosing N =0n, if |h| <1'/7,
|x —y| <t'/72and b € C®(R"), then

|b(x + 1) — b(y)| < Clx+h—y| < C(|x—y| + |h|) < Ct'/7.

Then, it follows that
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24!
I,:(x) < C|h)® su /
1,3( ) A |h|5t‘/l‘?2<1 { iyl <ti/r2 t/n@/n 4+ |x — y|)rtnn
tl/}’z tl/}’z N
x(1+ + |b(x + h) — b(Y)|If()|dy
px)  p(y)
h t}’l
+ Cu sup { / 1 o)l
Y hi<itin< L=yl <tl/72 @/ + |x —yprnn
<1 Y/ [1/}’2>_Nd }
X1+ +
@ em)
< Clhp? ! "<1 L )_9" Fo)ld
< sup ( ) + — / y
[h|<i/n2 <1 t/n p(x) [x—y|<r1/72
—0n
|A] 1 n< t]/72> /
+C— su ( ) 1+ F»Idy
7 et | M7 p(x) byl <e'/r2

< Cr7' (R + 1hDMy, , ().

Page250f46 77

(3.19)
For 1) 4(x), since b € C®(R"), if |x — y| ~ 281/, k = 1,2, ..., and |h| < /72, then

|b(x+ h) —b(y)| < Clx+h—y| < C(|x — y| + |h]) < C2ke'/72.
It follows that

S 2kl‘71 1/y —-N
I4) < Clal°  sup Z/ #{”(Ht 2> dy
‘ i<iin <t | fot Jimyimarirn (IX = yyrnn p(x)

h ol m n\ N
+Cu sup Z/ V—(n)i)'<1+t_2> dy
14 |h| <t /2 <1 k=1 |x—y|~2k¢/72 |x - yl nn p(x)

h|® + |h — 2k0ngn
SC(I [° + |A]) sup { / oI
[hl<tr2<1 321 J =yl

y kgl (2K )yntnn

kel/y, \ 01
x <1 + 2 72) dy}
p(x)

< CrH(1A1° + [h1) My, ().

(3.20)
The estimates for 1, ;(x),i = 1,2, 3,4, indicate that

Li(x) < Cy~ (|RI° + |h]) My, (). (3.21)

Next we estimate I,(x). If |x —y| <y/2 and |h| <y/4, then |x+ h —y| < 3y/4.
Hence

PG Nx+h=—y)=1=0@ " x-y.
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This implies Kgytly (c+hy) =0=K"" (x,y) Write I)(x) < I, | (x) + I, 5(x), where

Yaoly
X L,

L,(x) 1= sup { / IKi,yt‘,y(x +h,y) =K, (x,y)]

/12<|h|<p(x) lr=yl23 "

X |b(x + h) — b()’)lV()’)ldy}
and
. Ly, L.y,

]2,2(-x) [ sup { / ) |K72qu(-x + h9 )’) - Kyzyzyy(xv y)|

M1 < |h| lx=y|>%

p(x) < |hl

X |b(x + h) — b(v)llf(y)ldy}-

For I,(x), since |x—y|>y/2>2|h|, we have |x+h—y|~|x—y|. Since
11/ < |h| < p(x), it implies that p(x + h) ~ p(x), |h|/p(x) < 1 and (|h|/t'/7) > 1.
For y,7, > 1,|h|/t"/72 < (|| /t'/72)1172, Then

L0 <C  sup { [ (& npr+ k)
|X_}'|Z§

1172 <|h|<p(x)

X |b(x + h) = b(y)| lf(y)ldy}

<cC { / & ( | )
< sup L
1772 <|h|<p(x) |x—y|>2|h| /7 + |x - ylyHnr 1/
Vo fAln -
X | I+ +— ] x=ylfldy
p(x)  p(y)
) —on
1 1 2%|h|
<Clh| ), =———— sup { <1 +
]; 2k(y 17— 1-0m) 12 <Jhl<p() (2k|h|)n p(x)

x / v<y>|dy}.
[x—y|~2¥]h]|

By vy, —1—0n> 0, we can get I, ;(x) < C|h|MV!n(f)(x).

Finally, it remains to consider I,,(x). Since b€ CX(R"), |x—y|>2|h|,
|n|/t'/72 > 1 and |b(x+h) —b(y)| < Clx—y|. In addition, if |x—y| <2/p(x),
1=1,2,..., by Lemma 2.6, we have p(y) < C2k!/%o*D p(x). It follows that

(3.22)
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<1 N Y/ 4 i/ >_N+ <1 4 i/ N t1/7’2>_N
p(x)  p(y) pix+h)  p(y)

A\ 2—kol/tkg+D gl /1 \ TN
<2(1+=) <cyf1+2=—2—) .
p(y) p(x)

Choosing N = y,7, — 1 and applying (2.3) again, we obtain

v h
L,x)<C sup {/ ik <| |>
’ Al < Ih| -yl L ([1/72 + |x — y|)yrnn /.

p(x) < |hl
tl/}’z -N
X | T+ == [bGc+h) = b G)Idy
()
4 h
e, ([ ()
177 < |h loylz2p() X = Y \ gl/r
p(x) < |hl
2—kol/tko+ D gl /s \ TN (3.23)
X1+ =——>——) =yIfOIdy
p(x)
- 2(rira=Dkol/(ko+1)
< Clh|  sup / 2
11 < |h| =2 S eyl22p0) 2l p(x)yr2lrir=b

p(x) < |hl

! On ! —0n
><<1+2p(x)> <1+2p(X)> b’(y)ldy}
p(x) p(x)

< ClhIMy,, ().

The estimates (3.23) and (3.22) indicate that
L(x) < ClhIMy, ,(f)(x). (3.24)
Therefore, by (3.21) and (3.24), we have
1(x) < C(|h| + [B|°)M,,, (/) (X).
By Corollary 2.12, for any p’ < 5 < oo, it holds
12l < CURL+ 1RIDIMy (Dl ey < CARL+ RO ey (3.25)

Combining (3.13) with (3.14) and (3.25) gives that
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1o, 5% 1R+ = (b, @ 1Ol < CARL+ B -

Hence, we obtain the desired result (3.12). This finishes the proof of Theorem 3.3.
O

Let TZL* i=1,2,...,6, be the maximal functions defined by (1.2). As one of the
main results, we have

Theorem 3.4 Suppose that 1<p<oc, VE€B, g>n/2, we Az*‘g and
b € CMO,(p)(R") with 0 > 0.

(i) ForO<a<1,[b, T "isa compact operator from LP(w) to LP (w).
(i) Form>0and0 < a < 1,[b, T *1is a compact operator from LP(w) to LP (w)

(iii) For O<a<landO<o<1,]b, Ti’*] is a compact operator from LP(w) to
LP(w).

@iv) Forv>0,0<a<1land0 <o < 1,[b, T6L’*] is a compact operator from LP (w)
to LP(w).

Proof

(i) ByLemma 2.2, we can see that KL .(x, y) satisfies the conditions (2.3) and (2.4)
fory, = 2a and y; = 1. Hence, by Theorem 3.3,[b, T *]is a compact operator
from LP(w) to LP(w).

(ii)) By Lemma 2.4, we can see that tma’"KL (%, y) satisfies the condltlons (2.3) and
(24) fory, =2a and y; = m. Hence by Theorem 3.3, [b, T *]is a compact
operator from LP(w) to L”(w).

(iii) By Theorem 3.3, it suffices to show that pff(x, y) satisfying the conditions
(2.3)and (2.4) fory, = land y; = 2a.

We first prove that ptL‘f’ (x,y) satisfies the condition (2.3). By (1.3) and (i) of
Lemma 2.2 we can get
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2% /(4r)
(P2 /(4r)1/C 4 |x —y|
2a 1/Qa)\ ~N 2a 1/Qa)\ ~N
x(1+a/@m > <1+0/mm > dr
p(x) p(y) r

@4 N N, oo dr
SCN/O e W(P@)) (PN =

t NV e\
Cyt™"| — —_— .
SNI@@)(MJ

On the other hand,

Pi:(x7)’)| < CN/ "_r(
0

)n+2a

l-o

(P /an) ™ ) (o))’ L

. ® 2/(4r)
pf,;,(x,y)'SCN/ "
0

x_y|n+2a

()N N v [T —14+N/a+o—1
o (p())" (p(»)) e’r dr
|x — y|nt2e 0

c 2o A\ e\
<Cy——— | — - .
=V |k — y|rt2e (p(X)> (p(y)>

Case I:t < |x — y|. We can see that

N N 2 2

Cyt™® Cyt™®
(iﬂ<lﬂuﬁmws N < v .
p(x) () : |x = y|r+2e T (1 4 |x — y|)nt2e

Case 2:t > |x — y|. For this case, we have

N N 2a

t t . (& Cyt
(55) (55) whowi= P
p(x) p(y) ’ ot -y

Hence,

t\Y e\ 12«
—_ —_ L.a , <Cy——n————.
(p(x)> (p(y)> IPrg (o)l < (t + |x — y|yr+2e

By the arbitrariness of N, we get

2 t r\ 7"
L,

“xy)|<C —(1+—+—> .
Ip o | Nt + |x = y|yr+2e p(x)  p(y)

<Cy
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Next we prove that p,LJ“ (x, y) satisfies the condition (2.4). By (1.3) and (ii) of
Lemma 2.2 we can get

LG+ hy) = phiey)

SC/ e’
0

<c /“e_,< ] >5 £/ 4r)
= YN 0 (t2a/(4r))1/(2a) (tZa/(4r))n/(2a)+1

2a 1/Qa)\ ~N 2a 1/Qa)\ ~N
><<1+(t /(4r)) ) <1+(t /(4r)) ) dr

KE @+ 03) = KLy (5, y)\

a,12% [(4r)

rl—o’

p(x) p(»)

< CN< | | > —n—ZN(p(x))N(p(y))N / e—rrﬁ/(Za)+n/(2a)+N/a+0'—ldr
0

Al e\
<cC _ .
N(r) <p<x>> <p(y>>
On the other hand,

phe G+ hyy) = pEEG)|

© |h] 12 /(4r)
SCN/O ‘ <<r2a/<4r>>1/<2a>> b=y

a /Qa -N a /Qa -N
y (H(ﬂ /! <2>) <1+ (/4! <2>> ar

p(x) P ri=e
<C |h| e Y (PO ® o 3/ QN fako—1 g,
A R Gy

) = (m) )
<y =) —— (L LI
B N< f> |x — y|+2 \ p(x) P

Similar to the proof that pfj;'(x, y) satisfies the condition (2.3), by the arbi-
trariness of N, we get

Pri(c+ hy) = pli(x,y)

<c |h| 12 ! t r\7Y
N( >W< +@+@) '

Hence, [b, Tf’*] is compact operator from L”(w) to LP(w).
. . v 0. La . . ..
(iv) By Theorem 3.3, it suffices to show that7°d;p,(x, y) satisfying the conditions

(2.3) and (2.4). We first prove that t')a“pm (x,y) satisfies the condition (2.3).
Since
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o0
- dr
o/pi(x,y) = C A 1K a5 ) T
by (i) of Lemma 2.4, we can get

[+ —r(2a v
pf:(x y)‘ < C / - (t /(4r)) n+2av
0 ((2/@r)Cn + |x - y|)

2a /@) \ ~N 2a 1/Qa)\ —N
><<1+(t /@'t )> <1+(t /@)t ’) dr

rl-o

p(x) p(y)
tn+2m) (p(x))N(p(y))N / —rrn/(Za)+N/a+0'—ldr

-N -N
sch—"<L> <;> .
p(x) ()

On the other hand,

popLe = @0y <(z2“/(4r>)1/<2“>>‘”
e e G

9 <(t2”’/(4r))1/ (2“>>_N dr
p(y) r

2av—2N

F2av

1-0

<Cy

=y P o) / ey
- 0

2av -N -N
ot <;> <;> .
= N x = ylr2ee \ p(x) p(y)

Similar to the proofs of (2.3) and (2.4) for plL,f(-, -), we can deduce that

C. 1200 t 1 -
9° L, N
G (L
pm(x y)| =+ |x_y|)n+2av< p(x) P@))

and

10)pr(x + h,y) — t”al’pf;’(x,y)‘

< <m> —Ctz‘w <1+L+L>_N
T\t )t |x =y px)  p»/)

Hence, [b, Té’*] is compact from L”(w) to L7 (w).
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O
Theorem 3.5 Suppose that 1<p<oo, VEB, g>n, weE A[‘;"g and
b € CMO,(p)(R™) with 6 > 0.

(i) ForO<a< 1,[b, T "is compactfrom LP(w) to LP(w).
(ii)) ForO<a< landO <o <1][b, T “1is compact from LP(w) to LP(w).

Proof

(i) ByLemma 2.3, we can see that 1'/@®V KL (x,y) satisfies the condltlons (2.3)
and (2.4) for y, = 2a and y; = 1. Hence, by Theorem 3.3,[b, T *1is compact
from L”(w) to L”(w).

(ii)) By Theorem 3.3, it suffices to show that tV XplL;‘ (x,y) satisfying the conditions
(2.3) and (2.4) fory, = land y; = 2a.

We first prove that pi;f’(x, y) satisfies the condition (2.3). Since
« dr
- L
Xpt o('l(x y) /0 erKa t’“/(4r)(x’ y) rl-o ’

by (i) of Lemma 2.3, we can get

(2 [ (4r))1-1/Co
(2 /(41D + |x —y|
y (1 (2 /(4r)!/2 > (1 GO >‘N dr

|V.pkeee)| < ¢y / e
o

)n+2a

p(x) P(y) rl-o
o 20\ ~1/C0)=1/Qa)-N/a dr
<Cy / e"<4—> PN ()Y -
0 r r

©
< CNt—n—l—ZN(p(x))N(p(y))N / e—rr(n+1)/(2a)+N/a+6—1dr
0

<c ,—n—1<;>_N<;>_N,
=N p(x) p(y)

On the other hand,
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‘VXP,L,;’ x, y)'
o (tZa/(4r))1—1/(2a) <(t2a/(4r))1/(2a)>_N
<C r
- /0 ¢ |x — y|r+2e p(x)
x ((tﬂ*/(ﬁtr))l/@“))"V dr

Q) ri=e
<C f2a=1-2N (oY v [T ~141/Qa)+N/ato-1 4
< Oy =722 (P (p () er d
|x _ y|n+2a 0

c a1 p -N ; -N
<Cy——m| — —_— .
- le—y|"+2w<p(x)> <p(y)>

Similar to the proof that pth (x, y) satisfies the condition (2.3), we obtain

9. ] < — 2 <1+ Lyt >_N
X ;).x7 = T a0, VRN BV .
Pra o= =y = U T o T )

The proof that thp,L’;f’ (x,y) satisfies the condition (2.4) is similar to pi;,"(x, y), we
obtain

‘thptL’f(x +h,y) - thpf’;f‘(x, y)’

c 1] \° 2 1 t t\7Y
< - — —+t— .
N N( t ) (r+|x—y|>"+2a( +p<x>+p(y>>

Hence, [b, TSL “*1is compact from LP(w) to L (w). O

4 Compactness of commutators of fractional operators related to L

Let B(¢) = tlog(e + t). We define the B-average of a function f over a cube Q by
means of the following Luxemburg norm:

uf||L.ogL,Q=inf{A>o : ﬁ/gzs(@)aw 1}_

We define the corresponding maximal functions:
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ML]OgL(f)(x) = sup ”f‘”LlogL,Q’
Q: xeQ

andforO0 < <ooand0 < f < n,

%mwmmm=;%%@WWMM®WWMmg
Xe
Proposition 4.1 Let0 < f <nandl <p < g < 0.

(i) LetO<a<l,0<af<nl<p<n/(ap)andl/q=1/p—ap/n. For any
N > 0, there exist a constant Cy and a regularity exponent §' > 0 such that

for|x—y| > 2|hl,
C be—yl\ 7"
T, y)| < N 1+ ) 4.1
|1“y4‘|x—ﬂWW< p@)) @D
Cylhl? o=yl \ 7"
TE(x + h,y) — T y)| < N 1 ) 42
|Zh e+ hy) luyﬂ_h_wwﬂy ahe 4.2)

(i) LetO<o<1,0<p/2<n,1<p<2n/fandl/q=1/p— B/(2n). For any

N > 0, there exist a constant Cy and a regularity exponent §' > 0 such that

for|x —y| > 2|h],
Cy =y \ 7™
|z§(x,y)|g |x_y|n_ﬂ/2<1+ 5 > . (4.3)
Cylhl” =y \™"
|z§(x+h,y)—z§(x,y)| < |x—y|”—ﬁ/2+5’<1+ 5 ) . (4.4)

Proof

(i) By the subordinative formula (2.5), letting s/¢'/* = u, we can get
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/KL ()2 Y =/ / P 6K Gey)ds | P2 Y
R " t 0 0 t N t
([ L « dt
:/ / _’11(S/t1/ )KE(x, y)ds Pl
0 g tl/a -
— ®© 0 1 1/a 8/2 dr
_/0 </0 7ah WK, () du)t <
:/ 7’]?(1,{){/ ll/a (x y)tﬂ/2 }du
0 0
Let 11/ = w. By [45, Lemma 3.7], we have
Y [+ W aﬂ/ZdW
/ ni‘m){/ Ki(x,w(—) _}du’
0 0 » ”
/ ﬂ‘f(u)u—aﬂ/z{/ Kvlﬂ(x’y)waﬂ/zd—w}du
0 o -
< a/ |Ki(_x’y) w
0

C _ -N
< N (1 4 [x )’|>
|x — y|r-ab p(x)

By the subordinative formula (2.5) and [45, Lemma 3.7], we have

|Zf(x,y)| =a

=a

ap/2dw
w

[Zh e+ hy) = The )|

® a a, ® a d
< / nl(u)uﬂ/z{ / (KEGe+ R, y) = KE(x,3))w Wz%}‘du
0 0

5 _ -N
< Clh| : (1 + |x yI)
|x — y|r-ab+e p(x)

(i) We have

_ 1 « KL dr ﬂ/zdl
ﬁ(x,y)—@ /0 /0 K jan@ 51"

1 *© e’
- @/o rl_‘”{ '/O t2/(4 )(x y)t }dr.

Let #2/(4r) = u. By [45, Lemma 3.7], we have
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© o A72
< ¢ =
|Z§(x,y)| = C/o T(o)r—* {/0 (4ur)1/2u1/2d” dr
® e ® du
<c| —¢ g
- /0 [(o)ri-o-h/4 {/0 u } ’
_N o
S CN <1 + |x_y|> / e rﬂ/4+0-_1dr
|x — y|n=p/2 p(x) o Do)

c NN
< N (1 4 |x )’|>
|x — y|=p/2 p(x)

Similar to (i), we have

T.Dai et al.

|Z5 e+ hy) - T )|
® e’ ® du
< /0 W {/0 (K,f(x + h,y) — Kf(x, y))uﬂ/47 }dr

U -N )
< Cylhl® 1+ lx =yl / e’ PBlato-1 4,
T |x =yl p(x) o I'(o)
, -N
S Gl (e
= = y|h (%)

This completes the proof. O
Lemma4.2 For0 < f <n.

6)) Let0 <a<10<af <nl<p< n/(ap)andl/q = 1/p — ap /n. The opera-
tor I, is bounded from LP(R") into L1(R").

(i) LetO <o % land0< /2 <n,1<p<2n/pandl/q=1/p— p/(2n). The
operator I is bounded from LP(R") into L1(R").

Proof

(i) For0<a < 1landO < af < n, by Proposition 4.1, it is easy to see that

FO)I Ix =yl
C 1 <cCl

~L
'Il )

where [, denotes the classical fractional integral. For 1 < p < n/(af) and

1/q =1/p — af/n, by the (L7, L?)-boundedness of 1,5, we have
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IZ, (O, < Cll (DI, < CIFIL,

see [43, ChggteL L5].
(ii) Similar to Z, Z, is also bounded from L”(R") into L(R"), we omit the
details. O

Theorem4.3 LetO< f<nandw € qu.

) If0<a<l,0<afp<nl<p<nf/(af)andl/q=1/p— af/n,then

~L 1/q 1/p
</ IZ, (f)(x)lqw(x)qu> < C</ [f(x)l”w(x)de> :
R~ R7

(i) If0<o<land0< f/2<n,1<p<2n/pandl/q=1/p— p/(2n), then

L 1/q 1/p
( IIz(f)(x)I"W(X)"dX> < C< [P w(xy dX>
R" R"
Proof

(i) Following the procedure of [45, Theorem 3.8], since if is of weak type
(1,n/(n — ap)), we can get

/ 17, (D) w()dx < / Mgy, (D),
Rn Rn

By 1My v ) Lagway < 1 1 1aguay» We can see that (i) of Theorem 4.3 holds.
(i1)) The proof of (ii) is similar to (i), we omit it. O

Theorem 4.4 For0 < f < n,b € BMOy(p)(R") and w € A;’q.

(i) LetO<a<1,0<ap<nl<p<nf(ap)andl/q=1/p— af/n. Then

1/p

- 1/q
( [, Iﬁ(f)(x)ﬁw(x)ffdx) scuanMog(,))< / lf(X)I"w(x)”dx>
R~ R~

(i) Let0O<o<1,0<p/2<n1<p<2n/fandl/q=1/p— B/(2n). Then
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1/p

- 1/q
< b, Iﬁ](f)(x)rfw(x)q(ix) < Clbllavoy < / lf(x)l”w(x)”dx>
R~ R~

Proof

(i) Following the procedure of [45, Theorem 4.4], since if is of weak type
(1,n/(n — ap)), then we can get

~L ~L
Mﬁ,”([b, Z,D(Hx) < ClIbllgmo, p) (Mf,,,(zl N + MLlogL,aﬂ,V,n(f)(X)>~
It follows from the inequalities
CiM v My iy (X)) < Moo 1apy () < CoM gy (H(X)
that
~L
WD Z 1) o
~L
< Clblanioy o (1M, E sy + 1M 10 v ll s )

~L
< C||b||BM09(P)<”II Pl zagay + ||Maﬂ,V,ﬂ/2(f)””<Wq>>
< Clibllgmo, i) U Nl o gury-

(i1)) The proof of (ii) is similar to (i), we omit it. O

Theorem 4.5 Let0 < f < n, b € CMO,(p)(R") and w € A;,q.

i) Forae0,1),0<af <n,1<p<nf(af)andl/q=1/p— af/n, the com-
mutator [b, if] is a compact operator from LP(wP) to L1(w?).

(i) Fore €(0,1),0<p/2<n,1 <p<2n/fandl/q=1/p— p/(2n), the com-
mutator [b, ig] is a compact operator from LP(WP) to L1(w?).

Proof We only prove (i). The statement (ii) can be dealt with similarly and we

omit the details. Similar to the procedure of Theorem 3.3, we choose the smooth
truncated function ¢ € C*([0, 00)) satisfying (3.1). For any y > 0, let

I () = Tie (1 = oG~ 1x = yD). @.5)

Define
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z-11‘,;/(](‘)(‘)6) :/[R Ilf,y(x’)’)f(Y)dy 4.6)
and
6. 7, ()0 = / Iy, @ )(bG) = b)f ()dy. %)
[Rn

Combining (4.5), (4.7) and (4.1) with N = 8(n + 1 — af/n), we show that for any
be C*(R"andy,8,n >0,

(DEAGEETE A

—0(n+1—ap/n)
SC/ (1+120) oL,
i<y p(x) e = ylr=er= 4.8)

k —0(n+1—ap/n) z_k

Y —k\i—af d
Cy Z < p(x) ) (2—ky)n—ap /|x—y|<2ky FO)Idy
S CyMaﬂ,V,n(f)(x)~

Then Lemma 2.11 withn > (1 — af/n)p’/q gives

~L
”[b’ Il](f) b Il 7 (f)”L‘I(w‘i) Cy“f”U(wP)?

which implies that
) ~L ~L
tim 116, Z16) = 1. 7, 1) sy = 0. 4.9)

If beCMOy(p)(R") and we A”q there exists b, € CP(R") such that
16 = b, llgmo o) <€ for any € > 0. Hence, by Theorem 4.4, we have

6. Z016) = b 2000 .., < €16 = bellio, il s < Ce.

Thus, to prove [b, ZL] is comBgct from LP(w”) to LY(w?) for any b € CMOy(p),
it suffices to show that [b, Z, y] is compact from LP(w”) to LI(w?) for any
b € C?(R") and sufficiently small y > 0. For arbitrary bounded set G in L(w?), let
g ={[b, ZLy](f) : f € G}. Then, we only need to verify that G satisfies the condi-

tions (i)—(iii) of Lemma 3.2 for b € C(R").
Firstly, we prove that Zf’y(-, -) satisfies (4.1)—(4.2). For any x,y € R”,

C =y\ ™
L L N
|25, | < [Ty < lx_yln_aﬂ(u e ) . 4.10)
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For any || < |x — y|/2, it suffices to verify that

N Y
, ) =l ]
Tt (+hy) If,y(x,y)|§CN<l+ p(x)> oy @D

We consider the following four cases:

Casel @ |x+h—y| 22y & |x—y| > 2y;
Case2 : |x+h—-y| <2y &|x—y| >2y;
Case3 : |x+h—y| =2y & |x—y| <2y;
Cased : |x+h—y| <2y & |x—y| <2y.

Case 1. In this case, ZF y(x+h y) = Z’l“(x+h,y) and Iiy(x,y) =I’1‘(x,y). This
together with (4.1) yields (4 10).

Case 2. Since |h| < |x=y]/2 imlpies T Ly = Thx,y),
[x+h—y| > |x—y|—|h| > |x—y|/2, applying y > |x —y|/4 and (4.2), we infer
that

|7t G+ ) = T ()|
< |Thee+ by = i) |1+ @G b+ = yD)

+ |Zh | |00 e+ A=) = ol x = 31|

_ —-N 5
scN<1+|x y') < N — @)
(x) |x — y|rmebto” = |x =yl oy
-N /
e 14k e 4 i
p(x) |x_y|n—aﬂ+5’ |x_y|n—a/3+5’ |x_y|1—6’

cofi N 4 ]
} p) ) \be=yl=er = = ylr=a+ 2aly=

B O T
! p() ) e yprmee”

IA

which proves (4.11).
Case 3 and Case 4 can be deal with similar to Case 2.
From the definition of Zil“y, we can see that |Ify(x, V| < |111“(x, y)|. Then

< [ el < [ melrol

0

~L
‘I,,,(f)(x)

and
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(DEARGE

</ TIZ G160 — b))y

< [ el

Hence, the weighted L” boundedness of ffy and [b, i’iy] also holds. Thus, we have
supllib 2, s < €SPl < Cor

which yields the fact that the set G is bounded.
Assume b € C*(R") and supp(b) C B(0, R), where B(0, R) is the ball of radius R
and centered at origin in R”. Using (4.1), for [x| > A > 2R we have

(e

< /| B Iy
y|<R

|x—y|>‘N )l
< Cyllb 1 d
< Gyl IIOO/WR( + e oy (4.12)

CN”b”oo ”f”m(wp) (/ . >1/p/
< » d .
= T @+ /o Sy OV

By Lemma 2.6, there exist k;<1 and C,>0 such that
p(x) < Cyp(0)(1 + |x|/p(0))o/®o+D Hence we can obtain
1 < 2 < C
L+ |xl/@2pG) = 14 Ix1/p(x) ™ 1+ |x]/p0)(1 + |x]/p(0))~Fo/ ot 1)
< C
= (L |x]/p(0))(1 + |x]/p(0))~Ho/ Kot D
_ C
(L Ixl/p(O)/Go+D”

which leads to
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1/q
( /| e Iiy](f)(x)lqwq(x)dx>
x|>A

o 1/q
1 1
<C - - w(x)?dx
= jz;f (QIAY™=F (1 + 2A/p(0)/o+D ( /yA<.x|<y+1A @ >

1/p
x < / w(y)‘ﬂ’dy)
|y|<R

| 1/q
ddx
21A)” (1 +2A/p(0)N/*otD < /B<0,2f“A) " )

1/p'
X < / w(y)™? dy) .
B(O,R)

Taking Q = B(0,2*!4), E=B(0,R), since weA? , then wie€Al) . Let

Mg

r=1+¢q/p’. By Lemma 2.10, we can get

Y,(0101\"
T) WiE)

< Cwi(B(0, R))(

wi(50) < C(

(1+ 2714/ p(0)’ (2 Ay >
Rn

1 p\nr
< CW!(BO, R)(1 + 2f+'A/p(0))0r@

Take N > max{(k, + 1)20r/q, (ky + 1)((n + 20)r/q + af —n)}. Then

L 1/q
( [ . Il,,J(fx)c)wwq(x)dx)
|x|>A

c i (2j+1A)nr/q 1+ 2j+1A/p(0))9r/q 1 / ids 1/q
T & QA (14 2A/p(0)N/ kot D Rur/a \ [ po gy

) 1/p'
X < / w(y)™? dy>
BO,R)

]

<C Z(Zjﬂ A)~ N/ kot D)= (n420)r/q+n—af)
Jj=0

< CA—(N/(k0+1)—(n+29)r/q+n—aﬂ)'

Therefore, we obtain

lim [ ib, 2} @I = 0

A—oo [x|>A
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holds uniformly for f € G.
It remains to show that the set G is uniformly equicontinuous. It suffices to verify
that for any € > 0, if |Al is sufficiently small and only depends on ¢, then

lim 116, 7, 160+ ) = [, T 1) sy = Ce *.13)

holds uniformly for f € G.
In what follows, we fix ye€(,1/4) and |kl <y/4. Then

(b, Ty )0+ ) = b, T} 1)) =2 T + o), where
T 1= [ (28,00 o) = T8 o )0+ ) = OO
i) := / T3, )00+ ) = b)Y ()dy.

For I1(x), it holds

|I~I(x)‘ < |b(x+ h) — b))

[ 7 worom| < [ meiro.
Then, by the LP(wP)-boundedness of ZL, we have
170 200y < CHRIF N - (4.14)
When |x — y| < y/2 and |h| < y/4, then |x + h — y| < 3y /4. Hence
G x+h=yD=1= @ Ix=yD.
This implies
Iy 4+ hy) =0 =T} (x,y).

Since |x — y| > y/2 and |h| < y/4 implies |k| < |x — y|/2. Thus, combining (4.11)
together with N = 6(y + 1 — af/n), we have

ool scme [ e B0

|x=y|>y/2 p(x) |-x - y|”_aﬂ+5/
/ / - 2k}/ -N 2_](6/
<cr il Y+ 20V E [ o
; ( P(x)) @y )b J\oyimay

< Cr N Mgy, (HG).
By Lemma 2.11 for any n > (1 — aff/n)p’ /q, it holds
T 0wy < CIAIT 1Moy P aury < CIAIZ W oury- (4.15)

Using (4.14) and (4.15), we get
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b, Z, )+ = 1. T 1Ol gy < CURL+ Il

Hence, we obtain the desired result (4.13). This completes the proof of (i). O
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