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Abstract
Let p1(y y(p,) be the Moran measures generated by expanding diagonal matrix M,
with entries p,, q,,r, € Z\{0,2} and the digit sets

D, = {(0,0,0)", (a,,0,0)",(0,5,,0)", (0,0,c,)"},

where a,,b,,c, are bounded integers. In this paper, we show pgy,p, is a
spectral measure provided that 2a,|p,, 2b,|q, 2c,|r, In particular, if
M, =M = diag{p,q,r} and p,q,r,a,,b,,c, are odd integers, we obtain that there

exists at most 4 mutually orthogonal exponential functions in L2(;4M’ (p,})> and the
number 4 is the best.

Keywords Moran spectral measure - Non-spectral - Hadamard triple - Spectrum

Mathematics Subject Classification 28A80 - 42C05 - 46C05

1 Introduction

As it is well known, J. B. Fourier discovered that the exponential functions
{e¥n2) e 74} form an orthonormal basis for L*([0, 1]%) and his discovery is
now one of the fundamental pillars in modern mathematics. It is natural to ask what
other measures have this property, that there is a family of exponential functions
which form an orthonormal basis for their L>-space?
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Definition 1.1 A Borel probability measure y on R” is said to be a spectral meas-
ure if there exists a countable set A C R” such that E, := {e***% : 1 € A}is an
orthogonal basis for L?(y). In this case, we call A a spectrum of y and (i, A) a spec-
tral pair.

The existence of a spectrum of y is a basic problem in harmonic analysis on
L?(u), it was initiated by well-known Fuglede conjecture [15].

Conjecture 1.2 A measurable set Q is a spectral set in R" if and only if Q is a trans-
lational tile.

Tao [37] proved that this conjecture is wrong above five dimensions, and Tao’s
work was subsequently improved by Kolountzakis and Matolcsi [32-34] who proved
that the conjecture was false in R?(d = 3,4). Nevertheless, many researchers still
devoted themselves to the research on the spectrality and non-spectrality of fractal
measures. In recent years, the middle-fourth Cantor measure was the first example
of such spectral measures, which was discovered by Jorgensen and Pedersen [31].
From then on, many other self-similar/self-affine/Moran spectral measures have
been discovered, see [2, 3, 5, 7-10, 13, 28, 30] and so on. For a non-spectral meas-
ure, it belongs to one of the following two cases:

(1) there exists an infinite set of orthogonal exponential functions but no such set
forms a basis of L(u);
(2) there are only a finite number of orthogonal exponential functions.

Let D, be a finite subset of R”, #D means the cardinality of D and let R, be ann X n
expanding real matrix (all the eigenvalues of R, have moduli larger than 1). We call
the function system {f; ;, = R;l(x +d) 1 d € D;}}2 | a Moran iterated function sys-
tem (Moran IFS), which is the generalization of an IFS [14, 21]. Let §, be the Dirac
measure, and denote the measure

1
5D = — 5d
W 2
for a finite set D. Denote the norm of an nXn real matrix A by
[|A]l :=sup{||Ax]|| : ||x|| = 1}, where ||x|| = (x% + - +xﬁ)5 is the Euclidean norm
of the n-tuple vector x = (x, ... ,xn)T. Then we introduce the following known theo-

rem (see, e.g. [36, 41]).

Theorem A Assume Y, | ||(R,R,_; - R))™"|| and sup{||x|| : x € R;'D;, k > 1} are
finite. Then the sequence of measures

M = 5R|’1D] * Or,R, 1D, ¥ ¥ SRR, R)ID,

converges to a Radon measure p := pg, p, with compact support T and
u(R™) = 1in a weak sense, where * denotes the convolution sign and
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T=Y RR ~R)'D = {Z(RkRk_l ~R)'d, 1 d, €Dk > 1}.

k=1 k=1

The measure y is called a Moran measure, and T is called a Moran set. In
2000, Strichartz [36] first studied the spectrality of the Moran measure when the
two sets {R, : k € N} and {D, : k € N} have only finite elements. Unlike the self-
similar measure, existence of Hadamard triples is not a sufficient condition for
the Moran measure being a spectral measure, even for universal Hadamard tri-
ples (see [5, Example 5.2]). Strichartz [36] proved that the Moran measure is a
spectral measure for an infinite compatible tower under some other assumptions.
Later on, He et al. [3, 5, 11, 12, 17, 18, 20, 26, 35, 38, 40, 42, 44] investigated the
spectral properties of the Moran measures with two, three, four and some special
consecutive elements in digit sets in R. In 2019, An, Fu and Lai [2] proved that
a large class of Hadamard triples in R generated Moran spectral measures. Dong
et al. [6, 25, 27, 39, 41, 43, 45] considered some special cases in R2. However,
there are a few Moran spectral measures in R"(n > 3). Recently, Fu and Zhu [19]
considered a class of homogeneous Moran spectral measures with eight-element
digit sets in R*. One of the authors and Peng [1] obtained some special Moran
spectral measures in R” for any n > 1.

The main purpose of this paper is to study the spectral and non-spectral prop-
erties of Moran measures sy, , (p, ) in R3, its expanding matrix and digit sets are
as follows:

p, 00 0) (a,) (O 0
M,=10g¢q, 0|, D,=14]0].101.]15,].10 (¢ )
0 0r 0 0 0 c

=

where p,,,q,.r, € Z\{0,2} and sup{a,, b,, c,} < co. In this paper, our main results
are as follows.

Theorem 1.3 For the Moran measures piy  p y corresponding to (1), if 2a, | p,,
2b, | g, 2¢, | r,and|a,l,|b,l,|c,| € Z*\{1}, then Him, )i, 1S @ spectral measure.

n

p00
In particular, if M, =M =]0 g O] for all n > 1, we have the following two
00r

theorems.

Theorem 1.4 If p,q,r € 2Z\{0,2} and a,,b,,c, € {—1,1}, then Hu(p,) is a spec-
tral measure.

Theorem 1.5 For the non-spectral properties of Moran measures Hu(p,)> We have
following results.
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. . b .

(1) Ifpiseven,q,r,a,,b,,c,are odd and’ci = -2, then there does not exist an
infinite orthogonal exponential functions set in Lz(/zM! (D)

(i) If p,q,r,a,,b,,c, are odd, then there exists at most 4 mutually orthogonal

exponential functions in L*(py, {p,})» and the number 4 is the best.

Remark 1.6 In the same manner we can replace the assumptions of Theorem 1.5 (i)
with any of the following conditions.

2

(1) giseven, p,r,a,,b cnaxeoddand%

n’~n’

o~
. a’ a’

(2) riseven, p,q,a,,b,,c, are odd and b—” = b—"’
n m

Remark 1.7 1f a, = b, = c, = 1, the corresponding measure ,, , is a Sierpinski gas-
ket type measure. Li [22-24] proved that if p,q,r € 2Z + 1, then u, ;, is a non-spec-
tral measure, and there exist at most 4 mutually orthogonal exponential functions in
L2(/4M!D). Subsequently, Zheng et al. [46] showed that if two of the three numbers
P, ¢, r are odd and the other is even, then there does not exist infinite families of
orthogonal exponential functions in L( Mp.p)- More generally, Lu et al. [29] general-
ized the non-spectralities of the self-similar measures 1, ;, to real matrix M.

An outline of this paper is as follows. In Sect. 2, we give some preliminary knowl-
edge. We focus on proving Theorems 1.3 and 1.4 in Sect. 3. In Sect. 4, we firstly prove
Theorem 1.5 (i) by Ramsey’s theorem and some established lemmas. Finally we solve
the problem of the number of orthogonal exponential functions under conditions of
Theorem 1.5 (ii).

2 Preliminaries
This section is mainly used to introduce definitions and basic results that will be used.

We assume that ), , (p , is a probability measure with compact support. The Fourier
transform of iy, , (p | is defined as

ﬁ{Mn},{D,,}(f)z/62”i<x’§>dM{Mn},{Dn}(x)~
Recall that its Fourier transform can be written as follows
A0, = [ Lo, (- 1,71, @
n=1

where my, (x) is the Mask polynomial of D,,, which is defined by

& 1 i
mp, () = 8 (1) = = D7 D,
n deD,

Let Z(f) := {& : f(&) = 0} be the zero set of f. It is easy to see that
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2, 0,) = My - - M (Z0mp)). 3)

n=1

Obviously, for a discrete set A € R”, E, = {€?**" : } € A} is an orthogonal set
of L*(u) if and only if (A — A)\{0} C Z(ji). We also say that A is a bi-zero set of .
Since the bi-zero set is invariant under translation, it will be convenient to assume
that 0 € A.

Definition 2.1 (Hadamard triple). Let M € M, (Z) be an expanding matrix with inte-
ger entries. Let D, C C Z" be two finite subsets of integer vectors with #D = #C. We
say that the system (M, D, C) forms a Hadamard triple (or (M~'D, C) is a compat-
ible pair) if the matrix

=1 [ezmw-‘d,c)]

V#D

is unitary, i.e., H*H = I, where H* denotes the conjugated transposed matrix of H.

deD,ceC

The following theorem is a basic criterion for the spectrality of a measure .

Theorem 2.2 ([18]; see also [31]) Let u be a compactly supported Borel probability
measure on R" and let A be an orthogonal set for u. Then the following statements
are equivalent.

(1) The orthogonal set A is a spectrum for u;
(i) Op®) = Xjen lAE+ D> =1,V E ERY
(i) Qp©&) =X, cp lAE+ D> =1,V E € (—r,1)", where r > 0.

The following theorem is the famous infinite Ramsey’s Theorem ([46, Theo-
rem 2.3]; see also [3, Theorem 4.1]), which is a foundational result in combinatorics.

Theorem 2.3 (Ramsey’s Theorem). Let A be a countable infinite set and let A* be
the set of all k elements subsets of A. For any splitting of A" into r classes, there
exists an infinite subset T C A such that T* is contained in the same class.

Let M, =M and a,,b,,c, € {—1,1}. After we set a,,b,,c, as 1 or —1 respec-

n’>~n’-n n>~n’-n

tively, there are eight kinds of D, denoted by D, i€ {1,2,...,8}. In such a case,
we have the following lemmas.

Lemma 2.4 Let S be a finite subset of Z" with O € S. Then the following two state-
ments are equivalent.

(i) Z(myp,)NTys="0foralli€{1,2,....8}.
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(i) Z(Ayp,) N Tys =Bforalli € {1,2,...,8).

Proof (i) = (ii) Suppose Z(melD(i)) NTys=@forallie {1,2,...,8}. Since 0 € S,
we have

M7Ty = {ZM g snES} CTys foralljeN.

This leads to Z(my;-1p, ) "M 7Ty, ¢ = @, so we have M/ Z(my1p ) N Ty ¢ = @ for all
ie{l,2,...,8} and j € N. Notice that Z(mM,le) = MZ(mDm). Then our conclu-
sion holds.

(i) = (i) Due to that Z(ﬁM’D(i)) = U;’l":IM”Z(mDm). The proof is complete. O

Lemma 2.5 [36, Theorem 2.8] Suppose (M, D,,S) forms a Hadamard tower with
0eD,NS and Tys={Y " M™"s, :s,€S}. If Z(fiy.p,) N Tys =9 for all

i€{l,2,...,8}, then
Ays = {ZM"sn 1S, ES}
n=0

is a spectrum of py (p 1.

3 Spectrality

In this section, we will give the proofs of Theorem 1.3 and Theorem 1.4.
Let 2a, | p,, 2b, | q,, 2c, | r, and

1 0 1
2a, 1 2a,
1
L,=1]0], 2 |1 0 4)
0 2c, 2c,

It is easy to check that (M 'D,, M, L,) is a compatible pair. Denote

n

A, = ZMle MLy
k=1
[Se]
foranyn > land A = |J;_, A,. Define
Hyp = Opoip, % o % Oy r,m 1D,
Hon = 5(Mu+l"'M2M1)_an+l * 5(Mn+2"‘M2M|)_]Dn+z *

Then pp 4 (py = Hp * M, As a matter of fact, A, is a spectrum of 4, and A is an

orthogonal set of #(m,},(D,} [36].
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To prove Theorem 1.3, we need a lemma proved by An et al. [4].

Lemma 3.1 [4, Theorem 2.3] Let u be a Borel probability measure with compact
support in R" and &E€R" with || & |= ‘/512 +o+E2< % Suppose that
A= U:ozl A, is an orthogonal set of p and {a,}  is an increasing sequence of
integers. If A, is a spectrum of u, and

inf |, (E+DF2e>0

Fnts n

AEA,

foralln,s > 1, then A is a spectrum of p.

Theorem 1.3 will be proved if we can show that there exists a constant ¢ > 0 such
that for any & € R3 with || £ ||< %, we have |fi,, (& + A)|> > ¢ for any A € A, and
n > 1by Lemma 3.1.

Proof of Theorem 1.3 Denote p, :=2a,p!. g, := anqn, r, :=2c,r,, where
P41, € Z\{0}. Note that | s, (& + DI = Hk_n+1 101, M, -, le(§+/1)|2
Firstly we need to estimate |5(M My--Mp)-'0, (€ + A)|? for all k> n+ 1. Take any
A € A, and write

A Zzzlpll’z < pily Ly
A== 2o 9192 aila || 12| € L.

n
A3 Z,-=1 ryry il liz

Forany k > n+ land j = 1,2,3, since|a,l|, |b,|, |c,| > 2, we have

w1 1 a0 |1
PP | T 6|pr e piapy 2 & @i e peap| T 64
wath)l L a% 1 |1
Q9 G | 61q1 - @4, &~ by - qk_lq;( = 6 4k—n-1’
Rl | éi 11

rry e | T 6 Ry lr 2 S CiTiyy e 1rk 6 4k—n—1

A direct calculation shows that

a 2
|G, a0, & + )|
2
— ‘%(1 + e—27tix| + e—2m’x2 + e—27rix3)

Q)

1_16 |4 + 2(cos 27x; + cos 2zx, + cos 27wx3)
+2(cos 27(x; — X,) + €08 27(x, — x3) + c0s 27(x3 — X))

where
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= a (& + 4y) = bi(& + 4y) = (&5 + A3)
Yopp q1 -G Pl

For k = n+ 1, (§) shows that cos x; > cos 3 forz =1,2,3. By (6),

. 2
‘5(M1.,4Mk)*le(§ + i)’

> % |7 + 2(cos 27(x; — x,) + cos 27(xy — x3) 4 €08 27(x3 — X))

> L
— 16

Fork >n+2,bycosx > 1 — x2, we have

x> 1
cos2zx; > 1 — (27x,)> > 1 — EW’ i=1,23,
47> 1 L.
COSZﬂ(xi_xj)Zl_TW’ l<],]e{2,3}
According to (6),
2 2 1571' 1
|6(M1"'Mk)7le(§+i)| > 1 98 64k n—1"
Therefore,
~ 2 —
|15 (& + )] >—H< ‘Ew i=c>0,
which completes the proof of Theorem 1.3. O

In the rest of this section, we will prove Theorem 1.4 by Lemmas 2.4 and 2.5.

Proof of Theorem 1.4 We construct the set

p p
AN GHE I .
S=0,5,é,9CZ

0)10) \3) \3

such that (M~'D,, S) is a compatible pair for any n. Then the invariant set Ty s is

given by
Tys= {ZM‘”sn 1S, € S}
n=1 n=1

— T
For any x = (x},x,,x3)" € T), 5, we have

I4 Stn
21 1s,,| €8¢ 7

2 S3n

I
NeE
:T\Qh

% Birkhauser
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|x1|s\ |x2|s]

p , N |.X3| S ‘ 4 *
20— 1) 2(g—1) 2r—1)
If p.gr=-2, then x €[-3, %1 for j €1{1,2,3). Furthermore, ~for
p.q,r € 2Z\{0,+2}, we also have T), ¢ C [—-, -]%

Secondly, for the given digit set D,,, we have

E,UE,VE;, (a,b,.c,)=(1,1,1)or (-1,-1,-1);
_JFUF,VE;, (a,,b,,c,)=(,1,-1)or (-=1,-1,1);
2mp, (N =1 [ UE, UF,, (anbocy = (-1 Dor(=1,1,-1); &
E,UF,UF;, (a,b,,c,)=(-1,1,1)or (1,-1,-1),
where E|, E,, E5, F|, F,, F; are given by
S+k S+a+k a+k
E1=< a+k2 >,E2=< %+k2 >,E3=< %+a+k2 >,
1 1
s tatk a+k; 5tk
p | ] » ] ; ] )
stk s—atk a+k
Fi=1| a+k e Py =3 %.HV(2 o, Iy =4 %—a+k2 -
1 1

foranya € R, ki, ky, k3 € Z.
Now, for any x = (xl,xQ,x3)T € Z(my Dy, ) = MZ(me (x)), it follows from (8)
and (9) that

|x1|=<%+kl>p21 if xeME, UMF,
|x2|=<%+k2)q21 if x&ME,UMF,,

| = (%+k3> r>1 if x&ME;UMF;.

This shows that

Z(m,,. ID()(x))n[ i § — .

By Lemmas 2.4 and 2.5, we obtain that Ay, ¢ is a spectrum for yy, (p, . This com-
pletes the proof of Theorem 1.4. O

4 Non-spectrality

In this section, we will prove Theorem 1.5. By simple calculation, we obtain that

% Birkhauser
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Z(fiyp,)) = UM"Z(mDn) =B, UB,UB,, (10)

n=1
where B, = [J&, M"B\" and

( 1

B(ln)=< bi+dn+k2 ’dnER’kl’kz’k3EZ>

BV =3 3 +k | d,eRk.kkyez}

) — Gy 4 K
B3 =1 2b + b, +b ’dnER9klgk2,k3€Z

V

Lemma4.1 [46, Lemma 2.4]. Suppose {j,}>° , is a strictly increasing positive integer
sequence. Lett, ,, .= max{s @ 2°[(j, — j.») } then there must exist three positive inte-

ger N and m,m" < N such that ty ,, # ty .
Lemma 4.2 If p is even, q,r1,qa,,b,, c, are odd and B’ M/B(’) then the following

statements hold.:

(i) foreach j € N and an element & € (B/; — B’] ), ifE € B’ifor some integeri € N,
theni > j, _
.o . . I . 'l .
(i) let j,l € N and j # I, for any element &£ € (B’] — B)), if ¢ € B for some integer
i €N, theni=min{j,I[}.
Proof

(i) Sinceé € (Bﬂ - B’i) N B, we have

Hencei > j.

% Birkhauser
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(i) Suppose ¢; € Bg, ¢ e Bll, & € B, where j # . If i # min{j, [}, then we have

if 1 if 1 if 1
— 4k, |=-p|—+k, )=\ —+k,)
Pl<2aj ,,1) p <2az 1,1> p <20i z,1>

Reorganize this equation, we obtain

aap - Q;aipl - ajalpi = 2ajalai(piki,l +Plk1,1 -p k).

Without loss of generality, suppose [ = min{4, j, [}, then
aap - a;a; — ajazpi_l = 2‘1_/azai(l’i_lk_f,1 + k= p k).

The parity is different on the left and right sides of this equation according to

p €27, a, € 2Z + 1, this is a contradiction. O
Lemma 4.3 ([46, Lemma 2.2]; see also [22]). For two different odd numbers u and v.
If a, p have different parity, then for any k,k € Z,

2k + D™ =v*) # 2k + D’ —P).
To get the following two lemmas, we decompose the real numbers by
H; = {% : a,beZZ+1,ieZ}, G= {g : an,beZZ+1} (11)
and

K =®R\Qu(JH).
=2

It is easy to see that R=KUGU H, = {0} U(R\Q) U (U2_H,) are pairwise dis-
joint union. We also have the following lemmas.

Lemma4.4 [29, Lemma 2.1]

(i) Iff,g€H,then f+geC.
() Iff,g€ G, then f +g € G.
(i) If f € H, and g € H,, for two integers m, # my, then

f tg € Hmax{ml.mz}'

In particular, if f € GUH,and g € K, then f + g € K.
(iv) Iff€H,  he€H, fortwointegersm,,m,,theng € H,, _, .

Lemma 4.5 Let B,(i = 1,2, 3) be defined in (10) and H;, G be defined in (11). Sup-
pose that p,q,r,a,,b,,c, are odd. Then the following statements hold.

*>'n’ Y n2

% Birkhauser
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() Foralli=1,2,3,if¢ = (¢,,&.8)" € B, then &, € H,.
(i) Foralli=1,2,3,if¢ = (£,&,&) € B, +B,, thené & B;and &, € G.
(ili) Let& = (&,&,,&) € ByUB, UB,. Ifé; € G, then & & B,, and the other two
components of & belong to H,.

Proof The statement (i) is obvious. It is also easy to prove (ii) by looking at the
structure of B; + B, for all i = 1,2, 3. For (iii), if £, € G, we obtain & € B, from (i),
then ¢ € B, U B;. Suppose that £ € B,, then &, € H; by (i). We just need to prove

&y € Hy. Let
d.c k !
&= <i+ " ”+—‘>p" =L egq
Zan an an q

where d, € R, k;,p’' € Zand ¢’ € 2Z + 1. Then

J = 2p'a, — 2k, + D)¢'p" Dy

= €H,
n 2q/pncn 25],1 1
and
2q, +p,c, +2q,c,k;)r"
§3=<l+dn+k3>rn=(Qn PnCn qnnS) EHI.
Cn Zqun
The same proof works for §, € Gor&; € G. O

Now we are devoted to the proof of Theorem 1.5 (i).

Proof Suppose on contrary that there exists an infinite orthogonal exponential func-
tions set A 1= {4,}in L*(uy (p 1), then (A = A\ {0} C Z(fy (). Let

AP = (L) A=V eBIu{(LA): A-V €Byu{(hLA): -4 €By)

be the set of all 2-elements subsets of A. By Ramsey’s Theorem(Theorem 2.3),
there exists an infinite subset A’ C A such that (A’ — A")\{0} C B, fori = 1,2 or 3.
We claim that i = 1, i.e., (A" — A)\{0} C B,. In fact, if (A’ = A")\{0} C B,, let 1,
A, € N, then there exist jj, j, and j such that

% Birkhauser
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d. c; k; d. c, k.
ZL 4 A Tl pli 21 + 2% 4 2t Pl
4 ) 4 j, 4, aj,

/ ' _ 1 . 1 .
A=Ay = <I + kj]’2>q"l1 - <E + ka’z)q"fz

1 n; 1
—+d;, +k r'i —+d, +k '
<u g ’3> n P ’“) (12)
I UL AR W
<2 +aj+aj>pj

1 . 1 n, 1 n
By (% + kjl,z)‘] n— (% + kayz)q h o= (2_/7, + kjyz)q i, we have
bjbjz(l + 2bjlkjl’2)q”/1 — bjbj] 1+ ijzka,z)q"fz = bj] bjz(l + 2bjkj,2)q"i.

The parity on the left and right sides of this equation is different since ¢, b, € 2Z + 1,
this is a contradiction. Hence i # 2. Similarly, we have i # 3.

According to the properties of A’, we will divide the proof into two cases.

Case 1. There exists an infinite increasing sequence {j, } | such that ANn B’1 # 0.
Choosing 4, € A'n B}, let A :={4,}% , then A,(A-A\{0} CB,. For the
sequence {j,}> , by Lemma 4.1, there exist N,m; #m, <N and 0 <17, <1, such
that

jN _jml = 2tldN,m1 andjN _jm2 = 2’tsz,mz’ (13)

where dy ,, .dy,, €27+ 1. By Lemma 4.2 and j,, ,j,, <Jjy. we have

= qi”(,,_L +dy +kN,2> - <bL +d, +km[,2>

: 1 dyb; k i 1 dyby -k,
PV — 4 —2 22 P — 4 —
2y Ciy Ciy 26, Cm; Climg

o1 by ok L b, ks
PN 4 =N NS ) 4 o i
26, Ciy Ciy 2¢;,, o Climg

b.
Multiplying the second component by Cﬂ, subtracting the third component to the
Jm;

second component, we obtain
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b],,,, P vty _ Pt i, | ¢ 2241
¢ ¢, 2¢; < b, ’

; INTIN

We use the condition 2 = 2 to get

L s 27 + 1
d b NTImy r/N Im = s
by, (g Ne = (14)
i vy 27+ 1
dyb; (gV7m —Im) e ,
wb; (g 2) 7 (15)
where f; = b; G, =be, ,h= Jm ¢, = bJNc] and f},f, € 2Z + 1.

Subcase 1.1. If|q| ;é |r| letQ = qz' R=r"anda = dy - B =22""dy,, . Sub-
stituting (13), then (14) and (15) implies that

(Q° =Rk +1) = (@ = R") 2k, + 1)

for some k;,k, € Z. Note that Q,R € 2Z + 1 and a, § have different parity since
t, > t,. By Lemma 4.3, the above equation is impossible.

Subcase 1.2. If |g| = |r|, then 0 < ¢, < 1, implies g**™m — F**%m =0, which
contradicts with (14) and (15).

Case 2. There exists a positive integer N’ < oo such that A’ C UN B’

Subcase 2.1. If there exists 4, € A’ such that (A’ — {4,}) n B’ @ for infinite
many i. We can replace A’ by A’ — {4,}in Case 1 and get a contradlctlon similarly.

Subcase 2.2. If there are only finite many j such that (A’ — {A'}) n B’ # @ for
any A € A/, then for any n, by the pigeonhole principle, there exists j, such that
#A—-A)N B’ ! = oo. Therefore, there exist j, and an infinite subsequence {A("}%
of {4/}, such that {A() — A1} C B’l1 Similarly, there exist j, and an infinite sub-
sequence { AP} of{/l(l)}“’ such that {1 — (11)}°°1 c B]2 We have j, > j, since
A0 — 4V = (,1(5 AR (/1’ — 4")and /1<2> A= e B/ by the Lemma 4.2.
Contmulng this process we get an increasing sequence { ]3}°°l and a sequence set
{{A9} 1%, which satisfies {/1(3)}oo C {AC7P}* and {/I(YA) /1(5 1)}°° C B’ for
all s > 1 where {AO}> = {2 that is,

n’n= l’

D R I R L N S =D P §

For the sequence {j,}% , similar to Case 1, there exist N, m; #m, <N and

0 <t <t, such that (13) hold, i,e. —Jj de, JN = Jm, =2"dy,,,. Let
Ay 1= /1(]\'?j AVD e B¥ and A = /1(1&\, %’ 1) = 1,2. Note that ’

)’(1N) /1(7”1—1) (),(N) /1(1N—1)) + ()’(1N_1) _ )’(11\’—2)) 4o+ ()1(1’”1) _ /1(1’"1—1))7
A(N) /1(’"2_1) (A(N) A(N_l)) + (A(N_l) _ A(N_z)) 4o+ (A(mZ) _ /1(’”2_1))-

According to the above two formulas and Lemma 4.2, we have 4, € B’ “fori =1,2.
Now we replace Ay, /1 ,and ﬂ , of Case 1 by Ans 2oy ,and A respectlvely, then get a
contradiction 51m11arly
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Hence, A is a finite set. This completes the proof of Theorem 1.5 (i). a

When p,q,r,a,,b,,c, are restricted to be odd numbers, we can get the exact

number of orthogonal exponential functions in Lz(yM’{ p,})- Using Lemma 4.4 and
Lemma 4.5, we can now prove Theorem 1.5 (ii).

Proof of Theorem 1.5 (ii) Let A be a bi-zero set of M (p, ) Suppose that #A = 5 and
A =1{0, 4}, 4, 45, A4}, we have A\{0} C B, U B, U B;. By the pigeonhole principle,
there exist at least two distinct elements that belong to the same Bio, iy € {1,2,3}.
Without loss of generality, we assume that 4,,4, € By. Let 4, = (x,,y,,2,)" for
n=1,2,3,4. Hence, x;,x, € H by Lemma 4.5 (i). For two distinct numbers
niny € {1,2,3,4), we set 4, — A, = (X, sV 0> Zn, ) - FrOM Xy, € Hy and
Lemma 4.4 (i), we obtain x, ; = x, —x; € G. According to the property of bi-zero
set A, we have 4, — A, € B, UB, U B;. By Lemma 4.5 (iii) we have 4, — 4, € B,.
Sod, — Ay €ByUBjandy, .z, € H|. Assume that 4, — 1| € B,, we consider the
following three cases, since x; € R = H; UK U G is a disjoint union.
Case 1. x; € H;. Let

A3 = Ay = (X31,¥31.231), 43— Ay = (X35, 32,23,) € Bi UB, U Bs.

Then x; ;,x3, € G by Lemma 4.4 (i). Combining with Lemma 4.5 (iii), we have
V31:¥32:23,1:232 €H. Then  yy; =y3, -y, €6, 25, =23, - 232 €G by
Lemma 4.4 (i). This is a contradiction to H;, N G = @.

Case 2. x; € K. From Lemma 4.4 (iii), we know x;,,x; | € K, and because of
the Lemma 4.5 (i) we obtain A; — 4,, 43 — 4; € B, U B;.

o If A3 — 4y, 43 — 4| € B,, on the basic of Lemma 4.5 (i), we have y;,,y;; € H,.
Hence y, ; € G, a contradiction to H; N G = .

o If A; — 4y, 43 — A; € B;, on the basic of Lemma 4.5 (i), we have z;,,2;; € H|.
Hence 7z, ; € G, a contradiction to H; N G = @.

e If 3— A, €B,, A3— A €B3 and A, — A, €B,, by Lemma 4.5 (i), we obtain
¥32.Y21 € H|, then we have y;; € G. Applying Lemma 4.5 (iii), we know
X323 € Hy. This contradicts to H; N K = §.

Case 3. x3,x, €G. By 43,4, € B;UB,UB; and Lemma 4.5 (iii), we have
Y3 Y4, 23,24 € Hy, therefore y, 5,245 € G. Since A4 — A3 € B{ U B, U B;, we have
X43,Y43 € H by Lemma 4.5 (iii), this is a contradiction.

Now we construct a bi-zero set of y,, (p, ; to show that the number 4 is the best.
Let

L2 -
2a(]] 2a, Oq
A= 5 _E 5 9 s 2b,
0 2 )\ 2
It is easy to see (A — A)\{0} C Z(fp ,)- The proof is complete. O
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At the end of this paper, we propose some nature questions.

Question 4.6 If p,q,r€2Z+1 and q,,b,,c, € 2Z, what is the exact number of
mutually orthogonal exponential functions in LZ(MM’ i,1)?

Question 4.7 Does there exist an infinite orthogonal exponential functions in
L*(u M.(D,}) if and only if two of the three numbers p, g, r are even?
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