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Abstract
Let �{Mn},{Dn}

 be the Moran measures generated by expanding diagonal matrix Mn 
with entries pn, qn, rn ∈ ℤ⧵{0, 2} and the digit sets 

where an, bn, cn are bounded integers. In this paper, we show �{Mn},{Dn}
 is a 

spectral measure provided that 2an ∣ pn , 2bn ∣ qn , 2cn ∣ rn . In particular, if 
Mn = M = diag{p, q, r} and p, q, r, an, bn, cn are odd integers, we obtain that there 
exists at most 4 mutually orthogonal exponential functions in L2(�M,{Dn}

) , and the 
number 4 is the best.

Keywords  Moran spectral measure · Non-spectral · Hadamard triple · Spectrum

Mathematics Subject Classification  28A80 · 42C05 · 46C05

1  Introduction

As it is well known, J. B. Fourier discovered that the exponential functions 
{e2�i⟨n,x⟩ ∶ n ∈ ℤ

d} form an orthonormal basis for L2([0, 1]d) and his discovery is 
now one of the fundamental pillars in modern mathematics. It is natural to ask what 
other measures have this property, that there is a family of exponential functions 
which form an orthonormal basis for their L2-space?

Dn = {(0, 0, 0)T, (an, 0, 0)
T, (0, bn, 0)

T, (0, 0, cn)
T},

Tusi
Mathematical
Research
Group

Communicated by Feng Dai.

 *	 Wen‑Hui Ai 
	 awhxyz123@163.com

	 Xin Yang 
	 xyang567@163.com

1	 Key Laboratory of Computing and Stochastic Mathematics (Ministry of Education), School 
of Mathematics and Statistics, Hunan Normal University, Changsha 410081, Hunan, China

http://orcid.org/0000-0002-4349-0885
http://crossmark.crossref.org/dialog/?doi=10.1007/s43034-022-00202-8&domain=pdf


	 X. Yang and W.-H. Ai56  Page 2 of 17

Definition 1.1  A Borel probability measure � on ℝn is said to be a spectral meas-
ure if there exists a countable set Λ ⊂ ℝ

n such that EΛ ∶= {e2�i⟨�,x⟩ ∶ � ∈ Λ} is an 
orthogonal basis for L2(�) . In this case, we call Λ a spectrum of � and (�,Λ) a spec-
tral pair.

The existence of a spectrum of � is a basic problem in harmonic analysis on 
L2(�) , it was initiated by well-known Fuglede conjecture [15].

Conjecture 1.2  A measurable set Ω is a spectral set in ℝn if and only if Ω is a trans-
lational tile.

Tao [37] proved that this conjecture is wrong above five dimensions, and Tao’s 
work was subsequently improved by Kolountzakis and Matolcsi [32–34] who proved 
that the conjecture was false in ℝd(d = 3, 4) . Nevertheless, many researchers still 
devoted themselves to the research on the spectrality and non-spectrality of fractal 
measures. In recent years, the middle-fourth Cantor measure was the first example 
of such spectral measures, which was discovered by Jorgensen and Pedersen [31]. 
From then on, many other self-similar/self-affine/Moran spectral measures have 
been discovered, see [2, 3, 5, 7–10, 13, 28, 30] and so on. For a non-spectral meas-
ure, it belongs to one of the following two cases: 

(1)	 there exists an infinite set of orthogonal exponential functions but no such set 
forms a basis of L2(�);

(2)	 there are only a finite number of orthogonal exponential functions.

Let Dk be a finite subset of ℝn , #D means the cardinality of D and let Rk be an n × n 
expanding real matrix (all the eigenvalues of Rk have moduli larger than 1). We call 
the function system {fk,d = R−1

k
(x + d) ∶ d ∈ Dk}

∞
k=1

 a Moran iterated function sys-
tem (Moran IFS), which is the generalization of an IFS [14, 21]. Let �d be the Dirac 
measure, and denote the measure

for a finite set D. Denote the norm of an n × n real matrix A by 
||A|| ∶= sup{||Ax|| ∶ ||x|| = 1} , where ||x|| = (x2

1
+⋯ + x2

n
)
1

2 is the Euclidean norm 
of the n-tuple vector x = (x1,… , xn)

T . Then we introduce the following known theo-
rem (see, e.g. [36, 41]).

Theorem A  Assume 
∑∞

k=1
��(RkRk−1 ⋯R1)

−1�� and sup{||x|| ∶ x ∈ R−1
k
Dk , k ≥ 1} are 

finite. Then the sequence of measures

converges to a Radon measure � ∶= �{Rk},{Dk}
 with compact support T and 

�(ℝn) = 1 in a weak sense, where ∗ denotes the convolution sign and

�D =
1

#D

∑
d∈D

�d

�k = �R−1
1
D1

∗ �(R2R1)
−1D2

∗ ⋯ ∗ �(RkRk−1⋯R1)
−1Dk
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The measure � is called a Moran measure, and T is called a Moran set. In 
2000, Strichartz [36] first studied the spectrality of the Moran measure when the 
two sets {Rk ∶ k ∈ ℕ} and {Dk ∶ k ∈ ℕ} have only finite elements. Unlike the self-
similar measure, existence of Hadamard triples is not a sufficient condition for 
the Moran measure being a spectral measure, even for universal Hadamard tri-
ples (see [5, Example 5.2]). Strichartz [36] proved that the Moran measure is a 
spectral measure for an infinite compatible tower under some other assumptions. 
Later on, He et al. [3, 5, 11, 12, 17, 18, 20, 26, 35, 38, 40, 42, 44] investigated the 
spectral properties of the Moran measures with two, three, four and some special 
consecutive elements in digit sets in ℝ . In 2019, An, Fu and Lai [2] proved that 
a large class of Hadamard triples in ℝ generated Moran spectral measures. Dong 
et al. [6, 25, 27, 39, 41, 43, 45] considered some special cases in ℝ2 . However, 
there are a few Moran spectral measures in ℝn(n ≥ 3) . Recently, Fu and Zhu [19] 
considered a class of homogeneous Moran spectral measures with eight-element 
digit sets in ℝ4 . One of the authors and Peng [1] obtained some special Moran 
spectral measures in ℝn for any n ≥ 1.

The main purpose of this paper is to study the spectral and non-spectral prop-
erties of Moran measures �{Mn},{Dn}

 in ℝ3 , its expanding matrix and digit sets are 
as follows:

where pn, qn, rn ∈ ℤ⧵{0, 2} and sup{an, bn, cn} < ∞ . In this paper, our main results 
are as follows.

Theorem  1.3  For the Moran measures �{Mn},{Dn}
 corresponding to (1), if 2an ∣ pn , 

2bn ∣ qn , 2cn ∣ rn and |an|, |bn|, |cn| ∈ ℤ
+⧵{1} , then �{Mn},{Dn}

 is a spectral measure.

In particular, if Mn = M =

⎛⎜⎜⎝

p 0 0

0 q 0

0 0 r

⎞⎟⎟⎠
 for all n ≥ 1 , we have the following two 

theorems.

Theorem 1.4  If p, q, r ∈ 2ℤ⧵{0, 2} and an, bn, cn ∈ {−1, 1} , then �M,{Dn}
 is a spec-

tral measure.

Theorem 1.5  For the non-spectral properties of Moran measures �M,{Dn}
 , we have 

following results. 

T =

∞∑
k=1

(RkRk−1 ⋯R1)
−1Dk =

{
∞∑
k=1

(RkRk−1 ⋯R1)
−1dk ∶ dk ∈ Dk, k ≥ 1

}
.

(1)Mn =

⎛⎜⎜⎝

pn 0 0

0 qn 0

0 0 rn

⎞
⎟⎟⎠
, Dn =

⎧⎪⎨⎪⎩

⎛
⎜⎜⎝

0

0

0

⎞⎟⎟⎠
,

⎛⎜⎜⎝

an
0

0

⎞⎟⎟⎠
,

⎛⎜⎜⎝

0

bn
0

⎞⎟⎟⎠
,

⎛⎜⎜⎝

0

0

cn

⎞
⎟⎟⎠

⎫⎪⎬⎪⎭
,
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	 (i)	 If p is even, q, r, an, bn, cn are odd and bn
cn

=
bm

cm
 , then there does not exist an 

infinite orthogonal exponential functions set in L2(�M,{Dn}
).

	 (ii)	 If p, q, r, an, bn, cn are odd, then there exists at most 4 mutually orthogonal 
exponential functions in L2(�M,{Dn}

) , and the number 4 is the best.

Remark 1.6  In the same manner we can replace the assumptions of Theorem 1.5 (i) 
with any of the following conditions. 

(1)	 q is even, p, r, an, bn, cn are odd and an
cn

=
am

cm
.

(2)	 r is even, p, q, an, bn, cn are odd and an
bn

=
am

bm
.

Remark 1.7  If an = bn = cn = 1 , the corresponding measure �M,D is a Sierpinski gas-
ket type measure. Li [22–24] proved that if p, q, r ∈ 2ℤ + 1 , then �M,D is a non-spec-
tral measure, and there exist at most 4 mutually orthogonal exponential functions in 
L2(�M,D) . Subsequently, Zheng et al. [46] showed that if two of the three numbers 
p, q, r are odd and the other is even, then there does not exist infinite families of 
orthogonal exponential functions in L2(�M,D) . More generally, Lu et al. [29] general-
ized the non-spectralities of the self-similar measures �M,D to real matrix M.

An outline of this paper is as follows. In Sect. 2, we give some preliminary knowl-
edge. We focus on proving Theorems 1.3 and 1.4 in Sect. 3. In Sect. 4, we firstly prove 
Theorem 1.5 (i) by Ramsey’s theorem and some established lemmas. Finally we solve 
the problem of the number of orthogonal exponential functions under conditions of 
Theorem 1.5 (ii).

2 �  Preliminaries

This section is mainly used to introduce definitions and basic results that will be used. 
We assume that �{Mn},{Dn}

 is a probability measure with compact support. The Fourier 
transform of �{Mn},{Dn}

 is defined as

Recall that its Fourier transform can be written as follows

where mDn
(x) is the Mask polynomial of Dn , which is defined by

Let Z(f ) ∶= {� ∶ f (�) = 0} be the zero set of f. It is easy to see that

𝜇̂{Mn},{Dn}
(𝜉) = ∫ e2𝜋i⟨x,𝜉⟩d𝜇{Mn},{Dn}

(x).

(2)𝜇̂{Mn},{Dn}
(𝜉) =

∞∏
n=1

mDn
((M1 ⋅ ⋅ ⋅Mn)

−1
𝜉),

mDn
(x) = 𝛿Dn

(x) =
1

#Dn

�
d∈Dn

e2𝜋i⟨x,d⟩.
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Obviously, for a discrete set Λ ∈ ℝ
n , EΛ = {e2�i⟨�,x⟩ ∶ � ∈ Λ} is an orthogonal set 

of L2(�) if and only if (Λ − Λ)⧵{0} ⊂ Z(𝜇̂) . We also say that Λ is a bi-zero set of � . 
Since the bi-zero set is invariant under translation, it will be convenient to assume 
that 0 ∈ Λ.

Definition 2.1  (Hadamard triple). Let M ∈ Mn(ℤ) be an expanding matrix with inte-
ger entries. Let D,C ⊂ ℤ

n be two finite subsets of integer vectors with #D = #C . We 
say that the system (M, D, C) forms a Hadamard triple (or ( M−1D,C) is a compat-
ible pair) if the matrix

is unitary, i.e., H∗H = I , where H∗ denotes the conjugated transposed matrix of H.

The following theorem is a basic criterion for the spectrality of a measure �.

Theorem 2.2  ([18]; see also [31]) Let � be a compactly supported Borel probability 
measure on ℝn and let Λ be an orthogonal set for � . Then the following statements 
are equivalent. 

	 (i)	 The orthogonal set Λ is a spectrum for �;
	 (ii)	 QΛ(𝜉) =

∑
𝜆∈Λ �𝜇̂(𝜉 + 𝜆)�2 = 1 , ∀ � ∈ ℝ

n;
	 (iii)	 QΛ(𝜉) =

∑
𝜆∈Λ �𝜇̂(𝜉 + 𝜆)�2 = 1 , ∀ � ∈ (−r, r)n , where r > 0.

The following theorem is the famous infinite Ramsey’s Theorem ([46, Theo-
rem 2.3]; see also [3, Theorem 4.1]), which is a foundational result in combinatorics.

Theorem 2.3  (Ramsey’s Theorem). Let A be a countable infinite set and let Ak be 
the set of all k elements subsets of A . For any splitting of Ak into r classes, there 
exists an infinite subset T ⊂ A such that Tk is contained in the same class.

Let Mn = M and an, bn, cn ∈ {−1, 1} . After we set an, bn, cn as 1 or −1 respec-
tively, there are eight kinds of Dn denoted by D(i) , i ∈ {1, 2,… , 8} . In such a case, 
we have the following lemmas.

Lemma 2.4  Let S be a finite subset of ℤn with 0 ∈ S . Then the following two state-
ments are equivalent. 

	 (i)	 Z(mM−1D(i)
) ∩ TM,S = � for all i ∈ {1, 2,… , 8}.

(3)Z(𝜇̂{Mn},{Dn}
) =

∞⋃
n=1

M1 ⋅ ⋅ ⋅Mn(Z(mDn
)).

H =
1√
#D

�
e2�i⟨M−1d,c⟩

�
d∈D,c∈C



	 X. Yang and W.-H. Ai56  Page 6 of 17

	 (ii)	 Z(𝜇̂M,D(i)
) ∩ TM,S = � for all i ∈ {1, 2,… , 8}.

Proof  (i) ⇒ (ii) Suppose Z(mM−1D(i)
) ∩ TM,S = � for all i ∈ {1, 2,… , 8} . Since 0 ∈ S , 

we have

This leads to Z(mM−1D(i)
) ∩M−jTM,S = � , so we have MjZ(mM−1D(i)

) ∩ TM,S = � for all 
i ∈ {1, 2,… , 8} and j ∈ ℕ . Notice that Z(mM−1D(i)

) = MZ(mD(i)
) . Then our conclu-

sion holds.
(ii) ⇒ (i) Due to that Z(𝜇̂M,D(i)

) = ∪∞
n=1

MnZ(mD(i)
) . The proof is complete. 	�  ◻

Lemma 2.5  [36, Theorem  2.8] Suppose (M,Dn, S) forms a Hadamard tower with 
0 ∈ Dn ∩ S and TM,S = {

∑∞

n=1
M−nsn ∶ sn ∈ S}. If Z(𝜇̂M,D(i)

) ∩ TM,S = � for all 
i ∈ {1, 2,… , 8} , then

is a spectrum of �M,{Dn}
.

3 � Spectrality

In this section, we will give the proofs of Theorem 1.3 and Theorem 1.4.
Let 2an ∣ pn , 2bn ∣ qn , 2cn ∣ rn and

It is easy to check that (M−1
n
Dn,MnLn) is a compatible pair. Denote

for any n ≥ 1 and Λ =
⋃∞

n=1
Λn . Define

Then 𝜇{Mn},{Dn}
= 𝜇n ∗ 𝜇

>n . As a matter of fact, Λn is a spectrum of �n and Λ is an 
orthogonal set of �{Mn},{Dn} [36].

M−jTM,S =

{
∞∑
n=1

M−(n+j)sn ∶ sn ∈ S

}
⊆ TM,S for all j ∈ ℕ.

ΛM,S =

{
∞∑
n=0

Mnsn ∶ sn ∈ S

}

(4)Ln =

⎧⎪⎨⎪⎩

⎛
⎜⎜⎝

0

0

0

⎞⎟⎟⎠
,

⎛⎜⎜⎜⎝

1

2an
1

2bn

0

⎞⎟⎟⎟⎠
,

⎛⎜⎜⎜⎝

0
1

2bn
1

2cn

⎞⎟⎟⎟⎠
,

⎛⎜⎜⎜⎝

1

2an

0
1

2cn

⎞⎟⎟⎟⎠

⎫⎪⎬⎪⎭
.

Λn =

n∑
k=1

M1M2 ⋯MkLk

𝜇n = 𝛿M−1
1
D1

∗ ⋯ ∗ 𝛿(Mn⋯M2M1)
−1Dn

,

𝜇
>n = 𝛿(Mn+1⋯M2M1)

−1Dn+1
∗ 𝛿(Mn+2⋯M2M1)

−1Dn+2
∗ ⋯ .
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To prove Theorem 1.3, we need a lemma proved by An et al. [4].

Lemma 3.1  [4, Theorem  2.3] Let � be a Borel probability measure with compact 
support in ℝ

n and � ∈ ℝ
n with ∥ � ∥=

√
�
2
1
+⋯ + �2

n
≤ 1

3
 . Suppose that 

Λ =
⋃∞

n=1
Λ

�n
 is an orthogonal set of � and {�n}∞n=1 is an increasing sequence of 

integers. If Λ
�n

 is a spectrum of �
�n

 and

for all n, s ≥ 1 , then Λ is a spectrum of �.

Theorem 1.3 will be proved if we can show that there exists a constant c > 0 such 
that for any � ∈ ℝ

3 with ∥ � ∥≤ 1

3
 , we have |𝜇̂

>n(𝜉 + 𝜆)|2 ≥ c for any � ∈ Λn and 
n ≥ 1 by Lemma 3.1.

Proof of Theorem  1.3  Denote pn ∶= 2anp
�
n
 , qn ∶= 2bnq

�
n
 , rn ∶= 2cnr

�
n
 , where 

p�
n
, q�

n
, r�

n
∈ ℤ⧵{0} . Note that �𝜇̂

>n(𝜉 + 𝜆)�2 = ∏∞

k=n+1
�𝛿(M1M2⋅⋅⋅Mk)

−1Dk
(𝜉 + 𝜆)�2 . 

Firstly we need to estimate |𝛿(M1M2⋅⋅⋅Mk)
−1Dk

(𝜉 + 𝜆)|2 for all k ≥ n + 1 . Take any 
� ∈ Λn and write

For any k ≥ n + 1 and j = 1, 2, 3 , since |an|, |bn|, |cn| ≥ 2 , we have

A direct calculation shows that

where

inf
𝜆∈Λ

𝛼n+s
⧵Λ

𝛼n

|𝜇̂
>𝛼n+s

(𝜉 + 𝜆)|2 ≥ c > 0

� =

⎛⎜⎜⎝

�1

�2

�3

⎞⎟⎟⎠
=

⎛⎜⎜⎝

∑n

i=1
p1p2 ⋅ ⋅ ⋅ pili1∑n

i=1
q1q2 ⋅ ⋅ ⋅ qili2∑n

i=1
r1r2 ⋅ ⋅ ⋅ rili3

⎞⎟⎟⎠
,

⎛⎜⎜⎝

li1
li2
li3

⎞⎟⎟⎠
∈ Li.

(5)

|||||
ak
(
�1 + �1

)
p1p2 ⋯ pk

|||||
≤ 1

6

|||||
1

p1 ⋯ pk−1p
�
k

+
3

2

n∑
i=1

1

aipi+1 ⋯ pk−1p
�
k

|||||
≤ 1

6

1

4k−n−1
,

|||||
bk
(
�2 + �2

)
q1q2 ⋯ qk

|||||
≤ 1

6

|||||
1

q1 ⋯ qk−1q
�
k

+
3

2

n∑
i=1

1

biqi+1 ⋯ qk−1q
�
k

|||||
≤ 1

6

1

4k−n−1
,

|||||
ck
(
�3 + �3

)
r1r2 ⋯ rk

|||||
≤ 1

6

|||||
1

r1 ⋯ rk−1r
�
k

+
3

2

n∑
i=1

1

ciri+1 ⋯ rk−1r
�
k

|||||
≤ 1

6

1

4k−n−1
.

(6)

|||𝛿(M1⋯Mk)
−1Dk

(𝜉 + 𝜆)
|||
2

=
||||
1

4
(1 + e−2𝜋ix1 + e−2𝜋ix2 + e−2𝜋ix3 )

||||
2

=
1

16
|4 + 2(cos 2𝜋x1 + cos 2𝜋x2 + cos 2𝜋x3)

+ 2(cos 2𝜋(x1 − x2) + cos 2𝜋(x2 − x3) + cos 2𝜋(x3 − x1))
||,
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For k = n + 1 , (5) shows that cos xi ≥ cos
�

3
 for i = 1, 2, 3 . By (6),

For k ≥ n + 2 , by cos x ≥ 1 − x2 , we have

According to (6),

Therefore,

which completes the proof of Theorem 1.3. 	�  ◻

In the rest of this section, we will prove Theorem 1.4 by Lemmas 2.4 and 2.5.

Proof of Theorem 1.4  We construct the set

such that (M−1Dn, S) is a compatible pair for any n. Then the invariant set TM,S is 
given by

For any x = (x1, x2, x3)
T ∈ TM,S , we have

x1 =
ak(�1 + �1)

p1 … pk
, x2 =

bk(�2 + �2)

q1 … qk
, x3 =

ck(�3 + �3)

r1 … rk
.

|||𝛿(M1…Mk)
−1Dk

(𝜉 + 𝜆)
|||
2

≥ 1

16
||7 + 2(cos 2𝜋(x1 − x2) + cos 2𝜋(x2 − x3) + cos 2𝜋(x3 − x1))

||
≥ 1

16
.

cos 2𝜋xi ≥ 1 − (2𝜋xi)
2 ≥ 1 −

𝜋
2

9

1

16k−n−1
, i = 1, 2, 3,

cos 2𝜋(xi − xj) ≥ 1 −
4𝜋2

9

1

16k−n−1
, i < j, j ∈ {2, 3}.

|𝛿(M1…Mk)
−1Dk

(𝜉 + 𝜆)|2 ≥ 1 −
15𝜋2

98

1

64k−n−1
.

|𝜇̂
>n(𝜉 + 𝜆)|2 ≥ 1

16

∞∏
k=1

(1 −
5𝜋2

24

1

64k
) ∶= c > 0,

S =

⎧⎪⎨⎪⎩

⎛
⎜⎜⎝

0

0

0

⎞⎟⎟⎠
,

⎛⎜⎜⎝

p

2
q

2

0

⎞
⎟⎟⎠
,

⎛⎜⎜⎝

0
q

2
r

2

⎞
⎟⎟⎠
,

⎛⎜⎜⎝

p

2

0
r

2

⎞
⎟⎟⎠

⎫⎪⎬⎪⎭
⊂ ℤ

3

(7)TM,S =

�
∞�
n=1

M−nsn ∶ sn ∈ S

�
=

⎧⎪⎨⎪⎩

∞�
n=1

⎛⎜⎜⎜⎝

s1,n

pn
s2,n

qn
s3,n

rn

⎞⎟⎟⎟⎠
:

⎛⎜⎜⎝

s1,n
s2,n
s3,n

⎞
⎟⎟⎠
∈ S

⎫⎪⎬⎪⎭
.
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If p, q, r = −2 , then xj ∈ [−
1

3
,
2

3
] for j ∈ {1, 2, 3} . Furthermore, for 

p, q, r ∈ 2ℤ⧵{0,±2} , we also have TM,S ⊆ [−
2

3
,
2

3
]3.

Secondly, for the given digit set Dn , we have

where E1,E2,E3,F1,F2,F3 are given by

 for any a ∈ ℝ, k1, k2, k3 ∈ ℤ.
Now, for any x = (x1, x2, x3)

T ∈ Z(mM−1D(i)
(x)) = MZ(mD(i)

(x)) , it follows from (8) 
and (9) that

This shows that

By Lemmas 2.4 and 2.5, we obtain that ΛM,S is a spectrum for �M,{Dn}
 . This com-

pletes the proof of Theorem 1.4. 	�  ◻

4 � Non‑spectrality

In this section, we will prove Theorem 1.5. By simple calculation, we obtain that

|x1| ≤ ||||
p

2(p − 1)

||||, |x2| ≤ ||||
q

2(q − 1)

||||, |x3| ≤ ||||
r

2(r − 1)

||||.

(8)Z(mDn
(x)) =

⎧
⎪⎨⎪⎩

E1 ∪ E2 ∪ E3, (an, bn, cn) = (1, 1, 1) or (−1,−1,−1);

F1 ∪ F2 ∪ E3, (an, bn, cn) = (1, 1,−1) or (−1,−1, 1);

F1 ∪ E2 ∪ F3, (an, bn, cn) = (1,−1, 1) or (−1, 1,−1);

E1 ∪ F2 ∪ F3, (an, bn, cn) = (−1, 1, 1) or (1,−1,−1),

(9)

E1 =

⎧
⎪⎨⎪⎩

⎛
⎜⎜⎝

1

2
+ k1

a + k2
1

2
+ a + k3

⎞
⎟⎟⎠

⎫
⎪⎬⎪⎭
,E2 =

⎧
⎪⎨⎪⎩

⎛
⎜⎜⎝

1

2
+ a + k1
1

2
+ k2

a + k3

⎞
⎟⎟⎠

⎫
⎪⎬⎪⎭
,E3 =

⎧
⎪⎨⎪⎩

⎛
⎜⎜⎝

a + k1
1

2
+ a + k2
1

2
+ k3

⎞
⎟⎟⎠

⎫
⎪⎬⎪⎭
,

F1 =

⎧
⎪⎨⎪⎩

⎛
⎜⎜⎝

1

2
+ k1

a + k2
1

2
− a + k3

⎞
⎟⎟⎠

⎫
⎪⎬⎪⎭
,F2 =

⎧
⎪⎨⎪⎩

⎛
⎜⎜⎝

1

2
− a + k1
1

2
+ k2

a + k3

⎞
⎟⎟⎠

⎫
⎪⎬⎪⎭
,F3 =

⎧
⎪⎨⎪⎩

⎛
⎜⎜⎝

a + k1
1

2
− a + k2
1

2
+ k3

⎞
⎟⎟⎠

⎫
⎪⎬⎪⎭

|x1| =
||||
(
1

2
+ k1

)||||p ≥ 1 if x ∈ ME1 ∪MF1,

|x2| =
||||
(
1

2
+ k2

)||||q ≥ 1 if x ∈ ME2 ∪MF2,

|x3| =
||||
(
1

2
+ k3

)||||r ≥ 1 if x ∈ ME3 ∪MF3.

Z(mM−1D(i)
(x)) ∩

[
−
2

3
,
2

3

]3
= �.
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where Bi =
⋃∞

n=1
MnB

(n)

i
 and

Lemma 4.1  [46, Lemma 2.4]. Suppose {jn}∞n=1 is a strictly increasing positive integer 
sequence. Let tn,n� ∶= max{s ∶ 2s|(jn − jn� )} , then there must exist three positive inte-
ger N and m,m′

< N such that tN,m ≠ tN,m′.

Lemma 4.2  If p is even, q, r, an, bn, cn are odd and Bj

1
= MjB

(j)

1
 , then the following 

statements hold: 

	 (i)	 for each j ∈ N and an element � ∈ (B
j

1
− B

j

1
) , if � ∈ Bi

1
 for some integer i ∈ N , 

then i > j;
	 (ii)	 let j, l ∈ N and j ≠ l , for any element � ∈ (B

j

1
− Bl

1
) , if � ∈ Bi

1
 for some integer 

i ∈ N , then i = min{j, l}.

Proof 

	 (i)	 Since � ∈ (B
j

1
− B

j

1
) ∩ Bi

1
 , we have 

 then 

 Hence i > j.

(10)Z(𝜇̂M,{Dn}
) =

∞⋃
n=1

MnZ(mDn
) = B1 ∪ B2 ∪ B3,

B
(n)

1
=

⎧
⎪⎨⎪⎩

⎛
⎜⎜⎜⎝

1

2an
+ k1

1

bn
+ dn + k2

1

2cn
+

dnbn

cn
+

k3

cn

⎞
⎟⎟⎟⎠
, dn ∈ ℝ, k1, k2, k3 ∈ ℤ

⎫
⎪⎬⎪⎭
,

B
(n)

2
=

⎧
⎪⎨⎪⎩

⎛
⎜⎜⎜⎝

1

2an
+

dncn

an
+

k1

an
1

2bn
+ k2

1

cn
+ dn + k3

⎞
⎟⎟⎟⎠
, dn ∈ ℝ, k1, k2, k3 ∈ ℤ

⎫
⎪⎬⎪⎭
,

B
(n)

3
=

⎧
⎪⎨⎪⎩

⎛
⎜⎜⎜⎝

1

an
+ dn + k1

1

2bn
+

dnan

bn
+

k2

bn
1

2cn
+ k3

⎞
⎟⎟⎟⎠
, dn ∈ ℝ, k1, k2, k3 ∈ ℤ

⎫
⎪⎬⎪⎭
.

pj
(

1

2aj
+ k1

)
− pj

(
1

2aj
+ k2

)
= pi

(
1

2ai
+ k3

)
,

pi−j
(

1

2ai
+ k3

)
= k1 − k2 ∈ ℤ.
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	 (ii)	 Suppose �j ∈ B
j

1
 , �l ∈ Bl

1
 , �i ∈ Bi

1
 , where j ≠ l . If i ≠ min{j, l} , then we have 

 Reorganize this equation, we obtain 

 Without loss of generality, suppose l = min{i, j, l} , then 

 The parity is different on the left and right sides of this equation according to 
p ∈ 2ℤ , an ∈ 2ℤ + 1 , this is a contradiction. 	�  ◻

Lemma 4.3  ([46, Lemma 2.2]; see also [22]). For two different odd numbers u and v. 
If �, � have different parity, then for any k, k̃ ∈ ℤ,

To get the following two lemmas, we decompose the real numbers by

and

It is easy to see that ℝ = K ∪ G ∪ H1 = {0} ∪ (ℝ⧵ℚ) ∪ (∪∞
i=−∞

Hi) are pairwise dis-
joint union. We also have the following lemmas.

Lemma 4.4  [29, Lemma 2.1] 

	 (i)	 If f , g ∈ H1 , then f ± g ∈ G.

	 (ii)	 If f , g ∈ G , then f ± g ∈ G.

	 (iii)	 If f ∈ Hm1
 and g ∈ Hm2

 for two integers m1 ≠ m2 , then 

 In particular, if f ∈ G ∪ H1 and g ∈ K , then f ± g ∈ K.
	 (iv)	 If f ∈ Hm1

 , h ∈ Hm2
 for two integers m1,m2 , then g ∈ Hm2−m1

.

Lemma 4.5  Let Bi(i = 1, 2, 3) be defined in (10) and Hi,G be defined in (11). Sup-
pose that p, q, r, an, bn, cn are odd. Then the following statements hold. 

pj
(

1

2aj
+ kj,1

)
− pl

(
1

2al
+ kl,1

)
= pi

(
1

2ai
+ ki,1

)
.

alaip
j − ajaip

l − ajalp
i = 2ajalai(p

iki,1 + plkl,1 − pjkj,1).

alaip
j−l − ajai − ajalp

i−l = 2ajalai(p
i−lkj,1 + kl,1 − pj−lki,1).

(2k + 1)(u𝛼 − v𝛼) ≠ (2k̃ + 1)(u𝛽 − v𝛽).

(11)Hi =

{
a

2ib
∶ a, b ∈ 2ℤ + 1, i ∈ ℤ

}
, G =

{
a

b
∶ a ∈ ℤ, b ∈ 2ℤ + 1

}

K = (ℝ⧵ℚ) ∪ (

∞⋃
i=2

Hi).

f ± g ∈ Hmax{m1.m2}
.
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	 (i)	 For all i = 1, 2, 3 , if � = (�1, �2, �3)
T ∈ Bi , then �i ∈ H1.

	 (ii)	 For all i = 1, 2, 3 , if � = (�1, �2, �3)
T ∈ Bi ± Bi , then � ∉ Bi and �i ∈ G.

	 (iii)	 Let � = (�1, �2, �3)
T ∈ B1 ∪ B2 ∪ B3 . If �i ∈ G , then � ∉ Bi , and the other two 

components of � belong to H1.

Proof  The statement (i) is obvious. It is also easy to prove (ii) by looking at the 
structure of Bi ± Bi for all i = 1, 2, 3 . For (iii), if �1 ∈ G , we obtain � ∉ B1 from (i), 
then � ∈ B2 ∪ B3 . Suppose that � ∈ B2 , then �2 ∈ H1 by (i). We just need to prove 
�3 ∈ H1 . Let

where dn ∈ ℝ , k1, p� ∈ ℤ and q� ∈ 2ℤ + 1 . Then

and

The same proof works for �2 ∈ G or �3 ∈ G . 	� ◻

Now we are devoted to the proof of Theorem 1.5 (i).

Proof  Suppose on contrary that there exists an infinite orthogonal exponential func-
tions set Λ ∶= {�n} in L2(�M,{Dn}

) , then (Λ − Λ)⧵{0} ⊂ Z(𝜇̂M,{Dn}
) . Let

be the set of all 2-elements subsets of Λ . By Ramsey’s Theorem(Theorem  2.3), 
there exists an infinite subset Λ�

⊂ Λ such that (Λ� − Λ�)⧵{0} ⊂ Bi for i = 1, 2 or 3. 
We claim that i = 1 , i.e., (Λ� − Λ�)⧵{0} ⊂ B1 . In fact, if (Λ� − Λ�)⧵{0} ⊂ B2 , let �′

1
 , 

�
�
2
∈ Λ� , then there exist j1, j2 and j such that

�1 =

(
1

2an
+

dncn

an
+

k1

an

)
pn ∶=

p�

q�
∈ G,

dn =
2p�an − (2k1 + 1)q�pn

2q�pncn
∶=

pn

2qn
∈ H1,

�3 =

(
1

cn
+ dn + k3

)
rn =

(2qn + pncn + 2qncnk3)r
n

2cnqn
∈ H1.

Λ(2) = {(�, ��) ∶ � − �
� ∈ B1} ∪ {(�, ��) ∶ � − �

� ∈ B2} ∪ {(�, ��) ∶ � − �
� ∈ B3}
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By ( 1

2bj1

+ kj1,2)q
nj1 − (

1

2bj2

+ kj2,2)q
nj2 = (

1

2bj
+ kj,2)q

nj , we have

The parity on the left and right sides of this equation is different since q, bn ∈ 2ℤ + 1 , 
this is a contradiction. Hence i ≠ 2 . Similarly, we have i ≠ 3.

According to the properties of Λ� , we will divide the proof into two cases.
Case 1. There exists an infinite increasing sequence {jn}∞n=1 such that Λ� ∩ B

jn
1
≠ � . 

Choosing 𝜆̂n ∈ Λ� ∩ B
jn
1
 , let Λ̂ ∶= {𝜆̂n}

∞
n=1

 , then Λ̂, (Λ̂ − Λ̂)⧵{0} ⊂ B1 . For the 
sequence {jn}∞n=1 , by Lemma 4.1, there exist N,m1 ≠ m2 < N and 0 ≤ t1 < t2 such 
that

where dN,m1
, dN,m2

∈ 2ℤ + 1 . By Lemma 4.2 and jm1
, jm2

< jN , we have

Multiplying the second component by 
bjmi

cjmi

 , subtracting the third component to the 

second component, we obtain

(12)

�
�
1
− �

�
2
=

⎛
⎜⎜⎜⎜⎜⎜⎝

�
1

2aj1

+
dj1

cj1

aj1

+
kj1,1

aj1

�
pnj1

�
1

2bj1

+ kj1,2

�
qnj1

�
1

cj1

+ dj1 + kj1,3

�
rnj1

⎞
⎟⎟⎟⎟⎟⎟⎠

−

⎛
⎜⎜⎜⎜⎜⎜⎝

�
1

2aj2

+
dj2

cj2

aj2

+
kj2,1

aj2

�
pnj2

�
1

2bj2

+ kj2,2

�
qnj2

�
1

cj2

+ dj2 + kj2,3

�
rnj2

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎝

�
1

2aj
+

djcj

aj
+

kj,1

aj

�
pnj�

1

2bj
+ kj,2

�
qnj�

1

cj
+ dj + kj,3

�
rnj

⎞
⎟⎟⎟⎟⎠
.

bjbj2 (1 + 2bj1kj1,2)q
nj1 − bjbj1 (1 + 2bj2kj2,2)q

nj2 = bj1bj2 (1 + 2bjkj,2)q
nj .

(13)jN − jm1
= 2t1dN,m1

and jN − jm2
= 2t2dN,m2

,

𝜆̂N − 𝜆̂mi

=

⎛⎜⎜⎜⎜⎜⎜⎝

pjN

�
1

2ajN

+ kN,1

�

qjN

�
1

bjN

+ dN + kN,2

�

rjN

�
1

2cjN

+
dNbjN

cjN

+
kN,3

cjN

�

⎞⎟⎟⎟⎟⎟⎟⎠

−

⎛⎜⎜⎜⎜⎜⎜⎝

p
jmi

�
1

2ajmi

+ kmi,1

�

q
jmi

�
1

bjmi

+ dmi
+ kmi,2

�

r
jmi

�
1

2cjmi

+
dmi

bjmi

cjmi

+
kmi ,3

cjmi

�

⎞⎟⎟⎟⎟⎟⎟⎠

= M
jmi

⎛⎜⎜⎜⎜⎜⎜⎝

p
jN−jmi

�
1

2ajN

+ kN,1

�
−

�
1

2ajmi

+ kmi,1

�

q
jN−jmi

�
1

bjN

+ dN + kN,2

�
−

�
1

bjmi

+ dmi
+ kmi,2

�

r
jN−jmi

�
1

2cjN

+
dNbjN

cjN

+
kN,3

cjN

�
−

�
1

2cjmi

+
dmi

bjmi

cjmi

+
kmi ,3

cjmi

�

⎞⎟⎟⎟⎟⎟⎟⎠

.
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We use the condition bn
cn

=
bm

cm
 to get

where f1 = bjm1
cjN = bjN cjm1

 , f2 = bjm2
cjN = bjN cjm2

 and f1, f2 ∈ 2ℤ + 1.
Subcase 1.1. If |q| ≠ |r| , let Q = q2

t1 , R = r2
t1 and � = dN,m1

, � = 2t2−t1dN,m2
 . Sub-

stituting (13), then (14) and (15) implies that

for some k1, k2 ∈ ℤ . Note that Q,R ∈ 2ℤ + 1 and �, � have different parity since 
t2 > t1 . By Lemma 4.3, the above equation is impossible.

Subcase 1.2. If |q| = |r| , then 0 ≤ t1 < t2 implies q2
t2dN,m2 − r2

t2dN,m2 = 0 , which 
contradicts with (14) and (15).

Case 2. There exists a positive integer N < ∞ such that Λ�
⊂ ∪N

j=1
B
j

1
.

Subcase 2.1. If there exists �0 ∈ Λ� such that (Λ� − {�0}) ∩ Bi
1
≠ � for infinite 

many i. We can replace Λ� by Λ� − {�0} in Case 1 and get a contradiction similarly.
Subcase 2.2. If there are only finite many j such that (Λ� − {��}) ∩ B

j

1
≠ � for 

any �� ∈ Λ� , then for any n, by the pigeonhole principle, there exists jn such that 
#(Λ − �n) ∩ B

jn
1
= ∞ . Therefore, there exist j1 and an infinite subsequence {�(1)

n
}∞
n=1

 
of {��

n
}∞
n=2

 such that {𝜆(1)
n

− 𝜆
�
1
}∞
n=1

⊂ B
j1
1
 . Similarly, there exist j2 and an infinite sub-

sequence {�(2)
n
}∞
n=1

 of {�(1)
n
}∞
n=2

 such that {𝜆(2)
n

− 𝜆
(1)

1
}∞
n=1

⊂ B
j2
1
 . We have j2 > j1 since 

�
(2)
n

− �
(1)

1
= (�(2)

n
− �

�
1
) − (��

1
− �

(1)

1
) and �(2)

n
− �

�
1
, ��

1
− �

(1)

1
∈ B

j1
1
 by the Lemma 4.2. 

Continuing this process, we get an increasing sequence {js}∞s=1 and a sequence set 
{{�(s)

n
}∞
n=1

}∞
s=1

 which satisfies {𝜆(s)
n
}∞
n=1

⊂ {𝜆(s−1)
n

}∞
n=2

 and {𝜆(s)
n

− 𝜆
(s−1)

1
}∞
n=1

⊂ B
js
1
 for 

all s ≥ 1 , where {�(0)
n
}∞
n=1

= {��
n
}∞
n=1

 , that is,

For the sequence {jn}∞n=1 , similar to Case 1, there exist N, m1 ≠ m2 < N and 
0 ≤ t1 < t2 such that (13) hold, i,e., jN − jm1

= 2t1dN,m1
 , jN − jm2

= 2t2dN,m2
 . Let 

𝜆̄N ∶= 𝜆
(N)

1
− 𝜆

(N−1)

1
∈ B

jN
1

 and 𝜆̄mi
∶= 𝜆

(N)

1
− 𝜆

(mi−1)

1
 , i = 1, 2 . Note that

According to the above two formulas and Lemma 4.2, we have 𝜆̄mi
∈ B

jmi
1

 for i = 1, 2 . 
Now we replace 𝜆̂N , 𝜆̂m1

 and 𝜆̂m2
 of Case 1 by 𝜆̄N , 𝜆̄m1

 and 𝜆̄m2
 respectively, then get a 

contradiction similarly.

dN

(
bjmi

cjmi

q
jN−jmi −

bjN

cjN

r
jN−jmi

)
∈

2ℤ + 1

2cjmi
cjN bjN

.

(14)dNbjN (q
jN−jm1 − rjN−jm1 ) ∈

2ℤ + 1

2f1
,

(15)dNbjN (q
jN−jm2 − rjN−jm2 ) ∈

2ℤ + 1

2f2
,

(Q� − R�)(2k1 + 1) = (Q� − R�)(2k2 + 1)

�
(s)

1
− �

(s−1)

1
, �

(s)

2
− �

(s−1)

1
, �

(s)

3
− �

(s−1)

1
,… , �(s)

n
− �

(s−1)

1
,… ∈ B

js
1
, s ≥ 1.

�
(N)

1
− �

(m1−1)

1
= (�

(N)

1
− �

(N−1)

1
) + (�

(N−1)

1
− �

(N−2)

1
) + ⋅ ⋅ ⋅ + (�

(m1)

1
− �

(m1−1)

1
),

�
(N)

1
− �

(m2−1)

1
= (�

(N)

1
− �

(N−1)

1
) + (�

(N−1)

1
− �

(N−2)

1
) + ⋅ ⋅ ⋅ + (�

(m2)

1
− �

(m2−1)

1
).
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Hence, Λ is a finite set. This completes the proof of Theorem 1.5 (i). 	� ◻

When p, q, r, an, bn, cn are restricted to be odd numbers, we can get the exact 
number of orthogonal exponential functions in L2(�M,{Dn}

) . Using Lemma 4.4 and 
Lemma 4.5, we can now prove Theorem 1.5 (ii).

Proof of Theorem 1.5 (ii)  Let Λ be a bi-zero set of �M,{Dn}
 . Suppose that #Λ = 5 and 

Λ = {0, �1, �2, �3, �4} , we have Λ⧵{0} ⊂ B1 ∪ B2 ∪ B3 . By the pigeonhole principle, 
there exist at least two distinct elements that belong to the same Bi0

, i0 ∈ {1, 2, 3} . 
Without loss of generality, we assume that �1, �2 ∈ B1 . Let �n = (xn, yn, zn)

T for 
n = 1, 2, 3, 4 . Hence, x1, x2 ∈ H1 by Lemma  4.5 (i). For two distinct numbers 
n1, n2 ∈ {1, 2, 3, 4} , we set �n2 − �n1

∶= (xn2,n1 , yn2,n1 , zn2,n1 )
T . From x2, x1 ∈ H1 and 

Lemma 4.4 (i), we obtain x2,1 = x2 − x1 ∈ G . According to the property of bi-zero 
set Λ , we have �2 − �1 ∈ B1 ∪ B2 ∪ B3 . By Lemma 4.5 (iii) we have �2 − �1 ∉ B1 . 
So �2 − �1 ∈ B2 ∪ B3 and y2,1, z2,1 ∈ H1 . Assume that �2 − �1 ∈ B2 , we consider the 
following three cases, since x3 ∈ ℝ = H1 ∪ K ∪ G is a disjoint union.

Case 1. x3 ∈ H1 . Let

Then x3,1, x3,2 ∈ G by Lemma  4.4 (i). Combining with Lemma  4.5 (iii), we have 
y3,1, y3,2, z3,1, z3,2 ∈ H1 . Then y2,1 = y3,1 − y3,2 ∈ G, z2,1 = z3,1 − z3,2 ∈ G by 
Lemma 4.4 (i). This is a contradiction to H1 ∩ G = �.

Case 2. x3 ∈ K . From Lemma 4.4 (iii), we know x3,2, x3,1 ∈ K , and because of 
the Lemma 4.5 (i) we obtain �3 − �2, �3 − �1 ∈ B2 ∪ B3.

•	 If �3 − �2, �3 − �1 ∈ B2 , on the basic of Lemma 4.5 (i), we have y3,2, y3,1 ∈ H1 . 
Hence y2,1 ∈ G , a contradiction to H1 ∩ G = �.

•	 If �3 − �2, �3 − �1 ∈ B3 , on the basic of Lemma 4.5 (i), we have z3,2, z3,1 ∈ H1 . 
Hence z2,1 ∈ G , a contradiction to H1 ∩ G = �.

•	 If �3 − �2 ∈ B2 , �3 − �1 ∈ B3 and �2 − �1 ∈ B2 , by Lemma  4.5 (i), we obtain 
y3,2, y2,1 ∈ H1 , then we have y3,1 ∈ G . Applying Lemma  4.5 (iii), we know 
x3,1, z3,1 ∈ H1 . This contradicts to H1 ∩ K = �.

Case 3. x3, x4 ∈ G . By �3, �4 ∈ B1 ∪ B2 ∪ B3 and Lemma  4.5 (iii), we have 
y3, y4, z3, z4 ∈ H1 , therefore y4,3, z4,3 ∈ G . Since �4 − �3 ∈ B1 ∪ B2 ∪ B3 , we have 
x4,3, y4,3 ∈ H1 by Lemma 4.5 (iii), this is a contradiction.

Now we construct a bi-zero set of �M,{Dn}
 to show that the number 4 is the best. 

Let

It is easy to see (Λ − Λ)⧵{0} ⊂ Z(𝜇̂M,{Dn}
) . The proof is complete. 	�  ◻

�3 − �1 = (x3,1, y3,1, z3,1), �3 − �2 = (x3,2, y3,2, z3,2) ∈ B1 ∪ B2 ∪ B3.

Λ =

⎧⎪⎨⎪⎩

⎛
⎜⎜⎝

0

0

0

⎞⎟⎟⎠
,

⎛⎜⎜⎜⎝

p

2a1

−
q

2b1

0

⎞⎟⎟⎟⎠
,

⎛⎜⎜⎜⎝

−
p

2a1

0
r

2c1

⎞⎟⎟⎟⎠
,

⎛⎜⎜⎜⎝

0

−
q

2b1
r

2c1

⎞⎟⎟⎟⎠

⎫⎪⎬⎪⎭
.
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At the end of this paper, we propose some nature questions.

Question 4.6  If p, q, r ∈ 2ℤ + 1 and an, bn, cn ∈ 2ℤ , what is the exact number of 
mutually orthogonal exponential functions in L2(�M,{Dn}

)?

Question 4.7  Does there exist an infinite orthogonal exponential functions in 
L2(�M,{Dn}

) if and only if two of the three numbers p, q, r are even?
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