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Abstract

The aim of this paper is to study a fractional system involving critical non-lineari-
ties. Using the Mountain Pass Theorem, the existence of ground state solutions for
our problem is obtained in two cases.
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1 Introduction

In the past few decades, Laplace equations or systems have been extensively studied,
and there are many results about multiple positive solutions, ground state solutions,
sign-change solutions and so on (see [8—10, 14, 15, 17] and references therein). In
addition, the coupled Schrodinger system involving Laplacian appears in several
branches of physics. It can accurately describe the multiplicate chemical reaction
catalyzed by the catalyst grains under constant or variant temperature. Moreover, it
can describe the interaction between the non-linear Schrodinger field and the elec-
tromagnetic field. The author in [3] studied a class of coupled quasi-linear semilin-
ear Schrodinger system

—Au+a(x)u = F,(x,u,v), x€RV,
—Av+ b))y = F,(x,u,v), x€RV,
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where F € C1(R" x R2, R). With the help of the generalized mountain pass lemma,
the author proved that the system has a nontrivial solution. Since then, the coupled
quasi-linear Schrodinger system has attracted more and more attention from related
scholars (see [1, 2] and the references therein).

In recent years, fractional differential equations have played an important role in
many fields such as science, electrical circuits, engineering and applied mathematics
(see [11, 12]). Compared with the Laplace problem, the fractional Laplace problem is
non-local and faces greater research difficulty. In recent years, both elliptic fractional
and non-local operators have received great attention in the research of pure mathemat-
ics and the practical application of mathematics (see [6, 7, 16] and references therein).
Therefore, the study of coupled systems is natural. Consider the following fractional
system:

(=AY u+ pu=uP'lu+ v, xRV,
AYv+w= 2+ Ay, xeRY,

where (—A)* is the fractional Laplacian ,u, v and A are parameters, 0 < s < 1,
N >2s, A< y/uv,1 <p<2"—1,2"=——is the Sobolev critical exponent. The
authors in [19] proved that there exists a y, € (0, 1), such that when 0 < u < p,
the system has a positive ground state solution. When p > u,, there exists a
Auy € [V = po)v, \/W), such that if > 4, ,, the system has a positive ground
state solution; if 4 < 4, ,, the system has no ground state solution.

In [13], the authors studied the small energy solutions of the coupled fractional
Schrodinger system with critical growth. Using a variant of fountain theorem, when the
Ambrosetti-Rabinowitz (AR) condition is not satisfied, the criterion for the existence
of an infinite number of small energy solutions was explained.

As far as we know, there are few research results on concave—convex non-linear
fractional elliptic systems. In [4], the authors studied the multiple solutions of fractional
equations that satisfy the homogeneous Dirichlet boundary conditions. They obtained
multiple solutions for the following fractional elliptic system:

(=AYu = Aul92u + %|u|a—2u|v|ﬂ, XEQ,
=AYV = w7+ 2l Py, xeq,

u=v=0, xERN\ Q,
where Q is a smooth bounded set in R, n > 2s, with s € (0, 1), (— A)S is the frac-
tional Laplace operator; A, 4 > 0 are two parameters the exponent —- < 2;a>1,
p > 1 satisfy 2<a+ﬁ—2§f, 2;5—
exponent.

In [18], the authors focused on the following critical case fractional Laplacian
system:
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(=AY u+ Aju= py|ul®>2u+ Zu|*2uy?  nQ,
(=A)V+ Ay =y [v|* 2y + 2—f|u|"‘|v|ﬂ‘2v in Q,
u=v=_0 in RV \ Q,

where (—A)® is the fractional Laplacian, 0 < s < 1, u;, uy > 0, 2* = 1% is a frac-
tional critical Sobolev exponent, N > 2s, l < a,f <2, a + f =2%, Q 1s an open-
bounded set of RY with Lipschitz boundary and 4,, 4, > /1]’3(9), Ay is the first
eigenvalue of the non-local operator (—A)* with homogeneous Dirichlet boundary
datum. Using the Nehari mainfold, the authors proved the existence of a positive
ground state solution of the system for all y > 0. Then, the asymptotic behaviors of
the positive ground state solutions are analyzed when y — 0.

Recently, the positive ground states for a system of Schrodinger equations with criti-
cally growing non-linearities have been studied by many authors. At the same time,
new difficulties have arisen. Due to the non-linearities, sometimes traditional meth-
ods have lost their effectiveness. Therefore, from the perspective of the Palais—Smale
sequence of the functional, the authors in [5] studied the following system:

—Au = Au+ |ul* v in Q,
—Av=puv|* 2+ u*%u in Q,
u>0,v>0 in Q,
u=v=0 on 0Q,

where Q is a bounded domain of RV, N > 4, 2* = 1% A€ R and u >0 . They
obtained existence and nonexistence results, depending on the value of the param-
eters A and p.

Motivated by the above works, especially by [5], we propose the problem

(=AYu=Au+ux2v, xeQ,
(=A)'y = ,uvzj_l +ux ! xeQ,

u>0,v>0, x € Q, M
u=v=0, x€RN\ Q,
where 0 <s <1,N > 4s, 27 1= 2N s the fractional Sobolev critical exponent, £

is an open-bounded domaln of R with Lipschitz boundary, A, u are parameters and
u>0.
The fractional Laplacian operator can be defined by
(—A)u(x) = Cy ,P.V. / ) — uG) 4

RV |x_y|N+23
= Cy, lim

u(x) — u(y)
vz B
e=0% Jpe(y |x — y|¥+

=_1CN5/ u(x+y)+u(1)\f—2y)—2u(x)d
RV |y| N+

s

where Cy ; is given by
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_ 1—cos(¢) .\~
CN“(/RN ||V dc) ’

and P.V. is the principle value defined by the latter formula.
Define Hilbert space D*(€2) as the completion of C°(€2) with respect to the norm
Il - || ps induced by the following scalar product:

(U, v)ps 1= dxdy.

Cus / (1) = () (v) = v(»)
R2N

2 Ix_y|N+2s

If Q is an open-bounded Lipschitz domain, then D*(Q2) coincides with the Sobolev
space

X, :={feX:f=0ae. inQY},

where X is a linear space of Lebesgue measurable functions from RY to R, such
that the restriction to Q of any function f in X belongs to L*(Q) and the map
@y~ (f@) —f)lx— y|_2+s is in L2(R*\ (Q° x Q°), dxdy), and Q° is the
complement of Q in RY. Consider fractional Sobolev space

H'(RY) := {u e LX(RY) : M IS L2(R2N)}
lx — yI

equipped the Gagliardo seminorm

C |u) — u(y)|?
2 c= VS wy =N
[M]H’(RN) L 2 /RzN |x _ y|N+25 dXdy

Define the fractional Sobolev space

H(Q) :={xe 'R") : u=0 ae. inQ},

1
CN,S |u(x) — u()’)|2 2
el i) 3=</1/ ] —dexdy) ,
Q 2 R2V\(QexQ¢) lx =yl
which was introduced in [14]. From u = 0 a.e. in Q°, it is easy to see that
= [ wPax= [ s

/ |u(x) — u(y)lzdxdy =/ |ua(x) —M(Y)|2dxd
RV\(@exe) X = Y[VF2S Ry |x — y|N+2s

Hence, we just denote ||ul| ;) by
1
Cy.s |u(x) — u(y)|? :
Nlullys = ,1/ |u|2dx+—/ —————o—dxdy ) .
RV 2 Jrv |x—yNEE
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and (H*(Q), || - ||z ) is a Hilbert space.
Indeed, the solutions of problem (1) correspond to critical points of the C! —func-
tional J : H*(Q2) X H°(2) — R given by

2

——M/|V|2dx /Iul2 “u

We are interested in nontrivial solutions of (1), namely solutions
(u,v) € H°(Q) x H*(Q2) with both u # 0 and v # 0, especially positive ground states
of (1). As it is known, the ground state solutions are the solutions of (1) that mini-
mize J on the Nehari manifold

J(u,v) =

2 L,
dx + —||V||Dv

llull3, —

N= {(u, v) € H'(Q) x H*(Q) \ {(0,0)} : G(u,v) = (0, 0)},

where

G(u,v) = <||M||Dv /|M|2dx /Iulz*_zuvdx
VP, = / V]2 dx / l 2uvdx>

The paper is organized as follows. In Sect. 2, we consider the limit case (Q = RV
and A =0). We provide results concerning the limiting problem for N > 4s and
the remaining problem N = 4s. Finally, in Sect. 3, we investigate the existence of
ground states for problem (1) and we prove our main result.

Theorem 1.1 If u >0 and A € (0, 1,(Q)), then problem (1) has a ground state
solution.

To estimate the energy levels of J, now, we consider the limit system

(=AY = Jul% 2y, x € RY,
(—=AYv = uv|E 20 + [u|*~2u, x € RY, @
u,v, € D'(RM).

We search for nontrival solutions of (2) as critical points of the functional

2 1 1 :
o) = =7l + 50 = g [ e [ s

defined in D*(RY) x D(RM). In particular, we investigate ground state solutions of
(2) of the form (ku,, lu,) with k,[ > 0, where the definition of u, is given by (3) in
Sect. 2. Therefore, we consider
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Ny = {(u, v) € (D'RY) x D*RM)) \ {(0,0)} : Gylu,v) = (0, 0)},

where
Go(u,v) = <Ilullfy—/ |u > 2uvdx,
[RN
IIVII%S—M/ |v[%dx — Iulzf_zuvdx>
RN RN
and
./\/I) = {(u, V) € (DS(RN) xDS(IRN)) \ {(0,0)} : Hy(u,v) = 0},
where

Ho(u,v) = 2§ = Dllullp, + VI3, —2f/ |l “2uvdx — [ |v[*dx.
RN RN

It is known that J\/z) and J\/6 are of class C'. For the limit case, we define that

A= inf Jy(,v)and A’ := inf J,(u,v), then we obtain the following.
(uv)EN, (u,v)e./\/[)

Theorem 1.2 Suppose that N>4s and u>0 hold. Let €¢>0, then

1 3-2¢
m 2}*—2 u..m Zf: -2 u
0 €0

. | is a ground state solution of (2) and

1 3-2%
72 252 A At S ((* 2 2\ QN/@2s
Jo(mo TR u> =A=A"= 22 = Dk + 1), /@),
where (ko, lo) is a solution of (5).

1
Theorem 1.3 Suppose that N = 4s and u > 0 hold. Let € > 0, then <\/mou€, \/_m_0u€>

is a ground state solution of (2) and

JO ( \/nTOue’

L )=a=a=Llop+n)s
N 4

where k, 1 is the unique solution of (5).

2 The limit problem

Before starting to prove, let us clarify some facts. Let S, be the best constant, such that
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llull

2 >

S, 1= in
weD @) u?,

then S, is attained by

) = k(€2 + |x = xp) 7

that is
e,
s T =2
7.
Normalizing % by [i|,. v, We obtain that
- u
U= ——.
|”|2;,RN
Thus
Sy = inf lullp, = Il
N Dl DS’
u € DS(RY
|M|2;«,RN—1

and u is a positive ground state solution of
(=A)Yu=Su>2u inRM.

Let

_N-=2s
u(x)=¢€ 2

ul(f), 3)

1
i
=

where u; = S;° " is a positive ground state solution of
(=A)Y'u=|u>2u inRY,
satisfying
= SNV/(29)

2 2
ey 13, = luy 25 = S
57

2.1 The limit problem for N > 4s

Define a function fy : (0, +00) = R
Ju(m) = m=—mE T 4 Hu.

Then, the function fy is strictly increasing and satisfies
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lirg Sy(m) = —co and lim fy(m) = +oo.
m—0+ m—+o0o0

Lemma 2.1 f, has at least one zero point. Let k, [ > 0 satisfy

Q= D+ P <2555+l 4)
Considering the system
3= 1,
uls "t kA =1, 5)
k,1>0,

then

ceey

where (k;, 1;) are solutions of system (5), and (ky, ly) is a particular solution of system

5).

Proof Multiplying the second equation of system (5) by /!, and then brought the
first equation of system (5) into it and simplifying, we obtain

k2l kN3
(7) ‘(7) +u=0

Obviously, fy has a finite number of solutions and system (5) has some solutions
correspondingly.

(i) If fy has a unique zero point m, then system (5) has a unique solution denoted
as (k. 1p).

(i) If fy has n zero points, which are denoted as m,;(i = 1,2, ..., n), then system
(5) has n solutions correspondingly denoted as

SR
252 252
(k;, 1) = m: " m’ .

then there exists a minimum one, which is denoted as

n’

Assume m; <my < - <m,
1 3-2%

252 2%

(ko, ly) := mg' ,m(f_2 . Then, we have

Q=D+ 15 = iz{gin n{(zj - D+ 7).

Fix k, [ > 0 satisfying (4) and
1
k; =kh%=2, [, =Ih%>2,

1
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25 =K+
where h .= >

= T Then
12k s~ s

I

1

ki k
[

3

so (k;, [;) are solutions of system (5). Since
O0<k <k 0<I <l
we conclude that
Q=D+ <2 =Dk + P
Thus
@ -Dig+15= i=IlI’12i.I-1.,n{(2:f - D+ 1} <@ = D>+ 1.
O

Proof of Theorem 1.2 For (au,,bu,) € N, we know that Gy(au,, bu,) = (0,0) , that
is

a3, = fr hae 5~ bude =0,
”bue‘”Dv - #/[RN |bu€|2AdX - f[RN IaMSIZJ_lbusdx = 01

it yields that

2

[late 1175 2%_3
- = as b,
Jan lul® dx
« llu 12, 25 -1
b2—2 ellps ass =0
t I ST T R )
Jrow I 5 dx [

then

a 2A*—1 a Zj—3
(z) ‘(;) +u=0.

Since fy admits a minimum nontrivial zero point m,, then m; = % We derive

1

17 7=
2 2
a=lm0|luE|IDJ</ |ut, | dx) ] ,
RN

1

3-2¢ HER
-2 2 2
b =|m, ||u€||DA</ ot | adx> ,
[RN

(au,, bu,) € N,

which ensures that
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T
m> " ,m>" ). Since N, C N, then
o "o : 0 0’

and system (5) has a solution (ky,/;) =
A’ < A. Also, by J (kgu,, lyu,) = 0 and (kou,. lyu,) € Ny C N, we have
3-2F

% F_5 Ky « s
A'<As Jo<méf Cttemy u) = (@ = Dk + )Y/,

Take {(u,,v,)} C ./\/6 a minimizing sequence, we get J,(,,v,) = A’. Using Sobolev

embedding and Holder inequality, we deduce that

5.]@; = Dl + 1, .

2 2
< (25 = Dlluyllps + 1valls

241 2
=2:</ |un| ' vndx+/”/ Ivnl sdx
RN RN

2f-1 i
<2j;/ lu,| = dx/ |vn|2vdx+,u/ v, | dx.
RN RN RN

Thereby, we obtain that

2N 2 BN :

EY Ll Y %
S2§<Ss“ Iunlz;> (Ss‘” |an2;«> +ﬂ<5545 |un|z;«> ;

by Lemma 2.1, it is easy to verify that

1=~
@ = DR +5 <877 @ = Dl B+ v, 3. |

which leads to

A" +o0,(1) = Jy(u,, v,)
= Ilee, |l 5 + §||Vn||D.; ok [v, |7 dx — [ug,, | ™" u, v, dx
s RN RY

" (A |vn|2fdx> ]

S [
= ﬁ[(ZS = Dllu, I3, + Iv,15]

2% @ -1 % d
2= [ )

(@F = Dig + 1) SN,

2w
BN

\Y

\%

5
N

It follows that:
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_ s s 2 2\ oN/(2s)
A= 2 (@) = Dig + 12)sN/39),

1 3-2¢
Thus, (m;; - Ug, m(? - u5> is a ground state solution of system (2). O

2.2 The limit problem for N = 4s

In this subsection, we consider the limit problem for a general N = 4s. We notice
that in the previous subsection, the key points consist of the existence of a zero of
the function f,, and the solution of the system (5). Similarly as before, it is easy
to see that

fmy=m>—m+u, m>0,
kl=1,

uBP+13 =1,
k,l> 0.

To prove Theorem 1.3, we give the following property.

Proposition 2.2 Suppose that y €

0, ‘1/—05> holds.

(i) For u =0, ./\/I) does not contain semitrivial couples.

(ii) For u E(O,ﬁ), N does not contain semitrivial couples (u, 0) and
10 0

A" < inf  J,(0,v).
(O,V)E/\/I) 0( )

Proof (i) For u = 0, a straightforward computation yields that
Hofwy) = @ = Dl + 0l =2 [ 1l e
RN

For any (u,v) € N, if u=0 and v # 0, then Hy(u,v) = Hy(0,v) = ||v||é\, which is
a contradiction with the definition of /\/g Likewise, if v =0, u # 0, we also get a
contradition.

@i1) It is obvious that if u € (0, \1/_03)’ /\/B does not contain semitrivial couples

(u, 0). Next, we prove the second part of (ii). For any (0,v) € /\/6, we get
Hy©O,v) = |vIl3, - /4/ lv[*dx=0
RN

and
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Jo(0,v) = 1IIVI|,23.\- . po| rde= 1|IV|I%,.\ . IviiZ, = lIIVIIZ.w
2 2% 2 2% 4
N RN N

1
For every r > 0, (t(r)rv, 1(r)v) € Nj with 1(r) = (%) *, and then
1 G2+ 1)%u

A< Jo(t(r)rv, t(r)v) =1 151 .

2.
vl
s0, according to the definition of infimum, we deduce that

32 4+ 172
A/<(’3+—)” inf  Jy(0,v).
4r3+u  (OwmeN,

2 2
For u € (0, ﬁ) and r = —, we have w < 1; therefore, A’ < inf J,(0,v).
10 10u 4r3+u (0O.V)EN,

O

Proof of Theorem 1.3 By the same argument as the proof of Theorem 1.2, for every
(au,, bu,) € N, we have Gy(au,, bu,) = (0,0), that is

Natt, 12, = o lat, Pbu,dx = 0,
”bue”D: - ﬂme |bue|4dx - ./IR‘“ |aue|3bu€dx =0;

similarly, as in the proof of Theorem 1.2, it is easy to check that

“13

a= lmoquugy(/ |u€|4dx> ] ,
R4s

1

1 -1 2

b=l—||u€||;.</ |u€|4dx> ] .
mo R4.&

Then, system (5) has a minimum solution (/~<, 7) = <1/m R \/;_> Since /\/0 C ./\/6,
my

one has

1 1
—u, | =~
\/mg > 4
For u € [O,ﬁ), let {(u,,v,)} CJ\/O be a minimizing sequence, which implies

1
Jo(u,,v,) —>A9. By proposition 2.2, we assume u, # 0 and v, # 0. Then. from
Lemma 2.1

(Bk* +1)s2.

A <A< J0<\/m0ue,
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N+%m=%wm»——@wm;+wmm

2 2
3<3|un|2j +1v,2.)

(Bk* +1)S2.

2

4>|~4>|~

Therefore, A’ = i(37¢2 +12)$? and <,/m0u5, \/;m_ou€> is a nontrivial ground state

solution of (2).

3 Positive ground states for (1)

O

In this section, we study the existence of ground state solutions of problem (1)
and we will give the proof of Theorem 1.1. Before proving the main result, we
will give some Lemmas that will be used throughout this section. Since

GMWMH:(a—ﬁwwg—/ﬁﬁmumap/wﬁm>¢@m
Q Q

for all (u,v) € N, we get that A is a C'-manifold, where A is defined in (2).

Lemma 3.1 Assume that A € (0, 4,(Q)) and u > 0 hold, then N # §.

Proof For given u € H*(2), u > 0, we denote § = — -,
[leellys —Alluell

Then, let m,, be a strictly positive solution of
2N = o 4 = 0;

there holds

<(m05) T2y, (m(3)—2;*§)2§—_2 u> eN.

Denote

B := inf max J(w(?)),

wel re[0,1]

Il 7.

g —illullz,
/Q |u|?s 5 dx

where I' := {w € C([0, 1], H*(Q) X H*(Q)) : w(0) = (0,0),J(w(1)) < 0}.

Lemma 3.2 Assume that A > 0 and u > 0 hold, then B < A.
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Proof To prove B < A, we may assume that 0 € Q without loss of generality. Then,
there exists > 0, such that B,(0) C Q. Let ¢ € C(')(Q) be a non-negative function
with ¢ = 1on B,(0). For any € > 0, define U, := ¢U, . By [14], we obtain that

U2, =S¥/ 4 02, |U, I3 =S¥/ + O(e")
and
IUN7. = Cyyle)
for some C > 0, where

© - €+ 0EN>)  if N > 4ds,
YNVIEI= €] loge| + O(e?) if N = 4s.

Define (u,,v,) := (kU,,IU,), where (k,]) € R? k,1 > 0 and (kU,, [U, ) is a ground
state solution of the limit problem (2). Then

lu |12, = 2SN/ 1 0(N7), |Iv 12, = PSN@ 1 0(eN %),
|M€|§§ = leSiV/(zs) + O(eM), [2 u?_lvedx = szf—llsiv/(%) + O(SN)
and
lucll?, > Cyy(e) + O(eV2).

It is clear that

(2F = DK + P = 255+l

we have
2% — 1 2% — 1 |
__S 2 K 2 2
T, tv) ==l 3, = = /1/9 o, P+ L, 2,
—L*ﬂ/|tv€|2fdx—/|tu€|2i‘—'tvedx
2s Q Q
S%ﬁ[((z{: — 1)/(2 + l2)siv/(25) _ ACWN(G) + O(EN—Zs)]
— ZL*IZ: [((2: _ 1)k2 + lZ)SISV/(zs) + 0(€N)]
_lp(Ma voy) 1 o (NA v
=2 (T — ACy(e) +0(e"2) ) - e (T +0(e)).
Consider
1 %
h(t) = Eae - ; €

) Birkhauser
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where

a =NTA—/IC1//(€)+O(€2), b =N—A+0(€N).

€ € s

Obviously, for € > 0 and small enough

hey=3 = ’ A
maxh0 =g\ e ) <4
€
thus

B < max J(tu,,tv,) < A.
>0

Now, we define some notions which will be useful in the paper.
N = {(u,v) € (H'(QxH' Q) \ {(0,0)} : H(u,v) = 0},
where

H(uw) =2 = Dljully = @' = D)2 / 2+ VI,
Q

—M/lvlzjdx—Z;‘/lulz:_zuvdx
Q Q

A= {(u,v)e (H(Q) x H'(Q)) :M/|v|2ifdx+2j/|u|2?-2uvdx>o}
Q Q

and

the set of admissible pairs. Moreover, if 4 € (0, 4,(L2)), for all (u,v) € N, we have
that A/ is a Cl-manifold being. Notice that N'C V' C A, and for some constant
C > 0, we have

H(u,v) > [, )I* = Cllu, )|, (6)

where

2 2= lul, —A/ uldx +
Q

2
VI,
s

Proposition 3.3 Assume A € (0, A,(Q)) and u > 0 hold, then

inf J(u,v) = inf maxJ(tu,tv) =B > 0.
wv)eN (uy)eA >0
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Proof Taking (u,v) € A, if H(fu,7v) = 0, then

H(tu, ) = 2% = DPlullj, - (2} - 1)/1?2/ |ul>dx + P ||vII,
Q

—uts [ lEde =227 [ Ju)> " edx
s
Q Q

=7 [(2: = Dllull}, — 25 = 1A / |u|*dx + |]v]|3,
Q

—/,1?2:_2/|v|2jdx—2?fzj_2/|u|2:_2uvdx],
Q Q

that is

@ = Dlul, - 2 - DA /Q uldx + V2,

:22?-2<,4/|v|2?dx+2j/|u|2f-1vdx>;
Q “Ja

7= [((zj — Dllull?, — 2 - 1)/1/ Jua|>dx + IIVIIfy>
Q

1

-1 7=
<,u/|v|2fdx+2j/|u|2f_lvdx> ;
Q Q

we derive (fu, v) € M and J(fu, #v) > infM J(u,v). For any (u,v) € A, there exists

(u,v)E

t > 0, such that J(tu, tv) < 0, therefore

thus

i >
(M}Vr)lgA r?zsz J(tu,tv) > B. )

On the other hand, for any (u,v) € N, we have 7 = 1 and

inf J(u,v) > inf J(tu, ).
e ) Z (AL ) ®)

Taking w = (w, w,) € I', then for a small ¢, H(w(¢)) > 0 and
2 . \ .
H(w(1)) = 2J(w(1)) — NS [/4/ [wp ()% dx + 2 / lwy (D>~ 'w,(1dx| <0,
Q Q
which means that there exists # > 0, such that H(w(')) = 0, i.e., w(¢') € N. Thereby

B> inf J(u,v). )

(u,v)E/\/

Combining (7)-(9), there holds
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inf J(u,v) = inf maxJ(tu,tv)=B.
(uv)eN wv)eA >0

We prove B > 0. If J(u,,v,) — 0 and (u,,v,) € NV, then ||(u,,v,)|| = O which is a
contradiction with the inequality (6). Therefore, we have

inf Ju,v)=B>0

(u,v)E/\/

O

Now, we show a preliminary property before we prove the main result of this
section.

Proposition 3.4 Assume A € (0, 4,(Q)) and u > 0 hold. Then, every ground state
solution of (1) is nontrivial.

Proof Assume (u,v) €N, such that J(u,v)= ( ir)lfNJ . If v=0, then
u,v)E

(J'(u,0), (u,0)) = 0 implies u = 0. Now, suppose that u = 0. If g =0, then v =0.
So, let u > 0 and v is a nontrivial solution to

=AYy = |2, x e Q,
y=0, x€RN\ Q.

Observe that
inf{J(O, w) ©w € H(Q)\ {0}, [lwll3, = "/g |w|2?dx} <JO,v) = iR/fJ
smf{m, W w e @\ (0L vl = u | |w|2?dx}
and
inf{J(o, W we @\ (0, iy = [ |w|2?‘dx}

- %inf{nwufy W H@\ 0 = | |w|2?dx}
Q

N

= T inf{ il = w e H Q). wly. = 1}.

1
Then, ¥ = (#) v satisfies ||7]|,. = 1and
z ;

N

VI3 = sy /) = inflIwlp, = w & H'(@). wly; = 1),

which is a contradiction. Therefore, the ground state solutions of (1) are nontrivial.
O
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Theorem 3.5 Assume A € (0, 4,(Q)) and p > 0 hold, then there exists a ground state
(u, v) of J(u,v) = i/r\l/f] = ijr\lﬂfJ =B.

Proof By the Sobolev and Poincaré inequalities, we know that

2 2 % Z-1
Tuv) 2 (Ml + VI, = vl = Nl vl ) > d

for some d > 0 and p = 4/ ||u||%v + ||v||é5 sufficiently small.
For any (1, v) € H*(Q) X H*(Q) satisfying

M/|v|2idx+2j/|u|2f—1vdx>o,
Q “Ja

we obtain that

21 . .
S, ) = = [(23, = Dllull3, — 2= DA / |u|*dx + ||v||%]
Q

—t2j<%/ |v|2jdx—/ |u|2f—1vdx> — —00, ast — +o00.
25' Q Q

Therefore, there exists a (PS)g-sequence {(u,,v,)} € H*(Q) X H*(Q) for J at level B,
namely, a sequence, such that J(u,,v,) — B and J'(u,,v,) — 0. There holds

1
C Mty 1+ WvllD) STy, v,) = 24T @ v,), (0 0,)

s

<B+ D+ w2, + 1,113,

for some constant C > 0, which implies the sequence {(u,,v,)} is bounded. Thus,
consider a weakly convergent subsequence, it follows from Sobolev embedding the-
orem that there exists (i, v) € H*(Q) X H*(Q), such that:

u, = uin H*(Q), u, — uin LX(Q), u, - ua.e. onQ,
v, = vin H*(Q), v, = va.e.onf,

a7 = %7 in L%/%D(Q),

57 = 5! in L%/@7D(Q),

|un|2:_3unvn = u/> 3w in LX/ED(Q).

In fact, for any (£, %) € H*(Q2) X H*(Q2), we have
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|(J,(um Vn)s (5’ ’7)) - (J,(us V), (:» ’7)>|
@ = Dllluyllp — llellp) - IEllp: — 25 — 1) / (y — u)Edx

_@ - / (T, 122, = = 2mdx + (vl = [0 - Ml
—u / (I, 157 = o] e — / (Ju, 571 = |u|2?f—1>ndx| 0.

Therefore, J'(u, v) = 0. We claim that (u, v) # (0, 0). Otherwise
u, = 0in L*(Q). (10)

Since J is continuous and J(u,,v,) — B > 0, then (u,, v,) cannot converge to (0, 0)
in H°() X H*(L2). Thus, up to a subsequence, we may assume that (u,,v,) # (0,0)
and ||(u,, v,)|| = C > 0, (u,,v,) € A for all n € N. Taking a subsequence {(u,,k, vnk)}
of {(u,,v,)} in (H*(Q) x H*()) n A, then

! 2
<J (unk’ Vn,(), (unk’ vnk)> 2 ||(unk’ vnk)“ .
Thus, there exists a contradiction with
(J (5 vy, (v, )) = 0 as k — +oo.

Choose

1

-1 %=
1, = l<(2j—l)|lun||12y+||vn||12y><,u/|vn|2§dx+2j/|un|2j—lvndx> ]
Q Q

and we denote in the same way the functions in H*(€2) and their extensions in RV
putting the function equal to zero in RY \ Q, we have (t,u,,1,v,) € /\/B, and so

n’n’

oty t,v,), (tu,,1,v,)) = 0. (11)
Recalling (10), we conclude that
oty v, v,y = (' (w,,v,), (,,v,)) +o(1) = o(1). (12)

Thus, from (11) and (12), we get ¢, — 1. By Lemma 3.2 and Theorem 1.2 or Theo-
rem 1.3, we obtain

B<A=A <limJ(tu

n-n?

tv,) =B

which is a contradiction. Thus, (&, v) # (0,0) and (4, v) € N c N'. Likewise, we find
t, = 1, such that (t,u,,t,v,) € N, and according to Proposition 3.3, we have

n’n?

infJ < J(u,v) < lim J(t,u,,t,v,) = B=infJ < infJ;
N n—oco N N

thus, we completed the proof of Theorem 3.3. O
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To prove that the solutions of problem (1) are positive, we denote u = u, + u_,
where u, and u_ are, respectively, the positive and the negative part of u. We can write

2 -1 2 -1 |
) ==y = == [ e+ L
Q

1 * .
- EM/ |V+|2‘de_ / |u+|2“ Ide,
s Q Q

which is of C! class on H*(Q) x H*(€). Furthermore, one easily checks that

%m%@w=@—wmeh—@—M/MM

Q

@i - 1)/ 2 2vedx + [l - Il
Q
S Ly AT
Q Q

Lemma 3.6 Assume that for g > 0, we have {(u,,v,)} is a (PS)sequence for J .. One
gets that {(u,, v,)} is bounded and { ((un) (V) +) }is a (PS),-sequence for J,.

Proof Taking {(u,,v,)}a (PS),sequence for J_, there exists C > 0, such that

1
Cllaty 1+ Wvll5) T4t v = 52 (T s v, (4 v,))

<q+ 1+ /Ny |15, + 11v, 115

and so, {(«,,v,)} is bounded. We observe that
o(1) = (/' (u,,v,), (,)_, (v,)_))
= (2] = Dllu,llpllG) -l pe = (25 = 1)/1/ |(u,)_|*dx

Q
2% —1
HM%M%UM-/%M v,)_dx
Q
> C(lltllp 1)l + 1l )l )+

and then, ((1,)_,(v,)_) = (0,0) in H*(Q) x H'(Q) and [, (u)> " (v,)_dx — 0.
Therefore

ety v,) = T (@) (0)4)
2 -1 )
=~ Uluallp NGl p = ACaa)_ 1)

1 251
# 2l )l = [ @) 0, e~ 0
Q
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It is clear that {(u,),} is bounded and ((u,)_,(v,)_) — (0,0) in H*(Q). For any
(&, 1) € H(Q) x H*(Q), we derive that

[ ) = T () G0, G )|
- - 1>[||<un>_||D9||é||Dy - [ e | (Mn)i:_z(vn)_de]
10l Il
< (0N 12l + 1)l Il + 16, 127100l 121

< ()Mo + (1 1G5 Y- e ) (12 + ll3,)

and then, ||/’ (w,,v,) = J" ((w,),, V) DIl = 0, that is, {(«,,v,)} is a (PS)-sequence
for J,. O

Proof of Theorem 1.1 According to the proof of Theorem 3.5, we can know that the
functional J, satisfies the geometrical assumptions of the Mountain Pass Theorem.
For the functional J_, there exists a (PS)z-sequence {(u,,v,)} € H*(Q) X H°(L2). By
Lemma 3.6, we can assume that u, = (u,),, v, = (v,), and {(u,,v,)} is bounded.
Since J(u,,v,) = J, (u,,v,), we can obtain the same conclusion as Theorem 3.5.
Therefore, we get a ground state solution (&, v) of J with u,v > 0. Then, using the
strong maximum principle, we obtain that #, v > 0. The proof is completed. O
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