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Abstract
Let A and B be n X n positive semidefinite matrices, and let @, f € (0, 1) such that
a + f = 1. Among other inequalities, it is shown that

(a) If fis a non-negative concave function on [0, c0), then

s{(@f (A) + BF(B)) < 5,(f(V/2]aA + iBB]))

forj=1,...,n
(b) If fis a non-negative strictly increasing convex function on [0, co) with f(0) = 0,
then

s(f(aA + BB)) < V2s,(af (A) + iff (B))

for j=1,...,n. Here sj(X) denotes the largest jth singular value of the matrix
X.
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1 Introduction

Let M, (C) be the algebra of all n X n complex matrices. For a matrix A € M, (C),
let 5,(A),s,(A), ...,s,(A) denote the singular values of A (i.e., the eigenvalues of
|A| = (A*A)!/?) arranged in decreasing order and repeated according to multiplicity.

A matrix A € M, (C) is called Hermitian if A = A*. The notation A > 0 (A > 0) is
used to mean that A is positive semidefinite (positive definite). If A and B are Hermi-
tian and A — B is positive semidefinite, then we write A > B.

A matrix T € M,(C) is called accretive-dissipative if in its Cartesian decom-
position, 7 = A + iB, the matrices A and B are positive semidefinite, where A =
Rel = B0 and B =ImT = &=,

The spectral norm |[|| is the norm defined on M,(C) by ||A]| =max{
[|Ax|| : x € C", ||x|| = 1}.1tis known (see, e.g., [2, p. 7]) that for every A € M, (C),
we have

[A]] = 5,(A).
On M, (C), a unitarily invariant norm [||-||| is a matrix norm that satisfies the invari-
ance property |||UAV||| = |||A]|| for every A € M, (C) and for all unitary matrices

U,V eM,@O©).

If A is a Hermitian matrix with eigenvalues 4,(A), 4,(4), ..., 4,(A), arranged in
decreasing order and repeated according to multiplicity, then the minimax principle
(see, e.g., [2, p. 58 ]) says that

A(A) = max min (Ax,x)
J . s
dimM=j xeM (11)
llxll =1

and if A is any matrix, then

s;(A) = Jmax min ||Ax]||.
™Y xeM (1.2)
llxll =1

If a and b are real numbers, then we have

la+b| < V2|a+ibl. (1.3)

Matrix versions of this elementary and fundamental inequality have been given in
[6]. It has been shown (see [6, Theorem 1.1]) that for positive semidefinite matrices
A,B € M, (C), we have

s{(A+B) < V25,(A + iB) (1.4)
for j =1, ..., n, which is stronger than the inequality
1A+ BII| < V2114 +iBIIl. (1.5)
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Many important results for the singular values of accretive-dissipative matrices have
been discussed by several mathematicians. Some of these results have found inter-
esting applications in physics and in the geometry of operator ideals. A useful ref-
erence for such results is the book [2]. Special results relating singular values and
norms of T = A + iB with those of A and B may be found in [1, 5, 7, 8], and in other
papers cited therein.

2 A generalization of (1.4) and some related results

The aim of this section is to generalize the inequality (1.4). In order to do that, we
start with the following two lemmas. The first lemma is a well-known result that
can be proved by using the spectral theorem and Jensen’s inequality. The inequali-
ties in this lemma are of the Peierls-Bogoliubov type (see, e.g., [2, p. 281] or [10,
p- 101-102]). The second lemma (see, e.g., [2, p. 291]) has an important role in our
generalization of the inequality (1.4). Henceforth, we assume that every function is
continuous.

Lemma 2.1 Let A € M, (C) be a positive semidefinite matrix and x € C" be a unit
vector. Then
(@) {(f(A)x,x) <f({Ax,x)) for every non-negative concave function f on [0, 00).

(b) f({Ax,x)) < {f(A)x,x) for every non-negative convex function fon [0, ).

Lemma 2.2 Let A € M, (C) be positive semidefinite and let f be a non-negative
increasing function on [0, ). Then

s, (F(A)) = f(s,(A)
forj=1,...,n.
Now, we have the following result.
Theorem 2.1 Let A,Be€ M, (C) be positive semidefinite matrices, and let

a,f €,1)such thata + p = 1.

(a) Iffis a non-negative concave function on [0, 00), then

s(af(A) + BfB) < 5(F(V2laA +ipB| ) )

forj=1,...,n.
(b) Iffis a non-negative strictly increasing convex function on [0, co) with f(0) = 0,
then
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s,(f (@A + BB)) < V2s,(af (A) + if (B))

forj=1,...,n

Proof (a) Let fbe a non-negative concave function on [0, o). Then f'is increasing on
[0, 00). For every unit vector x € C", we have

((af (A) + Bf(B))x, x)
=a(f(A)x,x) + B{f(B)x, x)
<af({Ax,x)) + pf((Bx,x)) (by Lemma 2.1(a))
<f({(@A + BB)x, x)) (since f is concave) 2.1

gf(\/i l{(aA + ifB)x, x>|) (by the inequality (1.3))
<f (\/5 [|(¢A + ifB)x||) (by the Cauchy-Schwarz inequality).
Consequently,

si(af (A) + Bf(B)) = nax min  ((af(A) + Bf(B))x, x)
Y xeM
llx|l =1

(by the relation (1.1))

<max  min f(V2ll(@A +ipBxl)
dimM=j
xXEeEM
Ixll = 1

(by the inequality (2.1))

=f(d‘1$1112\14>§‘ min\/E |[(@A + ifB)x||) (since f is increasing)
e xeEM
llxll =1

=f<sj(\/5|aA +ipB] )) (by the relation (1.2))
=, <f<\/§|aA +ipB) ) ) (by Lemma 2.2),

as required.

(b) Let f be a non-negative strictly increasing convex function on [0, c0) with
f(0) = 0. Then f~!is a non-negative concave function on [0, o). So, applying part
(a) to the function f~!, we have

si(af "\ (A) + B\ (B) <s;( " (V2]aA + iBB))

22
= (\/Esj(aA + iﬁB)) 2

for j = 1,...,n. In the inequality (2.2), replacing A and B by f(A) and f(B), respec-
tively, we have
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sj(aA + pB) =s;(af ' (F(A) + B~ (f(B)))

2.3
<~ (Vs ara) + ipf()) @3

for j=1,...,n. Since fis increasing, we have
5(f(aA + pB)) =f (5,(aA + fB))
sf(f‘l (\/Esj(af(A) + iﬂf(B)))) (by the inequality (2.3))
=V/2s(af (4) + iBf(B))

for j=1,...,n, as required. O

To give our first application of Theorem 2.1, we need the following lemma, which
has been given by Tao in [11].

Lemma2.3 Let A,B,C € M,(C) such that X = [A* g] is positive semidefinite. Then
25,B) < s;(X)forj=1,...,n.

Our first application of Theorem 2.1 can be stated as follows.

Corollary 2.1 Let A,B,C,D € M, (C) such that T = B] is accretive-dissipative. If

A
CcCD
fis a non-negative strictly increasing convex function on [0, co) with f(0) = 0, then

o (r(1E=CLIELENY ) ¢ i, (HED2TND)

2 2
forj=1,...,n O

Proof In Theorem 2.1(b), letting A = ReT,B =ImT,anda = f§ = %imply that

5 <f<lm(12+ i)T>>

).

S\/ESJ- <f(ReT) + ifImT)

7 ) (by Theorem 2.1(b)).

Since ReT and ImT are positive semidefinite and Im(1 + )7 = ReT + ImT, then

w is positive semidefinite. It follows from Lemma 2.3 that
S(B"' C + B—.C*) < Im(1 + )T ’
I 2 2i J 2

and so
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sj<f<|(B—C*)';i(B+C*)|>> Ssj<f<w>> (2.5)

Now, the result follows from the inequalities (2.4) and (2.5).

Remark 2.1 1t should be mentioned here that Tao’s inequality given in Lemma 2.3
can be inferred from CorollarT 2.1. This can be demonstrated as follows: Let

A,B,C € M, (C) such that X = is positive semidefinite. Applying Corollary

A B
*C
2.1 to the accretive-dissipative matrix 7 = X + iX and letting f(f) = ¢, it follows, by
direct computations, that 2s,(B) < s;(X) for j =1, ..., n.
Another applications of Theorem 2.1 can be seen in the following corollary.

Corollary 2.2 Let A,B € M,(C) be positive semidefinite matrices, and let
a,p € (0,1)such that a + p = 1. Then

s;(aA? + pB’) < 2P/2s§’(aA +ipB), 0<p<l1

and
(e + fB) < V25,aA” +iBB?), 1<p<oo
for j=1,...,n.In particular,
5;{(A” + B) < 21—P/2s_§.’(A +iB), 0<p<l1 (2.6)
and
S/(A+B) < 27125,(AP +iBP), 1<p<oo 2.7)
forj=1,...,n.

According to the inequalities (2.6), (2.7), and using the fact that unitarily
invariant norms are increasing functions of singular values, we have the following
result.

Corollary 2.3 Let A, B € M, (C) be positive semidefinite matrices. Then
|| +Be||| < 22 11a + iBlILO < p < 1 238)
and

1A +BY|l| <2°7'2|||AP +iB’|||,1 < p < o0 (2.9)

for every unitarily invariant norm.
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Remark 2.2 1f we put p = 1 in the inequality (2.8) or ( 2.9), the inequality (1.5) will
be obtained. So, the inequality (1.5) can be considered as a special case of the ine-
qualities (2.8) and (2.9).

Based on Theorem 2.1, we have the following corollary.

Corollary 2.4 Let A,B e M,(C) be positive semidefinite matrices, and let
a,p € 0,1)suchthata + f = 1.

(a) Iffis a non-negative concave function on [0, 00), then
lllaf@) + s B < ||[F(V2laa +iB)| |
for every unitarily invariant norm.

(b) Iffis a non-negative strictly increasing convex function on [0, oo) with f(0) = 0,
then

IIf (@A + BB)I|| < V2IllafA) + iBfB)]|

for every unitarily invariant norm.
Now, we have the following lemma.

Lemma 24 Leta,b € [0,0),and let a, f € (0, 1) such thata + f = 1.

(a) Iffis a non-negative function on [0, o) such that f( \/;) is concave, then
af (@ + Bf(b) < f(|\/aa+iv/pb)).

(b) Iffis a non-negative function on [0, oo) such that f( \/;) is convex with f(0) =0,
then

af (@ + Bf(b) 2 (| V/aa+ iv/pb)).

Proof We prove part (a), the proof of part (b) is similar.
Letg(r) = f(\/;). Then g(¢) is concave, and so
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af (a) + pf(b) =ag(a®) + pg(b®)
Sg(ota2 + ﬁbz)

=g(’\/;a + i\/ﬁbr)
=f(|Vaa+iv/pb)).
Corollary 2.5 Leta,b € [0, ) and a, f € (0, 1) such that « + p = 1. Then
aa + 7 < |Jaa+iv/pb| for0<p <2
and
aa + p7 > |Vaa +iv/ph| for2 <p < co.
Based on Lemma 2.4, we have the following result.
Theorem 2.2 Let A,B € M,(C) be positive semidefinite matrices, and let

a,p € (0,1)such thata + f = 1.

(a) Iffis a non-negative concave function on [0, o), then

s(@f @) + prB) < 5,(f(|Vaa + V58| ) ) (2.10)
forj=1,...,n.
(b) Iffis a non-negative strictly increasing convex function on [0, oo) with f(0) = 0,
then
sfah + pBY) < 5, Vara) + VBB ) @.11)
forj=1,...,n

Proof (a) Let x € C" be a unit vector. Then

((af(A) + Bf(B))x, x)
=a(f(A)x, x) + B{f(B)x, x)
<af((Ax,x)) + ff((Bx.x))  (by Lemma 2.1(a))

sf(’ Va(Ax, x) + iv/B(Bx, x)') (by Lemma 2.4(a))
=f<’<(\/EA + i\/EB)x,x> >
()}

(2.12)
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So, the inequality (2.10) follows from the inequality (2.12) by an argument similar
to that used in the proof of Theorem 2.1(a).

(b) Let f be a non-negative strictly increasing convex function on [0, co) with
f(0)=0. Then f~'isa non-negative concave function on [0, c0). Now, the inequal-
ity (2.11) follows by applying part (a) to the function f~! and then using an argu-
ment similar to that used in the proof of part (b) of Theorem 2.1. a

Based on Theorem 2.2, we have the following two corollaries.

Corollary 2.6 Let A,B € M,(C) be positive semidefinite matrices, and let
a,p € (0,1)such thata + p = 1. Then

s;(aA? + pB’) < sf(\/EA +iVpB),0<p<2
and
sf(aA + pB) < sj<\/EAl’ + i\/EBI’>, 2<p< o
forj=1,...,n
Corollary 2.7 Let A,B € M,(C) be positive semidefinite matrices, and let

a,p €(,1)such thata + p = 1.

(a) Iffis a non-negative concave function on [0, 00), then

Ilaf(A) + BB < HWMAH@BD'H

for every unitarily invariant norm.
(b) Iffis a non-negative strictly increasing convex function on [0, o) with f(0) = 0,

then

1A + pB)III < ||| Vara) +iv/Ara)|||
for every unitarily invariant norm.
Now, we have the following result.

Theorem 2.3 Let A,Be M, (C) be positive semidefinite matrices, and let
a, f € (0,1) such that o* + p> = 1. If f is a non-negative function on [0, 0o) such that

f? is concave, then

s(af (A) + iff (B)) < V/25,(f(*A + f*B))

forj=1,...,n.
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Proof Let x € C" be a unit vector. Then
(laf(A) + iBf(B)°x, x) =||(af (A)x + iBf B)x||*
<(a|lf x|l + BlfB)xI)*
2@ IFAxI* + FAIIFB)xII%)
=2(a” (f*(A)x,x) + B (f*B)x, x))

<2(PFA({Ax, x)) + FF2((Bx, x)))
(by Lemma 2.1(a)) (2.13)

§2f2(<a2Ax,x> + <ﬁsz,x>)
(since f2 is concave on [0, c0))

=21*(((a’A + f°B)x, x))

§2f2(||(a2A + ﬁzB)x”).

So, the result follows from the inequality (2.13) by an argument similar to that used
in the proof of Theorem 2.1(a). O

Based on Theorem 2.3, we have the following corollary.

Corollary 2.8 Let A,Be€ M,(C) be positive semidefinite matrices, and let
a, B € (0,1) such that a®> + p> = 1. Then

sf(ocA”/2 +ipB"?) < Zsf(azA + p*B) (2.14)
forj=1,...,nand 0 < p < 1. In particular,
SHAPP? +iBP?) < 2°7PS7(A + B) (2.15)
and
s{(A+iB) < \/Es_}/ 2(A% + BY). (2.16)
Proof The inequality (2.14) follows directly from Theorem 2.3 by taking
f() =1/?,0 < p < 1. Also, if we put a> = 2 in the inequality (2.14), we obtain the

inequality (2.15). The inequality (2.16) is a special case of the inequality (2.15) by
taking p = 1, and replacing A and B by A” and B, respectively. O

In their investigation of singular value inequalities on the sector matrices, Drury and
Lin [9] proved that if A, B € M, (C) are positive semidefinite matrices, then

s{(A+iB) < V2s,(A + B) (2.17)
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for j=1,...,n, which is closely related to our inequality (2.16). It should be men-
tioned here that for j = 1, which corresponds to the spectral norm ||-||, the inequality
(2.16) is better than the inequality (2.17). In fact, it is known [4] that

s1(A+B) < s1(A"+ B

for 0 < r < 1. In particular, letting » = % and replacing A, B by A2, B? respectively,
we have

51/%(A2 + B?) < 5,(A + B).
For j > 1, we may have

s;/ A+ BY) > 5,(A + B),

as it can be demonstrated by considering A = [} i] and B = [(1) 8] . In this case,
21

X 1] and A2 4B = B ;] Now, sy(A2+BY) =Y 4ng

A+B=[ 5

$2(A +B) = 225 S0, we have s1/2(A% + B?) > s,(A + B).
According to Theorem 2.3, we have the following two corollaries.

Corollary 2.9 Let A,B € M,(C) be positive semidefinite matrices, and let
a, f € (0,1) such that a*> + p*> = 1.If f is a non-negative function on [0, co) such that
f2 is concave, then

lllaf@) + ipf Il < V2| ||f (a4 + 52B)]|
for every unitarily invariant norm.

Corollary 2.10 Let A, B € M, (C) be positive semidefinite matrices. Then, for every
unitarily invariant norm, we have

Il w2 < 2707 fea + 7
for 0 < p < 1.In particular,
114 + BI11 < V2|2 + 85|

Now, to give our next result, we need the following inequality, which follows
from the arithmetic-geometric mean inequality for singular values [3].

Lemma2.5 LetT € M, (C). Then
25(T%) < s,(T*T + TT*)

forj=1,...,n.
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Theorem 2.4 Let T € M, (C) with the Cartesian decomposition T = A + iB. Then
21T < AP +1BI)
forj=1,...,nand2 < p < .

Proof For every unit vector x € C", we have
((T*T + TT")x, x) =2(<A2x,x> + <Bzx,x>)
/
=2(((Ax.x) + (Bxx)))
/i
S2<2”/2_‘ ((A%c,x)p/z " <Bzx,x>p/2)>2 r 2.18)
<PP|APxx) + (B x x))*

(by Lemma 2.1(b))
=22"2P((|A| + |B|P)x, x)*.

It follows from the inequality (2.18) and the relation (1.1) that
s(T°T +TT*) < 22720 s?P(|AP + |BP) (2.19)

for j =1, ...,n. Now, the result follows from Lemma 2.5 and the inequality (2.19).
O

The following example shows that Theorem 2.4 is not true when 0 < p < 2.

Example 2.1 Consider A = [1 0] ,B= [O 0] ,and p = 1. Then A and B are positive

00 01
. . . . 10 » |1
semidefinite matrices with |A| + [B| = 01 and T? = o -1l

sT(JA| + |B|) = s3(T?) = 1. So, we have \/Esi/ (T?) > s,(|A] + |B)).

Now,

According to Theorem 2.4, we have the following corollary.

Corollary 2.11 Let T € M, (C) with the Cartesian decomposition T = A + iB. Then,
for every unitarily invariant norm, we have

T T+ 7771| < 227277 || (AP + 1BP)7 |

and

<2

(AP +1817" |||

for2 <p < c0.
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3 Somerelated resultsforA>B >0

In this section, we give some results for positive semidefinite matrices A, B with
A >B.
We start with the following result.

Theorem 3.1 Let A, B € M, (C) be positive semidefinite matrices such that A > B.
Then

sf.(Al/ﬂ —B'/P) <s5{(A +iB)
forj=1,...,nandl < p < .

Proof Since f(f)=1t'/? is a matrix monotone function for 1 < p < oo, we have
Al/P > Bl/p,
For every unit vector x € C", we have
<(A1/p - Bl/”)x,x>p =(<A1/Px,x> - <B1/”x,x>)p
§<A1/”x,x>p - <B1/”x,x>p

S’(Al/”x,x>p + i<Bl/px,x>p’ 3.1
<|{Ax,x) + i(Bx,x)| (by Lemma 2.1(b))
<|l(A + iB)x||.

So, the result follows from the inequality (3.1) by an argument similar to that used in
the proof of Theorem 2.1(a). O

The following example shows that Theorem 3.1 is not true without the assump-
tion A > B.

Example 3.1 Consider A = [1 1] ,B= [1 0] ,and p = 1. Then A and B are positive

11 00
. . . . 01 . 1+i1
semidefinite matrices with A 2 B,A—B = 11l and A+ iB = Ik Now,

s2(A-B) = # and s3(A + iB) = == 21 'So, we have 5,(A — B) > s,(A + iB).

The following example shows that Theorem 3.1 is not true when 0 < p < 1.

Example 3.2 Consider A = [2 1] ,B= [1 0] ,and p = 1/2. Then A and B are posi-

11 00

. . . . . 2 2 . 2 + i 1
tive semidefinite matrices with A > B,A* — B~ = 39| and A+ iB = 11l
Now, s3(A?—B*)=19—-14/360 and s5(A+iB)=30—1/89. So, we have
5,(A2 — B?) > s%(A + iB).

According to Theorem 3.1, we have the following corollary.
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Corollary 3.1 Let A, B € M, (C) be positive semidefinite matrices such that A > B.
Then, for every unitarily invariant norm, we have

||tz = By ||| < 1114+ i1l
forl < p < 0.
Now, we need the following lemma to give our next result.

Lemma3.1 Leta,b € R. Then

la + ib|? < 2P/7(|al” + |b|P) (3.2)
for2 < p < o,and

2027 Y(|al? + |b|P) < |a + ib|? (3.3)

forO<p <2,
Proof Fora,b € Rand2 < p < oo, we have

la+ ibl? =(|a + ib?)""?
=(laf* + |b|*)/?
<27 Y(lal? + |bI7),

which proves the inequality (3.2). Similarly, one can prove the inequality (3.3).

Theorem 3.2 Let A,B € M, (C) be positive semidefinite matrices such that A > B.
Then

S(A-B) < 2°/>715,(A” + BP)
forj=1,...,nand2 < p < .

Proof For every unit vector x € C", we have
((A = B)x,x)’

=({Ax, x) — (Bx,x))’
<K{(A + iB)x, x)|’
=|(Ax, x) + i(Bx, x)|
<2P/*71((Ax,x)” + (Bx,x)") (by the inequality (3.2))
<2271 ((APx, x) + (B"x,x)) (by Lemma 2.1(b))
=2P/2"1((AP + BP)x, x)
<2P271||(AP + BP)x]|.

(3.4)
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So, the result follows from the inequality (3.4) by an argument similar to that used in
the proof of Theorem 2.1(a). O

The following example shows that Theorem 3.2 is not true when 0 < p < 2.

Example 3.3 Consider A = [é ?] ,B= [(1) 8] ,and p = 1. Then A and B are positive
30 10

semidefinite matrices with A > B,A+ B = 01l and A—-B= 01l Now,
s2(A+ B) = s3(A — B) = 1. So, we have 5,(A — B) > 27/25,(A + B).

According to Theorem 3.2, we have the following corollary.

Corollary 3.2 Let A,B € M,(C) be any positive semidefinite matrices such that
A > B. Then, for every unitarily invariant norm, we have

I11(A = BY||| <2°/%711||A” + B?|||

for2 < p < 0.

4 AresultforT=A+iBwhenA >0

In this section, we give a result for matrices with positive definite real parts based on
the following two lemmas. The first lemma can be found in [2, p. 75] and the second
one can be easily proved.

Lemma4.1 Let A,B,X € M, (C). Then
s{(AXB) < [|A][|IBlls;(X)

forj=1,...,n.

Lemma4.2 Let X € M, (C) be Hermitian and letY = I + iX. Then

s;(Y) <1+ sj’(X)
(a)

forj=1,...,nand0 < r < 2.
$1) 27711+ 5(X))
(b) ' '

forj=1,...,nand2 < r < co.

The condition number of an invertible matrix A € M,(C) is defined by
k(A) = ||A]|||A~"||- Based on Lemmas 4.1 and 4.2, we have the following result.
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Theorem 4.1 Let T € M, (C) with the Cartesian decomposition T = A + iB such that
A is positive definite. Then

s;(T) <s(A) + k’(A)s;(B)
forj=1,...,nand 0 <r < 2.

Proof Since T = A + iB, we have A~'/2TA~1/2 = [ +iA=1/2BA~'/2. By part (a) of
Lemma 4.2, we have

s;(A—lﬂTA-l/z) <1+ s;(A—WBA—lﬂ). 4.1)

Now,
s;(T) ZS;(A1/2A—1/2TA—1/2A1/2)
g||A||’s;(A-1/2TA—1/2) (by Lemma 4.1)
<|IA|I"(1 + sj’.'(A‘l/zBA‘l/z)) (by the inequality (4.1))
<lAll" + 11All"
=5}(A) + K (A)s}(B),

A ||rs;(B) (by Lemma 4.1)

as required. O

Using an argument similar to that used in the proof of Theorem 4.1 , one can prove
the following related result.

Theorem 4.2 Let T € M,,(C) be with the Cartesian decomposition T = A + iB such
that A is positive definite. Then

si(T) < 27 (sT(A) + K (A)s7(B))
forj=1,....,nand2 <r < .

For a matrix A € M,,(C) it is known that k(A) > 1. So, one might ask whether the
following two inequalities hold:

sT(T) < s7(A) + s7(B)
forj=1,...,nand 0 < r < 2,and
$;(T) < 277 (s7(A) + 57(B))

for j=1,...,nand 2 < r < o. In fact, the following example shows that they are
false for r = 2.
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matrix with s%(A) =4 and B is a Hermitian matrix with s%(B) =2.ForT =A+iB,

SAT) = % and s3(T) = @ So, we have s2(T) > s3(A) + s2(B).

Example 4.1 Consider A = [2 0] ,B= [1 _11] . Then A is a positive definite
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