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Abstract

In this paper, we investigate commuting dual truncated Toeplitz operators on the
orthogonal complement of the model space K 3 Let f, g € L, if two dual truncated
Toeplitz operators Dy and D, commute, we obtain similar conditions of Brown—
Halmos Theorem for Hardy-Toeplitz operators, that is, both f and g are analytic, or
both f and g are co-analytic, or a nontrivial linear combination of f and g is constant.
However, the first two conditions are not sufficient, one can easily construct two non-
commuting dual truncated Toeplitz operators with analytic or co-analytic symbols.
We prove that two bounded dual truncated Toeplitz operators D ¢ and D, commute
if and only if f, g, f(u — A) and g(u — 1) all belong to H? for some constant A; or
f.&, f(u—2) and g(u — A) all belong to H? for some constant A; or a nontrivial
linear combination of f and g is constant.
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1 Introduction

Inspired by Sarason’s seminal paper [11], many work in the study of truncated Toeplitz
operators has been done over the past ten years [1,2,6,8]. In particular, the study of
algebraic properties of Toeplitz operators is an active area of research [4,12]. This
paper aims to study the commutativity of two dual truncated Toeplitz operators, where
the dual truncated Toeplitz operator is a newly defined operator on a Hilbert space of
harmonic functions that closely relates to truncated Toeplitz operators.

We start by recalling a few basic definitions and facts. Let H? be the classical Hardy
space of open unitdisk D = {z € C : |z] < 1} and L? = L?(T) be the usual Lebesgue
space on the unit circle T = {z € C : |z] = 1}. The space L is the collection of
all essentially bounded measurable functions on T, the space H® consists of all the
functions that are analytic and bounded on ID. Let P be the orthogonal projection from
L? onto H?. One defines for f and g in L the Toeplitz operator Ty and dual Toeplitz
operator S, on H 2 and (H?)*, respectively, as the following:

Trx = P(fx), x e H?,
Sey = (I = P)(gy), yeH)

To each non-constant inner function u and f € L?, the truncated Toeplitz operator
Ay is densely defined on model space K 3 = H? 6 uH? by the formula

Apx = Pu(fx), xeKz.

Here P, = P — M, PMj is the orthogonal projection from L? onto K,f. Then we
define the dual truncated Toeplitz operator Dy on the orthogonal complement of K 3
by:

Dry = - P)(fy), ye(EKH

Clearly, D} = Df and | Dy|l = || flleo [7, Property 2.1.].

Brown and Halmos [3, Theorem 9.] give a necessary and sufficient condition for
the commutativity of two Toeplitz operators. By anti-unitary equivalence [9] of T
and S 7, means Sy Sy = SgSy if and only if T¢ Ty = T¢ Ty, one gets immediately that
Sy and S, are commuting if and only if either both f and g are analytic, or both f
and g are co-analytic, or a nontrivial linear combination of f and g is constant.

Such equivalent property does not hold for truncated Toeplitz operators and dual
truncated Toeplitz operators. It is easy to observe that two truncated Toeplitz operators
with analytic symbols commute. I. Chalendar and D. Timotin [4] have a general
criterion for the commutation of truncated Toeplitz operators. However, one can easily
construct two non-commuting dual truncated Toeplitz operators with analytic symbols.

Example 1 Let u be an inner function with u(0) = 0. z and zu are analytic functions.
It is easy to check that D; D, ;7 = zu and D,;D.z = 0. Hence D.D,; # D, D;.
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It’s not hard to understand the above example if one sees that D ¢ lives on (K2)*- =
uH? @ zH?2, a Hilbert space of harmonic functions, while A ¢ is on K 2 a Hilbert

w
space of analytic functions. Also, D s behaves differently from the Toeplitz operators
on the harmonic Bergman space [5].

For the commuting problem of dual truncated Toeplitz operators, an interesting
aspect is that we only need to consider the dual truncated Toeplitz operators with
analytic symbols (see Theorem 2). Here, we turn this problem into a mixed commuting
problem of three Hankel operators (H H; Hy = Hz Hi H ;) that still remains unsolved
in classic Hankel operator theory.

We can now state our main result.

Theorem 3 Let u be a nonconstant inner function and f, g € L. Then
DyDg = DgDy

if and only if one of the following cases holds:
1. f,g fu—21)and g(u — 1) all belong to H> for some constant X,

2. £,& f(u—2X)and g(u — )) all belong to H*  for some constant A,
3. a nontrivial linear combination of f and g is constant.

2 Necessary condition

For f and g in L2, let

fr=Pf, f-=P_f=-P)}f.

Let A and B be bounded operators on a Hilbert space, then the commutator of A and
B is define as

[A, B]= AB — BA.
Define an operator V on L? by
Vi(w)=wf(w)

for f € L. It is easy to check that V is anti-unitary. The operator V satisfies the
following properties:

VZ=1, VPV =1-P, VT =S;V. 1)

—Ial2
Let K, = —— denote the reproducing kernel of H? at A and k), = ll_u‘))/-{l denote

1—wh
the normalized reproducing kernel of H? at A. Let us state the well-known result of

Brown and Halmos.
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Theorem 1 [3, Theorem 9.] (Brown-Halmos Theorem.) For W and ¢ in L*°. Then
TyT, =TeTy

if and only if at least one of the following holds:

1. both  and ¢ are analytic,
2. both r and ¢ are co-analytic,
3. a nontrivial linear combination of W and ¢ is constant.

If Ty and T, satisfy
LTy, TT, = [Ty, T, ],

it follows from [3, Theorem 6] and [13, Corollary 4.5] that Ty and T, commute. The
following lemma generalizes the above result for arbitrary inner function instead of
function z.

Lemma 1 Let u be a nonconstant inner function. On the Hardy space H?, for f, g €
L, if

[Ty, Tgl = TalTy, T, 11,

then either

1. both f and g are analytic, or
2. both f and g are co-analytic, or
3. a nontrivial linear combination of f and g is constant.

Proof Assume [Ty, Tyl = T;[Ty, Tg1T,, we have
Tng - Tng = Tﬁ”fTu”g bl Tﬁ”gTM”f

for each positive integer n. In [10, Lemma 2.1], Guo and Wang obtained 7= — 0
(SOT), for F € L?, P(i"F) = P(i"F,), thus

lim |P@"F)ll2 =0,
n—00
and
(I —PYW"F)|la=||[VPVu"F| =||[VPu"(VF)|, > 0, as n — co. (2)
Write

(Tin f Tun gk, k) = (Pl f P(u" gk,)], k)

=
= (’/_‘nfp(ungkz)v kz)

= (f8ke, k) — (" f (I — P)(u" k), k)
= (fgkm kz> - ((I — P)(u"gk,), unsz>‘
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Note that the Cauchy-Schwarz inequality yields
N = PYW"gky), u" fk:)| < ||[(I — P)(u" gk)|[al| fkell2,
Using (2), we have
lim (Tﬁ"fTu”gkz’ kz) = (fgks, k;).
n—o0
Similarly,
lim <TL_¢"gTu"szs kz) = (fgks, k;).
n—oQ
Hence
([Tr, Tylk;, k) = 0.
Since Berezin transform is one-to-one, [T, Tg] = 0. By Brown-Halmos Theorem

(see Theorem 1), it follows that either both f and g are all analytic, or f and g are all
co-analytic, or a nontrivial linear combination of f and g is constant. O

Recall that the Hankel operator H with symbol f € L? is densely defined by
Hyx = (I — P)(fx), forx € H?, (3)
and H7 is defined by
H}y = P(fy), fory € [H]".

If My is expressed as an operator matrix with respect to the decomposition L? =
H? @ zH?2, the result is of the form

Ty H*
Mf:(H Sf).
fof

Since My My = M yq, we have

Tre =TT, + H;—H ; “4)
Hyy = HfTy + Sy H,g. %)

If g € H*, then H, = 0, (5) becomes
Hfg = Hng. (6)
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Similarly, if f € H*, (5) becomes
H¢e = SyH,. @)

Define the unitary operator

U:L*=H>®zH?) — [K}]* (= uH?> ® zH?)

M, 0
o= ().

Clearly, U* maps [K ,f]L to L2 and equals

«_ (M0
U _<0 1).

Next lemma gives a matrix representation of Dy. The representation is useful in
this paper and shows that the dual truncated Toeplitz operators on [K 3]L are closely
related to the Toeplitz operators and Hankel operators on H?2.

by

Lemma2 On L? = H> @ zH?, ¢ € L™,

*
U*DyU = ( Ty Hm/?). 8)
H,y Sy

Proof If f| is in H?, by the definition of Dy we have
Dyufi = uPugufi + (I — P)pufi.

If f> is in zH?2, similarly we have that
Dy fo =uPug¢ fr + (I — P)¢ fo.

Therefore for given [ f1, fz]T in H2 @ zH? the above calculation gives

« N ey (wN
v D¢U<f2>_U D¢<f2>

_ U*( uPupuf) +uPugfr )
(I = P)ypufi+ U —P)pf2
Pugufy + Pug f>

((1 = P)pufi + U — P)¢f2>

(i, %) (7)
Hyuy Sy )
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By Lemmas 1 and 2, we now obtain the necessary conditions similar to Theorem 1.
By Example 1, the conditions are not sufficient.

Theorem 2 Let f, g € L. Assume DyDy, = Dy Dy, then either

1. both f and g are analytic, or
2. both f and g are co-analytic, or
3. a nontrivial linear combination of f and g is constant.

Proof Assume DyD, = D,D. by the matrix representation (8) , we have

. * * *
U*DngU _ TyT, + Hungu T.fHug_*+ Hung
Hy, Ty + SpHgy HfMng + 8¢S,
and
* * *
U*DngU _ T,Tr + Hungu TgHuf;+ HugSf .
. Hg Ty + SgHyy Hg”Hfu+SgSf
Hence,

TyTy + H} s Hou = ToTy + HigHpu.

By (4), we have
TiTe —TeTy = TyfTye — TagTyy-

By Lemma 1, then either both f and g are analytic, or f and g are co-analytic, or a
nontrivial linear combination of f and g is constant. O

3 Necessary and sufficient condition

Since D% = D 7 Theorem 2 shows that the study of commuting dual truncated
Toeplitz operators can be reduced to the following question.

Problem 1 For which bounded analytic functions f and g, Dy Dy = DgD?

In the case of analytic symbols, we translate Problem 1 into solving an equation
about a Toeplitz operator and a Hankel operator.

Lemma 3 Let u be a nonconstant inner function and f, g € H, the following state-
ments are equivalent.

1. DyDgy = DyDy holds on [K2]*;

2. Dng = Djg Df holds on [KIE]J‘;

3. H,;T; + SfHug = HigTr + SgH, ; (H> — [H?]);

u
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4. Huf-Tg — Hf'Tug = Hung_ _ Hg_Tuf (H2 N [HZ]J‘),

Proof (1) < (2): Since D* = D 7 it is clear that (1) is equivalent to (2).
(2) & (3): Assume f, g € H®, hence

T;T; 0
U*D;DzU = < 18 )

HfuT§ + Sngu Sf‘Sg
and

U*DgD U = < Telr 0 )
ngrf“r‘ Sngu SgSf‘

By Brown-Halmos Theorem (see Theorem 1), we have

TiTe = TeTy,
SiSg =SSy
Hence
Dng = DgD.f
if and only if

H,;Tg + SjHyg = HugTj + SgH, ;.
(3) & (4): By (5), we have
SjHug = H,7; — H;Tug
and
SeH, 7= H, 7, — Hz T, ,

the result follows.
(4) < (5): Since (4) and (6),

Huf‘Tg — H];Tug = HfTuTg — HfTug
= Hf(TuTg — Tuz)
= —Hf’H;Hg.

Similarly,

Hung — HgTuf = —HgH;HJE.

W Birkhauser



A theorem of Brown-Halmos type for dual truncated Toeplitz operators 279

Example 2 Let u = 67, both 6 and 7 are inner functions. For A € D,

HG‘H;H;?]Q = Hz POn(I — P)nk;
= Hz POk) — Hz POn Pk,
=0—n)Hzbnk, =0,

Similarly,
Hj I‘I;I‘Iék)L =0.
Since by {k; },ep is dense in H? and Lemma 3, we have Dy D, = D, Dy.

Lemma4 Let f,g € H ® and f is not constant. Assume there exists a constant
such that (u — A) f € H?, then DyDg = Dy Dy implies that (u — 1)g € H>.

Proof Assume (u — A)f € H? and DD, = DyDy. By Lemma 3, we have
Hf‘H;Hg, = HgH;Hf Also, Hf‘H:ng = Hg,H:i)»Hf, Note that

Hy sy je = HiTw-ng + SjHw-1ng = HgTy_p 7 + SgHy_y) 7
An easy computation gives

Hy_yy7e — HpH—Hg = HTounz + S pHu—nz — H7HY 5 Hg
= Hp(Tw-nz — H-—Hg) + SpHu-)z
= HpTu-nTg + SHu-1z
= Hy,_)7Tg + SpHu-nyg-

Similarly,
H(u—k)fg — HgH:jH]F = H(u_x)gT]F + SgH(u_A)}z.
Thus we have
Hy 7T + SpHu-2g = Hu-1gT7 + SgHy_y) 7- ®
Since f(u — 1) € H?, H(u—k)f =0, (9) becoms
SiHwu-ng = Hu-0gT}
Hence
SfH(u—l)gl = H(u_x)ngl.

) Birkhauser



280 Y.Sang et al.

This implies that
(f = FO)P_(u—1)g =0.

Since f is not constant, P_(u — 1)g = 0. Hence (u — X)g € H2. O

Lemma5 Let u be a nonconstant inner function and f, g € H*. Then
DyDg = DgDy

if and only if one of the following cases holds:

1. f(u—X)and g(u — X) both belong to H*> for some constant ).
2. a nontrivial linear combination of f and g is constant.

Proof Assume that f (u — A) and g(u — A) are both analytic for some constant A. For
z €D,

HHyHgk, = HjH*—Hzk,
= HpP(u—1)[g — 8@k
= Hi(u—N)[g — 2@k
= — P)fg(u— Nk,.

Similarly,
HzHIHk, = (I — P)fg(u — Mk,

Since by {kj },ep is dense in H?2, HfHL-Z‘Hg = H(,:,H;HJ;. Hence Dy Dy = DyDy by
Lemma 3.
Conversely, by Lemma 3, Dy D, = D, Dy implies that

HfTug — H”ng = HgTuf‘ — Hung‘.
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Easy calculations give

(Hf(l ® DTy — H,7(1® DTz — Hz(1® DT, 7 + Hyz(1® l)Tf)T

=H;(I -T.T:)TyT. — H,;(I — T.T:)TgT; — Hg(I — T.T:)T,, ;T.
+ Hyg(I — T:T)TT:

= H;TgT: — HiT.T:TygT;: — H,;T;T: + H, ;T.T: T3 T, — HgT, 7 T:
+ H;T.T:T, ;T + Hyg T7T. — Hyg T T:T7T;

=H;T,gT. — H;T;Tug — H,;T;T: + H, ;T: Tz — HzT, ;T: + H;T.T, 7
+ HygT7T: — Hyg T Ty

= H;T3T. — S:H;T,g — H,;T;T: + S:H — H;T, ;T + S:HgT, 7
+ HygT;T: — S:Hyz Ty

= (H;Tug — H,;T; — HgT, 7 + Hyzg Tp)T:
—S:(H;Tug — H,;Tg — HgT,, 7 + Hu3T7)

=0.

The first equality follows from 1 ® 1 = I — T, T, and the fourth equality follows from

(6) and (7).
Thus we have

(H7l) @ (Tzigl) — (H, ;1) ® (Tzgl) = (Hz1) @ (Tzif 1) — (Hygl) ® (Tzf1).

(10)
Since
Tzjgl = Pzugl = PVug = VP ug = VHyl,

Similarly,

Tzg1 = VHgl,

Tzufl=VH fl

Tz pl = VHJFI.
Now (10) becomes

(Hf1)® (VHygl) = (H, ;1) ® (VHgl) = (Hg) ® (VH, 1) = (Hig1) ® (VHf1).
(11

Obviously, if f or g is constant, then condition (2) hold. Assume that neither of f and
g is constant.
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Case 1.
Assume that {H 71, H, f-l} is linearly dependent. Hence, there exist a complex

number A such that

H, ;1= 1H/l.

So, f(u—2) € H?. By Lemma 4, we have g(u —A) € H?. Condition (1) would hold.
Case 2.
Assume that {Hfl, Huf-l } is linearly independent. Then {Hg, 1, Hy;51 } is also

linearly independent. If { Hgl, Hyzl } is linearly dependent, which contradicts to
Lemma 4. Since V is anti-unitary, { V H; 1, V H,31} is linearly independent, by Gram-
Schmidt procedure, there exist a nonzero function xg in span {VHg 1, VH,;1 } such
that

<VHM[:71’-XO> = 17
(VHgl, xo) =0.

Applying operator Eq. (11) to x¢o gives

Hfl = (xo0, VHu.fl)Hgl — {(xo0, VHf-])Hugl.

Hence,
Hfl e span {Hzl, Hiz1} .
Similarly,
H, 71 € span {Hg,l, Hugl} ,
Hgzl € span {Hfl, Hufl} ,
Hyz1 € span [Hfl, Hufl} .
Therefore

span {Hgl, Hugl} = span {HJ;], Hufl} ,
there exist constants aji, ai2, az1, apy such that

H]FI =an Hgl +apnHygl,
(12)
Hufl =ay Hgl +axHygl.
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Replacing above formulas in (11) yields

(Hz1) ® (a11V Hygl —anVHz1 —VH,71)
= (Hygl) ® @2V Hyzl —anV Hgl + VHZD).

Since {Hz1, H,31} is linearly independent,

VHjl = —aiV Hugl +anV Hgl.,
VH, ;1 =anV Hl — @V Hgl,

which simplifies to

Hf—l = azzHgl — a12Hug1,

(13)
Hufl = —ap1Hgl + a1 Hygl.

Combining (12) and (13) gives

ap = a,

ajp = —daiy,

az) = —azj.
Then, ajp = a1 = 0. Let a;; = ax = ¢, we have Hfl = cH;1, and hence

f—cge H®.

Since f, g € H®, f — cg is a constant, condition (2) would hold. O

Corollary 1 If f, g € K2N H™, then DyDy = DyDy.

Proof In fact, KL% = ﬁzﬂquz C H? ﬁ_um. Since f, g € K,f, there exist f1, g1 €
H?suchthat f = uf),g =ug;. Thusuf =u(if)) = fi € H> andug = u(iigy) =
g1 € H?. Hence DyDgy = Dy Dy by Lemma 5. O

Combining Theorem 2 and Lemma 3, we get our main result.

Theorem 3 Let u be a nonconstant inner function and f, g € L°°.Then
DyDg = DgDy

if and only if one of the following cases holds:

L f,g f(u—A) and g(u — 1) all belong to H* for some constant X,
2. f.& f(u—2)and g(u — 1) all belong to H? for some constant X,
3. a nontrivial linear combination of f and g is constant.
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On classical Hardy space H?, assume that any nontrivial linear combination of
f and g is not constant, then TyT, = T,T; implies that 77T, = Ty,. In general,
TyT, = Ty does not implies that Ty T, = T, Ty. But on Hilbert spaces of harmonic
functions (K2)* = uH? ® zH?, Dy Dy = D sq implies that Dy D, = DD by the
following theorem. However, the converse is not true.

Theorem 4 [7, Theorem 4.7] Let f, g € L® and u be a nonconstant inner function.
Then DDy = Dy, if and only if one of the following cases holds:

L. f.g, fu—21), 5w — 1) and fg(u — A) all belong to H* for some constant A.
2. f.8 fu—2n), gu—2n)and fg(u — A) all belong to H* for some constant A.
3. either f or g is constant.

Example 3 Let u = 67, where 6 and 7 are nonconstant inner functions. Let f =
ug =06.Sinceuf =1¢€ H?andug = n € H*, DyDy = DD by Theorem 3.
But u f g = 7 is not analytic, by the above theorem, we have DD, # D ,.
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