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Abstract
In this manuscript it is obtained existence of solution for the equation

—div(a(|VulP)|VulP"2Vu) + b(|lu|?)|u|”"*u = c(x) f (), in RV,

where 1 < p < N, N > 2, the functions a, b : Rt — R satisfy suitable conditions, ¢ is a
continuous sign-changing potential and the nonlinearity f has an exponential critical growth
at infinity. In the proof we apply variational methods.

Keywords Exponential critical growth - Quasilinear equation - Trudinger—Moser
inequality - Variational methods
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1 Introduction and main results

In this manuscript we are interested in prove the existence of solution for the problem

—div(a(|Vul?)|VulP2Vu) + b(|u|P)|ulP>u = c(x) f (), in RV, (P)

where 1 < p < N, N > 2, f: R — R is a continuous function and a, b € W, which
denotes the set of the functions k : RT™ — R™ that satisfy the following hypotheses

(k1) k € C! and there are constants aj, a > 0 that satisfy

ait? + N < k(PP < apt? + 1V, fort > 0;
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(k2) the function ¢t — C(¢7), is convex, for ¢t > 0, where K is the primitive of k, that is,
K@) := [y k(x)dt;

. Py . . .
(k3) the function ¢ — f,ff_ 13 is nonincreasing, for ¢ > 0;

(ka) the function ¢ — k(tP)tP~2is increasing, for ¢ > 0.

From the growth condition (k) it follows the inequality
alt”—l—%tNSIC(tp)faztp+%tN,t>0 1.1

for k € W. Since we intend to use variational methods, the assumptions above are also
important to prove that there is an associated C!-class functional.
It will be considered that f satisfies
(f1) lim L8 =0
1

—0 ltI¥=1 T

and the exponential critical growth

(f2) thereis g > O satisfying

N
t—+o00 eam N=1

S@) { 0 if o > «ap.

lim = .
+o00 if a < ap;

Before presenting the other conditions on f, we will exhibit the hypotheses on the function
¢, that were motivated by [2], and given by

(c1) ¢:RN — Ris abounded continuous function which change its sign;

(c2) dist(QF, Q7) > 0, where Q" := {x € RV; c(x) > 0} and Q™ := {x € RV; c(x) <
0};

(c3) thereis R > 0 with c¢(x) < Oforall |[x| > R.

Assumption (cp) ensures the existence of ¢ € C® (RN, [0, 1)) satisfying

c=1,inQ%Y, ¢=0,inQ", M:=sup|V¢|< 0.
RN

Now, we are able to state the remaining conditions on f.

(f3) thereisv > N and

0 < 6 < min e , val, =: 0o,
N+ (N — DM paz + Mar min{l, p — 1}

such that
0 < gF(t) < F(o)t, for |t] > 0,
where F(t) := f(; f(o)dr.
(fa) there are constants Ky, Ry > O satisfying
0 < F(@t) < Kolf@)l, for|t] = Ro;

(fs) if xo € Q" and r > 0 satisfy B, (xg) CC Q7, by denoting ¢y = infyep, (xg) c(x) > 0,
it will be considered that

e N

. —aolt| VN~

O 2 o>
coy T
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An example of function satisfying (f1) — (f5) can be found in [2] and is given by
N

agN N il
f@s) = (qISquls + ﬁm“ﬁﬁs) o0ls| FT

N
fors e Rand g > 5. In this case F(s) = |s|Ze®ls ¥

In the recent decades, problems related to (P) has been attracting the attention of
researchers due to its applicability in mathematical models that arise in several branches
of science such as biophysics, plasma physics and chemical reaction design driven by the
parabolic reaction-diffusion system

up = div[(|Vul? 72 + |VulN ") Vu] + c(x, u).

In the mentioned applications, the solution u describes mathematically the concentration,
the divergent term provides informations of the diffusion D(u); whereas the term c is the
reaction and is related to loss processes and the source. In several application in Chemistry
and Biology, the reaction function c(x, u) exhibits a polynomial growth in the term u and
has variable coefficients. Without intention to present a complete list of references, we quote
the classical ones [7, 11] for more details regarding the mentioned applications.

From the mathematical point of view, the main motivations for (P) are [2, 9], where it
was considered a version of (P) for the N —Laplacian operator in an exterior domain and
a problem for the general nonhomogeneous operator considered in (P) with a nonlinearity
exhibiting a critical exponential growth, respectively.

Note that the hypotheses considered in the functions a and b allow to one consider a wide

N—p N—p
class of problem. For example, by considering a(t) = 141 TI b(t) =1+t TI, we obtain
a,b € W with a; = ap = 1, that provide p&N —Laplacian equation
—Apu — Ayu+ lul”~2u + JuN"2u = c¢(x) f(u) in RV,
which arises in the study of reaction—diffusion systems as described before. If
N—p 1 N—p 1
at)y=1+17? +——=, b)=14+1 7 + ——,
(I+1) 7 (1+1)7

we have a, b € W witha; = 1 and a, = 2. In such case one can consider the mean curvature
type problem

. |Vu|P~2Vu
— Apu — Ayu — div ——>
(1 + |Vu|P) 7
ulP~2u .
+ ulP P+ JulV P+ (“) = c(x) f() inRY.
(1 + fulP) 7

In what follows, we present the result obtained in this paper.

Theorem 1.1 Consider that a,b € W and (c1) — (¢3), (f1) — (f5) hold. Then there exists a
nontrivial solution for (P).

The proof of the result consists in an application of the Mountain Pass theorem. The main
difficulty is to prove the boundness of the Palais—Smale sequences which occurs due to the
sign changing potential c. Another mathematical difficulty is the lack of compactness which
is handled by considering the assumption ( f1) (see [8]) and the technical difficulties related
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to the minimax level may be solved by combining the hypothesis (f5), a Trudinger—Moser
inequality and appropriate estimates involving the Moser’s functions.

The rest of the manuscript is organized as follows: in Section 2 it is presented some
preliminary facts to consider the problem through a variational approach; in Section 3 it is
studied the Palais—Smale sequences associated to the problem, the Mountain Pass level and,
finally, it is proved Theorem 1.1.

2 Preliminaries

We start this section with a substantial lemma proved in [1]. Before state the result let us
introduce the following notation: if N > 2, we denote by

N-2 ol Nj
Sn-a(a, 1) = ) —[t|D,
=0 7

fore > 0andt € R.

Lemma 2.1 Consider (u,) a sequence in WLN(RNY such that
N-1
tim sup [lu, ||V < (“—N> : @.1)
n—+o0o ’ (o7}

where

/N
iy = (/ (Vul" + |u|N>dx) Lue WV RN,
RN

1
oy = Na);\,vill, and wy_1 is the measure of the unit sphere in RN,
Then, there are constants « > «g, s > 1, C > 0, which does not depend on n, such that

/ [exp(a|u,,|%) — Sya(a, u,,)]sdx < C, foralln > no. 2.2)
RN

Consider « > a9 and ¢ > 1. From the hypotheses (f1) — (f2) it follows that, for an
arbitrary ¢ > 0, there are constants C, ¢, > 0 satisfying

N
1FO] < eltN 71 celr]?7 e — Sya(a, 1)),

2.3)
e P
|F(1)] < NmN + Celtl9 (™M — Sy_a(a, 1)),

forallr € R.
Regarding to obtain solutions for (P) it will be considered the space

X =whr@®Y) nwhV®RY),

which is a Banach space with the norm |lul| = |lull1,, + llull1,n, Where

1/m
lulli,m = (/ (IVul™ + Iul’")dx> ,m>1.
RN
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From the hypotheses a,b € W, (c1), the inequalities in (2.3) and the Trudinger—-Moser
inequality (see [5, 6]), it follows that the functional / : X — R defined by

1 1
I(u) = 7/ .A(|Vu|p)dx+—f B(|u|p)dx—/ c(x)F (u) dx
P JRN P JRN RN
belongs to Cl(X, R) and
I/(u)v:/ a(|Vu|")|Vu|1’*2Vqudx+/ b(|ulP)u|P"2uv dx
RN RN

—/ c(x)f(u)yvdx, forallu,v € X.
RN

Therefore, the critical points of  are weak solutions for (P).
In the next result it is obtained the Mountain Pass geometry for the functional I at the
origin.

Lemma 2.2 Consider that a and b verify (k1) and suppose that the conditions (cy), (c3),
(f1) — (f3) hold. Then, there are &, p > 0 such that

I(u) > &, forallu € X N 3B, (0).
Proof From (1.1) we have
1
I(u) > *||M|I{VN —/ c(x)F(u)dx, forallu € X. (2.4)
N ’ RN

By using Lemma 2.1 and the Holder’s inequality it follows that there are o« > g, s > 1 and
C > 0 satisfying

N—-1
f el (exp(elul 1 — Sy _a(e, w)) dx < Cllull,. forall [ul¥y < (“—”) 25)
RN @0

for a fixed ¢ > N, C > 0 not depending on u and s’ is the conjugated exponent of s.
Consider an arbitrary ¢ > 0. By using (2.3), the above inequality and the continuous
embeddings W'Y (RY) — LY @®RN), WY (RY) < L% (RV) we obtain that

/ () F(u) dx 5/ )Py dx < S Colulll +
RN Qt N

a\u|N/(N*1)

+CoCe / |ul (e — Sy-a(e. u))dx.
RN
&
= 5 Crlulty + Collull] .

for ||u||11VN < (ay /o)~ and with Cg := SUp,cq+ ¢(x) > 0. From (2.4) and the previous
inequality we get

1 N € N q N aN N
I(u) > NIIMIII,N - NC] lully v — Callull] y, forall ull} y < o .

Thus, by considering ¢ > 0 such that (1 — ¢Cy) = C3 > 0 we can use the above inequality
to get

1
1) = S Callully = Callull] y,
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which proves the result for

N-1

1 (an N Cs 1/(g—N) ,ONC3
p:=minq - | — , and & := .
2 \ o 2NCy 2N

By considering a nonnegative function ¢ € Cg° (2)\{0}, it follows from ( f3) that I (t¢) —
—o0 as t — +oo. Thus, there is e € X satistying |le|| > p and I(e) < 0. This and the
previous result imply that there is a Palais-Smale sequence at the mountain pass level (see
[4] and [14, Theorem 1.15]), that is, a sequence (u,) C X satisfying

[m}

. , . . .
nliTooI (uy) =0, nETooI(””) =c:= ;réfr Xrer%gﬁ]l(y(s»,
with I := {y € C([0, 1], X); ¥ (0) =0, y(1) =e}.

Some prior definitions are needed for the next step. Let xo € QT and r > 0 given (fs).
As in [5], we consider the Moser’s functions [13] defined by

(logn) ¥, if |x —xo| < r/n,

log(r/lx—xol)
(logn)1/N

1 0, if |x —xo| >r.

M, (x) :=

1
I , if r/in<|x —x0l <r,
N
Wy _

Note that there is no loss of generality by considering xo = 0. We have M, € WV RNy N
Co(RN) (which implies that M,, € X) and supp(M,) C B,(0). Moreover, we have the result
below.

Lemma 2.3 The assertions below hold.
(i) \VMy,|ly =1, foralln € N;
(ii) /N |A7in|Ndx = 0O(1/log(n)) - 0asn — +oo;
(iii) Dﬂiﬁning M, = Mn/llﬂn l1,n, there is a sequence (d,) C R satisfying

i N
MY = o logn + d,, nlirllwdn/logn =0, for |x| <r/n; (2.6)

(iv) |VM,|l, — 0and |My||, — O asn — +oo, forall1 < p < N.

Proof The proof of properties (i) — (iii) can be found in [5]. Regarding (iv), note that

r P
/RN iyl = /“M/n}(log(n))”fv‘u / 1oz (%))

{r/n<|x|<r} (10g(n))p/N

ON_1
- Y 2.7)
1 r (log( ))%ij/ <log (W))
= —v | ¥N—-1 og(n _
CUZ/,NI NnN {r/n<|x|<r} (log(n))P/N
The fact that p < N implies
No, No, »
0< (10g(n)13 N - n ’\I’V WV S}’ZNTIP_N -0, (2.8)
n n

asn — +o0.
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Regarding to estimate the right-hand side of (2.7), note that the inequalities p < N and
log(s) < s, for all s > 0, provide that

P
0< / <log (&T)) e - <1 1 ) 0, (29
= = WN —1 — — U, .
{r/n<|x|<r} (]og(n))P/N (1Og(n))p/N N — p niN=p

as n — +oo. From (2.7), (2.8) and the previous inequality we obtain that
lim;, s 4 0 | Mnllp, — O. -

In order to prove the gradient estimate, it follows from the definition of M, and the
inequality p < N that

~ 1 1
f VM, P = ————— / —
RN (wn—1log(n)) ¥ J{r/n<|x|<r} x|

N—p

oyl NP 1
= p 1 - N— .
(log(n))¥ N —p ntop

Since

1 1
1— 0,
(og(n)P/N ( nN—P> ~
as n — +00, the result follows. O

The previous properties will play an important role in the following result:

Lemma 2.4 Consider that a and b satisfy (k1) and suppose that (c1) — (¢3), (f3), (f5) hold.
Then there is n € N satisfying

1 fay\ V!
max [ (tM,) < — | — .
>0 N \ ag

Proof For each n € N define the function
1
gn() == 2P| MY, + 1Y —/ c(x)F(tMy) dx, t > 0.
p ’ N RN

Thus, it follows from (1.1) and || M, ||,y = 1 that
I1(tMy) < g,(t), forallt > 0.
Note that, it is enough to obtain the existence of n € N such that

1 (ay

N—1
) < —=(— . 2.10
o< (%) o

By using the fact that v/0 > N and the hypothesis (f) we have g,(t) — —oo, as
t — +400. Thus, g, attains its global maximum at #, > 0 which satisfies 0 = g, (#,), which
is equivalent to

i = / c (o) f (ta My)tu My dx — axth | M, |1} @.11)
B (0)

Ifg,(t,) > 1/N (oqv/ozo)’v_l , we can use the expression of g, the fact that F > 0 and
supp(M,) C Q7 to obtain

N—-1 P

ay Naot,

N> (—) —~ L (2.12)
ao p '
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Since ||My|l1,, — 0, as n — +o00 we can use the previous inequality to obtain a constant
C > 0 satisfying

tn > C, foralln € N. (2.13)

Consider fp > 0 givenin (fs5). If 0 < ¢ < fo, there is R, > 0 with

|N/(Nfl)

tf (1) > (Bo — &)e! , forall || > R,. 2.14)

By using the definition of M), and (2.13) we get

=z~

thaMy(x) =

M, . C <(1ogn)N—1> R
- €

[p— > —
IMulli,n Myl N ON-1

for all |x| < r/n and n large enough. Thus, we have from (2.11), the choice of r > 0 in (f5),
(2.14), the previous inequality and the definition of M,, that

Wz [ e MM, dx = a1 1],
Br/n(o)

= co(Bo — €) exp(ao(ta M) Ny dx — axif IMa 1], (2.15)
Br/n(o)

with cg := minp, (g) c(x). Replacing the definition of M,, in B, /,(0) we get

N logn
N N-1
t,, > co(Bo—¢) exp | @ot, dx
n By (0) 1/(N I)HM ”N/(N D

—atl | Mall},

N
WN_ 1rN aot) ! logn

= co(Bo — ¢) exXp 1/(N71)||M N/ N-D | — arty || M, ||}

17,

nlln

Since 1V = exp(N log 1) and 1/n" = exp(—N logn) we obtain that

N
N N-1
WN-1T aot,  logn
1> co(Bo—€) N 6XP 1/(N 1)||M ”N/(N 5 — Nlogn — Nlogt,
n

—N
—atf N IMIY,

Using that 1 < p < N, ||A7n||1,N — land [|M,ll1,, — 0,as n — oo, the previous
inequality implies that (#,) is a bounded sequence. By using again that || M|/{, — 0 and
(2.12) we obtain, up to a subsequence, that t,f’ —y > (an /ao)N -1
Since 1/nN = exp(—Nlogn) and exp(t) > t,t € R, it follows from (2.15) that
N
aoty

N N P P
1Y = co(Bo — &)on-1r T 7 T — 1| logn —axty IM, ],
Now)/ /( )”Mn” /( )

Hence, y = (an/ag)N ™!, otherwise we contradict the previous inequality. By using (2.6),
(2.12) and (2.15) we have
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N —N
ty = —axty " IMall{,

1/(N-1)

N p P

wN_1T ay Nasty, No1 N

+ N n—Nexp (Ol() |:(0l0> - < » ) ”Mn“l,p i| [alogn +dl’l

x co(Bo — €)

n—N
=—axty " IMall{

oy-1 N dn_ T T ¥ d ]
+ L exp (| Ve ot = e VT 7T = et nnl,,l ogn

x co(Bo — €)

1 N W NET 4
R L e e A P oY i I
=colBo —&)—y T

p—N P
—aty ||Mn||1,p,

1/(N=1) 1/(N=1)
with ¢] = 1;"]’\‘10 (%) and c; = (%) .

Considering the limit as n — +o00, using that || M1, — 0,y = (otN/ozo)N_1 and (2.6)
we get (ay /o) > co(Bo — &) 4L rV . Passing to the limit as & — 0T we have

Bo < ——— (ay /ap)!
COWN—-1T
Using the definition of oy = ]1\,/(1\1/ b , we obtain a contradiction with (f5). Thus, there
is n € N for which (2.10) is Venﬁed ]

We have M,, € X and supp(M,) C Q7, thus e := )M, satisfies the mountain pass
geometry for 7y > 0 large enough. The path y (t) := tt9yM,, belongs to I and it follows, as a
consequence of the previous lemma and Lemma 2.2, that the mountain pass level satisfies

1 N—1
ey € (0, > (%) ) (2.16)

3 Proof of Theorem 1.1

Regarding to prove the main result, it will be needed to study some properties of the Palais—
Smale sequences. In order to prove the result, let us rewrite the functional / as

I(u) =J(u)—f c(xX)F(up)dx,
RN
where J : X — R defined by

1 1
Jw) = —/ A(|wn|1’)dx+f/ Blun|?) dx.
P JRN P JRN

Lemma 3.1 If (u,) C X is a (PS).-sequence for I, then, up to a subsequence

(i) (uy) is bounded
(ii) up—uop weqkly in X
(iii) %L;(x) — 80x) a.einRY
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(iv) J' (up)¥ — J' (uo)y, forally € X
Proof Since (u,) C X is a (P S).-sequence we obtain

L(up) = 0/vI'(up)(Cuun) = ¢ 4 0 (1) + 0p (D [lunl.
The definition ¢, (k1) and (1.1) imply

I(up) = 0/vI' (un)(Gun) > l/ A(IVu,|?)dx + l/ B(lun|?) dx
P JRN P JRN
—/ c(x)F(u,)dx
RN

0
- ; /]RN [a(|vun|p)|vun|p_2vunv(§un) + b(|un|p)|un|p§ — c(x)f(un)é‘un] dx

1 6 1 6 N
> (;al - ;az> lunll?, + (ﬁ - ;) leea I,

oM _ 6
- a(|Vun|p)|Vun|p 1|Mn|d)‘7 +/ c(x) |:*f(un)un - F(un)j| dx.
v RN Qt v

Thus, by using (k1) and (f3) we have

1 0 » 10 N
¢ on(h) +ouMlunll = (a1 = Ja2 ) luallf, + (37 = 5 ) laly
oM - -
=== | (a2l Vata P g + 190" ) . B
From Young’s inequality we have

ap max{l, p — 1}

-1 N-1
f (a2 Vital = uta] + 19100 ) i = lallf,
RV '

N

N
a7y,

Using (3.1) and the previous inequality we get

1 0
c+on(1) +on(Dllunll = > <a1 = (@p + Maymax{l, p — 1})) lunlly ,

1 0 N
+N 1-— ; (N+M(N —-1)) ||”n||1,N~

By using (f3) it follows that the terms into parenthesis in the right-hand side of the previous
expression are positive, which implies (i). Hence, there exists up € X such that,

up—uoweakly in X, u, — ugin L}, (RY), u,(x) — uo(x) a.e.inR",

for some subsequence, still denoted by (u,) and for any s > 1. Then, we (ii) is also
verified.For the proofs of the properties (iii) and (iv) see [3, Lema 3.2]. O

The result below, whose proof can be found in [2], is needed to prove that u is a critical
point of 1.

Lemma 3.2 Consider that (c1) — (c3) and (f1) — (fa) hold. [fcjE (x) := max{=xc(x), 0}, then
@) fun) = cF(x) f(uo) and ¢ (x)F (up) — cEx)F(ug) in L} (RM).

loc

Now we are in position to prove Theorem 1.1.
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Proof of Theorem 1.1 Tt will be proved that u( is a nontrivial solution for (P). From Lemma 3.2
we have

lim / c(x) fup)p dx = / c(x) fuo)p dx (3.2)
n—>+00 JpN RN

for all ¢ € C§° (RM). We shall prove that the previous limit also holds considering test
functions in the space X. In the spirit of [10], we notice that given any ¥ € X there exist
sequences of mollifiers and cut-off functions (ok)x and (¢ )k, respectively, such that ¥ :=
Si(or * ¥) € CF° (RY) satisfies the following properties:

@) Yr(x) = ¥ @), VY] = [V ()], ae x € RV
(i) Yk VY] < Ay (x) and [0, V()] < hp(x), ae. x € RY, for some
functions Ay € LY (RV) and h), € LP(RY),

for all k € N. Since (3.2) holds for v, for all k € N, passing to the limit as k — +o00, using
properties (i) — (i) above and the Lebesgue’s dominated convergence theorem we obtain
that (3.2) holds for all ¥ € X. This together with item (iv) of Lemma 3.1 imply that ug is a
critical point of /.

In what follows it will be proved that g # 0. Suppose that ug = 0. By using that Q7 is
bounded,we obtain from Lemma 3.2 that fQ+ c(x)F(u,) = 0,(1). Thus from (1.1) we have

aq 1
cton(l) =1I(up) = *Ilunllf,, + *IlunllffN —/ c(x) F(un) dx
P N o+t

u + o0 .
=N nll], N n

Now, we can proceed as in [2] to get that

lim c(x) f(up)u, dx = 0.
QF

n—-+4o0o
Since I’ (uy)u, = 0,(1), it follows from (k) and the previous limit that
on(1) = arllunllf , + lunlly v,
which implies that ||u, || = llunll1,p + lluxlli,y — 0. Thus, u, — 0 strongly in X which

provides that ¢ = 0. This contradicts (2.16) and the result is proved. O
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