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Abstract

In this paper we consider a nonlinear viscoelastic beam with a linear delay term and infinite
memory term. The well posedness of solutions is proved using the semigroup method. We
establish a general decay results by using minimal and general conditions on the relaxation
function, from which the usual exponential and polynomial decay rates are only special cases.
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1 Introduction

In this paper, we consider the following one-dimensional version of a system which describes
the vibrations of shallow shells with time delay and infinite memory term:

{ Uy — [g(u, w)l, + aqu; + opu (t — 1) =0in 2, n

DWit + Wxxxx — [f(u, w)]x +k (x)g(u7 w) + h % Wyyxx =0in 2,

where 2 = I x R4, I =]0, L[ is an interval, a1 its boundary (0 = {0} U {L}), £ =
{0} x Ry U{L} x R4, Z is the operator .# — 33. The functions f and g are defined by:

fl,w) = ——|wy |uy+ zw” +k(x)w ) |, 2)
1—pu 2

2 1,
glu,w)y = —— |:ux + —w +k(x)w] . 3)
1—pu 2

In (1), subscripts mean partial derivatives, the space variable x runs in the interval 0 < x < L
and ¢ denotes the positive time variable. The functions u = u(x,t) and w = w(x, ) are,
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respectively, the longitudinal and transversal displacements of the beam at the point x at time
t. Additionally, w is a constant, 0 < u < 1 and k = k(x) represents the curvature of the
beam at the point x.

Inthe system (1), a1 u; represents a frictional damping. The time delay is given by aou; (f —
7), where a1, aa, T are positive constants.

In (1), (h % u)(t) is defined by

(h % u)(r) = / " bt — syute. s)ds.
0

The viscoelastic damping term that appears in the equations describes the relationship
between the stress and the history of the strain in the beam, according to Boltzmann theory.
The function & represents the kernel of the memory term or the relaxation function.

The system (1) is subjected with the boundary conditions

w(0,1) =w(L,t) =0,
wy(0,1) = wy(L,t) =0,
u©,1) =u(L,t) =0, teR} 4

and the initial conditions
(M(x, 0)’ l/lt(x, 0)7 w(xs _S)’ wt(x7 0)) = (MO(X)» M](.x), wo(x)v wl(x)) s (x7 S) € 2. (5)

The main purpose about problem (1)—(5) is to deal with the well posedness and asymptotic
behavior of solutions. Before stating and proving our results, let us recall some other results
related to our work.

Several authors have studied the Mindlin—Timoshenko system of equations (see, e.g.,
[16]). This Model is a widely used and fairly complete mathematical model for describing
the transverse vibrations of beams. It is a more accurate model than the Euler-Bernoulli one,
since it also takes into account transverse shear effects.

For a beam of length L > 0, this one-dimensional nonlinear system reads as

h3
1—;% — ¢ +k[p+ Y] =0, in Q,

1
phwn—k[¢+wx>]x+[m (nx+5w3)} =0, in Q,

X

1
,Ohnn—[flx-i-i(l/fx)z] =0, in Q, (©6)

X

where Q = (0, L) x (0, T) and T is a given positive time. Here, the unknown ¢ = ¢ (x, t)
represent the angle of rotation. The parameter £ is the so called modulus of elasticity in shear.
It is given by the expression k = kEho/2(1 + €), where k is a shear correction coefficient,
E is the Young’s modulus and € is the Poisson’s ratio, 0 < € < 1/2.

For Mindlin-Timoshenko system, there is a large literature, addressing problems of
existence, uniqueness and asymptotic behavior in time when some damping effects are
considered, as well as some other important properties (see [13, 26, 28] and references
therein).

@ Springer



Partial Differential Equations and Applications (2023) 4:20 Page30of25 20

When one assumes the linear filament of the beam to remain orthogonal to the deformed
middle surface, the transverse shear effects are neglected, and one obtains, from the Mindlin—
Timoshenko system of equations, the following von Kdrmén system (see [28]).

{pho.@wn + Yrexr — [V (e + 5¥2)], =0, in]0, L[xRY,
phny — [nx + $()? =0, in J0, L[xRY.

There is also an extensive literature about system (7) (see [13, 18, 26, 27, 38, 51, 53-56]
and references therein).

Lagnese and Leugering [27] considered a one-dimensional version of the von Kdrman
system describing the planar motion of a uniform prismatic beam of length L. More precisely,
in [27] the following system was considered:

@)

{ Yir + Vever = hovrann = [We(ne + 30D, = 0in 10, LIxRL ®

M — [0+ 3(¥2)?], = 0in 10, L[xR},

In [27], suitable dissipative boundary conditions at x = 0, x = L and initial conditions at
t = 0 were given and the stabilization problem was studied.

In [4], Araruna et al. have showed how the so called von Kdrman model (8) can be
obtained as a singular limit of a modified Mindlin-Timoshenko system (6) when the modulus
of elasticity in shear k tends to infinity, provided a regularizing term through a fourth order
dispersive operator is added. Introducing damping mechanisms, the authors also show that
the energy of solutions for this modified Mindlin—Timoshenko system decays exponentially,
uniformly with respect to the parameter k. As k —> 00, the authors obtain the damped von
Karman model with associated energy exponentially decaying to zero as well.

The subject of stability of von Kdrmdn system has received a lot of attention in the last
years, see [11, 12, 18, 18, 25, 26, 33, 39, 49, 50, 52] and references therein.

Delay effects are very important because most natural phenomena are in many cases very
complicated and do not depend only on the current state but also on the past history of the
system. The presence of delay can be a source of instability. In recent years, the stabilization
of PDEs with delay effects has draw attention for many author and become an active area of
research, see [11, 15, 24, 4648, 57, 59-61].

For the stability of other kind of wave equation, let us mention the following problem:

t
uy(x,t) — Au(x,t) + / h(t —s)Au(x, s)ds
0

+arhy(u(x, 1) +oxha(u(x,t —1)) =0, in QxRy,
u(x,t) =0, in T xRy,
ux,0) =up(x) wus(x,0) =uj(x), in €,

ur(x,t — 1) = folx,t —t), in 2x]J0,t[, (9)

where 2 is a bounded domain in R”, n € N, with a smooth boundary 02 = I, & is a positive
non-increasing function defined on R”, i1 and A5 are two functions, T > 0is a time delay, o]
and a» are positive real numbers and the initial data (ug, u1, fo) belong to a suitable function
space.
In the case i = 0, problem (9) has been studied by many authors (see [6-8, 10, 46, 61]).
For a wider class of relaxation functions, Messaoudi [36, 37] considered

t
Uy — Au +/ h(t —s)Au(s)ds =b | u|” u, (10)
0
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fory > 0and b = 0 or b = 1, and the relaxation function satisfies
h'(t) < —¢(Dh(1), (1)

where ¢ is a differentiable nonincreasing positive function. He established a more general
decay result, from which the usual exponential and polynomial decay results are only special
cases. Such a condition was then employed in a series of papers, see for instance [3, 22, 23,
41, 42, 52].

Recently, Mustafa and Messaoudi [45] studied the problem (10) with b = 0 for the
relaxation functions satisfying

W (1) < —H(h(1)), (12)

where H is a nonnegative function, with H(0) = H'(0) = 0 and H is strictly increasing and
strictly convex on ]0, k[ for some kg > 0. The authors showed a general relation between the
decay rate for the energy and that of the relaxation function 4 without imposing restrictive
assumptions on the behavior of / at infinity. On the other hand, a condition of the form
(12) where H is a convex function satisfying some smoothness properties, was introduced
by Alabau-Boussouira and Cannarsa [2] and used then by several authors with different
approaches. We refer to [32] where not only general but also optimal result was established
by Lasiecka and Wang.

The main objective of this work is to investigate the problem (1) with the following very
general class of relaxation functions

W) < —¢(OH @), 13)

where H is increasing and convex without any additional constraints on H and the coef-
ficients. We will establish a general decay rate for the energy associated to the system for
linear damping, time delay terms and finite memory. We would like to see the influence of
frictional and viscoelastic dampings on the rate of decay of solutions in the presence of linear
degenerate delay term.

To prove decay estimates, we shall pursue a strategy based on an adaptation of non linear
differential inequalities technique developed in [40, 43, 44] and we use a perturbed energy
method and some properties of convex functions which were introduced and developed by
many authors [1, 9, 14, 17, 30, 31, 34].

Our work is organized as follows. In the next section, we prepare some material needed
in the proof of our result, like some lemmas (Poincaré’s and Young’s inequalities) and some
useful notations. We introduce the different functionals by which we modify the classical
energy to get an equivalent useful one. In Sect. 4, we state and prove the well-posedness of
the problem. Finally, in Sect. 5, we will prove our main results concerning the exponential
decay of the energy associated to the solutions of the problem.

2 Statement of results

In order to deal with the delay feedback term, motivated by [46, 47], we define the following
new dependent variables n and z:

z(x,t, p) = u;(x,t — p1) in 2 x (0, 1),

n(x,t,s) =wx,t) —wkx,t—s) in2 xRy, (14)
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consequently, we obtain

n(x,t,0)=0 in 2,
n(x,t,s) =0 in ExRi,

no(x,s) := wo(x) —w(x, —s) in xRy, (15)
z2(x,1,0) = us(x, t) in 2,

7(x,0, p) = zo(x, —p7) in I x (0, 1),
clearly, (14) gives
t7(x, 1, p) —zp(x, 1, p) =0in 2 x (0, 1),

M) 45001 —wi (6, =0 in2 xRy, (16)
where z,, = 0,z and ny = 9.
Therefore, problem (1)—(5) is equivalent to
uy — [gu, w)l, +aju, +oxz(l) =0 in 2,
D + Iwyxxx — [f (1, w)]x +g(u,w) + fooo h($)Nxxxx(s)ds =0 in2,
Tz (p) — zp(p) =0 in 2 x (0, 1),
ne(s) +ns(s) —w, =0 in 2 x Ry,
)
wherel =1 — fooo h(s)ds, with boundary conditions
u(x,t) =0 in X,
w(x,t) = wy(x,1) =0 in X, (18)
n(x,t,s) =ne(x,t,5) =0in »xRZ,
and initial conditions
(u(x,0), ur(x,0)) = (uo(x), ui(x)) on/,
(w(x, —s), wy(x, 0)) = (wo(x, 5), wi(x)) in 2, (19)
20(x, p) = z(x, —p1) inl x(0,1),
no(x,s) = wo(x) —w(x, —s) in 2.

In what follow, we assume that the function k belong to the sobolev space H 1 O, L).

3 Preliminaries

In this section, we state our stability results for problem (17)—(19). For this purpose, we start
with the following hypotheses:
(#A4) h : R4 — R, is a non-increasing differentiable function such that 2(0) > 0 and

+00
=1 —/ h(s)ds > 0. (20)
0

Also assume that there exist a positive constant asuch that
H'(s) < ah(s), Vs =0, 2D

(24 There exists an increasing strictly convex function G : Ry — R of class C'(R4) N
C2(J0, 4+o00|) satisfying

G0)=G'(0)=0 and lim G'(t) = +oo
t—+400

@ Springer



20 Page6of25 Partial Differential Equations and Applications (2023) 4:20

such that

/+OO Lds + su L < 400 (22)
o GEne) T E GGy T

Remark 1 The condition (22) introduced in [19] is satisfied by any positive function / of
class C'(R,) with i’ < 0 and A is integrable on R (see [19-21] for explicit examples).

C and ¢ denote some general positive constants, which may be different in different estimates.

3.1 Functional setting and assumptions.

In order to prove the well-posedness of (17) by using the semigroups theory, we introduce
some functional spaces.
Let us introduce the energy space ¢ by

A = HY(I) x L>(I) x H3(I) x HJ(I) x L*(I x (0, 1)) x L(I)

where L (1) is the weighted Sobolev space defined by
[e.¢]
Ly(I) = {v e L* (0, 00; Hy (D)) | /0 h(s) vex ()[1* ds < oo}.
The space Lj (1) is endowed with the inner product
o0
0.9 = [ A (0200, Tus ) s,

Also, we denote by ({., .)) the natural inner product on the space L%(I x (0, 1)), we note
that the norms

L 1 L 1
/ / Z>(x,t, p)dpdx and / / e 2 P2 (x, 1, p)dpdx
0 0 0 0

are equivalent in L2(I x (0, 1)).
Let & be any positive number which satisfy

T <& < Qo —ag)r.

Also, we define
o0
L;0,L)= {v e L (0, 00; (H* N HY) (D) | / h(s) llvex ()17 ds < oo} :
0
# 1s endowed with the norm

o 12 4 N I 4 1 llwe 12 4+ w4 Twe 12 + N1z + 7o ey
(23)

1%l s =

I—pu

where

U = (u,us, w, Wy, 7, 1)

1
|||z|||2=f0 2 2 ()P dp
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and

o0
honxx=/ 1(s) 1722 (5)12 ds.
0

3.2 Energy identity

We start by the following lemma:

Lemma1 For (h,¢) € (¢' N L") (Ry) x €' (R), we have
d o0
2%y = — {—fo h(s) (@ (t) — Pt — $))* ds + heo |¢(z)|2}
+ /0 h(s) (p(t) — ¢t — 5))* ds (24)

Lemma 2 Assume that (Y, V¢, 0, s, 2) is a strong solution of the problem (17)-(19). Then

we have
E L 1 9 5
2 (x, p,tydpdx = —— —z°(x, p, t)dpdx
'L' dt tJo Jo Op

L
= 2%/ {Zz(x,O, 1 — 2% (x, 1,0)}dx. 25)
0

Proof We multiply the third equation in (17) by %z and integrate the result over (0, L) x (0, 1)

with respect to p and x, respectively, to get
L pl
d
—E/ / fzz(x, p, t)dpdx
tJo Jo Op

rdt/ /Z(x p,t)dpdx
- £ M 20 2(x.1.0)}d
=2, {2, 0,1) =2 (x, 1,0)} dx

which gives (25). ]

We define the energy associated with the solution of system (17)-(19) by
L 2 1 2
28(t) = / u? + T—u <ux+§w2+k(x)w> + w2, 4 w?,dx
0 —

L 1
thon +8 [ [ xp) dpax 6)
o Jo
where £ is a positive constant such that
T <& < Qap —a)t 27
and o1 and «; satisfying
oy < . (28)

Lemma 3 Assume that (W, ¥y, n, 1z, 2) is a strong solution of the problem (17)—(19). Then
the derivative of &(t) satisfies
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d& L
20 W o+ G~ [ s
g L L
5 ), 22(1)dx —-aztl; z(Du,dx. (29)

Moreover, for all t > 0, we have

d / S L 2
255(0:}1 onxx+(5—a1) A uy(s)dx

g L

L
2()dx — / 2(Durdx
2‘5 0 0

L
o
<h oy + (= — 3)/ 2()dx
2 2‘[ 0

L
H%+%—WAM%W
<0. (30

Proof Multiplying the first equation in (17) by u,, the second by w; and the third by &z (p),
integrating by part and using boundary condition in (18) and Lemma 2 yields (30). m}

Lemma4 (Jensen inequality) Let F be a convex function on [a, b], r1 : @ — [a, b] and r)
are integrable functions on 2, r(x) > 0, and fQ r2(x)dx = ko > O, then Jensen’s inequality
states that

F[i/ r (x)rz(x)dx] < i/ Flri(x)]ry(x)dx. 31
ko Jo ko Jo

4 Global well-posedness

In this section we show the existence and regularity of solutions of the one dimensional
viscoelastic Marguerre—Vlasov system (17)—(19).

Then problem (17)-(19) is reduced to the following problem for an abstract first-order
evolutionary equation:

Uy = AU + B(U)
U (0) = % = (uo, u, wo, wi, 20, 70)" , (32)

where % = (u, u;, w, wy, z, n)T, and

Uy

2
quxx —aqu; —azz(1)

AU = Wy ,
7! [_lwxxxx - f(]oo h($)Nxxxx (S)ds]

12,
—ns(s) +w
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0
2 [3w? + k],
0

BU =
g_l [[f(ua w)]x - kg(u5 w)]
0

0
with the domain
D(of) = (H* N HY) (I) x L*(I) x (H* N HE) (I) x HZ(I)
xL*(I x H' (0, 1)) x L}(0, L)

Lemma5 The operator <f defined in (32) is the infinitesimal generator of a Co-semigroup
in .

Proof For all % (t) € D(<7), one has

L L L
(AU, U) 4p = —a1/ u,zdx —az/ utz(l)dx+l/ Wy Wiy dX
0 0

0

L o) L
-1 / W DD "Wy yrrdx — / h(s) / W DD Nyrxx (8)dsdx
0 0 0

3
+; ((Zp, Z>) - (ﬂs» n)h + (wv n)h . (33)
Integrating by parts, we have
— (nssmp = h' 0N (34)
and
L L
2{(zp, 2)) = / uldx — / Z(1ydx. (35)
0 0

Plugging (34) and (35) in (33), we get
d
(AU, U) 3y = 258(0 <0. (36)

which implies that <7 is dissipative.
Next we will prove that the operator (¥ — &/): D(&/) —> ¢ is onto, that is, given
F = (f1, fo. f3. fa. f5, fo) € , we seek % = (u, u;, w, wy,z,n)! € D(<) such that

(I —NU =F. (37)

Equivalently, one must consider the system given by

u—u = fi, (18.1) (38)
‘- ﬁu +anu +az(l) = fo, (182) (39)
w—w, = f3, (18.3) (40)

T, + s+ [ " h) e ($)ds = 2 fa. (184) (1)
’ 1z —2p(p) =1 f5, (18.5) 42)

N+ —w = fs (18.6). 43)
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By integrating the Eqgs. (42) and (43), we obtain

1
z(1) = ue” " + r/ e £ (ry dr (44)
0
and
u) =0—-eHw— f) +/0 e fs(rydr. (45)

Plugging (44) and (45) in (39) and (41) and keeping in mind thatu; = u— frand w, = w— f3
we find that # and w fulfil the equations

{£1+(X1+052€_r)u_ ﬁuxx :ﬂh (46)
[Wyrrx + Pw = B2,
where
T=1 +/ h(s)(1 — e *)ds > 0, (47)
0
1
Br=frt (1 4o +are ™) fi —arr / 10 £y (ry dr, (48)
0
Bo=2(fs+ f4) _/(; h(S)/O erisfirxxx(r)drds
+/ h(s)(1 — e_s)dsflxxxx~ (49)
0

Since x > (f1. f5) € H(I) x H(I) then (fixxxx, fsrxxx) € H72(I) x H72(I). To show
that 8 € H~2(I), we have to show that

x —> / h(s)/ser_sfsxxxx(r)drds e H2(I).
0 0

Applying Cauchy—Shwarz inequality and Fubini’s theorem, we get

2 1 00 s 2
:/ (/ h(s)e_S/ erfsxx(r)drds> dx
0
1
Iy
1 2
/ e’ |f5xx(r)|/ h(s)e™ Sdrds) dx
0

1 2
f ( R | fnn ()] f 3dsdr> dx
0

H/OO h(s)e™® /S e fsxx(r)drds
0 0

IA

K 2
h(s)e_x e’ |f5xx(r)|drds> dx

IA

IA

IA

1 2
/o h(S) [ fsxx (r)] dS) dx

< h(s)ds)// h(s)fsxx(r)(s)dsdx

= hoo I 51l < 0.
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Thus
o0 s
x —> / h(s) / € fsexrx (P)drds € H72(0, L) (50)
0 0

Therefore, by Lax—Milgram Theorem, system (38) admits a unique solution % € D(%/).
This means that (37) holds and consequently / — <7 is onto. Thus, by using the Lumer—Phillips
[35, Theorem 4.3], we deduce that the operator .o/ generates a Cp semigroup of contractions
in 2. O

Lemma 6 The operator % defined in (32) is locally Lipschitz in .

Proof Let % = (u, us, w, wy, z, n) and Y = (U, u;, w, wy,7Z,n) two elements of 7. A
direct calculation shows that

~ 2
BU) = BU) = — (0, F,0,27'G,0,0)
—n

where

and

G = |:wx (ux + %wz +k(x)w> — Wy (Hx + %Ez +k(x)w>i|

X
1 ~ ~
—k |:§ (wz—wz) +k(w—w)i|.
So we have to estimate F and G in L*(I) and H(} (1) norm respectively.
Since k € H'(I), we can use the embedding HY(1) = L™ to prove

H1 (w2 — ﬁz) +k(x) (w— w)

F
=17

1
HO

1 - ~ ~
5 I(w = w) (w + W)l 1+ lk(x) (w = W)l

< C (lwsxll + 1@l + 1kl 1) wye — Wil
<C(1% . 9;”}/)“%_02?”;7) D

Now, let
-1 L, ~ [~ 1, ~
G| =92 "0y | wy MX+§w +k(x)w ) — wy ux—i-aw + k(x)w (52)

Taking into account that the operator 2~13, is bounded from L2([) into HOl (I), we can
write

1G1llyy < C :

1 1
‘wx (ux + —w? +k(x)w> — Wy (a‘x + sz +k(x)w> H . (53)

Adding and subtracting the term i, (u x + %wz + k(x)w) inside the norm on the right hand
side of (27) and proceed with the same manner, we find that

1G1llgor = C (1% 1le

)2 =7 -
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Finally, let

GQZB( 2—ﬁ2)+k(x)(w—ﬁ):| :

X

Similarly, have

IG2ll < C (1%l e

VN % =%, - (54)

Then the operator 4 is locally Lipschitz in .77. So problem (17)—(19) admits a local solution.
The proof is hence complete. 0

The boundedness of the energy in (30) allows to extend the solution on [0, 7] for an any
arbitrary 7 > 0, so we have shown:

Theorem 1 Assume that (Hy) holds. Let % € D(&), then (17)—(19) has a unique solution
U €6 Ry, D()).

5 General decay

In this section we consider a wider class of kernel functions, and we establish a general decay
result, where exponential and polynomial decay rates are special cases.
The main result of general decay is the following.

Theorem 2 Assume that (20) hold such that (21) hold or there exists a positive constant M
such that

L
sup/ U(z)xx(s)dx <M, Vs e Ry, (55)

s>0J0

then there exists positive constants ¢’, ¢’ and €y for which & satisfies
&) <c’e "Vt e Ry, (56)
or
&) < "GTHD, Yt € Ry, (57)

where

1
Gl(s):/ _dr e,
s rG’(eor)

Remark 2 The previous theorem shows that exponential decay holds when (20) holds, oth-
erwise, if (21) holds, we get a weak decay of energy. For precise examples illustrating (57)
see [19-21].

To prove Theorem 2, we need some useful lemmas.

Lemma 7 The following inequalities holds
00 2 )
( | h(S)M(S)dS> <ho [ hOW0)s, (58)
0 0

00 2 00
(/ h(S),u(S)dS> < —h(O)/ B (s)u*(s)ds. (59)
0 0
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Proof For inequality (58), we have

00 2 00 2
(/0 h(s)u(s)ds) :(/0 \/h(s)(\/h(s)pv(s)ds>.

Cauchy—-Schwarz inequality leads to

00 2 00 )
(/ h(s)u(s)ds) 5/ h(s)ds/ h(s);ﬁ(s)ds.
0 0 0

Similarly, we prove (59) by replacing «/A(t — s) by «/—h'(f — s). O

Let .# be the functional defined by

F(t) = AE(t) +81.7(1) + 827(1) + 5373 (1) (60)
where
L
S1(t) = :/ u.u; + w.2wdx, (61)
0
L 00
H(t) = —/ wz/ h(s)n(s)dsdx, (62)
0 0
L 1
A1) = / / e 2P 7(p)dpdsx, (63)
0 0

&(t) is defined in (26), A > 0, 81, § and 83 are positive constants that will be chosen later.
The following proposition gives the equivalence between &(¢) and the functional . (¢).

Proposition 1 Assume that (Hy) holds, then there exists two positive constants By, B2 such
that

B1&@) = F(1) < Br&(1). (64)

Proof To compare .% (¢) with &(¢), we have to estimate the terms .# (¢), _Z (t) and % ()
of the right hand side of (60) and show that.

| Z () —AE@) |< c*EF), * > 0.

From (61), (62) and (63), we obtain
e Estimate for 71 (t)
Using Poincaré’s and (72, we obtain

L
S81|£21(0)| = 61 / U + PQw; wdx
0

8 [* 8 [* 8 [*
< 2/, u?dx—l—E/O uzdx—l—E/O w?dx

LI PO TR
+E A thdx—i—EL A Wi, dx

< a1 é(0). (65)

where ¢ is a positive constant.
e Estimate for 75(t)
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Using Poincaré’s and (58, we obtain

L o0
A0 =6 f .@w,/ h(s)u(s)dsdx
0 0

8 [* 8 [*
f—zf w%dx—i——z/ w?,dx
2 Jo 2 Jo
5 L

+?2L2/ w%xdx + Ch o nyy
0

< &(1). (66)

where ¢ is a positive constant.

o Estimate for 75(1) = [; [} e 2P z2dpdx

Since #3(¢) defines a norm in L2(0, L; L2(0, 1)) which is equivalent to the one induced
by L2(0, L; L%(0, 1)), then we have

L 1 L 1
53 1.95(1)] < 3 / /e*zfpzzdpdxsaa / fzzdpdecam, 67)
0 0 0 0

where c3 is a positive constant.
According to (65), (66) and (67), we have

| Z(t) —AE@) |< c*E(1), ¢ >0,
where
¢® =max{cy, ¢z, c3}.
Therefore, we obtain
| Z(t) = AE@1) |< &),
that is
A =cHEW) < F(@) < (A+cHE®M).

So, we choose A large enough such that 81 = A —c¢* > 0, B = A +¢* > 0. Then (64) holds
true.
This completes the proof. O

In order to proof the main theorem, we need some additionals lemmas.

Lemma 8 Suppose that (W, W, n, 0y, 2) is the solution of (17)—(19). Then the derivative of
the functional .71(t) satisfies

d L 2 L 2 L 2 L 2
— A1) < Cg uydx + wydx + widx — (I —€C) wi,dx
0 0 0 0

dt
8 L 1, 2
- — —¢C Uy + —w” +kw| dx
l—ﬂ 0 2
L
+C, / 22(Ddx + Coh 0 . (68)
0

where ¢ is an arbitrary positive constant.
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Proof Multiplying the first equation in (17) by u, the second by w and taking account that
4 fOL hihdx = fOL (hith + h?) dx, then integrating by part, we get

d L L L L
0= —Efl(t)—}—/ u?dx+/ w,zdx+/ wﬁ,dx—lfo w? dx

8 L 1
- (ux—i-zw +kw> dx+/ (oqu; + apz(1)) udx

/ Wyxx / h(s)Nxx (s)dsdx. (69)
Using Young’s and Poincaré’s inequalities, the two last terms are estimated by
L L L L
/ (qu; + apz(1)) udx < 8/ uldx + CE/ u,zdx + CE/ zz(l)dx (70)
0 0 0 0
and using (58), we arrive at
L 00 L
/ w“/ h(s)nex (s)dsdx < e/ w2 dx + Ceh o 1yy. (71)
0 0 0
Now to estimate fol‘ udx, we have
L L L 1 2
/ wldx < L2/ uidx < L2/ (ux + —w? +k(x)w> dx
0 0 0 2
L L
+L° / wh dx 4 L ||kl ;oo / w? dx
0 0
L 1 2 LOC&(0 L
L2/ (ux + sz +k(x)w) dx + (% +L® ||k||Loo> / w? dx
0 0

L 1 2 L
c :/ (ux + —w? +k(x)w> dx +/ wfxdx}. (72)
0 2 0

Plugging (70), (71) and (72) in (69) this proves (68). ]

IA

IA

Lemma 9 Assume that (\, ¥y, 1, 0, 2) is the solution of (17)—(19). Then the derivative of
the functional #,(t) satisfies

d L L L
EJZO) < —(heo — 38)/0 wlzdx — (hoo — s)/o wtzxdx + (8 + 82) C/O w,%xdx
L 1 2
+C8/ (ux+§w2+k(x)w) dx — Cgh’ 0 gy + Ceh o nyy. (73)
0

where ¢ is an arbitrary positive constant.

Proof Multiplying the second equation in (18) by fooo h(s)u(s)ds and integrating by parts,
we get
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L 00 L o0
0 =/ _@wn/ h(s)u(s)dsdx—kl/ wxx/ h(s)xx (s)dsdx
0 0 0 0

L 00 L L 00 2
+/ f(u, w)/ h(s)nx(s)dsdx +/ k{(u, w)wdx +/ ([ h(s)nxx(s)ds> dx.
0 0 0 0 0

(74)

For the first term in the right hand side of (74), we have

L 00 d L d [ee)
/ @w”/ h(s)u(s)ds = —— _7 (1) —/ th—/ h(s)u(s)dsdx.  (75)
0 0 dt 0 dt Jo

In the other hand, we also have
d [ d [
7 /0 h(s)n(s)ds = 7 /0 h(s) (w(t) —w( —s))ds
d t
= 7 /_oo h(t —s) (w(t) —w(s))ds

t
= / W —s)(w@) —w —s)) + hoow;

=/ h ($)n(s)ds + hoow;. (76)
0

Plugging (76) in (75), we infer

L L
/ @w,/ h(s)u(s)dsdx = ——/(t) / dx hoo / wtzxdx
0

/Qw,/ K (s)n(s)dsdx. 77

Integrating by parts and applying Young’s inequality and (59), then Poincaré’s inequality, we
get

L 9] L [e9)
/ ,@wt/ K (s)u(s)dsdx :/ (wy —w,xx)/ K (s)n(s)dsdx
0 0 0 0
L
<2 / wldx — Ceh o 1y (78)
0

Using the embedding H'(I) — L™ (I), we estimate — fOL Lf u, w),y fo© h(s)(s)dsdx
as follows

L 00
—/0 [f(uvw)]x/o h(s)u(s)dsdx

2

L 1 00
= Wy (ux +-w?+ k(x)w) / h(s)ny(s)dsdx
1—uJo 2 0

L 1 2
52/ |:wx <ux + sz +k(x)w>j| dx 4+ Cch o nyy
0

L 2
1
Ce? ”wx“Loo/O (ux + §w2+k(x)w> dx + Cch o nyy

IA

IA
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2

L L 1
< C83/ w)z(xdx + CE/ (ux + sz -|—k(x)u)) dx
0 0

+Ceh o Ny (79)

Similarly, we estimate fOL kg(u, w)wdx using the umbedding HY(1) = L™ ).
Gathering (77), (78) and (79), (73) is proven. ]

Lemma 10 Suppose that (r, ¥y, 1, 0, 2) is the solution of (17)—(19). Then the time derivative
of the functional #3(t) satisfies

d e—2‘c L 1 L
— A(t) = / 2(1) — f/ ndx — 2.75(1). (80)
dt T 0 T Jo

Proof Multiplying the third equation in (17) by e~2*7z and integrating over I x (0, 1), we
arrive at

L 1 L 1
0=1 / / 2P 2(p)z(p)dpdx — / / e 2(p)zp (p)dpd

= 2dt/ f e 2P (p)dpdx — f/ / _2”’ [z (p)] dpdx
e~

d/(t)+1/
2dt”° 0

which gives (80) ]

z(l)zdx + A1),

0

Proposition 2 Assume that (Hy) and (Hy) hold, then there exists two positive constants 1, B2
such that

d
E‘OJ(Z) < —P1E() + Bah o Yy (81)
Proof By using (60) and combining (30), (68), (73) and (80), we get

d
TFW) < (=N (1= £C) + NoC (e +€7)} 1

+{Ni = N2 (hoo = 3)} 1911 + {N1Cs +>»(2% + % - 061)} lIn 11>

+{Ni — N2 (hoo — &)}

1 2
X [ W |12 +{ (SC—L>+CN2€} Uy + —w? + k(x)w
1—u 2
- <N2C8 - %) h'o Yax + Ce (N1 + N2) ho Yy — 2.73(2)
6721' %« )
+1N2Ce — + )»(* - *) Iz~ (82)

We want to impose suitable conditions on the different parameters so that the coeffi-
cients on the right hand side of (82) are all strictly negative. That is to obtain the following
inequalities

N2C (e +¢€%) < Ny (I —€C), (83)
N1 < Ny (hoo — 3e), (84)
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Ny < Ny (hoo — €), (85)
8

CNye < Ny (7 — 8C> , (86)

l—pu

A
N>Ce < 5 87
e Ty o) &

Mace < & -x<5—§iy (88)
NiCe < —A i—l—%—al . (89)

2T 2

We observe that (83) and (84) will be satisfied if we choose ¢ > 0 small enough and such
that

| hs 8
g<max{—, —, ——¢.
C 3 C—-pw

To make (84) and (85) hold we can choose
N1 < Ny (hoo — 3¢).
Concerning (87), (88) and (89), we pick

N>C N C
A =max { 2N,C,, — 2-e 1= 'y
ar)

£y
% -5 G+%-
This completes the proof. O
We consider the following two cases.

Case I. H(t) is linear:
By multiplying (81) by &£(¢) and using (30), we get

A

d
Eﬁ’(t)é(t) < =BIE@E®) + B2E(t)h o Yryx
—B1E(@)E (1) + Brh& o Yy
—BIEME W) — Paah’ o Yy
—BIEME @) — &' (1)

IANIATA

which gives, as £ is nonincreasing,

%(ﬂ(t)su) +c&1) = =p1EOEW), Vi =11
Hence, using the fact that .% (¢)£(t) + c&(t) is equivalent to &(t), it is easy to see that
%(37(05(1) +c&@1) = —p1EW(F (DEW) + &), Vi =1.
for some B; > 0. Then
(FOEW) +c@) < e M IEOT vy
from which we deduce

—B1 [y, §()ds

E(t) < ye Ve > 1
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for some y, > 0.
Furthermore, using the continuity and boundedness of &(¢) in [0, #1], we get

E(1) < yre P IisWds vy >,

Case Il. H (t) is nonlinear:
Next, with f (1) = ftoo h(s)ds, we use the functional

t
H (1) = /0 F@ =9 [Yax 9117 ds. (90)

Lemma 11 Suppose that (Y, V:, n, 1;, 2) is the solution of (17))—-(19). The functional %
defined by (90) satisfies, for any ¢ > 0, the estimate

d
2 X ®) = Q2= Dhotx+ (f(1) + Co) 1¥nx I €2V

Proof By Young’s inequality and the fact f’(r) = —h(t), we see that

SHWO = O Wl - /0 Bt = ) s )P ds
= —h oYy — 2 (Y, h o Yix) + £ W1 - (92)
But
— 2 (Yxxs 0 Yray) < Co [Yax 1> + 2eh 0 Y, (93)
Combining (92) and (93), we obtain (91). ]

Let us introduce the functional
F(t)=F(t) +0X (1),
where o is a positive constant. Then we have
F(t) ~ E@).
Therefore, it is always possible to pick Np (in 82) and /& large enough to get
d ~
Eﬂ(t) <-C&@).

Integrating over (g, 00), we get

cfoo E(s)ds < F(ty) < oo. (94)

fo

Next, let us define the functional .Z(¢)

t
Z() =q/ 1Vex (8) — Yax (t — )1 ds Vit > 1.
fo

where ¢ > 0. Thanks to (94), we can always choose ¢ such that
L) < 1,Vt > 1. (95)

Next we define

t
(1) = —/ R (8) [Wax (1) = Yrx 6 = )12 ds, Vi = 1.

fo
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Observe that
(1) < =C&' (1),

for some positive constant C.
Since H is strictly convexe on (0, r] and H (0) = 0 we have

H®x) <0H((x), 0,x)e[0,1] x (0,r]. (96)
Using (Hy), we get:

t
20 = - ;(t) f L) (=W () @ 1Wx (1) — Vrex i — )P ds

> g(t) / LOES)H (h(5)) q [Wex () = Yax (t = 9P ds
> 20 / H (L0h(5)) q 1Wrex (1) = Yot = )1 ds.
T qZ®)
Keeping in mind (95) and applying inequality (96) for 6 := £ (¢) and x = h(s), yields
Zh(t) = ii()) / H (L(0)h(8)) q 1rax (1) = Yrax (t — 5)|* ds. o7

Applying Jensen’s inequality in (31) for r1 (1) = L ()h(s) and r2(s) = q | Vxx @) — Yxx
(t — 5)||*, we obtain

S0 = qif()t) / H (L)) q [¥ax (1) — Yn i — )] ds
> 50y ( / LOREG 1Wx©) — Yaxt — 5] ds)
= "\ 20

_ %H (f h()g Wrex (6) — Yrea (i — s>||2ds>
fo

=$§1’) ( / h($)q 1War (1) — Y (0 — 5] ds)

where H is an extention of H such that H is strictly increasing and strictly convexe %>
function on (0, 0o) and this leads to

4 1—_ &,
/ 8()q 1Wrex (1) — Y (¢ — )| ds < —H 1(" g“)>.
fo q %_(t)

So (81) becomes

Ft) < —p1EW) + o (‘1‘%(’)) V> 1. (98)
q @)

Let ¢y < r, using the fact that & < 0, H > 0, H > 0, we observe that the functional
A defined by

&(t)
£(0)

N(@t):=H (60 ) F (1) + E(1),

is equivalent to &.
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Using (98), we find that .4 satisfies

4 iy = Vg <£()>J()+ ( ())W(t)+£’(t)

dt (g’(()) &(0) @(d( )
éa/(t)—// &(t)
= %0 (6 8(0)> 7o
(& - qu(w)} ,
H —B1& —H &
+ ( g(O))[ B (l)-i-ﬂzq ( 50 + &'(1)
< —pewH (60 m)
= £(0)
B q.,fgm)f,( @@(r)) /
—H H & . 99
e < 0] Og0) T ©9

Let us denote by G* the conjugate function of the convex function G defined by G*(s) =
Sup,cr+ (st — G(1)), then

st < G*(s) + G(1), (100)
and, thanks to the arguments given in [5, 9, 14, 29, 30]
'@ =5@"0-G[H ] vs=zo0.
This and the definition of H give
H ) =sH) ()= H [(ﬁ/)_l(s)] . Vs> 0. (101)

4L, (1)
HG)

Taking s := CZH (e (f(((t)))> andr:=H ' (

(100) and (101), we arrive at

) in (100), then making use of (99),

d

L EON Tt (4% O\ o [Brr [ EON]
= —heoH <e°z@<0)>+H[H < 0 >}+H [?H (6060(0))}%“)

- &(1) qgg(t) —x @— (1)
E_ﬂ‘g(t)H< £<O)>+ cy T [qH< é@«»)]wm

é”(t)> " 92, (1) " Paco £(1) 7 (60 &)
&(0) £(n) q &(0) &(0)

<-pEOH <60 ) &), (102)

Next, multiplying (102) by &£(¢) and using the fact that eo% <r, H (60 ;B(((’)))) =

H’ (60 (‘:((0))) we get
- (1)
S(I)Eﬂ(f) <= -BEMENH (@m) + g2, (1)
Baeo . E(1)

= (. €® /
+ 7 S(Z)g(O)H <605,(0)>+%‘(Z)é“’ (1)

= ¢ Breo, EM)— ( EQ) e
—B1EEMH <Eog’(o)> + 7 %'(t)g,(o)H <€om> —c&(1),

where c is a positive constant [58].
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Now, let us define the functional .4~
N(t) = NE®) + E@).
It is not difficult to see that there exist positive constants p; and p, for which we have
P (1) < E@) < PN (D). (103)

Consequently, with an appropriate choice of €, then there exists a positive constant k such
that

i</I/V(t) < —kS(t)ﬁ/ (60@> = —kE@)H, <eo g(t)> , V>0 (104)
dt = £(0) £(0) =
where H,(s) = sH'(eps).
Since H;(s) = H'(eos) + €os H” (ps), we use the strict convexity of H on [0, r), we
observe that H, > 0, H} > 0 on (0, r].
Defining now

51</F17(t)

() = 20

thanks to (103) and (104) we have & ~ % and for a positive constant k
d ~
E%(t) < —kEW)H2(Z(1)) , Vi = 1.

Then, integrating over (f, t) yields

t (@/(s) /
_ < — ke(s)d
e © ), O

and this leads to

/60%00) %' (s) g(s)ds

2@ H’ (Q(S)) U

which gives us
R(t) < LH! (Ef’ s(s)ds)
— € 1 fo ’

where Hy(t) = [/ %.

This completes the proof.
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